Discrete & Continuous Models
& Applied Computational Science

ISSN 2658-7149 (Online), 2658-4670 (Print)

2026, 34 (1) 125-138
http://journals.rudn.ru/miph

)
)
W

Research article
UDC 537.527,533.9.03
PACS 52.80 Pi, 52.80.Sm, 52.50.Sw, 52.40.Db
DOI: 10.22363/2658-4670-2026-34-1-125-138 EDN: UOSEFX

Mathematical models of low-pressure discharge in a magnetic
field supported by UHF electromagnetic field

Sergey A. Dvinin'2, Denis V. Chuprov?, Konstantin N. Kornev!-2,
Zafari A. Qodirzoda®, Davlat K. Solikhzoda®

L RUDN University, 6 Miklukho-Maklaya St, Moscow, 117198, Russian Federation

2 Lomonosov Moscow State University 1 build 2 Leninskiye gory, Moscow, 119991, Russian Federation
3 Tajik National University, 17 Rudaki Av, Dushanbe, 973402, Tajikistan

(received: February 6, 2026; revised: February 22, 2026; accepted: February 25, 2026)

Abstract. Electron cyclotron resonance (ECR) discharges are an effective way to generate plasma at low working
gas pressure. The aim of this work is to develop a mathematical model of the ECR discharge implemented at the
RAPIRA facility (RUDN University), which is used for a wide range of scientific research. The evolution of plasma
particles is described within the framework of the hydrodynamic approximation (a two-dimensional model with
cylindrical symmetry). A three-dimensional model of cold plasma is used to calculate the spatial distribution of
the electromagnetic field. Calculations have shown that in the operating mode of the facility (gas pressures from
4 -107* to 1072 Torr, magnetic field up to 2500 G), the electron temperature is equalized along the magnetic field
lines, and at the same time, the magnetic field ensures a decrease in energy losses to the side walls of the facility.
The spatial distributions of the electron density and temperature and the electromagnetic field in the plasma are
calculated. The implemented model can serve as a basis for developing a more advanced set of software codes
that take into account the non-Maxwellian nature of the electron velocity distribution function, caused by the
non-adiabatic nature of their heating in a non-uniform magnetic field.
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1. Introduction

Electron cyclotron resonance (ECR) discharge is currently used in various fields of science and
technology: plasma-chemistry installations for material processing [1-7], sources for multiply
charged ions (MCI) [8-10], sources of hydrogen ions for proton accelerators [11, 12], and microwave
plasma thruster [13]. The multitude of possible applications has led to a variety of discharge
installation geometries in which ECR interaction is realized, differing both in the spatial configuration
of the constant magnetic field and in the method of exciting the electromagnetic field and its
frequencies. On the other hand, the diversity of installation options determines different approaches
to constructing mathematical models of the processes occurring in these installations.
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Figure 1. Setup diagram: A—processing chamber, B—quartz plasma pipeline, C—gas inlet connection point, D—helicon
antenna, E—microwave resonator, F1, F2, F3—magnetic coils. Axial distribution of magnetic field induction along
plasma pipeline under microwave (1) and HF (2) discharges

The purpose of this work is to formulate an approach for developing a model of microwave discharge
implemented on the multifunctional installation—RAPIRA (Resonant Accelerated Plasma Installation
Research & Application, RUDN University), used to study the absorption of microwave power by
a magnetized plasma filling a cavity, the processes of plasma transport along a cylindrical quartz
discharge tube (plasma pipeline) from the source to the processing chamber and processing of
various chemical and biological objects by plasma created.

2. Experimental setup and computer modeling tools

The schematic view of the RAPIRA installation is shown in Figure 1. First of all, we list the
elements and systems that are important and relevant for the numerical model being developed.
The installation contains (A)—a processing chamber in which the processed samples are placed,
(B)—a quartz plasma pipeline, (C)—a gas inlet system, (D)—helicon antenna for generation of RF
(13.56 MHz) discharge, (F)—coils (1, 2, 3) for generating a magnetic field, and (E)—a microwave cavity.
The magnetic field configuration is controlled by currents through coils (F.1-F.3).

