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Abstract. We study the characterizations of the classical Volterra operator based on a simple relation between its
singular numbers and the eigenvalues of its imaginary part on I2[0, 1].
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1. Introduction

Let H be a complex Hilbert space equipped with the inner product (-, -) and the induced norm || - ||
Denote by B(H) the Banach algebra of bounded linear operators acting on H with the operator norm

Al = sup{|Ax|| : x € H},A € B(H).

[lxf1=1

The integral operator A on I2[0,1] defined as

1
AnNx) = f k(x, s)f(s)ds

0

with some kernel k(t, s) € I*([0,1]?). Then A is a Hilbert-Schmidt operator.
Recall that for an operator A the spectrum

0(A) = {1 € C : A — Alis not invertible}

is a nonempty compact subset of the complex plane.

For any compact linear operator A in a Hilbert space H the singular numbers s;.(A) are the distances
from A to the set of all operators of rank less than or equal to k — 1 for k > 1. Their squares are
the eigenvalues of the compact self-adjoint nonnegative operator A*A counted according to their
multiplicities. (see e.g. [1]) In particular, s,(A4) = ||A]|.

Denote by V the Volterra operator
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wmm=ff®w

0
and its adjoint

1
(Wﬁm=ff®m

on I2[0,1].
The Halmos (see [2]) calculation yields (see [3]):
2
(V)= 5"z
for all k > 1, in particular
2
Ivi==.
Note that .
D st= 1
k=0 2
If A € B(H) and {1;} are the eigenvalues of A, then
tr(A) =) Ay.
k

It is well known that V is quasi-nilpotent, compact and even a Hilbert-Schmidt operator. Due to its
excellent properties, many scholars have studied Volterra operator pencils on Hilbert spaces and
formulated many interesting results (see e.g. [4-13]).

The set M, = {f € I?[0,1] : f(x) = 0,0 < x < «a}is an invariant subspace for V, for 0 < a < 1
(see [14, 15]). Recall that ) )

— Y —
ReV = 3(V+V*) =3P,

where P is the orthogonal projection onto the constant functions.
It is easy to see that the nonzero eigenvalues of the imaginary part
mvV =~ -v"
2i
are

L1
“Qk-Drm

for k € N, each having multiplicity 1 (see [15]). Then we have the spectral equation

20(Im V) = o(V*V)2) U (=a((V*V)2),

where o denotes the spectrum (see [16]).
Recall that for VV* the orthonormal basis of I2[0, 1] consisting of eigenfunctions

)
X

fe(x) = \/5005(21“r
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corresponding to eigenvalues
4

i = 2k + 1272

for n > 0 (see [17]).
We obtain the characterizations of the Volterra operator on I?[0, 1].

2. The Results

Theorem 3. Suppose that A is a Hilbert-Schmidt operator on I*[0, 1] such that
A+A*=Q
is a rank-one projection, quasinilpotent and
20(Im A) = o((A*A)2) U (—o((A*A)2)).
Then A =V.

Proof. If A is quasinilpotent and rank-one projection (3) and the spectra on both sides in (3) are
countable set, then A is a compact operator (see [18, 19]). On the other hand, we observe that 0 is not
an eigenvalue of A, and that A and A* have no proper common invariant subspace. Also A is rank-one
projection and Im A > 0 then A is unitary equivalent to the Volterra operator (see [20]).

Suppose that the eigenvalues of Im A and the singular numbers {s; };cn 0f A have multiplicity 1.
From (3), we have

hnd 1 , 1 ,
;;1 2 = tr(A*A) = tr ((EQ —ilm A)(5Q + ilm A)) -

- %tr(Q) + %tr([Q, Im A]) + tr((Im AY?) =

_1+2i(sk>2 1+1i52
= — — = — — k-
4 = 2 4 2 ]
Hence,

(oo}

1

S =1

k=0
Therefore A = V. This completes the proof. O
Conclusions

We have seen that characterizations technique for the Volterra operator is based on some relation
between its singular numbers and the eigenvalues of its imaginary part on I?[0, 1].

