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Abstract. The article considers reversible difference schemes for dynamical systems based on the system doubling
method proposed by V.N. Abrashin and S.N. Sytova. The method duplicates the original variables, leading to
an extended system whose finite-difference approximation defines a birational map between time layers. The
preservation of algebraic integrals in such schemes is investigated. It is proved that if the original system admits
a homogeneous quadratic first integral, the corresponding bilinear form is exactly preserved by the discrete
scheme. This property is demonstrated on the Jacobi oscillator, where the geometric mean of the duplicated
variables ensures exact conservation of the quadratic integral. A more detailed analysis is performed on the
non-trivial Vanhaecke system, an integrable Hamiltonian system with two degrees of freedom and higher-degree
polynomial integrals. Numerical experiments carried out in the computer algebra system Sage using the package
fdm.sage confirm that the two copies oscillate synchronously around the exact values of the first integrals,
and averaging reduces the oscillation amplitude. For separable Hamiltonian systems, the scheme is shown to
be symplectic. The results obtained allow recommending the doubling method for constructing stable and
structure-preserving numerical integrators for a wide class of dynamical systems with polynomial right-hand
sides, including high-dimensional systems.
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1. Introduction

Dynamical systems with quadratic right-hand sides can be approximated by finite-difference schemes.
Timestep of these schemes is a birational map [1-5]. Appelroth’s quadratization allows any dynamical
system with a polynomial right-hand side to be transformed into a system with a quadratic right-hand
side to which the Kahan scheme can be applied [6]. Consequently, a very broad class of continuous
dynamical systems admits approximation by t-symmetric finite-difference schemes that define
a birational map between time layers. Following [5], we refer to such schemes as reversible. This
property is of fundamental physical relevance. The time evolution of a dynamical system should,
in general, be reversible: every initial state corresponds to exactly one final state, and every final
state comes from exactly one initial state. Surprisingly, although the discrete-time methods often
preserve one-to-one correspondence, it is not always true for the original continuous systems over
the different time intervals [5].

It is worth mentioning that in the papers above the time step was implemented using a quadratic
Cremona transformation. However, in the 1980s, V. N. Abrashin proposed a multicomponent
alternating-direction method, which was successfully applied by S. N. Sytova. This method was used
for modeling the nonlinear dynamics of electromagnetic radiation generated by charged particle
beams in multidimensional spatially periodic structures [7, n. 4]. Like Appelroth’s quadratization,
this approach also introduces extra variables. However, instead of using a complicated substitution,
it does so in a very simple and clear way: by duplicating every original variable. Because of this
straightforward construction, we call it the system doubling method. A closer look shows that this
method can be used almost for any dynamical system to build a finite-difference scheme where each
time step is described by a Cremona transformation. In this paper, we give a general description of
the doubling method and explain its key algebraic properties.

2. Methods

2.1. System doubling method

Let g = (x4, ..., X,) and there is a dynamical system

dy
=i M
For simplicity, assume that the right-hand sides in (1) are polynomials.

Introduce a new set of variables ', which duplicate the original set of variables g, and form the
doubled system:

dg ,

Tl G,

dy’ 2
v f®).

We formulate the equivalence of these systems as a theorem.

Theorem 9. Every solution ¥ = }(t) of system (1) extends to a solution ¥ = ¥' = Y(t) of the doubled
system (2). Conversely, any solution of system (2) that satisfies the initial condition ¢ = §' at some time t,
satisfies the equation ¥(t) = ¥'(t) for all t, and & = ¥(t) is a solution of the original system (1).

Proof. (i) Suppose & = j(¢) is a solution of system (1). Then

dy _
7 = 1.
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Substituting #(¢) = #'(¢t) = h(¢) into system (2), both equations are satisfied identically, since

E_Doiw=ic), L -D_jm)=w.

Thus, ((¢), h(¢)) is a solution of the doubled system (2).
(ii) Conversely, let (¢(¢), ¥'(t)) be a solution of (2) satisfying the initial condition ¢(0) = #'(0). Define
the differences
u(t) = x;(t) —x;(t), i=1,..,n,
and collect them into the vector u(t) = ¥'(¢) — ¥(t). Differentiating gives

dui_dxl{ dxi_ ,
T Ty = fi(® — fi(&).