The experimental setup was developed to use RF and microwave plasma discharges to create
plasma flows to study their interaction with various substrates. The RF discharge is generated using
a half-wave helicon antenna, the microwave discharge is initiated in a cylindrical resonator with
the fundamental oscillation mode H;;;. The curves of two longitudinal magnetic field distributions,
providing resonant conditions during the operation of microwave 1 and RF 2 plasma sources, are
also shown in figure 1. The range of possible pressures of the plasma-forming gases and mixtures of
the installation is quite wide, but in this paper, we will consider the option of generating microwave
plasma at 0.01-0.04 Pa. The microwave resonator is excited by two rod antennas inserted into the
resonator perpendicular to the side wall. Each rod is 6 mm in diameter and inserted 32.1 mm deep
of the cavity. An electrodynamic model for a microwave discharge is considered as an example for
calculation. To prevent the loss of microwave radiation through the holes in the end walls of the
cavity, the axisymmetric quartz pipeline was shielded with cylindrical evanescent waveguides.

The paper shows that in the specified pressure range (with the possible exception of the lowest
pressures), the discharge can be described within the drift-diffusion model, including the particle
balance equations, the energy balance equation, and Maxwell’s equations. This approach is standard
for most gas discharge models [14]. The specificity of this work is that this system of equations is
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used to describe the discharge in a non-uniform magnetic field. The system of equations obtained
below was solved using the Comsol Multiphysics software package [15]. The RF module of Comsol
was used to solve the electrodynamic equations, and the diffusion and heat transfer equations were
solved using the main module. The magnetic field of each coil was approximated as the field of the
current flowing along a ring of radius R. The radius R was chosen in such a way as to approximate
the experimentally obtained dependence of the magnetic field of each coil along the plasma guide
axis as accurately as possible. The zero coordinate of the calculation problem corresponded to the
position of the resonator exciters.

The model of a microwave discharge in the specified pressure range (with the possible exception of
the lowest pressures) can be described in the framework of the drift-diffusion approach, which
includes particle balance equations, energy balance equation, and Maxwell’s equations. This
approach is standard for most gas discharge models [14]. The specificity of this paper is that the above-
mentioned system of equations is used to describe discharge in a non-uniform magnetic field. The
system of equations was solved using the Comsol Multiphysics software package [15]. The specificity
of this paper is that the system of equations is used to describe the discharge in a non-uniform
magnetic field. The RF module of Comsol was used to solve the electrodynamic equations, and the
drift-diffusion model equations were solved using the main module. The magnetic field of each coil
was approximated as the field of the current flowing along a ring of radius R. The radius R was chosen
in such a way as to approximate the experimentally obtained dependence of the magnetic field of
each coil along the plasma guide axis as accurately as possible. The zero coordinate of the calculation
problem corresponded to the position of the resonator exciters.

3. Diffusion and loss of particles in the discharge

Estimates show that the longitudinal dimensions of the plasma conduit in the pressure range of
0.01-0.04 Pa are greater than the wavelength, with the possible exception of the lowest pressures in
this range. In the transverse direction, the magnetization conditions are satisfied: |{2,|t, > 1, where
2, = eqB/mgyc, 13! = v, is the cyclotron frequency and the collision frequency of type a particles
(a = e for electrons and a = + for ions). In this case, the transverse discharge dimensions also
exceed the Larmor radius, so the latter can be considered as the mean free path when considering
the radial motion of charged particles. Therefore, in this case, the discharge can be described within
the framework of the drift-diffusion (hydrodynamic) model.

In this case, the diffusion and thermal conductivity coefficients become anisotropic [16]. In
a uniform magnetic field, the diffusion equations have the form:
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Here n,, n,, §2,, {2, and v,,, v,, are the densities, cyclotron frequencies and effective collision
frequencies for electrons and ions, y,, 1, D,, D, are the mobilities and diffusion coefficients of
electrons and ions along the magnetic field, E is the ambipolar field. Thus, the magnetic field does not
affect the motion of particles along the magnetic field lines. In addition, from equations (1) and (2) it
follows that particles participate in drift motion in the direction perpendicular to both the electric
and magnetic fields, with negative and positive particles drifting in different directions. Finally, there
is drift and diffusion of particles in the direction parallel to the electric field and the density gradient
of charged particles. The value of diffusion coefficients in the direction across the magnetic field are
significantly smaller than the value, when particles moves along a magnetic field.

