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Abstract. The algebraic properties of difference approximations of Hamiltonian systems are investigated. Sym-
plectic schemes exactly preserve linear and quadratic integrals by virtue of Cooper’s theorem, but not the total
mechanical energy of nonlinear systems. However, it is known that instead of energy, symplectic difference
schemes preserve with a given order of approximation a quantity that goes over into the Hamiltonian as the
time step tends to zero. The paper presents an algorithm for calculating such a modified Hamiltonian and its im-
plementation in the Sage computer algebra system for a given symplectic difference scheme, the required order
of energy conservation, and the Hamiltonian of the original mechanical system. The program successfully re-
produces formulas previously derived manually, which confirms its consistency. Numerical experiments show
that solutions obtained using symplectic schemes closely coincide with the level lines of the modified Hamilton-
ian, which emphasizes its role in preserving the qualitative behavior of the system during numerical integration
over large time intervals
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1. Introduction

Explicit Runge-Kutta difference schemes do not preserve the most important properties of the
dynamical systems they approximate. The most painful case is Hamiltonian dynamical systems,
where the application of explicit Runge-Kutta schemes leads to the violation of the conservation
law of the total mechanical energy [1]. In the 1990s, the concept of geometric integrators emerged,
i.e. difference schemes that inherit the symplectic structure of Hamiltonian systems [1-4]. These
difference schemes preserve exactly linear and quadratic integrals of motion [1, Cooper’s theorem],
but do not preserve more complicated integrals of motion of the system [1, 5].

On the other hand, we can construct difference schemes that precisely preserve motion integrals
but do not preserve a symplectic structure. The first such scheme for the many-body problem was
proposed by Greenspan [6-9], there are such schemes of arbitrarily large order [10].
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For symplectic integrator, the change in the integral of motion on an approximate solution
approximating a dynamic system with order r also begins with a term of order r or higher. Using
Richardson’s method [11-17], it is easy to verify that this term has a non-zero coefficient in the
overwhelming majority of nonlinear problems. Therefore, in particular, the change in energy turns
out to be quite noticeable in the plots obtained from approximate solutions. We will illustrate this
with an example in Section 2.

Nevertheless, the first computer experiments were carried out with Hamiltonian systems having
one degree of freedom. In these systems, it was found every time that the points of the approximate
solution on the phase plane pq are aligned along some line that is close to the line of constant energy
level, but slightly different from it. This allows us to hope that the points of the approximate solution
lie on the level lines of the modified Hamiltonian, that is, some function H(p, q, dt), depending on
the step dt and transforming into the Hamiltonian H(p, q) of the original system at dt — 0.

In Ref. [18, n. 10.1.2] it was proved that for any symplectic difference scheme approximating a given
Hamiltonian system of order r, and any order m > r, one can compute a modified Hamiltonian

H,(p,q,dt) = H(p,q) + HO(p, q)dt" + --- + HMm=Ddgm=1,

which is preserved on the approximate solution of order m. The problem of finding H,, is solved
symbolically. We formulate it as a computer algebra problem in Section 5 and then present our
solution as software for Sage.

Automating the calculation of the modified Hamiltonian allows us to clarify, using specific examples,
what exactly we see when we think that the points of the approximate solution line up along some
curves. In Section 6 we will see that the points line up along the level lines of the modified Hamiltonian
H,,, and it takes considerable effort to discern the change in H,,; on the approximate solution.

2. Conservation of mechanical energy on symplectic schemes

Consider a Hamiltonian system
dp _oH dq _ JH

dt ~ dq’ dt ~ dp

on a fixed interval 0 < ¢t < T. Let the approximate solution

@

(Po>90)> (P1>q1)s -+ » (PN»> AN)

be found by some difference scheme of order r with step dt = T/N, and let p(t), q(t) be the exact
solution of this system corresponding to the initial conditions

p(0) = po, q(0) = qq.

Then
pn — p(T) = 0(dt"), qn —q(T) = O(@dt").

The law of energy conservation is satisfied exactly on the exact solution, therefore the change in
energy in the interval 0 < t < T is equal to zero:

H(p(T),q(T)) — H(poqo) = 0.

On the approximate solution, the change in energy can be represented as follows:
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Figure 1. Trajectory in the phase plane for example 1: Figure 2. Richardson diagram for energy
exact orbit (solid line) and change in examplel

approximate orbit (dots).

that is, the change in energy begins with a term of order dt" or higher
AH =cdt" + ...

