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Abstract. Kahan’s method allows approximating a dynamical system with a quadratic right-hand side using
adifference scheme whose step is described by a quadratic Cremona transformation. To study such transformations,
it has been proposed to use the notation of Rosanes (1870), which provides a bridge between matrix theory, which
is well developed, and the theory of quadratic Cremona transformations written in projective coordinates. In
this approach, the eigenvalue problem for a matrix bundle becomes the problem of finding the fundamental
points of the Cremona transformation and reduces the determination of these points to a standard algebraic
problem. Applying this to standard examples of dynamical systems with a quadratic right-hand side revealed
a surprising observation: a common feature of the Volterra-Lotka system and the go-oscillator is that in both cases,
the fundamental points have coordinates in the field of fractions of the polynomial ring Q[A¢]. Explicit formulas
for the fundamental points in these examples are given. This property is not typical for dynamical systems with
quadratic right-hand sides and is not related to the existence of algebraic integrals.
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1. Introduction

Consider the xy-plane, two equations

fe,y2,9)=0, glxy;%,9)=0, 0]

connect two pairs of variables, (x, y) and (£, 7) and, in the non-degenerate case, define an algebraic
correspondence on the plane: given a point (x, y) in this system, one can find several corresponding
points (%, ), and vice versa.

If Egs. (1) are linear with respect to the variables x, y, £, §, then the correspondence is called linear
(affine). For example, the equations

x+y=%+29+1, x—-y=3y+48+1,

define a linear transformation, which is usually written by expressing £ and y in terms of x and y.

If Egs. (1) are linear in both x,y and %, , then the correspondence will still remain one-to-one, but
will no longer be linear. Traditionally, this is called the quadratic Cremona transformation [1]. For
example, the equations

xX=1, y+x=2
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define a one-to-one transformation, in which the point (x, y) is associated with a point with coordinates

32—1 . 2—X
=3 y= v

and the point (£, 7) is associated with a point with coordinates

Lol _2w-1
= YT Tm o

Thus, a birational correspondence is obtained.

We encountered quadratic Cremona transformations while studying difference schemes for
dynamical systems obtained using Kahan’s method [2, 3]. In such schemes, each time step is described
by a quadratic Cremona transformation. For example, the Riccati equation

dx
— =a+bx+cx?

dt

can be approximated by the scheme
X—x= <a+ bj% + cxa%)At.

In this case, £ is expressed fractional-linearly in terms of x and the scheme itself is symmetric under
time reversal. The trick of replacing x* with £x was probably known in soliton theory as early as the
mid-20th century, but the first publication on this scheme should be considered the report of 1993 by
W. Kahan [4]. Independently of Kahan, the same technique was applied to the motion of a top by Hirota
and Kimura in 1999 [5-7]; they were also the first to study the inheritance of integrals of motion by
schemes of this kind. The inheritance of the energy integral in the case of a Hamiltonian system was
proved in [8], and the study of integral curves in the case of a one-dimensional Hamiltonian system
is presented in [9]. Following these publications, the name “Kahan’s method” became established,
and it was realized that the main advantage of Kahan’s method is that it defines a birational mapping
between the old and new positions of a dynamical system.

Obviously, there is no convenient notation for Cremona transformations. It is doubly surprising
that matrix notation for quadratic Cremona transformations was proposed as early as the 1870s by
J. Rosanes [10]. Unfortunately, this work went unnoticed. It is mentioned in thick reviews spanning
half a century [11, 12], but no attention to Rosanes’s notation is paid. It should be noted that matrix
notation was just coming into use at that time, and Rosanes’s presentation is not quite consistent. In
particular, he fails to note the remarkable fact that fundamental points are eigenvectors of the matrix
bundle describing the transformation. (Theorem 2 below). At that time, there were no matrix bundles,
nor any notion of a generalized eigenvalue problem.

In this paper, we describe in detail the Rosanes notation and apply it to the study of Cremona
transformations that define the steps of classical models of dynamical systems — the Volterra-Lotka
system and the Hamiltonian system.

2. Quadratic Cremona transformation in Rosanes notation

In addition to the Cartesian coordinates of a point (x,y), we will use homogeneous coordinated
(u: v : w),setting

When multiplying matrices, we will consider homogeneous coordinates as a column u = (u, v, w)T.
Two matrices A and B of dimension 3 x 3 define a quadratic transformation

2TAu =0, @#TBu=0, )]
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since these equations are linear in both u and . It is only important that any value of u corresponds
to a unique value of ii, and vice versa.