Author Contributions: Development, methodology and original draft preparation, D. Tsedenbayar; writing-original draft
preparation, B. Ser-Od; manuscript review and editing, Wuren Qiqige. All authors have reviewed and approved the published

version of the manuscript. All authors have read and agreed to the published version of the manuscript.

Funding: Wuren Qiqige’s research was supported by a grant from the Doctoral Research and Innovation Development Fund

of Chifeng University (Project Number: BSJJ077).



D. Tsedenbayar et al. On the classical Volterra spectral equation 277

Data Availability Statement: Data sharing is not applicable.

Acknowledgments: The authors wish to thank the editor and the anonymous referees for their valuable suggestions and

comments on the first version of this paper.

Conflicts of Interest: The authors declare no conflict of interest.

Declaration on Generative Al: The authors have not employed any Generative AI tools.

References

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]
9]

(10]

(11]
(12]
(13]
(14]
(15]
(16]

(17]

(18]

I. C. Gohberg and M. G. Krein, Introduction to Theory of Linear Nonselfadjoint Operators.
Translations of Mathematical Monographs, 1978, vol. 18, 378 pp.

P. R. Halmos, A Hilbert Space Problem Book. Springer New York, NY, 1982, 373 pp. DOI: 10.1007/978-
1-4684-9330-6

L. S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series, and Products. Rensselaer Polytechnic
Institute, USA, 2014, 1220 pp.

M. R. Dostanic, “Estimates for the norm of powers of Volterra’s operator through its singular
values,” Mathematische Zeitschrift, vol. 236, pp. 473-459, 2001. DOI: 10.1007/PL00004837

L. Khadkhuu and D. Tsedenbayar, “A note about Volterra operator,” Mathematica Slovaca, vol. 5,
pp. 1117-1120, 2018. DOI: 10.1515/ms-2017-0173

Y. Lyubich and D. Tsedenbayar, “The norms and singular numbers of polynomials of the
classical Volterra operator in I?(0,1),” Studia Mathematica, vol. 199, pp. 171-184, 2010. DOTI:
10.4064/sm199-2-3

L. Khadkhuu and D. Tsedenbayar, “On the numerical range and numerical radius of the Volterra
operator,” Bulletin of Irkutsk State University, Series Mathematics, vol. 24, pp. 102-108, 2018. DOI:
10.26516/1997-7670.2018.24.102

T. Ransford, “Norms of polynomials of the Volterra operator,” Journal of Mathematical Analysis
and Applications, vol. 517, no. 2, pp. 1-15, 2023. DOI: 10.1016/j.jmaa.2022.126626

T. Ransford, “Volterra operator norms: a brief survey,” Moroccan Journal of Pure and Applied
Analysis, vol. 9, no. 2, pp. 276-290, 2023. DOI: 10.2478/mjpaa-2023-0018

T. Ransford and D. Tsedenbayar, “On the real and imaginary parts of powers of the Volterra
operatorl,” Integral Equations and Operator Theory, vol. 96, no. 4, pp. 1-12, 2024. pOI: 10.1007/
$00020-024-02755-w

D. Sarason, “A remark on the Volterra operator,” Journal of Mathematical Analysis and Applica-
tions, vol. 12, pp. 244-246, 1965. DOI: 10.1016/0022-247X(65)90035-1

D. Tsedenbayar, “On the power boundedness of certain Volterra operator pencil,” Studia Mathe-
matica, vol. 156, pp. 59-66, 2003. DOI: 10.4064/sm156-1-4

D. Tsedenbayar, Some properties of the Volterra and Cesdro operators. Institute of Mathematics of
the Polish Academy of Sciences, 2002, 33 pp.