D, = _ Db D, = L
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The complete system of equations in the drift-diffusion model for a homogeneous magnetic field
includes equations for the electron and ion currents (1), (2), and the electron and ion balance
equations. The Poisson equation, which should close the system of equations, is replaced by the quasi-
neutrality condition, whereby the equation for the electron density is excluded from consideration,
and instead, the equation for the electric current is used, which is also a consequence of the quasi-
neutrality condition: n, = n, = n, (V-n(V, - V,)) = 0. Using equations (1) and (2), we also eliminate
the equations for the electron and ion currents. Thus, the complete system of equations takes the
form:

0 on 0 0 on d
_E<D+Zza_z + n:u+zza_z> - a_x(D+xxa_x + n/"+xxa_§j) =vin, (3)
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The final system of equations for a system with one type of ion includes equations (3), (4). The
boundary conditions are usually set in the form (5 is the normal to the wall surface, A; is the mean
free path of the ion).

(n-Vn)=n/A, (- (e +ijs) =0. (5)

Equations (5) are valid in the case when ion mean free path is less than the size of the sheath
between the plasma and the quartz tube. Otherwise, the Bohm criterion is used, which states that
the plasma flow velocity at the boundary is equal to the ion-sound velocity. The partial differential
equations were solved using the Comsol Multiphysics mathematical package [15].

In a nonuniform magnetic field, the induction is not directed along the 0Z axis. Therefore, the
diffusion and mobility tensors of charged particles will no longer be diagonal. Below we write the
ion balance equation and the equations for the currents, which replace equations (3) and (4). Further
in the formulas we replace n, and n, by n.

1. Equation of charged particle densities (The upper sign + corresponds to ions, the lower sign —
to electrons):
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2. Equations for the ambipolar field potential

V)= {((Dej_ iJ_) - (De“ _Di||)) sin @ cos 93_?_

— ((DeJ_ - Du_) Sil’l2 9 + (De” l||) COoSs 6)6__
. dp
- ((:ueJ_ - #u) - (Me|| - /«¢i||)) sin 6 cos 95—

- i a

((/"el ,u“_) s1n2 0+ (:ue|| — ”i”) COSZ 9) a¢}
_1 9 D, —D 20+ (D D in26 on
r or (( el iJ_) Ccos ( ell — l||) sin >_ar —_

. d
- ((De” - Dl||) - (DEJ_ - Dil)) sin 6 cos Qa—z—

. 0
- n((uel + ;1) 08?6 + (tey + pyy) sin’ 6)a—q:+
. dep
+ ”((lvlen + i) = (Mer + Mu)) sin 6 cos 95} =0. (6)

In these equations, 6 is the angle between the direction of the constant magnetic field and the
0Z axis: 6 = arctan(Hr(r, z)/H,(r, z)). The boundary conditions coincide with the conditions in
a uniform magnetic field.

4. Heattransferin the discharge. Heating and energy loss of electrons in
the plasma

The charged particle balance equations include the electron and ion production rate, which depends
on the chemical reactions occurring in the plasma. The rate of these reactions, in turn, depends on
the electron temperature and the temperatures of the heavy particles. Since a low-pressure discharge
is being considered, it can be expected that no temperature change along the field line should occur.
In the transverse direction, where particle transport is suppressed by the magnetic field, energy
transfer may be insufficient and the temperature may vary. Ideally, to calculate the frequencies of
chemical processes, it is necessary to solve the heat conduction equation for electrons, which has the
form
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Here y is the thermal conductivity coefficient of the plasma, which was calculated in accordance
with [16, 17], k is Boltzmann constant. The role of the magnetic field was taken into account in
accordance with [16]. Here Q = nw is the energy transferred by electrons to other particles in elastic
and inelastic collision. The calculation of w; will be discussed below. It can be expected that under
the experimental conditions, due to the high thermal conductivity along the magnetic field lines,
the electron temperature in this direction should equalize. Here, o;; is the plasma conductivity,
accounting for its anisotropy and the high-frequency nature of the field. The field absorption is
calculated using the effective collision frequency, which takes into consideration both collisional and
collisionless energy gain by electrons.

In the direction perpendicular to the magnetic surface, the thermal conductivity of the electron gas
is significantly lower, so radial temperature non-uniformity can be expected in cases where heating
across the plasma cross-section is non-uniform. Therefore, the process of establishing the spatial
distribution of electron temperature should be investigated using mathematical modeling.