Since each component f; is a polynomial (by assumption), the difference f;(¥) — fi(¢') can be

expressed as a linear combination of the differences x} — x; = u; with polynomial coefficients. More

precisely, there exist polynomials g;;(z, ) such that

f[i® = [i) =D &ij& ¥ .

j=1
Hence, u(t) satisfies the linear homogeneous system

du; = , .
d_tl = Zlgij(f(t),x ) u;, i=1,..,n
J:

This system has continuous (in fact, smooth) coefficients along the trajectory ((¢), ¥'(¢)), and the
initial condition 1(0) = 0 holds by hypothesis. By uniqueness of solutions to linear ODEs, it follows
that 1(t) = 0 for all ¢ in the interval of existence. Therefore,

() =¢(@) forallt.
Substituting this identity into the first equation of (2) results in

dy
T f®,

so () is indeed a solution of the original system (1). 0o

Remark 1. The polynomials u; arising in the proof are a natural generalization of Darboux
polynomials [8-10].

System (2) is more complex than system (1), yet it admits a straightforward finite-difference
discretization:

- =i@)4
{ze E=i )

- =f®ar
This scheme defines a birational map between the points (¢, ') and (%, ).

In contrast to Kahan’s method, the scheme (3) is not t-symmetric [5]. However, it possesses
a generalized analogue of t-symmetry: the equations (3) are invariant under the transformation

At = —At, i F, - f

We shall refer to this property as generalized ¢-symmetry.
We have implemented the doubling-based scheme (3) in our fdm package for SAGE. All
computations presented below were made using this package.
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2.2. Quadraticintegrals

Theorem 10. Suppose that system (1) admits a homogeneous quadratic first integral
L= Z U; j XX i
L,j
Then the doubled system (2) possesses the first integral

w= Z Vij XX},
i,j
which is exactly preserved by the discrete scheme (3), i.e.,

w(E, §) = w(E, ¥).

Proof. We first observe that
v=¢"Vg
where V is the symmetric matrix representing the quadratic form v. By assumption,
dv
ar =%
along solutions of (1), i.e.,
f®VE+ Vi) = 0.
Since V is symmetric, this simplifies to
#ViGE) =0. “
This identity holds for all # € R,,, as it is satisfied along every solution of (1).
The quantity w is the bilinear form associated with the quadratic form v, so we can write

w=3§"V¢.
Differentiating w along solutions of the doubled system (2) gives

& iy +avie.

Each term on the right-hand side vanishes by identity (4). Consequently, w is a first integral of
system (2).
We now turn to the finite-difference setting. Consider the increment

w-w=w) -wkEE)=FVY -V
Adding and subtracting the term §"V3' gives
w—w=FVY¥-3Ve)+(EFVE—EVE).
Using the discrete scheme (3), we have
F-g=i®a, i-x=iG")4ar,
and therefore
FVY —ETVY =ETV(E - ) = ARV,
FVE -V = (2 —8) Ve = AtiG)TVE.
By identity (4), both terms vanish. Hence & = w, which shows that w is exactly preserved by the
discrete map (3). 0o
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2.3. Hamiltonian formulation
Suppose the original system (1) is Hamiltonian, i.e., it can be written as

dp;  8H dq; _OH

AT Taq At T apy TR
Then the doubled system takes the form
dpi _ _OH' " day _OH' -, _,
dt — dq;” dt ~ dp;’ T TV
dt dq;" dt  dp;’ T
where H = H(p,q) and H' = H(p', q'). We introduce
H, =H(p,q) + H(p'.q') ®)
and rewrite the system in the following way
dpi _ _0H, dq; _0H, ,_,
dt dq;’ dt  dp;’ e ©
dpi _ oM,  dai _ oM, i=1,..n

dt ~ dq° dt  ap]’

This combined Hamiltonian allows us to write the doubled system in a compact Hamiltonian form.
It is now clear that this system is Hamiltonian, with the same Hamiltonian as in (5). Its symplectic
structure is defined by the 1-form

n
® = Y (p;dq; + pj dg;).
i=1
Note the “cross” pairing of coordinates and momenta — each momentum is paired with the other set
of coordinates.
The finite-difference scheme obtained by the doubling method reads