We emphasize that here we consider T to be a fixed value, and dt = T/N to be a variable.
The symplecticity of the difference scheme does not contribute to increasing the order of
approximation in this equality.

Example 1. For example, let us take the Hamiltonian

2 g2
H= % + q? +ag?

and let us assume for definiteness that a = 0.166. With this choice of parameter and initial conditions
p =0,q = 1, we obtain a closed trajectory, which is noticeably different from an ellipse. Therefore,
we will use these values further. In Figure 1, both the exact orbit , the energy level line, and the
approximate orbit found using the midpoint scheme in our fdm for sage [19, 20] system are clearly
visible. This scheme is the simplest symplectic scheme of the second order [1]. From the Richardson
diagram for the energy change (Figure 2), which is a standard tool in our system for estimating the
errors of numerical methods [19], it is clearly seen that

AH =cdt? + ...

and that lg ¢ ~ 1.03. Thus, the energy change is a second-order quantity as for any other second-order
scheme. However, Figure 1 shows that the points of the approximate solution in the phase plane line
up along some line different from the level line for H.

The situation described in Example 1 is typical and this allows us to hope that some expression
H(p, qdt), depending on the step dt, is preserved on the approximate solution found using the
symplectic scheme:

H(py, Q> dt) = H(po, qo, dt).

The search for such a modified Hamiltonian must be preceded by a more general study of modified
equations.
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3. Modified differential equation

Let us consider the system of ordinary differential equations

dx; .
d_tl = fi(x1, .00, %,), i=1,...,m,

which for brevity will be written as
dy
71 = @ 2

Let dt be a positive constant, which we will interpret as a time step, and let § be the value of variable
g attime ¢ + dt. The solution of Eq. (1) can be expanded in a Taylor series

o . 1. .5, 1. 3
g—;+xdt+2—!xdt +§;dt + ...

1 1 @)
=z +fdt+ ED(f)dt2 + §D2(f)dt3 + ..,
where the differentiation D is expressed as
n
d
D= Z f e
i=1
By a difference scheme we mean any system of algebraic equations that relate ¢ and #:
Fi(X1yeee s Xpy Xy eee s Xy dt), i=1,...,n1,
which for brevity will be written in the form
F(. &.dn) =0. 4)

Definition 1. A difference scheme (4) is said to approximate the differential equation (1) with order
of approximation r if substituting in (4) for { its Taylor series expression (3) yields

§(x, 8,dt) = O(dt™).

Recall that what is said in this definition is enough to prove that the error in the determination of ¥
in one step is of order dt"*!, and in N steps is of order dt" [1, 12]. We can save the definition 1 for the
case when the right-hand side (1) depends on dt.

Definition 2. A difference scheme (4) is said to approximate the differential equation
de _
= (e d0) ®)
with order of approximation m if substituting for  in (4) its Taylor series expression
p 1 2, 1o 3
F=r+indt+ EDr(fr)dt + ?Dr(fr)dt + ...,

gives
B & dt) = O(dt™*).

Here and below n
d
D= IZ{ fm,ia_xi-
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Statement 1. A difference scheme of order r and a natural number m > r are given. It is required
to find a differential equation approximated by this difference scheme with order m.

Analytical methods for studying finite-difference equations are much less developed than methods
for studying differential equations. Having learned to solve the problem 1 symbolically, we can reduce
the study of the difference scheme to the study of a “modified” differential equation.

Definition 3. Let the difference scheme (4) approximate the differential equation (1) with order
r, and the differential equation (5) with order m > r. Then we will call the differential equation (5)
a modified differential equation of order m, indicating, if necessary, that the original equation is
being modified.

4. Algorithm for finding a modified equation

Let the difference scheme approximate the differential equation (1) with order r. Let us find the
modified equation

& (e dn (6)

of order r + 1. Let us find its right-hand side in the form

fre1@ dt) = §(z) + g(z)dt".

The solution of the modified equation is given by the Taylor series

£ = £+ (1 9Nt + 2D, (G0) + (@A + .,
where

z 3
Dpyy = .=1(fi +gidtr)a—xi-

1

After removing the brackets, we have

£ =+ D(f)dt + %D(f)dt2 + et %D’(f)dt’

+ ((r i 1)!Dr+1(f) + 9(?)) dtr+1 + O(dtr+2)
This expression up to terms of the order r + 1 coincides with the Taylor series for the solution of
the original equation (1), so its substitution into the difference scheme (4) for an arbitrary g yields n
series in powers of dt that start with di’*1. The coefficients at dt"+! are linear functions of g, so the
condition

(& dt) = O(dt™?)

gives exactly n linear equations for finding g, ..., g,. From this system, g is uniquely determined as
a set of rational functions x, ..., x,,.

