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Abstract. Background In a previous article we discussed the use of dual quaternions for modeling points, lines
and planes and solving standard geometric problems. This article is a logical continuation and reveals the use of
dual quaternions to describe isometries of three-dimensional space. Purpose The derivation of all necessary
formulas for the screw motion of points, straight lines and planes, as well as reflection relative to the plane.
Refinement of notation and formalism. Method The algebra of dual numbers, quaternions and dual quaternions
is used, as well as elements of the theory of screws and sliding vectors. Results Formulas for rotation, translation,
reflection, helical motion, and mirror rotation are obtained and systematized. Conclusions Dual quaternions
can serve as a full-fledged tool for describing helical motion in space. Due to the possibility of expressing dual
quaternion operations in terms of standard vector and scalar products, the formulas obtained allow for effective
software implementation.
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1. Introduction

In the previous article [1], we considered parabolic biquaternions (dual quaternions), the discovery
of which is attributed to W. Clifford and systematic study began later in the works of E. Study [2, 3]
and A. P. Kotelnikov [4] including under the guise of the theory of screws [5-9].

This article logically continues the previous one [1] and focuses on the application of dual
quaternions to the description of isometries (proper and improper motions) of three-dimensional
space. There are two main objectives.

- Output the necessary formulas for calculating all possible movements of three-dimensional
space for points, lines and planes. These movements include rotations, translations (parallel
transfers), and mirror symmetries.

- Inthe process of deducing formulas, illustrate the work of mathematical formalism, for which
the conclusion is given in great detail, with all the details. A number of quaternion formulas
have also been preliminarily obtained, also for the purpose of illustrating the notation.
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As a novelty of the paper we can mention the description of not only the movement of lines (or
screws, as it is done in the fundamental monograph [10]), but also points and planes, as well as
consideration of reflections, which is rare in the literature. In the process, we relied on books [11-13],
however, we also provide a number of new formulas. We also base our conclusion on the principle of
Kotelnikov-Study transference, which is apparently unknown in foreign papers.

Dual quaternions have significant applied importance, as evidenced by publications on the topic [14-
19]. In this article, we do not provide any software implementations, since adding this material
would make it necessary to shorten the calculations. Examples of software implementation and an
illustration of the operation of all the formulas obtained are planned in further publications by the
authors.

1.1. Structure of the paper

The article consists of an introduction, 2 parts and a conclusion listing the results.

In the first part of the article, the quaternionic rotation formula is derived. The conclusion is
based on the Rodrigues formula, which can be obtained from relatively elementary geometric
constructions. The relation of quaternions to rotation matrices is shown below. Much attention
is paid to the algorithm for calculating the rotation quaternion according to a given matrix. This
algorithm takes into account the problem of rounding when working with floating-point numbers. In
the last paragraph, a formula is derived for reflection relative to a plane, including one that does not
pass through the origin.

The second partis the main one. It begins with the formulation of the Kotelnikov-Rudy transference
principle. Next, this principle is applied to the quaternionic formula of rotation, which allows you
to immediately obtain a dual quaternionic formula of helical motion for a straight line. The dual
quaternion of helical motion is written out explicitly and a number of properties are proved for it.
Next, it is divided into translational and rotational parts, and their actions on the direct line are
studied separately. By creating compositions from these parts, it is possible to describe more complex
cases, for example, the mismatch of the axis of rotation with the axis of translation.

Further, using the duality principle allows us to generalize the formula of helical motion to the
cases of points and planes. For these cases, explicit formulas for pure translation and pure rotation
are also given in detail.

This part ends with the derivation of dual quaternion formulas for reflecting straight lines, points,
and planes relative to an arbitrary plane.

1.2. Notations and conventions

The following naming conventions are accepted in this article

Quaternions are indicated by lowercase Latin letters from the end of the alphabet: p, q, r. The

components of the quaternions are indicated by the same letters, but with the indexes p,, p, etc.

- Dual quaternions are indicated by uppercase Latin letters from the end of the alphabet: P, Q, R.
The components of the quaternions are indicated by the same letters, but with the indexes R,
R, etc.

- Vectors and pure quaternions are indicated by lowercase bold Latin letters: q, v, etc.

- Pure dual quaternions are indicated by uppercase bold Latin letters: Q, V, etc.

- Individual scalars (real numbers) are denoted by the Greek letters «, 3, etc.
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To avoid ambiguity in the notation system, we do not use multiple quaternions and dual quaternions
designated by the same letter, but distinguished by an index. The only exceptions are dual quaternions
of points, lines, and planes, the components of which are denoted by letters other than the letters
denoting these dual quaternions.

1.3. Description of geometric motion in three-dimensional space using quaternions

By motion in Euclidean space we mean an affine transformation that preserves the scalar product
(metric). An affine transformation can be written as:
Motion in three-dimensional space is reduced to three:

- translation (parallel translation);
- rotation;
- reflection.

The linear part of the affine transformation is responsible for the rotation.

1.4. Rotations using quaternions

1.4.1. Sandwich formula for quaternion rotation of a point

The quaternion formula for rotating a point about an axis passing through the origin is widely
known [20, 21]. Let a unit quaternion be given

A=290+ =90+ 4i+ )+ A3k, Ay =cos 2 A; =sin gai,

where a = (a;,a,,a3)7 is the direction vector of the rotation axis passing through the origin, and
6 is the magnitude of the rotation angle. Then, for a point P with homogeneous coordinates
P = (x,y,z | w), given in quaternion form as p = wo + xi + yj + zk, the following sandwich formula
holds:

p' = ApZ,

where p’ is a quaternion that specifies the homogeneous coordinates of the point P’, into which the
original point P has passed after the rotation.

Note that the interpretation of the scalar component of the quaternion p as a homogeneous
coordinate w is not often encountered in the literature, and here we rely on the sources [12].

Let us prove the above formula purely algebraically using the Rodrigues formula in the Rodrigues-
Hamilton form. Recall that this formula in the space R? is written as

P =p+2Xp+2x(Xp),

where p is the radius vector defining the initial position of the point P, and 4, 4, 4,, 45 are the
Rodrigues-Hamilton parameters that completely coincide with the components of the quaternion 1
and obey the condition 4% + |||> = 1. The proof of the Rodrigues-Hamilton formula does not use the
concept of quaternions in any way, so if we transform it so as to replace vector multiplication with
quaternion multiplication and the components 4; with the quaternion 4, then we will also prove the
quaternion sandwich formula.

We transform the Rodrigues-Hamilton formula using the normalization 43 + |||? = 1

P =G+ PP +22 Xxp+2x(Xp) =P+ I’P+ 24 Xp+2X (X Pp).
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Using the formula a X (b X ¢) = b(a, ¢) — c(a, b) we write
x(xp)=(p)—pG)=(p) - pllI%
and substitute into the Rodrigues-Hamilton formula
P =4p+IIPP+20Xp+(P)—plI*+ X (XP) =P +21o X P+ (P) + X (XP).