N. Aronszajn and K. T. Smith, “Invariant subspaces of completely continuous operators,” Annals
of Mathematics, vol. 60, pp. 345-350, 1954. DOI: http://mi.mathnet.ru/mat37

E. B. Davies, Linear Operators and Their Spectra. Cambridge University Press, Cambridge, 2007,
vol. 106, 465 pp.

N. Dunford and J. T. Schwartz, Linear Operators, Part-1. John Wiley and Sons, 1988, 872 pp.

S. M. Garcia, G. Mashreghi, and W. T. Ross, Operator Theory by Example. Oxford University
Press, Oxford University Press, Oxford Graduate Texts in Mathematics, 60., 2023, 373 pp. DOI:
10.1093/0s0/9780192863867.001.0001

J. Anderson, “Commutators of Compact Operators,” Journal Fiir Die Reine und Angewandte
Mathematik, vol. 291, pp. 128-132, 1977. DOI: 10.1515/cr11.1977.291.128


https://doi.org/10.1007/978-1-4684-9330-6
https://doi.org/10.1007/978-1-4684-9330-6
https://doi.org/10.1007/PL00004837
https://doi.org/10.1515/ms-2017-0173
https://doi.org/10.4064/sm199-2-3
https://doi.org/10.26516/1997-7670.2018.24.102
https://doi.org/10.1016/j.jmaa.2022.126626
https://doi.org/10.2478/mjpaa-2023-0018
https://doi.org/10.1007/s00020-024-02755-w
https://doi.org/10.1007/s00020-024-02755-w
https://doi.org/10.1016/0022-247X(65)90035-1
https://doi.org/10.4064/sm156-1-4
https://doi.org/http://mi.mathnet.ru/mat37
https://doi.org/10.1093/oso/9780192863867.001.0001
https://doi.org/10.1515/crll.1977.291.128

278 Letters DCMEACS. 2026, 34 (2), 274-278

[19] H.P.R.Brown A. and P. C., “Commutators of Operators on Hilbert Space,” Canadian Journal of
Mathematics, vol. 17, pp. 695-708, 1965. DOI: 10.4153/CJM-1965-070-7

[20] I. C. Gohberg and M. G. Krein, Theory and Applications of Volterra Operators in Hilbert Space.
Translations of Mathematical Monographs, 1970, vol. 24, 430 pp.

Information about the authors
Tsedenbayar, Dashdondog—Academician, Professor, Doctor of Sciences in Physics and Mathematics, (e-mail: tsdnbr@must.
edu.mn, ORCID: 0000-0002-4053-7983)

Ser-0d, Bayaraa—Associate professor of Department of Mathematics at School of Applied Sciences, Mongolian University of

Science and Technology (e-mail: serod_b@must.edu.mn, Scopus Author ID: 36661503100)

Wuren, Qigige—College of Mathematics and Computer Science, Chifeng University, No. 1, Yingbin Road, Hongshan District,
Chinfeng city, Chifeng-024000, Inner Mongolia, China (e-mail: wurenqiqige@126.com)

RUSSIAN METADATA

VJIK 519.872, 519.217
PACS 47.10.Tp, 47.30.Pn,
DOI: 10.22363/2658-4670-2026-34-2-274-278 EDN: JOTBV]

O KJ1aCCMYECKOM CMEeKTPaJibHOM ypaBHeHUM BonbTeppbl

I. laasubasp’?, B. Cap-0a?, V. Ilamsr®

! Uncmumym mamemamuku u yugdposotl mexnonozuu, Monzonvckas Axkademus Hayk, Yaan-Bamop, 13330,
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AHHoTauus. MBI 13ydaeM XapaKTePHUCTUKY KIaCCHYeCKOro ollepaTropa BoibTeppsl Ha OCHOBE IIPOCTOTO COOTHO-
IIEHUs MEX/Y er0 CUHIYISPHBIMU YHCIaMK ¥ COGCTBEHHBIMY 3HAYEHNUAMY er0 MHIUMOM dacty Ha I2[0, 1].

KnioyeBble cnosa: OnepaTop BOJIbTeppr, omeparop cjena, HOpMa oIieparTropa, COOCTBEHHOE 3HAYEHUE
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