Di— bi oH' , di — qi oH'  , . .
_— —_— —_— =1 eee g Fl,
= 5 (P apg(p,q), i=1...n

At At
Pi—pi _ OH . G—-q _ OH, . . . _
YT aqi(p,q), YT api(p,q), i=1,..,n
Or, using (6), the scheme can be written as
bi—pi _ _OH, 4i—4q _ 0H, i=1 . .n
At aq;’ At dp; p:p,q:q’ T
L . @
bi—pi __0H, di—q _0H, . _ n

T
i lp=p,q=q
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Figure 1. Time evolution of the variables p(t) and p’(t) for the Jacobi oscillator

3. Results

3.1. Jacobi oscillator

To understand the purpose of doubling the variables, consider a simple and well-studied example —
the Jacobi oscillator:

dp

a

d

dr

4 E = —kzpq’

p(0) =0,
q(0) =1,
r(0) = 1.

It is well known that the solution of this system is periodic and can be expressed in terms of elliptic
functions. Figure 1 shows the time dependence of p(t) and p'(¢): the amplitude of oscillations of p
grows over time, while the amplitude of p’ decreases. The exact solution lies somewhere between
these two trajectories. The behaviour shown in Fig. 1 closely resembles the classical idea of upper
and lower solutions for differential equations, first introduced by Chaplygin [11].

Looking at this figure, one can expect that the average of p and p’ approximates the exact solution,
while half the absolute difference §| p — p'| provides an estimate of the error incurred by the method.
The graph of this error estimate is shown in Fig. 2.

Nevertheless, taking arithmetic averages does not produce the behavior typically expected from
a geometric integrator. This is particularly clear from the phase portrait in the (p, q)-plane. Figure 3
displays the trajectories of the points (p, q) and (p’, ¢'). As anticipated, (p, q) spirals outward to infinity,
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Figure 5. Phase portrait of the Jacobi oscillator in the (g, p)-plane obtained using the geometric mean
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whereas (p’, q") spirals inward toward the origin. Forming the arithmetic mean — namely, the point

——_(pt+p q+tq
(p’CI)—( 2 ’ 2 >’

partially corrects this behavior (see Fig. 4), but the improvement is incomplete. The averaged
trajectory still fails to lie on a closed curve, in contrast to the exact periodic orbits or those obtained
with Kahan’s method. This indicates that the discretization introduces a small amount of numerical
dissipation into the system.

However, if we use geometric means in our calculations, the situation improves dramatically. As

clearly seen in Fig. 5, the point
®9 = (Vrr -Vaq)
lies exactly on the circle
P47 -1

which is precisely the first integral of the Jacobi oscillator,
p’+q’ =1

Thus, in this case, using geometric averages exactly preserves the original system’s motion integral.
As an example of the quadratic integral preservation, the Jacobi oscillator possesses the quadratic
first integral
v=p?+q-.

Consequently, the doubled system admits the invariant
w=pp' +qq,
which is exactly conserved under the numerical scheme (3). When expressed in terms of geometric
means, B B
p=vpprs q=vqq,

—2 -2
w=p +q,

this invariant takes the form

which explains the exact preservation of the circular phase trajectories observed in Fig. 5.

3.2. Vanhaecke system

To see how integrals of degree higher than two behave under the discrete scheme (3), we look at
a well-known example of a completely integrable Hamiltonian system — the Vanhaecke system [12-
14], first introduced by P. Vanhaecke in the 1990s. This system has two degrees of freedom and
Hamiltonian

1 1
H=3(pt+p3) + 5(at + @3)° + aqi + Bg5 —a = B,
where o and f3 are parameters of the system. This system has two polynomial first integrals:
F = (p2q1 — 1192)” — (241 + 2413 + 2aq7 + pi)(a — B),

and
G = (p2q1 — P192)* + (24395 + 245 + 25 + p3) (@ — B),
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which are in involution. Moreover, their difference is proportional to the Hamiltonian H.
We integrated the system using the scheme (3) with the initial conditions

¢:(0) =0,
(0) =1,
pi(0) =1,
p2(0) =0,

parameters @ = 1, 8 = 2, and time step 4t = 0.05.