We make the following transformation: X (X p) = —( X p) X and add a dummy term ( X p,) = 0.
Equality to zero is true due to X p L, then

P =A2p+2oxp+(p)—(—=(xp,)+(xp)x)

Let us now temporarily, within the limits of this derivation, denote quaternion multiplication by
the symbol o and interpret all vectors in the formula as pure quaternions. We write

—(xp)+(xp)x =(xp)e u (p)=(pe.
and also replace 2 X p = o p — p o and continue transforming the Rodrigues-Hamilton formula:
P =4p+220xp+ (o +(Xp)o =P+ A(ep—po)—(—(P)+ Xp)o =

=P+ Ao(ep—po)—(op)o =Ggp—Agpo +Agop—(op)o =A(Aep—Pe)+dgop—(op)o =
=Aopo(do =)+ opo(dg—)=Aep+ cp)o(Ao—) =g+ )opo(dy—)

As a result, we obtained a sandwich formula:
pP=@ot+)opo(dg—)=Acpol”
Due to A1* = 1 we can finally write:
pP=w+p =will +Aopol =do(w+p)od"=>p =1opol.
1.4.2. Calculating a rotation matrix given a rotation quaternion
Let’s use the Rodrigues formula, written in terms of the Rodrigues-Hamilton coefficients
P=pP+2,Xp+2X Xp,
but let us represent the vector product in matrix form as follows:
0 -4 4 ||p¢

X P= Ap = 13 0 —/11 D2
A A 0 p3

0 A A 0 -4 A4 ||m;
XXp=AAP)=AP=| 2, o 4|l o —Allp]=
0 —lz

-4 A A 0 2]
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-(B+3) M, s p1
= M, -B+2) A3 p2 |
A3 Ads - +28)]1p;

where A is a matrix composed of the components of the vector part of the unit quaternion . Now
Rodrigues’ formula can be rewritten in matrix form as follows:

P’ = Ip + 22Ap + 2A%p = (I + 22A + 2A%)p,

1 0 0 0 22015 220,
I+20A+2/4% =10 1 of+] 22015 0 =204 |t
0 0 1 =201, 24oA4 0
—2(% +2%) 2442, 24415 1-22+243) 24, —Agds)  2(Apd, + 4145)
= 244, —2(2 +22) 2M,45 =120pAs + 4dy) 1=2B +3) 245 — Aody)
2125 20,25 =202 + 22) 23 — Agdy)  2(AoAy +Ax45) 1 —2(42 + A3)

+B=-B-25 20— As) 2(Ao2; + A143)
=l 23+ B-H+B-4 24— Aody)
2(A4145 — Ao42) 2o +A243) - K-B+ 4

The last matrix was obtained by replacing 1 = 2 + ||q|| = 2 + 2 + 24.

1.4.3. Calculating a rotation quaternion from a given rotation matrix

Here we present an algorithm for calculating the coefficients of a quaternion A given a rotation matrix
R. The algorithm follows the calculation method described in [22, pp. 90-94], which allows for some
compensation for the loss of precision when working with floating-point numbers.

Let us write the rotation matrix in quaternion form

1-25+23) 20— 20d3) 24123 — Agdy)
R=12ds + 11;) 1=28 +23) 2445 — Aohy)
2 — AgAy)  2(AA5 + Ady)  1—2(05 +43)

6, . 06 . . 6
where A = cos 5 tsins, = Al + Ayj + A3k, 4g = cos 5H [4] = 1.
Note that 1 and —1 define the same rotation, since the minus sign is neutralized in the sandwich

formula

(=D)p(-1)* = Apx".
This property allows us to choose the sign before the quaternion so that the scalar part is always
positive. If 1, > 0, then we can store only three vector components 4, 4,, 13, and calculate the scalar

part from the unity condition Ay = 4/1 =[] = /1 — £ — 43 — 4% and choose a positive sign before the
root.
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Let us represent the matrix R as coefficients r}, where i = 1,2, 3 is the column index, and j is the
row index
nor o
R=|7 B 7
BB B

Let us show that the scalar element 1, can be calculated through the trace of the matrix.
g+ =3-20+B+8+B+5+8) =3-4B+8B+25) =3-4> =3-401-213) =425 - 1.

Next we write 443 = 1 +r{ + 1 + r3 = 1 + Tr R, which will finally give an expression for 4,

Ao = i%\/l +TrR.

Note that the expression under the root is always positive, since 1 + TrR = 443 > 0.
To calculate 1;, 1,, A; we write

13— 1} = 2(AxA5 + Apd; — A5 + ApAy) = 4dody,
1 =1 = 2445 4+ Aody — 1145 + Apdy) = 4dohy,
1t =1 =2(AgAs + 114, — 114, + Aods) = 4115.
As a result, we obtain a set of formulas
4y =15 — 12,
Nody =1} =1}, = MAi=1]

Slopdt =123 1)
4},0/13 = r12 - }’21,

If |Ao| is large enough, say |1o| > 1/2, then the quaternion coefficients can be calculated using the
following formulas:

1 3

B —r? r—r r2—rl
lo=iV1+TrR, /11=W, /‘[2= 410 , A3= 4/10 .

If |Ap| is small, say |1y| < 1/2, then a more sophisticated calculation scheme will have to be used.
We will need a set of three groups of formulas. To obtain the first group, we write

H—r—rB+1=1-23-23-1+22 +223 —1+285 + 28 +1 =44,
R+ -4+ 1=-1+22+28+1-22 -2 - 1+282 + 2 +1 =44,
—H =+ +1==-1+22 423 -1+285 +25 +1-28 - 28 +1 =44,
obtained the following set of formulas:
A2 =1+ -1 -nr, 43=1+-r-r, 4 =1+r—-r -1} 2)

Let us further consider the diagonal elements of the matrix R and using the unity condition of the
quaternion A we write
H=1-2B+2)=1-2R2+2B2+B)+282 =1-20-3)+283 = -1+22 + 24,
=1-2B+28)=1-20+2+28)+23=1-200-23) + 225 = -1 +223 + 243,
B=1-2B+8)=1-20+2+8)+23=1-200-2)+22 =—-1+22% +24.
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The second group of formulas we need is obtained:
23 =r-23+1, 26=r2-23+1, 284=r-23+1 (3)

Formulas (3) allow us to find the largest absolute value component 4,, 1,, 15 of the vector part of
a quaternion using the elements of the matrix and A,.
We obtain the last set of formulas by summing the symmetric elements of the matrix R:
r12 + rzl = 2/10/13 + 2/11/12 + 2/1112 - 210/13 = 4&112,
r+ 13 = 24145 + 204, + 24445 — 2404, = 4445,
r23 + r_% = 2/1213 - 2&0/11 + 2&2&3 + 2&0/‘11 = 4/12/13,

we obtain the third, final group of necessary formulas:
Ay = 1+ 1,805 = 1L+ 13,40,45 = 15 + 1l 4)

Now we have the entire necessary set of formulas at our disposal and we can move on to the

presentation of the algorithm itself.

- If || < 1/2, then dividing by 4, when calculating 4,, 1,, 15 using the set of formulas (1) can
lead to an accumulation of errors, so it is more correct to start calculating from the largest
component of the vector part.

- To find out which of the components 1, 4,, 45 is larger, use the formulas (3). From the formulas
it is clear that there is no need to calculate the entire expression; it is sufficient to compare the
components of the matrix r{, rZ, and rj.

- If i > 7 and r} > r3, then the component 4, is the largest. We calculate it using the formula
from (2), 1, and 1; using the formulas (4), and 4, using the formula from (1), i.e.

1 r+ri Pl ¥ —r?
M=xJ1+1-B-13, A=122 2,=2"1 j5=2_23
1 2 =277 "2 42, 3 42, 0 42,

- Otherwise, if 7 > r3, then 4, is the largest, then

1 1+ B4 rl— 3
h=x\1+B-r-n, 4=222, L=22 ==
2 2 21 ! 42, 3 42, 0 42,

- Otherwise, the only option left is when the largest is 45, then

1 3 3 1 2
ry3 + 1y r+r; H—r
A — /1 —

42, 2 4, "0 425

1
/I3=i§ 1+ -r-1r2, A=

1.5. Reflections using quaternions

1.5.1. Reflection about a plane passing through the origin

Vector formula Consider a point P with radius vector p and a plane 7 passing through the origin
O with unit normal vector n, where n L 7. Relative to the vector n, the vector p splits into two
components py, and p, ,:

P =Pjnt+ P1n-
Reflection with respect to the 7 plane affects only the vector py,, while leaving the vector p,,
unchanged. However, the vector py, changes sign upon reflection. As a result, the reflected vector p’
is calculated as follows:

P’ =Pin~Pjn
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where pj, = (p,n)nand p,, = p — pjn = p — (P, n)n, therefore

p =p-(p,n)n—(p,n)n = p—2(p,n)n. (5)

Pin In

The same formula can be written in matrix form:

p’ =1 -2nnT)p.