For a given value u to correspond to a unique point 1, it is necessary and sufficient that the equations
of system (2) be linearly independent, i.e., that columns Au and Bu differ by more than a multiplicative
constant. In other words, a value u corresponds to several points ii if and only if there exist numbers
1, A, one of which is nonzero, such that

UAu = ABu. 3)
For a given value ii to correspond to a single point {i, it is necessary and sufficient that the columns
7Au and 1B differ by more than a multiplicative constant. In other words, the value i corresponds
to several points u if and only if there exist numbers y, A, one of which is nonzero, such that

uATy = ABTu. )

From this, we can find both the conditions under which a pair of matrices defines a quadratic
transformation and the conditions on the singular points of a quadratic transformation.

2.1. Conditions under which a pair of matrices defines a quadratic transformation

Condition (3) is satisfied for an arbitrary u if and only if the matrices are proportional to each other,
that is, uA = AB. The same condition holds for (4) for arbitrary ii. This yields the first theorem.

Theorem 1. If nonzero matrices A and B of dimension 3 X 3 differ by more than a multiplicative constant,
then Egs. (2) define a quadratic transformation.

The linear space spanned by two nonzero matrices A and B, differing from each other by more than
a multiplicative constant, has dimension 2. The elements of this space can be written as uA — 1B,
where u, 1 € k. In operator theory, such a linear space is called a matrix bundle [13, 14]. If we take any
basis A and B of the matrix bundle L, then the system (2) defines a quadratic transformation that does
not change if we take another basis of this bundle.

Indeed, let A’ and B’ be another basis of the same matrix bundle L. Since A, B is a basis of the bundle
L, the matrices A’, B’ are expressed linearly in terms of A, B, that is,

A'=puA—2B, B =u'A-1B,
where u, ..., X are constants. Therefore, the equations
iTA'u=0, #TBu=0 (5)

follow from (2). Since A’, B’ is a basis of the bundle L, the matrices A, B are expressed linearly in terms
of A’, B’ and therefore Egs. (2) follow from (5). Thus, Egs. (2) and (5) are equivalent to each other and
therefore define the same transformation of the plane.

Theorem 1 can be reformulated as follows: there is a one-to-one correspondence between bundles
of 3 x 3 matrices and quadratic transformations.

2.2. Fundamental points of the transformation

Let us now consider the conditions (3) and (4) as conditions that indicate singular points of the
transformation, i.e., the points at which the uniqueness of the transformation is violated. These points
have long been called fundamental points (punti fondamentali) [1, n. 15].

To formulate the corresponding theorem, it is necessary to bring the terminology used into line with
that generally accepted in matrix theory. Let A, B be a basis of some matrix bundle. Condition (3) can
be treated as a generalized eigenvalue problem for the bundle [13, 14]. Since we are interested in the
case where at least one of the quantities u, 1 is nonzero, it is natural to pass from the pair of numbers
(u, 4) to the point (1 : 4) on the projective straight line. Such a point will be called an eigenvalue of
the pair of matrices A, B if there exists a nontrivial column u such that (3) for such u, 1 and u becomes
a true equality. The column itself will be called an eigencolumn or the vector corresponding to this
eigenvalue.
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Theorem 2. Quadratic transformation (2) is not unique only at those points u that are eigenvectors of the
eigenvalue problem (3). The quadratic transformation (2) is not uniquely invertible only at those points ii
that are eigenvectors of the eigenvalue problem (4)

Of course, the eigenvalues of the problems (3) and (4) coincide and are the zeros of the determinant
det(uA — AB) = 0. (6)

Thisis an algebraic equation of degree 3 with respect to u/4, so it has, generally speaking, three complex
roots. If the determinant of the matrix A is zero, then among them there isa root (u : 1) = (1 : 0),
which we interpret as infinitely large.
If the polynomial
det(uA — AB)

is factored over a field k, then one of the factors is linear. Therefore, in this case, there must be at
least one fundamental point. However, we cannot rule out the case where the eigenvalue is multiple
and the problem has associated vectors.