According to models of a steady-state low-pressure discharge, ionization balances losses. Losses
are determined by the discharge geometry (i.e., the position of the boundaries and the magnetic
field strength profile), the chemical properties, and the pressure of the working gas. If the spatial
distribution of electron temperature is uniform, then particle losses determine the ionization required
in the discharge and, consequently, the electron temperature.

Then the value of this temperature should ensure particle balance, i.e., as is usually the case
in a stationary discharge, the required temperature is determined by the particle balance. If the
ionization cross-section is known, the temperature is determined from the relation

o0
vy = 47N f Vau (V. TV dV, ®)
0

where q; ; is the ionization or excitation cross-section, N is the density of neutral atoms, f,(V) is the
electron energy distribution function, which is assumed to be isotropic. If the function is Maxwellian
and a linear approximation is used for the process cross-section (g; is ionization threshold),

q; = ae — &), ©)
or Fabrikant’s approximation (g, is the energy at which the ionization cross-section is maximum and
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then the following expressions can be obtained for the frequencies (e, m are electron charge and

mass):
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If more accurate results are required, approximations [18] and numerical integration (8) can be used.
The energy losses of electrons are determined by the relation

2m_ 3
wl(Te) = ﬁvenik(Te - Tg) + ZVS(TQ)ES + Vi(Te)(Ei + ZkTe + Eist)'
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The first term accounts for elastic energy losses, the second for excitation losses, and the third for
ionization losses. The last term accounts for the energy carried away by ions toward the wall. Ion
acceleration occurs due to the ambipolar field. The temperature distribution in the discharge is given
by the thermal conductivity equation (7).

By integrating equation (7) over the entire discharge volume, we obtain the energy required to
maintain a discharge with a given electron density. Note also that using cross-section (9) for the
ionization frequency yields a temperature of 4.5 eV in the setup’s operating modes, but the formula
itself overestimates the ionization frequency. The energy required to create an electron under these
conditions was 10° eV/s/Torr.

5. Spatial distribution of the electromagnetic field in the discharge

The particle balance equation (6) allows us to determine the ionization frequency (averaged over
the volume) required to maintain the discharge at steady state. The particle balance equation (7)
quantifies the energy required to create the required number of electrons in 1 second. Knowing this
energy, we can determine the power required to maintain a plasma with a given average density n,
by integrating the solution of equation (7) over the entire plasma volume:

W = /I/ dxdydzn,(x,y,z)w,(x,y, z).
1%

The final step required to complete the mathematical model is to solve Maxwell’s equations.
Knowing the microwave power required to maintain the discharge allows us to determine the
amplitude, spatial distribution of the microwave density, and discharge impedance, and select an
appropriate method for matching the discharge to the generator. The model construction procedure
described above is not self-consistent, since the solution of the particle balance equation assumed the
electron temperature to be uniform throughout the volume, etc. Nevertheless, it usually allows for
a fairly accurate determination of the averaged discharge parameters as functions of given conditions
(geometry, chemical nature of the gas, etc.). The necessary refinement of the model can be made at
later stages, possibly using well-developed perturbation theory or other methods.

Let us now turn to the presentation of the electrodynamic part of the problem. Electrodynamically,
the discharge was described using the cold plasma model [19, 20]. Maxwell’s equations were solved
using the “Comsol Multiphysics” software package. The permittivity is written as:

e ig 0
(eij) = —ig e 0}
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Here wy, = \/47ne2/m is the Langmuir frequency, n, is the electron density, e and m are their charge
and mass, v,, is the effective electron collision frequency, and , = eB,/mc is the cyclotron frequency.
In an inhomogeneous medium [21]

e, ig O cos@ 0 —sinf
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The electrodynamic models used in the calculations differed in the geometry of the excitation
system, the configuration of the magnetic field, the frequency of the microwave, and the frequency
of electron-neutral collisions.

6. Simulation results and their discussion

The results of numerical modeling of the equations discussed above working gas argon, pressure
4 -10~* Torr, spatial distribution of constant magnetic field corresponded to that measured in the
experiment (Figure 1), describing the diffusion and drift of charged particles and heat transfer in
plasma in cylindrical geometry (azimuth distribution was considered uniform) showed the following.