Quaternion formula If we associate with the radius vector p a pure quaternion p = 0 + p, then the
quaternion formula for reflection can be obtained from the equalityby setting q = n and applying it
to (5) from right to left:

npn = n|’p - 2(p.n)n = p - 2(p.n)n = p'.

Above, we associated a point with a quaternion of the general form p = p, + p,i + p)j + p;k, so in
the quaternion formula for reflecting a point, we would like to see a quaternion p with a nonzero
scalar part. However, the formula npn will give an incorrect result:

npn = n(py + p)n = nnp, +npn = —p, + p’,
where the scalar part becomes negative, although it should remain positive.
To eliminate this discrepancy, we change the formula as follows:
p' =n(p =2po)n =n(py + P — 2po)n = n(p — po)n = —nnp, +npn = po +p'.

If we additionally note that p — 2p, = —pg + p = —(pg — p) = —p*, then the quaternion reflection
formula can be written in its final form as follows:

p' = —np*n

1.5.2. Reflection relative to an arbitrary plane

Vector formula Consider an arbitrary plane 7, with a unit normal vector n, located at a distance —d
from the origin O. Such a plane is given by the equation:

(q,n)+d =0,

where q is the radius vector of an arbitrary point Q belonging to the 7 plane. The radius vector of the
projection of the origin onto the plane is calculated as 00, = —dn.

The reflection of a certain point P with a radius vector p is carried out in three stages:

1. transferring the origin to a point on the plane by subtracting the vector 00, from p;

2. reflection using the formula (5);

3. returning the origin by adding the resulting vector to 00, .

Combining all three actions into one formula, we write:
p=p+dn—-2(p+dn,n)n—dn=p-2(p,n)n-—2dmn,n)n=p-2p,n)n-—2dn
and as a result we get:
p' =p—2(p,n)n —2dn. (6)

It is worth paying attention to the minus sign in the formula 00, = —dn, due to which, when
subtracting the vector 00, in the calculations, addition with dn occurs, and when adding, on the
contrary, subtraction occurs.
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Table 1
Kotelnikov-Study Transfer Principle

Radius vector p Screw L
Angle 6 Dual angle ©®
Real number 1 Dual number A

Quaternion formula Similarly, it can be written in quaternion form:
p' =p—2(p,n)n — 2dn.
To prove the formula, we perform some transformations

p'=-n(p+dn)'n—dn=—-np*n—ndn*n—dn=-np'n—dn—dn=

=-n(l —p)n—2dn = —nn + npn = 1 + npn — 2dn.
Since npn = ||n|?p — 2(p, n)n = p — 2(p, n)n, we can finally write
pPP=1+p—-2(p,nn—2dn=1+p’,

from which it is clear that the vector part completely coincides with the formula (6).

2. Description of screw motion and reflection using dual quaternions

2.1. Kotelnikov-Study’s transfer principle

Transfer principle. All formulas of the theory of finite rotations and the kinematics of motion of
a rigid body with one fixed point, when replacing real quantities with dual analogs, are transformed
into formulas of the theory of finite displacements and the kinematics of motion of a free rigid
body [10, p. 67].

The principle was formulated by Alexander Petrovich Kotelnikov and Eduard Study (Eduard
Study) [5, pp. 12-13].

In other words, if in the formulas for the rotation of a point in space we replace real numbers,
vectors, angles and quaternions with dual numbers, screws, dual angles and dual quaternions, then
we obtain the correct formulas for screw motion (table 1).

If the formulas for rotations in space are applied to affine points (radius vectors), then the formulas
obtained by the principle of transfer should be applied to screws, that is, to lines in space.

2.2. Application of the Kotelnikov-Study transfer principle

2.2.1. Obtaining a dual quaternion of screw motion

Let’s apply the Kotelnikov-Study transfer principle to derive dual quaternion formulas for screw
motion. First, we write down the necessary quaternion formulas. Rotational motion around an
axis passing through the origin defines a unit quaternion, which is most conveniently written in
trigonometric form:

1= 6 . 6 . . K
=cosy +sin-a, a=ad+aj+ak



Abakumova, O. M. et al. Dual quaternion representation of geometrical motion in 3D space 79

where 0 is the angle of rotation around the axis with unit direction vector a = (ay, a,, a,)’, |la|| = 1.
The rotation of an affine point P, represented in homogeneous coordinates by the quaternion
p =1+ xi + yj + zk, is given by the sandwich formula:

p/ — Ap/‘l*,

where the new position of the point is expressed by the quaternion p’ = 1+ x'i + y'j + z'k.
Note also that the quaternion p need not have a unit scalar part and can define a projective point of
any form, since the sandwich formula leaves the coordinate w unchanged due to the unity of A4* = 1:

AW + P)A* = Awd* + ApA* = wAL* + ApA* = w + Apa*.

The scalar part w can also be equal to zero, in which case the formula defines the rotation of a point
at infinity in projective space or an equivalent free vector in Cartesian space.

According to the translation principle, dual quaternion defining screw motion (translation +
rotation) is obtained from a rotational quaternion by the following substitution:

- 8 — O = 0 + 6% — the angle is replaced by its dual angle;
- a— A = a+ a% — the vector is replaced by a pure dual quaternion (a screw);
- % — T — the quaternion conjugate * is replaced by the dual quaternion conjugate 7.

As a result of such a replacement, the dual quaternion of screw motion will be written as follows:
e .06
A=cosz+sm3A, O=0+6%, A=a+a‘. @)

A pure dual quaternion A defines an arbitrary axis of rotation with a direction unit vector a and
a moment a°. The set of vectors {a | a°} are the Pliicker coordinates, for which th Pliicker condition
(a,a°) = 0 must be satisfied. The Pliicker condition and the condition |a|| = 1 guarantee the unity of
the pure dual quaternion A, since |A| = AA* = (a + a%)(—a — a%) = ||a? + 2(a,a%)¢|| = ||a|]* = 1.

The dual angle O specifies both the magnitude of the rotation angle 6 around the axis A and the
translation distance 6° along the same axis A. Trigonometric functions of the dual angle are calculated
using the formulas

sin ® = sin(6 + €6°) = sin 0 + 6° cosBe, cos O = cos( + 6%) = cos 6 — 6° sin He.

Using these formulas, we replace the dual number © in the formula (7) with the real numbers 6
and 6° and transform the dual quaternion A as follows:

® . 06 6 o . . 6 6 6
A=cos—+51n—A=cos———sm—s+<sm—+—coszs)(a+a°s)=

2 2 2 2 2 2 2
=Ccos = — —0 sin gs +sin—a+ —0 cos —¢a + sin ga"s + g cos ga"sz =
- 2 2 2 2 2 2 2 2 2 -
[0} [0} 6
= cos 377 sin 55 + sin Ea + - cos Eaa + sin Ea"s.

Having grouped separately the terms with 6° and without 6°, we write the formula in the following
form: 0 0 0 0\ 6°
- g isin2 0 Za—sin~)—

A_cosz+sm2(a+a z)+(cosza smz)zs. (8)

This notation has the advantage of allowing us to distinguish between pure rotation and pure
translation:
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- for 6° = 0, we obtain pure rotation around an arbitrary axis A defined by the dual quaternion
6 . 6 o
R= cos 5 +51n§(a+a €);

- for 6 = 0, the trigonometric functions take the values sin0 = 0 and cos0 = 1, and we obtain
(o]

pure translation along the axis A defined by the dual quaternion T =1 + %aa.

