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Abstract. In this paper, we develop a new family of high-order derivative-free iterative methods for solving systems
of nonlinear equations. Specifically, we propose four two-step derivative-free schemes with convergence orders
four and five, together with twelve three-step derivative-free schemes achieving convergence orders six, seven,
and eight. The main specific of these iterations is that they include a vector or even a scalar iteration parameter
instead of the matrix parameter inherent to other existing iterative methods. This structural simplification
significantly reduces computational cost, storage requirements, and matrix operations, thereby improving
overall computational efficiency. A convergence analysis is presented, establishing the theoretical order of
convergence of the proposed methods. The efficiency indices of the proposed schemes are derived and compared
with those of several well-known derivative-free iterative methods. The numerical experiments on standard
academic problems confirm the theoretical results and demonstrate that the proposed methods are competitive
and, in many cases, superior in terms of efficiency and robustness.
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1. Introduction
We consider the following nonlinear system of equations:

F(x) =0, x=(x1,%,,x,)] €R", 1)
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where F : D C R" — R" is a nonlinear and sufficiently Fréchet differentiable function in an open
convex set D. Additionally, F'(x) is continuous and nonsingular at «, where « is the simple and isolated
solution of equation (1). Most physical systems are inherently nonlinear nature and described by
nonlinear systems. The nonlinear systems (1) also appear in many fields of applied sciences and
engineering [1-12]. The solution of equation (1) cannot be computed exactly and is often approximated
using iterative methods with different orders of convergence. A quite recently have been appeared
some papers devoted to the constructing high efficient iterative methods containing vector and even
scalar parameter coefficients [1, 3, 4, 6, 13-15]. For obtaining the numerical solution of the system (1)
often used the following two-step and three-step iterative methods:

Vi = X — F' ()7 F (xy),

s i NC1 2
X1 = Vi — TlF (xi) T F(i)s

and
Yie = Xk — F' () T F (),
Zk = Y — TF (X ) ' F (i), (3)

Xier1 = Z — aF (%) T F (),

where 7). and o, are iteration parameters to be determined properly.

The aim of this work is to develop derivative-free version of the iterations (2) and (3) with vector
and scalar coefficients. In Section 2, we introduce new derivative-free two-step iterations of orders
four and five. In Section 3, we present new derivative-free three-step iterations of order p (o = 6,7, 8)
and an analysis of the efficiency of the proposed iterative methods. Section 4 devoted to analysis of
efficiency of proposed methods compared with other methods. In Section 5, we present the results
of our experiments and compare them with known methods of the same order. The article concludes
with some conclusions and references used in it.

2. The construction of two-step derivative-free iterations

First, we employ R" with point-wise multiplication and division of vectors. Let
a = (a;,a;...,a,)T € R*and b = (by,b,,...,b,)T € R". The point-wise multiplication and
division of two vectors are defined by

a- b = (albl, azbz, eey anbn)T (S Rn, (4a.)
a_(m & an\T o,
;= bl’bz""’b,,) € R™. (4b)

The direct consequence of (4a) and (4b) is
a®:=(a-a)=(a?d3..,a2)T €R",
1=(11, ...,1)T € R
In [6] the following theorems were proven:

Theorem 6. [6] The two-step iteration (2) has a third, fourth and fifth-order convergence if and only if
the parameter 7 satisfies

Trk=1+ O(h),
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'L_'k =1+ 2®k + O(hz), (6a)
TeF' (x) 7' Fr) = (1 + O)F (i) ™' F(yi) + O(R),

Theorem 7. [6] The three-step iteration (3) have order of convergence p + 1, p + 2, p + 3 if and only if
the parameter oy, satisfies

ar =1+ O(h),
o =14+20; + O(I’lz), (72)
aF' (x) ' F(zi) = (1 + 20)F (yi) "' F(zi) + O(h),
where

_ FOw)
F(xi)’

and p is the order of convergence of iteration (2).

O

Of = (0 - Oy),

We note that the conditions (6a) and (7a) can be replaced by

_ 1+a6;+bO}
T 14 (a—2)0 +d6}’

Tk = Ax

a,b,d € R,

and in this case the convergence order maintained. We now proceed with the construction of
a derivative-free analog of (2) as follows:

Vi = X — [Wie 51 17 F(xg),

o (8)
Xiep1 = Vi — Tie (Wi, sis F17 F(yp),
where [wy, si; F] is first order divided difference with
wg =X+ Fx), sk=xx—nF), n#0, 7 €R
It is easy to show that
Tic = TcF' () ™" [wi, 515 F ©)
or
7 = Tic [wie, 51 F1 ™ F' (). (10)
The passing of (2) to (8) is realized by (9). The converse is realized by (10). It is easy to show that
F'(x)7! [wk, s; F] = I + By + O(h*), (11)
where 1
By = ¢F ") T E" )y F(x)? = O(h?). (12)
If we take (12) into account, then from (11) it follows that
F'(x)™ = [wie, 5 F] ™ + O(R?). (13)