Example 1. Let A be a matrix containing a Jordan block:
0 0 O 1 0 0
A=|1 0 o, B=[o 1 o
0 0 1 0 0 1

In this case, the bundle has two eigenvectors and one associated vector. However, Egs. (2) for this
case have the form
u+vww=0, du+w+ww=0
or in Cartesian coordinators
Jx+1=0, Xx+Jy+1=0

and define a birational transformation of the plane.

However, in our study of the Kahan difference scheme, we did not encounter multiple eigenvalues.

3. The case when the characteristic equation factors into three different linear
factors

Suppose that the left-hand side of Eq. (6) factorizes into three linear factors. Then there are three
distinct eigenvalues, corresponding to three eigenvectors u, u,, u; of problem (3) and three distinct
eigenvectors fiy, ii,, fi; of problem (4). By Theorem 2, the uniqueness of the corresponding quadratic
transformation is violated at exactly three distinct points in the xy-plane and three points in the
%J-plane. These points are called the fundamental points of the quadratic transformation.

3.1. Fundamental lines

Let u; be an eigenvector corresponding to the eigenvalue (i; : 1;), then in the system of equations
linear with respect to it
@TAu; =0, 0TBu; =0,

one of the equations is a consequence of the other. Therefore, the point u; corresponds to a straight
line given by the equation
flTAlli =0. (7)

These straight lines are called fundamental straight lines of the quadratic transformation [1, n. 15]. In
this case, we say that the fundamental point u; is broken by a quadratic transformation and transformed
into a fundamental straight line (7).
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The fundamental straight line can be described using the well-known properties of eigenvector
orthogonality. Indeed, for a pair of eigenvectors 1; and {i; corresponding to different eigenvalues, we
have

uiAw; = 4;Bu;,
whence
ﬂiﬁ}TAlli = /L-ﬁjTBui.
In other words,
ﬁ]-TAlli . ﬁjTBui =A; M
Similarly, from
uiifA = A0 B
it follows that
AT - aT — .
l.lelli . 11]- Bui = /1] . /JJ
These equalities are possible simultaneously only when
ifAu; = ifBu; = 0.

Therefore, on the fundamental straight line (7), generated by the point u;, the fundamental points ii;
and i, lie, which correspond to eigenvalues different from (u; : 4;).

Let us now consider the mapping in the opposite direction: i — u. The points of the fundamental
straight line iTAu;, passing through the fundamental points ii; and ii,, and different from the three
fundamental points fi,, ii,, and i3, are ordinary for the Cremona transformation under consideration
and therefore map to a single well-defined point. We know this point: it is the fundamental point u5.

Theorem 3. Let the equation (6) have three different roots
(#i : Ai)’ l = 1, 2, 3

Then the quadratic transformation (2) is uniquely defined at all points except three points in the u plane, the
eigenvalues uy, 1y, 5 of problem (3), and three points in the it plane, the eigenvalues iy, ii,, fi; of problem (4).
In this case, the quadratic transformation transforms the point u; into a straight line passing through ii; and

(i #j,1# k).
3.2. Natural coordinates

Note now that the eigenvectors u;, u,, u; form a basis dual to the basis composed of the vectors
ﬁl’ ﬁz, ﬁ3 [14]. Let
U=V + Volly + Vallg,

and

Then, firstly,

AT

iy Au
ﬁiTAlli ’

and, secondly,
3

ﬁTAu = Z 91V}ﬁfAu] = Zf/iviﬁiTAui.
ij i=1
We set

then
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or
a; . bizli LM

In this case, Egs. (2) can be rewritten as

'\711/1(11 + 1721/2612 + ’931/3(13 = 0,
’lelbl + f/z'Vzbz + '931/3173 =0.

The solution of this system with respect to b is the vector product
i j k
bp=det|g 0, ay, ais|s
bty byVy  bsdy
and with respect to b it is the vector product
i j k
b=detla, av, amvs|-
bivi  byv,  bsvs

For example,
vy = (agbs — azby)0y0s.

Actually, it is now clear why the transformation is called quadratic. This notation for a quadratic

transformation is used in [1, n. 17] as the definition of a quadratic transformation.

3.3. Network of straight lines
A network of straight lines in the xy-plane is defined by the equation
C1V1 + GV + 33 = 0,
where (c; : ¢, : ¢3) are arbitrary parameters. This network is transformed into a network of lines
S ] ]

det| a9, ay9, a0 |=0-

bivy by, bsPs

This network is a network of second-order curves generated by three lines of the second order:

Each of these lines breaks up into a pair of fundamental straight lines. For example,
171 = 0

can be written in old coordinates as
ﬁTAul = 0.