2.2.2. Conjugate dual quaternion of screw motion

Now let’s find the conjugate dual quaternion A. Recall that dual quaternion conjugation is introduced
in three different ways:

- Q* =(q+ q°%)* = q* + q°*¢ is the quaternion conjugation, which can also be called complex
conjugation.

- Q = q + g% = q — q° is the dual conjugation.

- Q" = (g + q%)* = q* — q°*¢ is the dual quaternion conjugation.

We need to calculate the dual conjugation of the dual quaternion A:
AT =cos0/2 + sin©/2AT, AT =a* —a%ec=—a+a% =—(a—a).

Next, we can use formulas for trigonometric functions of dual numbers:

—_— 6 6° . 6 - . 6 f° 6
cos ®/2 = cos 5 + > sin 55, sin ®/2 = sin 575 cos EE.

We can, however, obtain this formula differently by writing A in quaternion form:

A—cos€+sin€a+ ——Osin€+—ocos—a+sin€a° e=A+ %
- 2 2 2 22 2 2 - ’
60

6 . 6
where 1 = cos;+sm ;aand/l" ==

. 0, 6° ] .0, .
sin ~ + — cos ~a+sin ~a® are quaternions. Then we calculate:

6 6 6o 6 o° 6 6
1': * __ 0% Y ein 2 Y inZ 2 Za_ ein a0 —
AT =% = %%¢ (0082 81n2a) ( 2 sm2 2 cosza sm2a >s
—(cosg—sin§a>+<e—osing+9—ocos§a+singa°)s—
N 2 2 2 2 2 2 2 -

= (cos °_ sin g(a - a"z)) + (sin o + cos Qa) grs
B 2 2 2 27) 27

Accordingly, the final formula for the conjugate dual quaternion will look like this:

6 6 6 6 °
T: — —si - —a° i - - -
A cos > sin 2(a a%) + <51n > + cos 2a> ) E.

2.2.3. Proof of the unity of the dual quaternion of screw motion

Let us also recall the definition of a unit dual quaternion: a dual quaternion Q is called unit dual
quaternion if its modulus is equal to 1, that is, |Q[> = QQ* = |q|? + 2(q, q°)c = 1. Let us check that A is
unit dual quaternion, for which it is necessary to calculate the quaternion conjugate. Let us do this
and at the same time note that the expression for A* will differ from AT,

60

A*—/1*+/1°*£—cos€—sin€a+(——sin€——ocos—a—sin€a°>s—
- - 2 2 2 2 2 2 2 -
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0 [0} e 60 6 2
— Y Y Nl dina 2 el Qi 2a0s 2 202 —
= cos 2" sin 25 sin 2a 5 cos zas sin 2a € 3 cos 2a 13
= <cos 6 — o sin ez)— <sin 0 + o cos 6z:)a+(sin 6 + o cos es)aos =
N 2 2 2 2 2 2 2 2 2 N

= (cos 6. sin gs) — (sin 2 + &® cos Qa) (a+ a%) = cos o_ sin QA
- 2 2 2 22 2 - 2 27

where A = a + a%. Finally:

(©] e \* (] (©]
* = T — — —_— — QN —
A" = (cos > + sin 2 A) cos 2 sin 2 A,
since A* = —a —a% = —A.
Now we can find the modulus of the dual quaternion |A[]> = AA*:

® 0] [©] ®
* 1 - —gin — =
AT = <cos 5 + sin 2A> (cos 2 sin 2A)

C) C) ] C) ©) ] €]
_ 29 0. 06 . 0 e .06, .0
= COS > coszs1n2A+sm2Acos2 s1n2As1n2A.
Recall that the multiplication of dual numbers is commutative (a + be)(c + de) = (¢ + de)(a + be),
and the multiplication of a dual number by a pure dual quaternion is also commutative:

(a + be)(a + be) = (a + be)(a + be). This allows us to write the expression AA* in the following
form:

e [©] ® e )] ()] e e
ko 2__ e e . e e al 2_ — 2__ . 2_
AA* = cos > cos 2 sin 2A+sm > cos 2A sin 2AA cos > sin 2AA.

Let us calculate the product of pure dual quaternions AA:
AA = (a + a%)(a + a%) = aa + aa’ + a®ac + aa’s? = aa + (aa® + aa):.

For further simplification, we use the rule of multiplication of pure quaternions pq = —(p,q) + p X q,
then aa = —(a,a) = —|a|> = -1 since |a] = 1 by condition. In view of the fact that
aa’ = —(a,a’) + a x a® and a°a = —(a°, a) + a° x a the dual part of AA is simplified:

aa® + a°a = —2(a,a’) +axa’ —axa’ = —2(a,a’).

In addition, by the Pliicker condition (a,a®) = 0, because a L a°, therefore AA = —1 subjectto ||a|| = 1.
We obtain that AA* = cos? g +sin® %. We use the formula (a + be)? = a? + 2abe to calculate cos? /2

and sin” /2, for them the following will be true:

cosz@— cos Osin 52—00526 Zcosesine os
2 2 2 2°) © 2 2 227

.20 (. 0 - .0 oe°
sin” — = sm—+—cos§£ =sin” = 4+ 2sin — COS — —¢.

2 2 2 2 2 22
Hence:
coszQ+sinZQ—coszg+sin2€—2cosgsin9—os+25ingcos——os—
2 2 2 2 27722 2 2277
6 . 29 S} . 2(’3
— 2 2 - = 2 = _——=
= COS 2+sm 2 1= cos 2+sm 2 1,

where O is the dual angle.

As a result, we have proved the unity of the dual quaternion A = cos % + sin %A. It should be
especially noted that an important condition is the unity of the pure quaternion a, i.e. [|a| = 1 and
the fulfillment of the Pliicker condition (a, a®) = 0. Without these two conditions, A will not be unity.
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2.3. Screw motion of a point and a vector

2.3.1. Rotation around an arbitrary axis without translation

Let us consider the dual quaternion representation of an affine point P:
P=1+p°%=p+p°

where p° = p° is a pure quaternion (radius vector), and p = 1 is a scalar quaternion (point O). Let’s
now construct a sandwich operator from the dual quaternion R:

e . 0
R = cos ) + sin z(a + a°%).

where A = a + a% is a pure dual quaternion defining the axis of rotation, a is the direction vector
of the axis of rotation, a° is the moment of the axis of rotation, and 6 is the actual angle of rotation
about the axis.

Once again, we require two important conditions to be satisfied:

1. vector a must be the unit vector |a|| = 1;
2. vectors a and a° satisfy the Pliicker condition (a, a®) = 0.

Let’s find the conjugate dual quaternion Rt = (R)* = (R*):

0 0 6 — 2] 3] 6 0 0
* = — —s8in —a — sin —a° T: *) = — —sin — in —as = — —sin — —a°
R* = cos 5 —sinza—sin>a% R" = (R*) = cos 5 —sin 2a+ sin Sa% = cos 5 —sin 2(a a’%).

The final formula for the sandwich operator will look like this:
P' = RPR" = R(1 + p°)R" = RRT + Rp°eRT.

Let’s first find the dual quaternion product RR':

2] 6 6 6
i = —_ in — o Qi — — a0 —
RR (cos 3 + sin 2(a+ a a)) (cos 5 —sin 2(a a a))

6 . 0 6 . 6 2] . 20
—cos?Z —sin 2 cos Z(a — a® Y cos 2 0g) — 4 0c)(a — a¢) =
= cos” 5 smzcosz(a as)+sm2cosz(a+a €) — sin 2(a+a €)(a—a’)

6 . 0 0 .20
= cos? 3 + sin 5 €08 5(a+a°s— a+a‘%)+ sin’ 5(1 +2axa’%)=

0 ) 0 0 0
_ 2 Y 2 Y a2 Y a0 2 Y 0 —
= cos 2 + sin 2 + 2sin 2 cos 2a €+ 2sin 2a><a €
=1+sinfa’ + (1 —cosB)a x a°s =1+ (sinba® + (1 — cosH)a x a°)e.
Note that to simplify the product of vectors (a + a°c)(a — a’%), the following calculations were

performed:
(a+ a%)(a —a’) = aa — aa’ + aac — a®a’cc = aa + (aa — aa’)e,

where aa = —(a,a) + a x a = —|a|?> = —1, therefore aa = —1. The subtraction was simplified as
follows:
a’a—aa’ = —(a’%a)+a’xa+(a,a’)—axa’=-2axa°.