Thus, if the difference scheme approximates the original differential equation (1) with order r,
then this scheme approximates with order r + 1 the equation (6), the right-hand side of which is
a polynomial of degree r with respect to dt. To find the modified equation, it is sufficient to compose
and solve the appropriate system of linear algebraic equations.

Now it is easy to find the modified equation

d
=)
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of order r + 2. We will seek for its right-hand side in the form

frez = fra (e, dD) + g(ze)dtr“,

where ¢ is the next correction to the right-hand side of the modified equation, subject to
determination.
The solution of the modified equation is given by the Taylor series

N 1
E= 24 Drn(fra)dt + o+ o 1)'D,’ill(f,+1)dtr+1
+( D )+ o) T2 + 0™,

This expression up to (r + 2)-th order terms coincides with the Taylor series for solving the modified
equation (6), so substituting it into the difference scheme (4) for an arbitrary g yields n series in
powers of dt that start with dt"*2. The coefficients of dt"*2 are linear functions of g, so the condition

§(x, 2. dt) = 0(dt™3)

gives exactly n linear equations for finding g, ..., g,. Thus, we find f,,, as a polynomial of degree
r+1lindt.
Proceeding in this way, we can reach any given order m.

Theorem 1. Let the difference scheme approximate the differential equation (1) with order r. Then this
scheme approximates with order m > r the equation

dg

the right-hand side of which is a polynomial of degree m — 1 in dt.

5. The problem of finding a modified Hamiltonian

We apply the developed theory to the Hamiltonian system (1). Any difference scheme for this system
can be written in the form

f(8,q,p.q,dt) =0, g(p,q,p,q,dt) = 0. @)
A difference scheme is called symplectic if there exists a function S such that the equality
pdq = pdq +dS

is satisfied on the manifold (7).
Using the method described above, for any difference scheme we can construct a modified system

dp _ dq _
a s Bu(p, g, dp), T Qm(p, g, db), (8)

approximated by the difference scheme (7) with order m + 1.
If the difference scheme is symplectic [1], then the modified system is Hamiltonian [18, n. 10.1.2].
We denote its Hamiltonian as H,,. The energy conservation law for the system (8) is satisfied exactly:

Hp(B(T), 4(T)) = H(po, q0):
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where p(t),G(t) is the exact solution of the modified system (8). Therefore, on the approximate
solution, the change in energy over the interval 0 < ¢t < T is equal to

AHy, = m(pN’ qn. dt) — Hm(pO? o> dt)
= Hp (P, G At) — Hy(B(T), G(T), dt) = O(dt™),

i.e., the change in energy starts with a term of order dt"™ or higher
AH,, = O(dt™).

Thus, the algorithm for finding a modified equation of a given order (Section 4) allows us to find
a function H,,(p, q, dt) that, although not exactly preserved on the approximate solution, is preserved
with any given order.

Then the energy conservation law of the modified system must be satisfied on the considered
scheme with the order m. Therefore, it must be true

AHy, = m(pN’ qn. dt) — Hm(pOs do> dt) = O(dt™).

Thus, the Hamiltonian of the modified system is the function that is preserved on the difference
scheme with the given order m. We will call such a function the modified Hamiltonian of the m-th
order.

Statement 2. A symbolic expression H, containing two independent variables p, q, a symplectic
difference scheme of order r, and an integer m > r are given. It is required to find a modified
Hamiltonian of order m, that is, a symbolic expression of the form

Hp(p,q) = H(p, @) + HO(p,)dt” + -+ + H™Ddt™1,
which is preserved with order m.

In Ref. [18, n. 10.1.2], expressions for modified Hamiltonians of order r+1 were found for a separate
scheme. We implemented an algorithm for solving a more general problem 1 in the Sage computer
algebra system [21] and tested its operation on several examples; the program is available in the
public repository [22].