Figure 6 shows the values of H = H(p,q) and H' = H(p',q’). Even with such a small time step, the
energy changes noticeably — already in the first decimal place. However, H and H' oscillate out of
phase around a value close to the exact one, and — most importantly — neither shows any long-term
drift upward or downward.

Averaging in different ways reduces the size of these oscillations. We tried three approaches:

- the simple average ;(H + H') — shown as the solid line in Fig. 7,

- H(p,q), wherep = [%p’ andq = %q’ — dashed line,

- H(ﬁ 5), Wheref =+/pp’ andc:1 =14/qq’ — doted line.
This keeps the energy with an error of order 1073, and, most importantly, the energy shows no
long-term drift upward or downward.
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Figure 8 shows how the integral F behaves over time. When computing the averages (Fig. 9), we
used only the first two of the three methods described above. The geometric mean was not used here
because the expression for F involves more than just squares of coordinates and momenta, which
caused technical difficulties.

The same pattern is clearly visible as in the energy plot: the two copies F and F’ oscillate out of
phase around the true value, and averaging reduces the oscillation amplitude without introducing
any drift.

3.3. Symplecticity

The scheme (7) is a partitioned (or split) finite-difference method [15, 16]. The first 2n variables
(p, q') and the last 2n variables (p’, q) are updated using different formulas, which is typical for such
methods. Because of this structure, the scheme is expected to be symplectic.

Theorem 11. If the Hamiltonian splits as
H =T(p)+ U(q),
then the discrete scheme (7) is symplectic, i.e.,
Q—w=dS
for some function S.

Proof. Let us denote the partial derivatives of T and U by

oT |, _9U

T=22, =
' ap; ' g

Recall that the discrete symplectic form is
@ = > (P dg; + b day).
i=1
We treat the two parts separately. First, using the update rule from (7),
4 = q; + At Ty(p),
so
2. bidd; =} pid(q; + At Ti(9)) = 3 pidaj + At Y pi dTy(p)-
The second term is an exact differential. Indeed,

> bidTi(p) = d(Y piTi(p) — T())»

SO we can write
2. bidd; = 3 pida] +dSy(p),
where $,(p) = At(Y piTi(p) — T(P)).
Now use the other half of the scheme: p; = p; — 4t U;(q’), so

D pidg; =Y, pidq; — At ) Uy(q)dq; = ), p;dq; — dU(q).
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Putting everything together,

> pidd; =Y, pidq; — dU(q) + dS,(p).

A similar calculation for the second part gives
2, bidd; = Y pidd; +dU(@) = Y pj dg; + dSy(p') + dU(Q),

where S,(p') = At(X piTi(p") — T(p")).
Adding both contributions and subtracting the original form

W= Z(Pi dq; + p;dgq;),
we find that all non-exact terms cancel each other out, and
O—w=dS

with S = S1(p) + S,(p’) — U(q") + U(G). Hence the scheme is symplectic. 0

4, Discussion

In general, it is highly convenient when a numerical method inherently includes a built-in error
estimator. In contrast, methods like Runge-Kutta require such error estimation techniques to be
added separately [17].

Nevertheless, taking arithmetic averages does not produce the behavior typically expected from
a geometric integrator. This is particularly clear from the phase portrait in the (p, g)-plane. Figure 3
displays the trajectories of the points (p, q) and (p’, q'). As anticipated, (p, q) spirals outward to infinity,
whereas (p’, q') spirals inward toward the origin.

Forming the arithmetic mean — namely, the point

——_(p+D q+q
(p,a)-(—2 g )

partially corrects this behavior (see Fig. 4), but the improvement is incomplete. The averaged
trajectory still fails to lie on a closed curve, in contrast to the exact periodic orbits or those obtained
with Kahan’s method. This indicates that the discretization introduces a small amount of numerical
dissipation into the system.