The result of simplifications is an expression of the form:

(a+a%)(a—a‘) =(—1—2ax a’%).
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As a result, we obtain the formula for the dual quaternion product RR:
RRT =1+ (sin6a° + (1 — cos B)a x a°)e, 9)

where a X a° has the geometric meaning of the projection of the origin onto the A axis or, in other
words, the point of the axis closest to the origin.
Now we calculate the second term Rp°sR":

Rp°eRT = (cos 2 + sin g(a + a"a)) p°e (cos o_ sin g(a - a"a)) =
2 2 2 2
— 9 3 Q o Q Oc _ o Q (o] 3 Q 0,0 2)_
—<cosz+s1n2(a+a s))(cos 5P’ —sin>p at + sin Spoa%e’ | =

6 . 6 ) . 6 ] .20
= cos? EPOE —sin 5 cos zp"as +sin > cos E(a + a%)pPe — sin’ E(a + a%)p°ac =

—coszg "s—singcosg "as+sin§cos ga ¢ — sin? ga Cac =
= oS oP 2 €O53P 2 €05 2%P 2P A=
= cos? gp°£+sin§cos§(ap° — pa)e — sin® gap"as=

= cos? gpos +2sin g cos ga X p°e — sin’ 2 (p° —2(a,p®a)e =

= (0032 g — sin® g) Pp°c + sin Ba X p°e + sin’ g -2(a, p°)ac =

= cos Op°c + sin fa X p°c + (1 — cos 6)(a, p°)ac.
The following simplifications were used in calculating the main part:
(a + a%)p°e = ap°c + a°p°e? = ap’s,
(a + a%)p°ac = apPac + a®p°as? = apCac,

ap® —p°a = —(a,p°) + ax p° + (p°,a) — p° x a = 2a X p°,

ap®a =a(—(p°a)+p° xa)=—(p°a)a+a(p’xa)=
=—(p°a)a—(a,p’xa)+axp’xa=—(p°aa+axp’xa=
= —(p%a)a + p°|lal|* — (a,p)a = p° — 2(a, p%)a.
In the end we got:
Rp°cRT = (cosOp® + sinBa x p° + (1 — cosH)(a, p°)a)c.

Note that in this expression the moment a° is missing and the expression in brackets at the imaginary
unit € exactly repeats Rodrigues’ formula for the rotation of the radius vector around the axis with
the direction vector a passing through the origin.

Let’s now write down the complete formula:

RPR" = RRT+Rp°eR" = 1+[cos 6p°+sin Bax p°+(1—cos 6)(a, p°)a+sin 6a®+(1—cos B)axa’|e, (10)

where a x a° corresponds to a point on the axis of rotation. The part responsible for rotation around
an arbitrary axis in this case is hidden in the term RR".

It is also worth noting the importance of the scalar part in the dual quaternion representation of
the point P = 1 + p%. Without this part, there would be no RR' term in the final formula.
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A direction vector (free vector) can be represented by a pure dual quaternion:
V=0+v%
and the «translational» part of RRT does not act on such a dual quaternion:
RVRT = RORT + Rv2eRT = Rv2cR" = (cos Ov° + sin Ba x v° + (1 — cos 8)(a, v°)a)e. (11)

Similarly, a point in projective space with homogeneous coordinates (x,y,z : w) = (p° | w) is
represented by the dual quaternion B, = w + p°c and the same formula can be used:

RP,R" = RwR" + Rp°eR" = wRR + Rp°:R' =

= w + [cos Op° + sinBa X p° + (1 — cos B)(a, p°)a + w sin 6a® + w(1 — cos H)a X a"]e.

2.3.2. Rotation around an arbitrary axis using Rodrigues’ formula

Let us show that the formulas (10) and (11) can be obtained from the usual Rodrigues vector formula.
We will consider the rotation of a point using the usual vector notation. We will associate a point P
with a vector p, where the superscript o is removed since we have moved to the vector formalism.

We perform the rotation around an axis passing through point R, in the direction of the radius
vector a. We associate point B with the radius vector p,. We perform the rotation using Rodrigues’
formula in three steps:

1. Subtract the vector p, from p, thereby moving the origin to point R, or, alternatively, moving the
axis to the origin of the new coordinate system.

2. We use Rodrigues’ formula to perform the rotation by applying it to the vector p — p,.

3. Add the vector pg to the result of the rotation, returning the coordinate system to its original
position.

If Ry ,(p) = cos Bp +sin 8a X p+ (1 —cos 8)(a, p)a, then the rotation around the axis passing through
the point B with the direction vector a will be given by the formula:
P’ = Roa(P — Po) + Po-

Let’s expand on this formula:

Ro,a(P = Po) + Po = c0s (p — Po) + sin6a X (p — po) + (1 — cos 6)(a, p — po)a + po =
= cos6p —cosOp, + sinfa X p —sinBa X py + (1 — cos 8)(a, p)a — (1 — cos 6)(a,pg)a + py =
= cosOp +sinba x p+ (1 — cosf)(a, p)a — cos Op, — sin ba X py — (1 — cos 6)(a, pg)a + po-
The choice of the point B on the straight axis of rotation is generally arbitrary, however, if we
define the axis by Pliicker coordinates using the screw A = a + a%, then we can choose p, = a X a° —
the projection of the point O onto the straight line. With this choice of point, the expressions in the

tail will be simplified:
axXpy=axaxa’°=a(a,a’)—a’(a,a)=—a°

due to the Pliicker condition (a, a®) = 0 and the normalization of a |a| =1
(a,po)a=(a,axa)a=0,
because (a,a x a°) = 0.

—cosOpy + sinfa + py = (1 — cosO)py + sin Ba® = (1 — cosf)a x a° + sin Ba°.
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As aresult, given that py = a X a° we get:
Roa(P—Po) + Po = cosOp + sinfa X p + (1 — cos 6)(a, p)a + sin 6a® + (1 — cos f)a x a°,

which completely coincides with the formula (10) obtained by the dual quaternion method up to the
notation p — p°.

2.3.3. Translation along an axis without rotation

Let’s write the dual quaternion for translation along the axis A = a + a%:

0

0
T=1+ —as,
+ae

where 6° is the dual part of the dual angle ©.

[

—_— 0 [
TH=(T* =1+ %a*a) =(1- 67ae)= 1+ %az: T.

We get that Tt = T.
Let’s apply the sandwich product to the point P = 1 + p°e:

[ [
P =TPTT =TPT = (1 + %as) 1+ p°£)<1 + %as) =

[ 0 60 60 0 QO 2 60 )
— - - (o] — - (o] - - - (o] -
_(1+2a£)(1+za£+p£> 1+2a£+ps+za£+2 2aa£+zap£

0 [

6
=1+ 7as+p°£+ Sae= 1+ 6°c+p°c=1+(0°a+p°e=1+(p°+ 6%)e.
P'=TPT" =1+ (p° + 6°a)e.
2.3.4. Composition of rotations and translations

Above, we used the translation principle to obtain the screw motion dual quaternion and wrote it in
terms of the dual (7) and real (8) angles. However, interestingly, it can be obtained by dual quaternion
multiplication of only the rotational and only the translational dual quaternions.