Analogously, using (11) and the Taylor expansion of F(y,) at point x;, we easily obtain

F(y) = 0(h?), F'(yp) = [uk, wi; F1+ O(h*), (14)
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where
u =y + BF(x), wr=yr—BiF(xx), B1#0, B ER
Using (9), (11), (13) and (14) it is easy to show that the p-order conditions (6) can be rewritten in term
of Ty as:
Tk =1+ O(h),
1+ 20y + bO}
1+d6;

T (Wi s FI™ Fi) = (1 + O9) [y, 1 F17 F (). (15b)

T, =1+ 20 + 0(h?) = + O(h?), (15a)

Using (15a) in (8) we obtain the following family of fourth order iterations (M7)

Vi = X — [Wie 51 F17 F(xp),

1 -1 ) > (16)
Xir1 = Vi — ——— (Wi s FI7 [+ bOF(yi) + 20;F(x) ], d,b € R.
1+d6;
Analogously, using (15b) in (8) we obtain the following fifth order iteration (M3)
Vi =X — [Wwie, 51 F17 F(xp0),
(17)

X1 = Vi — (1 + 0D [uy, @ F17 F(yy).

If y; —» 0and 3; — 0then (16) and (17) lead to the iteration with derivative, considered in [6] and in
[4]. The scalar coefficients versions of (16) and (17) are [1]

Vi = Xk — [Wi 51 F1 7 F(xy),

1 _ (18)
k41 = Yk~ T qor [wi 51 F171 [(1 + bu) F(yi) + 20F(xi) ], d,b € R,
_ IFGI?
Vg = e NN2°
[FCel
and
Vi = Xk — [k 51 F1 7 F(xy),

(19)

Xip1 = Vi — (L + vp) [y, @5 F1 F(),

with convergence order 4 and 5 respectively. The iteration (18) completely coincides with scheme
given in [13], while (19) can be considered as new scheme with fifth order of convergence. Let’s
denote the methods (18) and (19) as (M3) and (M3), respectively.

To analyze the convergence behavior of the proposed method, we first present a lemma that will
be used to develop the Taylor expansion of vector functions (see [16]).

Lemmal. Let F : D C R" — R" be p-times Fréchet differentiable in a open convex set D C R", then for
any x, h € D the following expression holds:

Py = O+ S F OGR4 - L po-n(y)pp-1
F(x+h)=F(x)+ F'(x)h + 2!F X)h* + -+ (p—l)!F (x)hP~' + Ry,
where
1 e 2 ;)

IR < o sup |[F®P(x + th)||h|P and hP = (h,h,---,h),
* o<t

and || - || denotes any norm in R", or a corresponding operator norm.
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Definition 1. Let e, = x; — o be the error in the k-th iteration, we call the relation
ers1 = Ler)? + O((er)P*),
as the errorp equation.  Here, p is the order of convergence, L is a p-linear function, i.e.
L e LR X - x R, R™).

In the following result, we establish the convergence of the family of methods given by (16) under
the conditions stated in Lemma 1.

Theorem 8. Let the function F : D C R" — R" be sufficiently differentiable in a convex set D containing
a zero a of F(x). Further, assume that F'(x) is continuous and non-singular at « and the initial guess xg is
sufficiently close to the solution. Then, the sequence generated by method (16) converges to the solution a
with order four, for any nonzero value of parameter y, and for any values of b and d.

Proof. By applying the Taylor expansion of F(x;) around «, we obtain
F(xy) = F'(a)(ey + Ayes + Ases + Agel) + 0(e3), (20)
F'(xi) = F'(@)(I + 2Az¢ei + 3A;¢, + 4A4e}) + O(e}),
F"(x;) = F'(a)(2A; + 6Azey + 12A4€%) + O(e3),
F"(xx) = F'(a)(6A3 + 24A,e)) + O(e}), (21)

where 1
A= ﬁ[F/(a)]—uv(i)(oc), i=23,...