However, if we use geometric means in our calculations, the situation improves dramatically. As
clearly seen in Fig. 5, the point

(7.9 = (Vor' . Vaa)

lies exactly on the circle
—2 =2
_p + ZI =1,
which is precisely the first integral of the Jacobi oscillator,
PP+q¢ =1

Thus, in this case, using geometric averages exactly preserves the original system’s motion integral.
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In this sense, scheme (3) actually works better than Kahan’s method. Unlike the doubling scheme,
Kahan’s method does not preserve the original integral p? + g. Instead, it conserves a modified
expression dependent on At. Finding this expression for the Kahan scheme was the main result of
the work [18], in [5] this expression was found according to the Lagutinsky method.

Exact preservation is important in many cases. For example, one conservation law for the spinning
top simply says that the sum of the squares of the direction cosines is always 1 [19]. Kahan’s method
preserves a modified expression [20], i.e., adds tiny corrections that don’t have a clear geometric
meaning. Because scheme (3) preserves this integral exactly, it looks very promising for building
geometric integrators — methods that respect the underlying geometry of the problem.

Overall, we can say that the scheme (3) keeps all integrals of the system close to their exact values
allowing only small oscillations around them. This is a very good property and suggests that the
scheme may be reliable for long-time simulations. At the same time, it is important to note that the
energy integral is not preserved exactly, no matter how we average it.

It should also be mentioned that the Vanhaecke system has cubic right-hand sides, so it cannot be
directly discretized by Kahan’s method. Even if it could, there are no general results guaranteeing
that Kahan’s method preserves arbitrary polynomial integrals. The only case that is well understood
is the preservation of the energy (Hamiltonian) itself [2].

Energy conservation in symplectic integrators has been studied extensively. It is well known
that the original Hamiltonian is not preserved exactly. However, one can construct a modified
Hamiltonian H that is conserved up to any desired order of accuracy [15, 21]. Because of this,
numerical experiments typically show the energy oscillating around a constant value that is close to —
but not exactly equal to — the true energy. This is precisely what we observed in the Vanhaecke system.
Looking at Fig. 7, one might even guess that the different averaging strategies we used correspond to
modified Hamiltonians of different orders.

5. Conclusion

In this work, we studied reversible finite-difference schemes for dynamical systems based on the
doubling method introduced by V. N. Abrashin and S. N. Sytova. We carried out a detailed analysis of
algebraic integral preservation for two benchmark systems: the classical Jacobi oscillator and the
Vanhaecke system.

First of all, quadratic integrals are proven to preserve exactly (Th. 9). In particular, the quadratic
integrals for the Jacobi oscillator are preserved exactly if we replace the squares of the quantities
with the geometric mean. For comparison’s sake, Kahan’s method does not preserve the original
quadratic integral p? + g%, but conserves a modified expression dependent on A¢. Exact preservation
is important for geometrical interpretation of expressions like the sum of the squares of the direction
cosines.

For Hamiltonian systems, this method is symplectic in the sense of the theorem 11. Thus the
original Hamiltonian is not preserved exactly, but one can construct a modified Hamiltonian H(™
that is conserved up to any desired order. It seems that the different averaging strategies we used
correspond to modified Hamiltonians of different orders. In any way, the scheme keeps all integrals
of the Vanhaecke system close to their exact values allowing only small oscillations around them.
Thus the scheme may be reliable for long-time simulations.
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06 opgHOM pa3HOCTHOM cxeMe, 3apalowien 6upaynoHanbHoe,
HO He KBapaTU4HOEe COOTBETCTBUE MeX Ay C/10MU

N.0. Nanwexkosat, K. C. Mawkosuesa®, A. A. Tpycosa®, M. 1. Manbix} 2

L Poccuiicknii YHUBEPCUTET ApYxObl HAPOAoB, yN. Muknyxo-Maknas, 4. 6, MockBa, 117198, Poccuiickas
depepauns

2 06beAVNHEHHbIN WHCTUTYT SIAEPHbIX UcCnegoBaHuin, yn. Xonvo-Kiopu, a. 6, lybHa, 141980, Poccuiickas
depepaymsa