Let us designate:

R =cos g + sin g(a + a%),

0

0
T=1+ —ne,
+2

_ 6 . 0 o 6° _
RT = (cos 5 + sin E(a+ a e)) <1 + 7as> =

= cos = + sin g(a +a%) + g cos gaa + sin —a—oas + sin —ga"as2 =
2 2 2 2 2 2 22
= cos o + sin g(a+ a%) + cos ggas —sin ——Os =
2 2 22 22

e . 0 o ] CANCA
—cosz+sm5(a+a a)+(cos§a—sm§)7£—A.
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Taking into account the simplification aa = —(a,a) + a X a = —||a||> = —1, we obtain the final
formula:
A =RT,

which completely coincides with the full formula:

60 e . 0 o 6 ©° 0 . 0 o . 6e°
TR = (1 + ?as> <cos§ + sin §(a+a E)) = cos 5 + —acos §£+sm §(a+a €) + sin 5 aac =
e . 0 o ] . 0\ 6°
—cosz+sm5(a+a a)+(cos§a—sm§)75—A.

It turns out that translation and rotation along the screw axis commute:

A=RT =TR.

2.4. Screw motion of a straight line

An arbitrary line with a specified direction a is defined by a pure dual quaternion L = v + me. The
components of the vectors {v | m} are Pliicker coordinates, and the Pliicker condition (v,m) = 0 is
satisfied. Screw motion is defined by the same dual quaternion A, but the sandwich formula looks
somewhat different:

L' = ALA*.

Just as for a point, we will first consider the translation of a straight line, then rotations, and then
find their composition.

2.4.1. Translation of a straight line along an axis

Consider the line L = v + me and apply T to it as a sandwich operator:

o 0
T=1+— T =1-——
+2az-:, 235,

T(v+me)T* = (1 + %az)(v + ms)(l - %as).

o
It can be shown that TT* =1, since T* = 1 — %as, then

[

(1+ %aa)(l— %ae) =1- %a£+ %ae= 1= |T|=TT*=1.

Let’s now reveal the formula:

T(v+me)T* = TvT* + TmT*c.

Because
" 60 90 60 0
TvT* = (1 + 7a£>(v — Tvas) =vV+ Tavs - Tvas

and

[0 eO

TmT* = m+ —ame¢ — —mac,

2 2

that
90 [}
TmT*e = me + —ame? — —mac? = me.

2 2
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eO
TvT* 4+ TmT*e =v + 7(av—va)s+ms.
av—va=—(a,v)+axv+(v,;a)—vxa=2axv.

Then it turns out that:

60
L'=TLT* =v+ 72a><v5+mg=v+(m+6°a><v)s,

wherem = py X v=>m + 6°a X v =py X v+ 0% XV = (pg + 6°a) X v, therefore we get:
L' =v+(py + 6°a) X ve.

As a result, as expected, the direction vector v does not change during parallel translation
(translation), but the moment of the line is transformed. The line was moved from the point B
towards the a axis by the amount 6°. Note that we can map T~! onto T*, since |T| = 1 and T* = T~1.
Therefore, the sandwich formula for translation can also be written as follows [13, p. 51]:

L' =TLT* =TLT™ L.

2.4.2. Rotation of a line around an axis

Let’s consider the rotating dual quaternion R and find its conjugate dual quaternion R*:

6 . 6 . 6 . 0
R=cos§+s1n§(a+a"s), R*=cos§—sm§(a+a"e).

It was shown earlier that AA = —1, where A = a + a%, so:

. 6 . 0 6 . 6 6 .20 6 .20
RR* =coszz —s1n§cos 5A+s1n5cos zA—st 5AA= coszz +sm2§ =1= RR*=1,

from which it follows that R~! = R*.
The rotation of the line L = v + me is carried out by the sandwich operator:

L’ = RLR* = RVvR* + RmR*¢,
Let’s calculate the first term in this formula:
e . 06 e . 6
RVR = (cos 5 + sin EA)V(COS 5~ sin §A> =
6 6 6 6 6 6
_ 2V Y o Y o _an2 Y —
= COS 2v sin 2 cos 2vA+ sin 2 cos 2Av sin 2AvA

= 2 —_— 1 —_— —_— — —_— 1 2 f—
Cos V + sin = CoS (AV VA) sin AvA.

Because

Av=(a+a%)v=av+a’ve=—(a,v)—(a’,v)e+axv+a’xve
and

vA =v(a+a’)=va+va’ =—(v,a)— (v,a’)e+vxa+vxa‘sg,
that

Av —vA =2a X v+ 2a° X ve.
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Next, we calculate the dual quaternion product AvA:
AvVA = (a+a%)v(a+a’) = (a+a’)(va+va’c) = ava+ava®c +a’vac +ava’s? = ava+ (ava® +ava)e,

where to simplify the dual part ava® + a®va we take into account that

ava’ = —a(v,a’) +avxa’ = —(v,a®)a—(a,vxa®)+axvxa’ =

= —(v,a%a— (a,v x a°) + v(a,a’) — a’a,v),

a’va = —a’(v,a)+a°vxa=—(v,a)a’® —(a°,vxa)+a’xvxa=

= —(v,a)a’ — (a°,v x a) + v(a®,a) — a(a’,v),
after which the expression in brackets is simplified:
ava® + a°va = —2(v,a%a — 2(v,a)a’ + 2(a,a%)v = —2((v,a%a + (v, a)a®).

We used the Pliicker condition (a°, a) = 0 and the mixed product property (a°,v x a) = —(a, v x a°).
Given that

ava = —a(v,a) +avxa= —a(v,a)—(a,vxa)+axvxa=—a(v,a)+v(a,a) —a(a,v) = v —2a(v,a),
we obtain the final expression:
AvA = v —2a(v,a) — 2((v,a%)a + (v,a)a’)e.

Substituting into the formula for RVR we get:

cos? gv + 2sin g cos g (a X v+ a° x ve) — sin® g (v—2a(v,a) — 2((v,a%)a + (v,a)a%)e) =
= (cos2 g — sin? g) v +sin6(a X v + a® X ve) + 2sin’ g (a(v,a) + ((v,a%)a + (v,a)a%)) =
= cos6v + sinBa X v + (1 — cos H)a(v,a) + [sin 6a® X v + (1 — cos O)((v,a%)a + (v,a)a’)] e.

The expression RmR*¢ is calculated in a completely similar way and is significantly simplified by
multiplying by the dual imaginary unit €:

RmR*e = (cos 6m + sinfa X m + (1 — cos H)a(m, a)) e.
Now we can write a sandwich formula for the rotation of a line around an axis:
L' = RLR* =V +m’s,

where:
v/ = cosOv + sinfa X v+ (1 — cos O)a(v, a),

m’ = cos m + sin 6a x m + (1 — cos 6)a(m, a) + sin 6a® X v + (1 — cos B)((v,a®)a + (v,a)a’).

To check this equality, we can take Rodrigues’ formula and use the principle of transfer to write:

L' = cosOL + sin6A X L + (1 — cos 0)(A, L)A,



Abakumova, O. M. et al. Dual quaternion representation of geometrical motion in 3D space 89

where
L=v+mg,
A=a+a’.
The arguments of the functions cos and sin are real, since we have pure rotation without translation:
AxL=axv+(axm+a’Xxv),
(A,L)A = (a,v)a + [(a,m)a + (a°,v)a]c + (a, v)a’.
Combining the expressions we obtain:
L' = cosOv +sinBa X v+ (1 — cos B)a(v,a) + [cosOm + sinfa X m + (1 — cos O)(a,m)a] € +
+ [sinfa® X v+ (1 — cos 6) ((a°,v)a + (a,v)a®)] e =
= Rga(V) + Rg ,(m)e + [sin 6a® X v + (1 — cos 0)((v,a%)a + (v,a)a’)] e,

which exactly repeats the result obtained from the dual quaternion formula.