This is exactly the straight line that the fundamental point u; maps to. Now it is easy to see that each of
these second-order lines passes through three fundamental points; therefore, the network is formed

by of second-order curves passing through three fundamental points.

Initially, Cremona [15] described a quadratic transformation exactly as such a transformation of
a plane that transforms a network of straight lines into a network of conic sections homologous to the

original one.
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3.4. Image of a line of arbitrary order

An arbitrary monomial of degree r with respect to the original Cartesian coordinates x, y transforms
into a linear combination of monomials of the same degree with respect to v;, v,, v3, say,
B S e N
A quadratic transformation consists of replacing v, with v,v;, and so on. Therefore, this monomial
maps to
012+r317£1+r317£1+r2'
This monomial defines a line of order 2r consisting of fundamental straight lines. This line passes
through fundamental points, e.g., through the point u;, and has multiplicity r; + r3 +r; +r, =71+ 1,
there. Therefore, a line of order r maps to a line of order 2r, which passes through fundamental points
of multiplicity r or higher. In particular, the linear family of all lines of order » maps to a linear family
of lines of order 2r passing through three fundamental points of order r.
Earlier authors derived this by considering infinitely close points [1, n. 17].

4. Kahan’s method

Consider a dynamical system with a quadratic right-hand side.

dx dy
T =y, =gy

We assume that
fCe,y) = firx® + 2f10xy + fo)® + 215 + 2603y + fiz

denote the symmetric matrix (f;;) as F, and adopt a similar relation for the quadratic function g.
According to Kahan’s method [2, 9], this system can be approximated by a difference scheme defining
a birational transformation of the plane:

& —x = (fux® + fio(x +9%) + oo + fra(x + £) + fos(y +9) + f33) AL,

J—y =@ uxxt+..)At
To write this transformation in Rosanes notation, we rewrite these relations in homogeneous
coordinates

®)

wil — uw = (fiiud + fro(ud + Pu) + -+ + foaww) At,
wv —vw = (g ull + ... ) At.

We introduce

0 0 1 0 0 0
Ei=lo o ol E2=]o o 1}
-1 0 0 0 -1 0

then in Rosanes’s notation, the transformation (8) is defined by two matrices
A =FE, +FAt, B=E,+GAt.

We emphasize that F and G are symmetric matrices of the quadratic functions f and g in the generally
accepted notation.
Like the original differential equations, the Kahan scheme has t-symmetry: when replacing

x—->Zx y—-y At- At

the scheme transforms into itself. Therefore, the inverse Cremona transformation can be calculated
by replacing At with —At.

We consider two of the most well-known dynamical systems of dimension 2 with a quadratic right-
hand side. For the calculations, we used the Sage system [16], and we collected the procedures used in
the rosanes module, which we added to the FDM for Sage package [17].
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4.1. Volterra-Lotka System

The Volterra-Lotka system is defined by the system of equations

dx dy
E—(a—by)x, E_( ¢+ dx)y.

The Kahan scheme for this system is given by two matrices

At 0 —-b a Ar 0 d 0
A=E1+? -b 0 0} B=Ez+?d 0 —c|-
a 0 0 0 —c O

Since detA = detB = 0, there are two eigenvalues (1 : 4) = (0 : 1)and (1 : 0). The third eigenvalue is
calculated directly from (6); itis (d : —b). Although all three eigenvalues are independent of At, the
eigenvectors depend on the step.

Let us list the eigenvalues and eigenvectors.

1. The eigenvalue (u : 1) = (1 : 0) corresponds to the fundamental points
u; =(0: adt + 2 : bAt), 1i; =(0: adt —2 : bAt).
2. The eigenvalue (i : 1) = (0 : 1) corresponds to the fundamental points
iy = (cAt —2 : 0 : dAt), fi, =(cAt+2 : 0 : dAL).
3. The eigenvalue (u : ) = (d : —b) corresponds to the fundamental points
ug = (bcAt + 2b : adAt —2d : 0), iz = (bcAt —2b : adAt +2d : 0).

When At is replaced by —At, the fundamental points corresponding to the same eigenvalue transform
into each other:
u; - fli, (l =12, 3).