AHHoTauus. B cTaTbe pacCMaTpPUBAIOTCSI 0OpaTUMBble PA3HOCTHBIE CXEeMBI /I JUHAMUYECKHUX CUCTEM, OCHOBaH-
HBIE Ha MeTOo/le YABOEHHs CUCTeMBI, IIpefiioxkeHHOM B. H. A6pamuasiM u C. H. CeToBOM. MeToz 3aKio4aeTcs
B Iy6IMPOBaHUY MCXOAHOTO HabOpa IIepeMeHHBIX, ITO [T03BOJISIET IIePENTH K PACIIMPEHHOM CUCTeMe, [JIs
KOTOPO¥ CTPOUTCS KOHEUHO-Pa3HOCTHAs alllIPOKCHMAIIV, 3aialolas GupaloHalbHOe 0TOGpaXKeHe MeX-
Zly COCeIHMMMU BpeMeHHBIMU CI0SIMU. ViccienyeTcs coxpaHeHNe airebpandyecKiux HHTETPajoB TAaKUX CXeM.
JlokasbIBaeTCs, YTO eCJIU MCXOHAS CHCTeMa AOIyCKaeT OZHOPOAHBIN KBaPATUIHBIN IIEPBBIN HHTETPaJ, TO
COOTBETCTBYMOIIAs OrinHeHas popMa SBISETCS TOUHBIM HHTETPAJIOM JUCKPETHOH CXeMBI. DTO CBOMCTBO [Je-
MOHCTPHUPYETCs Ha KJIaCCUIECKOM IIpuMepe oCcLHIIIsITOpa IK06H, Ije cxeMa COXpaHseT TOYHYIO BeIUINHY,
BBIPOKEHHYIO Yepe3 cpefiHee reoMeTpUYecKoe Ay6IMpOBaHHBIX IIepeMEeHHBIX, BOCIIPOU3BOSI KOPPEKTHYIO I'eo-
MeTpuio (has3oBbIX TpaeKTOpuil. Bosee riay6okuii aHAIN3 IPOBOAUTCS Ha IIpUMepe HETPHUBUAIBHOI CHCTEMBL
BaHxaeKe — UHTerpHpyeMoi raMUIBTOHOBOM CUCTEMBI C IBYMS CTEIIeHIMU CBOOOBI, 001a/at011el! TOTMHOMU-
aJIbHBIMU MHTETpajTaMy BhICIINX CTeIleHeH, HHTerpUpyeMOCTh KOTOPOH BbIpaXKaeTcst uepes abesneBsl GyHKIIH.
YucieHHBIe 9KCIIEPUMEHTEI, pean30BaHHbIE B CHCTEMe KOMITBIOTEPHOM anre6phl Sage ¢ UCIIOIb30BaHUEM CIIe-
I[MaIu3upoBaHHOro naxkera fdm.sage, MOATBEPKAAIOT, YTO IIPU AUCKPETU3AINH METOJOM Y BOEHUS iBE KOTIUU
CHCTEMBI CHHXPOHHO KOJIEBIIOTCST OKOJIO TOYHBIX 3HAYeHUI IePBBIX NHTETPAJIOB, a IPHIMEHEHHe YCPeJHeHUs
CHIDKAeT aMILIUTYAy KonebaHuil. [l cenapabebHBIX TaMUIBTOHOBBIX CHCTEM IIOKa3aHa CUMILUIEKTUYHOCTD
cxeMsl. [TolyueHHBIe pe3yabTaThl II03BOJISIOT PEKOMEHI0BATh METO/L YIBOEHUS AJIs TIOCTPOEHUS YCTONYH-
BBIX U CTPYKTYPOCOXPAHSIOMINX YUCIEHHBIX HHTETPATOPOB [JIA IIHPOKOTO KJIacca JUHAMUYIECKUX CUCTEM
C IOJMHOMMATIbHBIMU [IPAaBBIMU YaCTSIMU, BKJII0YAsd CCTeMBI BLICOKOI pa3MepHOCTH.

KnioyeBble cnoBa: ArHaMHYecKHe CUCTeMbl, KOHeUHble pa3HOCTH, cxeMa KaraHa, MHTerprupyemble CUCTEMBI,
cuctema Banxaeke