2.5. Screw motion of a plane

Let us recall that the dual quaternion representation of a plane has the following form:
II=ai+bj+ck+de=n+de

where n is the unit direction normal vector, and d is the distance from the origin to the plane. The
sandwich formula for the screw motion of the plane will have the form [13, pp. 49-50]:

IT' = ATIAT,
where the dual quaternion of screw motion is already known to us:

_ 6 . 0 o ] CANCA
A—cos§+s1n§(a+a £)+<cos§a—s1n5)7s.

2.5.1. Plane Translation

o
Consider the translation T =1 + %aa. Note that:

Qo 2 6o
TT = (1 + 7as> =1+ 27a5 =1+ 6%as,
THOT" = TIT = TdeT + TnT.

Let’s carry out the calculations separately:

TdeT = deTT = de + 26°aede = de,

6° 6° 6° 6°
TnT = (1 + 7as)n(1 + ?as) = (1 + ?M) <n + Enaz) =
[0] 90 60
=n+ - mac + Sanc=n + 7(na +an)e =n—6°a,n)e

because the product of vectors:
na+an=—(n,a)+nxa—(a,n)+axn=-2(a,n).

As a result we get:
IT'=THT =n+ (d — 6°(a,n))e
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2.5.2. Rotation of a plane

Consider now the pure rotation R = cos g + sin g(a +a%)and RY = cos g —sin g(a + a%). Using the
formula (9), we write:
R(n + de)RT = RnR' + deRRT = RnRT + d¢,

The calculation of RnR" is similar to the calculation we already did for a straight line, but it differs
from it in details, so we will also present all the calculations in detail:

9 4t sinZiaya0 9 n — sin 2 (na — na >_
(c032+31n2(a+a s))(coszn 31n2(na na’)| =

0 6 . 06 . 06 5} . 20
= cos? En — cos > sin E(na —na’) + sin > cos E(an + ang) — sin? E(ana — ana’c + a’nac) =

= cos? gn + 2cos g sin g (axn-—(a%n))— sin? g (n—2(n,a)a + 2(a,n,a’)e) =
= cosOn +sinf(ax n—(a°, n))+ (1 —cosb)[(n,a)a — (a,n,a’)e| =

= cos6n +sinfa x n + (1 — cos 6)(n,a)a — [sin 6(a’,n) + (a,n,a’)(1 — cos O)] e.
The following simplifications were used during the calculation:
—na + na¢ + an + a’ne = (an — na) + (a°n + na®)e = 2a X n — 2(a’ n)e,
ana = ||a||?’n — 2(n,a)a = n — 2(n, a)a,

a’na = —a’(n,a)+a°n xa = —a’(n,a)—(a’,nxa)+a’°xXxnxa=

= —a’n,a) — (a’°,n x a) + n(a’,a) — a(a’,n),

ana’ = —a(n,a’) + an X a° = —a(n,a’) — (a,nxa’°) +axnxa’ =
= —a(n,a’) — (a,n x a°) + n(a,a°) — a°(a,n),
a°na —ana® = —(a°,n x a) — (a,n X a°) = +(a,n,a’) + (a,n,a’) = 2(a,n,a’).

The result is that:

II" = RIIR" = cos6n + sinfa x n + (1 — cos 8)(n,a)a + [d — sin 6(a®,n) — (1 — cos 8)(a,n,a’)] ¢

In [13] there is only a formula for rotation around an axis passing through the origin, but there is
no formula for an arbitrary axis of rotation.

2.6. Relationship of dual quaternions to projective transformation matrices in RP3

Let us write the dual quaternion that defines the screw motion in quaternion form:

6 6 6 6° 6 ° 6
— Opr — - H el : — a0 —_— — — Q1 —
A—/1+/15—cosz+s1n2a+(smza +—2 cosza zsmz)a,

[ [
A=A+ i+ ]+ k= cos§+sin ga, 2 =2+i1+ 25+ 3k = sin §a°+ %cos ga— %sing.

The quaternion A specifies the rotation, and the quaternion A° is responsible for translation operations.
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Table 2
Relationship of dual quaternions to projective transformation matrices
Comparison criterion Matrixes Dual quaternions
Number of scalar coefficients 4x4 =16 4+4=38
Multiplications 48 scalar multiplications 48 scalar multiplications
(compositions)
Point motion 12 scalar multiplications 96 scalar multiplications

The projective transformation matrix that defines rotation and translation looks like this:

oot

R |t oot
M = =
oT |1 BB Bt

o 0 0|1

where the matrix R is written in terms of the quaternion coefficients 1y, 1,, 4,, 45 as

/1%) + 2 -1 - /123 2(Aq4 A5 + Apds3) 20443 + Apdy)
R = 2(&1/12 + 2,0/13) ﬂ% - 121 + /122 - ﬂ% 2(/12/13 - 10/11)
2(A143 — Apd3) 223+ A0hy)  B-B-B+ 4

Let us show that the column vector t can be calculated using the formula
t =200
Using the Pliicker condition (a, a°) = 0 and the unity of the vector a, we can prove:
2000* = 6°a + sin 6a° + 2sin’ ga X a° = 6°a + sin6a’ + (1 — cos f)a x a°.

This formula has two terms:
- sinBa®+(1—cos f)axa’ — coincides with the part of the formula for rotation around an arbitrary
axis (translation and return to the origin);
- f°a — specifies a translation along the a axis by a distance 6.
If the matrix M is given, then the principal part A of the dual quaternion A can be calculated using
a special algorithm, described in detail in section 1.4.3, and the calculation of A° can be carried out

using the formula:

1 1
/10=§t/1=§t/1, t=0+t.

The formula is valid due to (see table 2):
0 7% 1 1 () o
t=21°0 = -tl=21°1=2°
27 T2 =
- Dual quaternions are computationally less efficient than matrices.

- Dual quaternions are more convenient for defining an arbitrary axis.
- Dual quaternions are easier to use for making heuristic inferences.
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2.7. Reflection about a plane using dual quaternions

For a point P represented by a dual quaternion P = w + pe = w + (xi + yj + zk)g, the reflection formula
with respect to the plane represented by the dual quaternion N = n + de, where ||n|| = 1, has the
following form:

P’ = —NP*N.

A similar reflection formula is valid for an arbitrary plane 7, represented by the dual quaternion
II = +éde:
1T’ = —NIT*N.

In the case of reflection of a straight line represented by the dual quaternion L = v + me, a different
formula is valid:
L =NL'N7L
Since usually |n| = 1, then |N|? = |n|?> = 1 and N~! = N*/|N|?> = N*.
Let us prove the formulas.

2.7.1. Pointreflection

P’ = —=NP*N = —(n + de)(w — pe)(n + de) = —(n + de)(wn + dwe — pne — dpe?) =
= —(n + de)(wn + dwe — pne) = —(wnn + dwne — npne + dwne + d’we? — pnde?) =
= —(—w + 2dwne — npne) = w + npne — 2dwne =
= w + (npn — 2dwn)e = w + (p — 2(p, n)n — 2dwn)e.
It can be seen that in the dual part of the dual quaternion P’ we obtain exactly the same expression as

in the formula (6), if the point is affine and w = 1.
For an affine point the expression is somewhat simplified:

P'=—-NP*N =1+ (p —2(p,n)n — 2dn)s =1+ (npn — 2dn)e.

2.7.2. Reflection of a plane

The reflected plane is defined by the dual quaternion IT = + ¢, and the plane relative to which the
reflection occurs is represented by the dual quaternion N = n + de, |n| = 1.

Note that IT* = —v + 8¢ and write

— NIT*N = —(n + de)(— + de)(n + de) =
= —(n + de¢)(—n — de + Sne + 6de?) = —(n + de)(—n — de + Sng) =
= —(—nn — dne + dnne — dne — d?¢? + 5dne?) = nn + dne + 5¢ + dne =
=nn+d(n+n)+ 8= —2(,n)n—(2d(,n) - §)e.
As a result, we obtain the formula:

—NIT*N = —2(,n)n — (2d(,n) — d)e.