It should also be noted that the points u; and ii; are at infinity for any At, while the remaining
fundamental points go to infinity as At — 0.

4.2. ¢@-oscillator
Let us consider the gr-oscillator, that is, a Hamiltonian system with Hamiltonian
h = dy* + ax® + bx? + cx.

As is known, this dynamical system is integrated exactly in Weierstrass elliptic functions [18], and
Kahan’s scheme imitates this property of the dynamical system [9, 19, 20]. A step of the Kahan scheme
is described by a quadratic transformation with matrices

0 0 1 —3aAt 0 =bAt
A= 0 0 dat |» B= 0 0 1
-1 dat 0 —bAt -1 —cAt

The eigenvalue problem has three distinct roots.
1. The eigenvalue (1 : dAt) corresponds to the fundamental points

uy = (—2bd2A3 — 2dAt : (Pd2 — 3acd)At* — 1 : 6ad?At®), i, =(0: 1: 0).
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2. The eigenvalue (1 : 0) corresponds to the fundamental points
u, =(dAt 1 1:0), fi,=(—dAt:1:0).
3. The eigenvalue (1 : —dAt) corresponds to the fundamental points
Uy =(0:1:0), fiz=(=2bd%At3 —2dAt : (=b*d? + 3acd?)At* + 1 : 6ad?At?).

It is easy to calculate the determinants of the matrices whose rows are the coordinates of the
fundamental points found. Some of these determinants are equal to zero, meaning that the
corresponding triple of points lies on a straight line. In this way, we discovered that the triples
of points

uy, g, ug =1y
and

Uy, iy, ug = i
lie on a straight line.

When At is replaced by —At, the fundamental points corresponding to the same eigenvalue transform

into each other, but the rule is more sophisticated than in the case of the Volterra-Lotka system:

u; - iy, uz=1, u;— i,

It should be noted that there are only 5 distinct fundamental points, 3 of which are at infinity, and the
remaining two go to infinity as At — 0.

The energy integral of the Hamiltonian system is inherited by the Kahan difference scheme: the
points of approximate solutions on the xy phase plane are aligned along lines that are the level lines
of the modified Hamiltonian h,,(x,y, At), which is a rational function of degree 3 [8, 9]. Since under
the Cremona transformation considered, the points of the approximate solution are mapped to points
of the same solution, the isolines of the modified Hamiltonian are invariant curves of the Cremona
transformation. Therefore, there is a linear pencil of cubic lines invariant under the considered
Cremona transformation.

Onthe other hand, as noted above in Section 3.4, aline of the 3rd order under the action of a quadratic
transformation transforms into a line of the order 6 — r; — r, — r3, where ry, 1, 13 are the multiplicities
with which this line passes through the fundamental points u4, u,, u;. For a line of the 3rd order to
transform into a line of the 3rd order, it is necessary that r; + r, + 3 = 3. The simplest implementation
of this equality is the assumption that the cubic line passes through these three points. Since the cubic
line will also be invariant under the inverse Cremona transformation (§ — g), an invariant cubic line
must pass through all fundamental points of the Cremona transformation. In this case, there are five
of these. In other words, the five fundamental points found are base points for the pencil of isolines
of the modified Hamiltonian.

We verified this statement by direct calculation. In Refs. [8, 9], an explicit expression for the modified
Hamiltonian is given: h,, is a rational function of x, y, whose numerator is a polynomial of degree 3:

3ax® — 3ad?At’xy* + (3acdAt? — b2dAL? + 3b)x? + (3d — bd?At?)y?* + (3¢ — bedAt?)x — c2dAt?,
and the denominator is a polynomial of degree 1:
9adAt*x + 3bdAt? + 3.
The isolines of the Hamiltonian are cubic lines that indeed pass through all 5 fundamental points

found above.