The size at which the electron temperature equalization along and across the magnetic field occurs
can be estimated from the theory of dimensions L = ()/n.)/w; and L, = (x,/n.)/w;, where y ,/n,
are the thermal conductivity coefficients per electron along and across the magnetic field, and wl
is the energy lost by an electron in collisions per unit time. Furthermore, energy losses at the wall
play a significant role in equalizing temperatures in space. In earlier studies, these energies were
neglected when calculating spatial plasma density distributions due to the fact that the bulk of the
electrons are reflected at the boundary from the resulting potential barrier, equalizing the electron
and ion flows to the wall. Calculations showed that using plasma thermal insulation conditions leads
to a significantly more uniform electron temperature distribution in space. Examples of calculating
the spatial electron temperature distribution are shown in Figure 2.

It was assumed that electron heating occurs in a region of space near the resonator (the resonator
center corresponds to the coordinate z = 0 in figure 2), and its intensity is independent of the radial
coordinate.

Figure 3 shows a similar calculation for the case where heating occurs only in the central region of
the plasma with a radius of 1 cm. It is evident that temperature equalization along the radius does
not occur, indicating good thermal insulation of the plasma due to the magnetic field.

Figure 4 shows the calculated spatial distribution of the plasma density under the assumption of
a constant spatial distribution of the electron temperature. A leveling of the electron density in the
central region and a noticeable decrease in the region where the magnetic nozzle begins to form are
noticeable.
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Figure 2. Electron temperature (eV) distribution in space. Energy is deposited uniformly across the cross section. All energy
is deposited within a region of |z| < 10 cm relative to the resonator center
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Figure 3. Electron temperature (in relative units) distribution in space. All energy is deposited within a region |z| < 10 cm
and |r| < 1 cm relative to the resonator center

The spatial distribution of the electromagnetic field in the cavity was also calculated (figure 5).
In [22], the cavity was excited using a slit in the side wall excited by a waveguide in the center; waves
propagating in the azimuthal direction were excited, and the amplitude of the z-component of the
electric field was small. In this case, the observed spatial distribution of the field has a more complex
structure, with axial components of both the magnetic and electric fields present. Furthermore,
various figures suggest the excitation of fields with azimuthal modes m = 2, 3, 4, and 5. When
calculating the distribution of the electromagnetic field in the plasma near the cavity, the longitudinal
distribution of the plasma density was considered constant, since the field is concentrated almost
entirely in the region limited by the cavity due to the presence of cutoff waveguides surrounding the
quartz tube, where the longitudinal inhomogeneity of the plasma is small.

Azimuthal non-uniformity of the magnetic field energy input may lead to the need to move from
solving a two-dimensional axisymmetric problem to solving a three-dimensional one, which will
take into account the more complex nature of the movement of charged particles, which is quite
possible in a given range of working gas pressures and magnetic field strengths [23-27].

7. Conclusions

1. The paper formulates a simple discharge model based on the solution of the diffusion equations
for charged particles, the energy balance equation for electrons, and Maxwell’s equations. The
solutions are not completely consistent, as the assumptions of uniform plasma heating by the
microwave field inside the resonator, equalization of the electron temperature along magnetic
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Figure 5. Distribution of the z-component of the electric (V/m) and magnetic (A/m) field in space in the excitation plane of the
resonator. Electron density in the center of plasma is equal to 10'° cm™3. The ratio of the effective frequency of
electron collisions v to the field frequency w during calculation is 0.1. In-phase voltages with a frequency of
2.45 GHz and a voltage of 1 V are applied to the rod exciters. In the approximations used, Maxwell’s equations are
linear for a given electron density distribution, so the fields at other supplied powers increase or decrease
proportionally to the gender of the exciting wave

lines, and uniformity of the longitudinal plasma distribution along the quarts pipeline were
used to speed up the computation time.

2. Solutions to the heat conduction, diffusion, and Maxwell equations showed that the
approximations used are satisfactorily fulfilled in the model under consideration, with the
exception of the assumption of azimuthal heating homogeneity. Therefore, to assess the
influence of this effect, it is necessary to complicate the model to a fully three-dimensional
form.