This formula can be rewritten in a different form if we consider the case when the planes N and IT
are not parallel and have a common point P, then

6e=—(P,)=—(1+ps)=—-1,)—(p,)e =—(p,)s; de=—(P,m).
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Using these two relations, the plane reflection formula can be written as follows:

—NII*"N = =2(;m)n — (=2(P,n)(;n) + (P,)) = —2(;n)n — ((P,-2(,m)n) + (P,)) =
= -2(,n)n— (P, —2(,n)n) = —2(,n)n — (P, — 2(,n)n) = nn — (P, nn).

2.7.3. Reflection of aline
We will assume that the normal vector of the plane relative to which the reflection occurs is unitary.
Then N~! = N*/|N| = N*/|n|| = N*. Asaresult, N"! = N* = n* + de = —n + de.

Let us now find the dual conjugation of the dual quaternion of the line L

F'=w4+me) =v —me = —v+ me.
Now we transform the expression
L' = NI'N7! = (n + de)(—=v + me)(—n + de) = (n + de)(vn — dve — mne + dme?) =
= (n + de)(vn — dve — mne) = nvn — dnve — nmne + dvne — d?ve? — dmng? =

= nvn — nmne¢ + d(va — nv)e = nvn — nmne¢ + 2dv X ne =

= |nJ|*>v = 2(v,n)n — (|n|?m — 2(m, n)n)c + 2dv X n¢ = v — 2(v,n)n — (m — 2(m, n)n — 2dv X n)z.

Let us express the moment m = p X v through the point P on the line and the vector v. In this case,
we take into account that v — 2(v,n)n = nvn and m — 2(m, n)n = nmn, then

NL'N~! = nvn — n(p X v)ne + 2dv X ne = nvn + (npn) X (nvn)c + 2dv X ne.
Consider the expression 2dv X n and transform it as follows:

nvn =v—2(v,n)n= v = nvn + 2(v,n)n,
2dv X n = —-2dn X v=—2dn X (nvn + 2(v,n)n) =
= —2dn X (nvn) — 2d(v,n)n X n = —2dn X (nvn),
2dv X n = —2dn X (nvn).

Let’s substitute into the basic formula for reflection:
NL'N-! = nvn + (npn) X (nvn)c — 2dn X (nvn) = nvn + (npn — 2dn) X (nvn)c.

Above we obtained the formula P’ = —NP*N =1 + (npn — 2dn)e, with the help of which we can
write

(npn — 2dn)e = (P' — 1)
NL'N-! = nvn + (P’ — 1) X (nvn) = nvn + (—NP*N — 1) X (nvn).

In this form, this formula is written in [13, p. 59]. As a result, we have the formula in three versions:

L' = NL'N~! = nvn + (2dv X n — nmn)c = v — 2(v,n)n — (m — 2(m, n)n — 2dv X n)c =
=nvn + (—NP*N — 1) X (nvn).
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3. Results

As a result of the work, dual quaternionic formulas were obtained for

- of screw motion of a straight line, point, and plane;

- for pure rotation and pure parallel transfer (translation) of straight lines, points and planes;

- formula for calculating the projective matrix of screw motion according to a given dual
quaternion;

formulas for reflecting points, straight lines, and planes relative to randomly positioned planes.

We dare to attribute to one of the results the very fact of detailed derivation of these formulas, as this
will make it easier for readers of the article to master working with dual quaternions.

4, Discussion

The material presented in this article shows that dual quaternions can be used to comprehensively
describe both proper and improper movements in three-dimensional space. Currently, there are
many alternative formalisms, the most popular and actively promoted of which is the geometric
algebra formalism.

We will not go into a comparison of dual quaternions and geometric algebra here, since without
a detailed presentation of the latter in terms consistent with dual quaternions, this comparison is
unproductive. However, we note the following.

- Inour opinion, when applying the Cayley-Dickson procedure, dual quaternions cannot be called
some kind of artificial formation and they are quite logical.

- All dual quaternion formulas, when disclosed, are reduced to standard calculations with three-
dimensional vectors, which makes it possible to efficiently implement calculations using, for
example, shader languages where support for these vectors is implemented at the hardware
level.

5. Conclusion

All the formulas obtained are of practical interest, as they can be used to calculate finite complex
movements, as well as to construct surfaces (for example, linear ones). In future publications, we
plan to use them to visualize various examples of movement, focusing on software implementation.
The detailed material in this article will allow you not to be distracted by mathematical details and
focus on the subtleties of software implementation and the algorithmic side of the issue.
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BMKBaTePHUOHHOE NpeAcTaB/IeHUe ABUNXEHUSA B TPEXMEPHOM
NPOCTPaHCTBe

0. M. A6akymoBal, M. H. FeBopkan?, A. B. Koponbkosal, l. C. Kyns6os':2

L Poccuniicknii yHueepcuTeT apyx6bl Hapoaos, yi. Muknyxo-Maknas, a. 6, Mocksa, 117198, Poccuiickas
depepaymsa

2 06beVHEHHbIN MHCTUTYT AAEPHbIX MCCNefoBaHwii, yn. Xonvo-Kiopu, a. 6, fly6Ha, 141980, Poccuiickas
depepaymsa

AuHoTaums. [Ipednoculaxku B mpeppigymieit cTaTbe aBTOPOB GBI IOAPOGHO PACCMOTPEH BOIIPOC KCIIOAb30BAHUS
OUKBaTEPHUOHOB JJIs1 3alaHNs TOYEK, IPSIMbIX U IIJIOCKOCTE! 1 pellleHNs CTaHJapTHEIX TeOMeTPUYECKUX 3aad.
JlaHHAas CTaThs ABIAETCS JIOTHYECKUM NIPOJODKEHUEM U PaCKPBIBAeT IPUMeHeHYe OMKBATEPHUOHOB I
ONUCaHUs U30MeTPUil TPEXMEPHOTO [IPOCTPaHCTBa. Lleqb BRIBOZ BCcex HEOOXOAMMBIX (GOPMYII [1JIsI BHHTOBOT'O
JBIDKEHUs TOYeK, IPSMBIX U IUIOCKOCTEH, a TaKKe 3epKaJbHOM CUMMeTpHUH (OTpaskeHUsI) OTHOCUTENBHO
miaocKocTu. JJopaboTka obo3HadeHUH u popmanusMa. Memodel Mcrionb3yeTcs anrebpa AyaabHBIX YHCe,
KBaTEPHUOHOB 1 OMKBATEPHIOHOB, a TAK)KE 3IEMEHTH TEOPUU BUHTOB U CKOJIB3SIIIIUX BEKTOPOB. Pesyavmamot
ITosy4eHB! ¥ CUCTEMATU3UPOBAHBI (POPMYIIBI AJIs BpalLlleHUsI, TPAHCISAIIUY, OTPAXXeHUs], BUHTOBOT'O JIBIKEHUS
U 3epPKaJIbHOIO BpallleHUs. Bbigodbt BUKBaTEpHUOHBI MOTYT CIY>KUTH IIOJHOLIEHHBIM WHCTPYMEHTOM AJIS
ONUCaHUs BUHTOBOI'O ABIKEHUS B IPOCTPAHCTBE. Barogapst BO3MOXXHOCTH BHIPAKEeHUs OMKBATEPHUOHHBIX
omepanui yepe3 CTaHJapTHOE BEKTOPHOE U CKJIIPHOEe IIPOU3BeleHHs, IToJydeHHbIe GOPMYJIBbI LOIIYyCKAIOT
3¢b(deKTUBHYIO IPOIrPAMMHYIO Pealn3aluio.

KnioyeBble cnoBa: HaTypHOE€ MOJEeJIMNPOBaHNEe, BOCIIPON3BOANMOE HCCIeN0BaHNe, NCCIeOBAHNE KaK KO/