4.3. System with a cubic Hamiltonian

It is easy to find an example of a Hamiltonian system for which the roots of the characteristic equation
are not rational. For example, consider

h=y%—x3
Then two of the three roots of Eq. (6) will not be elements of the field of quotients of the ring Q[At].
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5. Discussion and results

Rosanes’ notation bridges the gap between well-developed matrix theory and the theory of quadratic
Cremona transformations. The eigenvalue problem for a matrix bundle turns out to be a problem
of finding the fundamental points of the Cremona transformation and provides a simple method
for finding these points. Applying this approach to standard examples of dynamical systems with
a quadratic right-hand side yields a surprising observation: the Volterra-Lotka system and the
g-oscillator have in common that in both cases the fundamental points have coordinates in the field
of quotients of the ring Q[At]. This property is not typical for dynamical systems with a quadratic right-
hand side and is not related, as one might think, to the existence of algebraic integrals. Nevertheless,
the formulas for the fundamental points are very simple. It can be said that classical oscillators—the
Volterra-Lotka system and the go-oscillator—are particularly simple from the point of view of Kahan’s
schemes.
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06 ucnonb3oBaHMU HOTaL MK Po3aHeca A1 ONUCaHUA KBagpPaTUUHbBIX
npeo6pa3oBaHuil, ONUCHIBAIOLLUX WA PA3HOCTHOM cXxeMbl KaraHa

M. [I. Maneix’2, U. T. lynaros?, A. JI. CeBactbanos!, Uu I0i13

L Poccuiickuil yrueepcumem dpysc6ul Hapodos, ya. Mukayxo-Maxnaas, 0. 6, Mockea, 117198, Poccuiickas dedepayus
2 O6edunénnplil uncmumym adeprulx uccaedosanuil, ya. Xoauo-Kioxu, 0. 6, JTy6ua, 141980, Poccuiickas ®edepayus
3 Yuueepcumem Kaiinu, 3, Kailtoans Poyd, Kaiiau, 556011, Kumail

AHHoTaums. Metoz KaraHa 1o3BoJIsieT alllIpOKCHMUPOBATh AUHAMHUYECKYIO CUCTEMY C KBaJPaTUIHOMN paBoi
4aCThIO PA3HOCTHOM CXeMOH, LIar KOTOPO OIMCHIBAETCS KBaZPaTHIHBIM IIpeobpasoBanreM KpemoHst. s
HCCIIeZJOBaHUS TAKUX ITPe06pa3oBaHMii IIPe/II0XKeHO UCII0Ib30BaTh HOTAIUIO Posaneca (1870), KOTOpast TepeKUIbI-
BaeT MOCTHK MEX/y TeOpHell MaTPHIl, KOTOPas XOPOIIo pa3paboTaHa, M TeOPHH KBaZPaTUIHBIX IIPe0bpasoBaHmil
KpeMoHBI, 3aNIMCaHHEIX B IPOEKTUBHBIX KOOPAXHATAX. [Ipy 9TOM 3a/jada Ha COOGCTBeHHbIe 3HAUYeHUS [JI MaTPHy-
HOTO IIy4Ka OKa3bIBaeTCs 3ajaueil 06 oTbicKaHIY (QyHIaMeHTaIbHBIX TOUEK IIpeobpasoBanust KpeMOHBI 1 CBOAUT
OTBICKaHUE 3THX TOYeK K CTaHZAPTHOMH anrebpandeckoii 3agade. IIpruMeHeHNe 5TOT0 MPUEMa K CTaHZAPTHBIM
IprMepaM JUHAMUYECKUX CUCTEM C KBaZPaTUIHOM IIPABOI 4aCThIO TO3BOJIMIO C/le/IaTh HeOXUaHHOe HabI1o-
ZeHue: cucreMy Boibreppb-JIOTKH U §0-0CHUJUIATOP 00 BeAUHAET TO, 4YTO B 060UX CiIydassx GpyHAaMeHTalIbHbIe
TOYKH MMeIOT KOOPAUHATEHI B I10JIe YaCTHBIX OJINHOMHUANIbHOTO Koblia Q[At]. IpuBeseHs! sBHbIE GOPMYIIBI A1
(dyHOaMeHTaIBHBIX TOYEK B 9TUX IIPUMepax. DTO CBOUCTBO He SIBJISETCS TUIINIHBIM AJIs JUHAMUIECKIX CUCTEM
C KBaPaTUYHOH IIPaBOM YaCThIO M HE CBSA3AHO C CYIIECTBOBAHMEM aIredpandyecKUX HHTErPaIoB.

KnloyeBble CNOBa: MeTOJ KOHEYHBIX PA3HOCTEH, 3a1a4a Ha COOCTBEHHEIE 3HAYeHNs, TpeobpasoBanyist KpeMoHH!,
OuparroHaIbHbIe Ipeobpa3oBaHus, 3azada Ha COOCTBEeHHbIE 3HAYEHUS