3. The decrease in electron density near the working chamber may be due to the fact that parts of
the field lines in the magnetic nozzle can pass through the boundaries of the quarts pipeline,
which increases particle losses in this region.
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MaTtemaTunyeckue moaenu paspsaga HU3KoOro gassieHUsA
B MarHUTHOM noJie, noaaep>XmBaemoro 6bICTp0ﬂepeMEHHbIM
NEeKTPOMarHUTHbLIM NnoJjiemM

C.A. Asunun®2 . B. Yynpos?, K. H. KopHes®?2, 3. A. Koanp3opaa®, . K. Connxsopa’®

L Poccunitcknii yHuBepcuTeT apyx6bl HapoaoB, yn. Muknyxo-Maknas, . 6, Mocksa, 117198, Poccuiickas
depepaymsa

2 MockoBCKuii [ocyaapCcTBeHHbI yHUBEpCUTET MMeHU M. B. ToMOHOCOBa, JleHnHcKue Mopbl A. 1 cTp. 2,
MockBa, 119991, Poccuiickas depepauus

3 TamKMKCKMIA HaLMOHaNbHbIA yHuBepcuTeT, MpocnekT Pygaku, a. 17, Aywan6e, 973402, Tag)XMKUCTaH

AHHOTaums. Pa3ps/ibl UCIOJIB3YIOIINE 3JIeKTPOHHBIHN IUKIOTPOHHBIN pe3oHaHc (DIIP) 11 Harpepa aJeKTpo-
HOB, IIPeJCTABJISIOT c0001t 9 PEeKTUBHEIN CIIOCO0 CO3AaHNMs IIIa3Mbl IIPYU HU3KOM AaBjJIeHUH pabodyero rasa.
ITesnb maHHOM paboTH — pa3paboTKa MaTeMaTHdeckoi Mogenu DIIP pasps/a, peasr30BaHHOTO Ha YCTAaHOBKE
RAPIRA (PYH), mpuMeHseMOM /I peaTn3aliuy [[eJIOT0 Psi/ia HAyYHbIX UCCIeL0BAHUH. DBOJIOIUS YaCTHULL
IIa3Ma ONKChIBAETCS B PaMKaxX TMAPOJUHAMUYECKOT0 IPUOIDKeHNs/ (AByMepHast MOZIeJb C IYINHPUIECKOH
cuMMeTpuetii), IIpu pacueTe IPOCTPaHCTBEHHOTO pacIipe/ieleHus 3IeKTPOMarHUTHOTO IT0JIsT UCII0Ib3yeTCs
TpexMepHast MOZeJIb XOJIO0AHOM I1a3Mbl. PacueTs! MoKasaan, 4T0 B pabouyeM pekrMe YCTAaHOBKY (HaBIeHMs
rasza ot 4 - 107* go 1072 Topp, MarHuTHOE 10JIe /10 2500 T'C) MPOMCXOAUT BEIPABHUBAHUE TEMIIEPATYPHI SJIEK-
TPOHOB BZOJIb CUJIOBBIX MAarHUTHOTO IIOJIS, ¥ B TO )K€ BpeMsI MarHUTHOE I10JIe 00eclieuyrBaeT yMeHbIlIeH e
[I0Tepb 9HePTrUY Ha GOKOBbIE CTEHKHU YCTAHOBKU. PacCYMTaHbI IPOCTPAHCTBEHHBIE PACIIPe/ie/IeHUsI ITIOTHOCTH
Y TEMIIEPaTyPHI 9IeKTPOHOB U 3JIeKTPOMATHUTHOTO II0JIA B [171a3Me. Peann30BaHHas MOZI€Ib MOXKET CIIY>KUTh
OCHOBO} 7151 pa3paboTKu 6oJiee COBEPIIEHHOTO Habopa IPOrpaMMHBIX KOZIOB, VYUTHIBAIOIINX HEMAaKCBeJI-
JIOBCKYIO IIPUPOAY QYHKIIUHU paclpesieleHUst CKOPOCTeH 3JIeKTPOHOB, 00YCIOBIEHHYIO HeaZinabaTuIecKIM
XapaKTepoM UX Harpesa B HEOZHOPOZHOM MarHUTHOM IIOJIe.

KnroueBble cnoBa: 3JeKTPOHHBIA LIMKIOTPOHHEIN pe3oHaHC, DIIP-paspsaz, paspsj B pe3oHaTOpe, paspsj
B MarHUTHOMH JIOBYIIKe, ApeiidoBo-aubdy3rnoHHasT MOJENb