Example 2. To verify our program, consider the one-stage split Runge-Kutta scheme
p—p=-U@dt, q-q=T(pdt

for a system with Hamiltonian of the form H = T(p) + U(q). This scheme is symplectic and has the
first order of approximation [23, p. 3.1]. We define it in our system as follows:

var('p,q,dt,pp,aq")

T=function('T") (p)

U=function('U') (q)

H=T+U

scheme=[pp-p + diff(H,q).subs(q=qq)*dt, qq-q-diff(H,p)*dt]

Our function mod_ham has three arguments: the Hamiltonian, the scheme, and the order. In the case
under consideration, the function mod_ham(H, scheme,2) returns the modified Hamiltonian

H, =T(p)+ U(q) + %T’(p)U’(q)
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of the second order, and mod_ham(H2,scheme, 3) returns the modified Hamiltonian

dt ’ ! dtz 4 ! !/ "
H; = T(p) + U@ + S T'(pU'(q) + 75 (T"(P)U'(@)* + T'(p)*U"(9))
of the third order. This coincides with the expressions specified in [18, n. 10.1.1].

Example 3. Midpoint scheme
. _OH _ _ A _ OH _ _
p-p=35,P@dL q-q=—7(p.9dL

where bt p
P="m A=

is a symplectic scheme and has 2nd order approximation [1, 5]. We define the scheme in Sage as

follows:

scheme=[pp-p + diff(H,q).subs(q=(q+qq)/2)*dt, \

qq-q-diff(H,p).subs(p=(p+pp)/2)*dt]

The modified 3rd order Hamiltonian is

dtz ! " U n
Hy = T(p) + U(q) - 57 (T'(p)’U"(q) + U'(@*T"(p)) + O(dr*)
and coincides with the modified 4th order Hamiltonian.
Remark 1. It is worth noting that for a harmonic oscillator

2 2
P T
H_2m+2k

it is true

4 2770 1 2 p2 q2 2
T'(p)*U"(q) + U'(@)°T (p):m_w=ﬂH

Thus, the original Hamiltonian is preserved. This is as it should be according to Cooper’s theorem [1].

Potentially, our program allows searching for Hamiltonians of any order. However, for the midpoint
scheme, it is not possible to calculate a Hamiltonian of the 5th order, since the Sage system cannot
calculate the appropriate integrals in the general form.

However, our program supports the specification of the Hamiltonian as any symbolic expression,
so when considering particular cases, a specific expression for the energy can be used instead of the
general expression. In this case, the integrals can be calculated and we get the opportunity to trace
the role of the various terms in (8), not restriciting ourselves to the first one, as is usually done.

6. System with cubic Hamiltonian
2, 42
Consider the midpoint scheme for the system with cubic Hamiltonian H = % + ag’, the
consideration of which we began in the Example 1. We define this scheme in the usual way:
var('p,q,dt,pp,qq,a’)
H=p?2 / 2 + g2 / 2 + a x g"3
scheme=[pp-p + diff(H,q).subs(q=(q+qq)/2)*dt, \
dq-q-diff(H,p) .subs(p=(p+pp) /2)*dt]
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Figure 4. Time dependence of H (dashed), H3 (dotdash)
Figure 3. Phase trajectory for a = 0.166 and Hj (solid) for a = 0.166

First, our function allows us to find
H; = _% (9a2q* + 6ap*q + 6aq’ + p* + ¢*)dt*
1,1, 3
+ 5 p°+ 5 q° +aq’,
then H, = H;, and then
1
Hs = 1o (54 a3q® + 45 a%q* + 10ap®q + 12ag® + (30 a®p* + 1)¢* + p?)dt*
1
-5 (9a2¢* + 6ap*q + 6 aq® + p* + ¢*)dt’
1., 15, 3
+ 5 p°+ 5 q°+aq’.

Figure 3 shows the phase trajectory passing through the point (g, p) = (1,0). The dots represent
the approximate solution found using the midpoint scheme. The true trajectory, i.e. the level line of
the Hamiltonian H, is shown by the red solid line, and the level line H; is shown by the green dotted
line. It is clearly seen that with graphical accuracy the points of the approximate solution lie on the
curve H;(p, q) = const, and not on H(p, q) = const. Figure 4 shows the change in the Hamiltonians
H, H;, and Hs on the approximate solution. It is clearly seen that the amplitude of the change in H is
several hundredths, H; is several thousandths, and Hj; is not visible in the plot at all.

7. Results

The presented program allows finding a symbolic expression for a modified Hamiltonian of a given
order m > r for a given symplectic difference scheme of order r. We tested our program on a split
Runge-Kutta scheme, which was previously investigated without involving computer algebra systems.

Then we conducted a series of numerical experiments with a midpoint scheme for a cubic
Hamiltonian. In these experiments, it turned out every time that with graphical accuracy the points of
the approximate orbit lie on the level lines of the modified Hamiltonian of the 3rd order. It is possible
to see that this Hamiltonian is not preserved exactly only on a specially plotted change in energy over
time. The change in the modified Hamiltonian of the 5th order over the entire observation period
lies within the limits of the calculation error.
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8. Discussion

From a practical point of view, this is very successful. The presented algorithm allows an analytical
description of the closed line, which inevitably contains all points of the approximate solution, i.e.
makes it possible to describe qualitatively the behavior of the approximate solution and its difference
from the exact solution. The lines that we see in computer experiments similar to the one described
in Example 1 are the level lines of the modified Hamiltonian, the order of which is greater by one
than the order of the difference scheme.

However, from the point of view of the theory of geometric integrators, everything looks much
more complicated: the proposed algorithm allows us to find Hamiltonians that are preserved with
a given order on the approximate solution, while the question of finding the modified Hamiltonian
H(p, q,dt), i.e. an expression that is exactly preserved on the approximate solution, remains open.
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BbluncneHume mogupuumpoBaHHOro raMu/ibTOHMaHa B Sage

M. [I. Mansixb2, M. A. Kougesa!

! Poccutickuil yHueepcumem dpys6uL Hapodos, ya. Mukayxo-Maxaas, 0. 6, Mockea, 117198, Poccuiickas ®edepayus

2 06vedunénnniil uncmumym adepHulx uccaedosarnudl, ya. Xoauo-Kiopu, 0. 6, JIy6na, Mockosckas 06.., 141980,
Poccuiickas ®edepayus

AnHotaums. Viccenyiorcs anrebpandeckrie CBOMCTBA Pa3HOCTHBIX AIllIIPOKCHMALIVE [AMIJIBTOHOBBIX CHCTe-
Max. CUMIIIEKTHYECKHE CXeMBI TOYHO COXPAHSIOT JIMHEHble 1 KBaZipaTUYHbIE HHTErPaJIbL B CHILY TE€OPEMBI
Kymnepa, HO He TIOJHYIO MeXaHIUYECKYIO SHEPTUI0 HeJIMHEHHBIX crcTeM. Of[HAKO M3BECTHO, YTO BMECTO 3HEP-
UM CUMIUIEKTUYEeCKYe Pa3HOCTHBIE CXeMBI COXPAHSIOT C 3aJaHHbIM IIOPSSKOM alllIPOKCHUMALH BETNINHY,
KOTOpast [IePEXOUT B raMIJIBTOHMAH IIPY CTPEMJIEHUH lIIara [10 BpeMeHH K HyJIo. B paGoTe npejcrasieH
QITOPUTM BBIYUCJIEHUS TAKOTO MOAUGHUIINPOBAHHOTO FAMUJIBTOHUAHA U €r0 Pealn3alys B CUCTEME KOMIIbIO-
TepHOM anreGpsl Sage 110 3aaHHON CUMITIEKTUYECKOH Pa3HOCTHO CxeMbl, TpeGyeMOMYy IOPSIAKY COXPaHEHUsI
9HEPIUY ¥ FaMIJIBTOHHAHY UCXOLHOM MeXaHN4YeCKOH crcTeMbl. IlporpaMma yCIenHo BOCIIPOXU3BOAUT Gop-
MYJIBl, paHEee BbIBEJIeHHbIE BPYYHYIO, YTO [TOATBEPKIAET €€ COCTOATEIbHOCTh. YHCIeHHbIE 9KCIIEPUMEHTHI
[IOKa3bIBAIOT, YTO PEIIeHsI, IOIyIe€HHBIE C IIOMOIIbIO CUMIIJIEKTHYECKHX CXeM, OJIM3K0 COBIAJAIOT C IMHUI-
MH YPOBHS MOAUGMUIIMPOBAHHOTIO FaMIUJIBTOHNAHA, YTO IIOAYEPKUBAET €r0 POJIb B COXPAHEHHY KayeCTBEHHOTO
[IOBE/IeHYs CUCTEMBI IIPU YUCIEHHOM MHTEIPUPOBAHNY Ha GOIBIINX BpEMEHHbIX MHTEPBaJIaX.

KnioueBble cnoBa: CUMILJIEKTUYECKUE Pa3HOCTHBIE CXEMBI, I'aMUIBTOHOBEI CCTEMBL