Using the Genocchi-Hermite formula [17] and (20)-(21), we obtain

[, s Fl = F'(x) + %F”’(xk)(hF (X1))* + O((nF(x))*) =
= F'(a)(I + 24,y + 343€2) + %F’(a)6A3y12F’(oc)2(ek)2 +0(e3) =
= F'(a)(I + 2A,ex + As(3I + yF' (a)?)ed) + O(e3).
Inversion of [wy, s; F] yields
[w, s F1™" = (I + Crex + Ce)F' (@)™ + 0(e}), (22)

where C; = —2A4,, C, = 443 — A5(3I + y2F'(a0)?).
Let us denote ¢, = y, — a. From (20) and (22), we get

& = X — & — [Wy, 51 F] 7 F(xp) = Byed + Byey + 0(e}),
where B; = A,, B, = =243 + A;(2I + y?F'(a)?). We then obtain
F(yr) = F'(a)(€ + A8 + A383) + O(e}) = F'(a)(Byes + Byey) + O(e}). (23)

F(yy)
F(xy)

Next, we expand the term 0 = , which appears in the second step of (16). From (20) and (23),

we obtain
0% = A2e2 + (=643 + 24,A5(21 + yiF (a)?)e; + O(e}). (24)
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Then, from (24), we can get

1+ bO?
Pe=Iry d@lg =1 +A3(b — d)ej — 2(Ax(b — d)(343 — A3 (21 + ViF' (@))ej, + O(ep),  (25)
k
and
207 2 2 , X s \
Qx = de " 2A%e% + 4A,(—345 + A3 (21 + ¥EF (@)?))e;, + O(e}). (26)
k

From (25) and (26), it follows that

PeF(yi) + QiF(xi) = Ajeq + A3 (I + yiF'(a)?))e}, +
+ A3(—10 + b — d) + 44,A3(2I + yiF' (@)®)et + O(e3).  (27)

Then, using (22), and (27), the second step of the method (16) gives the error equation as
eyl = Xpq1 — @ = 1043 — bA3 — 8A,A; + ASd — 44,A572F (a)? +

+ 24,4521 + yiF' (a)?) — Ay(443 — A3 (31 + piF' (@)?))ef + O(ep) =
= —A,(A; + A3(=6 + b — d) + A3yiF (a)?)et + O(e3).

This shows the fourth order convergence of the proposed family (16). O

The convergence analysis of the other proposed methods follows a similar approach to the proof of
Theorem 8. Therefore, we omit it here.

3. The construction of three-step derivative-free iterations
The derivative-free analogy of iteration (3) obtained as:
Vi = X — [Wi 515 F1 7 Fxy),

2z = Y — Tk [we 5 F1 7 FOrp),

Xier1 = 2k — Hie [Wie, s F1 7 F(zg),
where T}, is given by (15) and H; determined as:
Hy = aF(x) ™" [wy, s F -
As before, the condition (7) can be rewritten in term of Hy, as:

Hp =1+ 0(h),
1+ 20y + bO;
1+d6;
Hy [wy, 5 F17 F(zi) = (14 209) [w, ) F17' F(zi) + O(h).

Hy =1+20; +0(h?) = + O(h?), b,d € R,

Theorem 7 and the combination of choices (15) and (28) yields different derivative-free three-step
iterations and we list some of these methods below.
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Sixth-order iterations:
-1
Vi =X, — [wi, s F1 F(xge),

Zk = Yk — (Wi, 515 F17" [(1 + bOF(yy) + 202F (x;) 1, (29)

1
1+d6}
Xer1 = 2 — (1 +20)) [y, s F17' F(zy),

and
Vi = X — [Wi 5 F1 7 Fxy),
2z = yi — 1+ 6) [, wis FI7 FOry),
Xy = 2k — [Wi 55 F1 7 Flzy),s

and

Vi = Xk — [Wie, 515 F1 7 FCxp),
zx = Y — (Wi s F17 F(yp),
X1 = 2k — (1 +20)) [uy, @i 17 F(zy).

Seventh-order iterations
-1
Yk =X, — [wi, s F17 F(xge),

1 . 5
=Y — ——— [wk, s, F 1+ bO;)F + 20 F(x;) |,
Z =Yk 1+d@,2([ oS FT [( WF(Vi) F(xi)]

Xip1 = 2 — (1 +200) [uy, @i F1 7' F(zy),
and

Vi = Xk — [Wi 51 F1 7 F(xy),
2k =y — (1 + 0}) [ug, wis F1 7 Fyp),
Xiep1 = 2 — (1 + 20y) [y, 51 F] 7' F(zp0).

Eighth-order iterations

Vi = X — [we, 515 F1 7 Flxy),

2k = Y — (1 + O}) [w, @i F17 F(y), (30)

Xie1 = 2k — (1 +202) [, @i F17 F(zp).
In the remainder of the paper, the methods (29)-(30) will be denoted by ME, M¢, M$, M, M} and M$,,
respectively. If we take the transition rule that established in [14] into account, then we easily obtain
from (29)-(30) its scalar coefficients variants:
Sixth-order iterations

Vi = X — [Wie 516 F1 7 Flxy),

2= Y= T gor [We s P 10+ bonF ) + 20,7 Ge) ) (31)

-1
X1 = 2k — (U, @i FI7 F(2p),
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where R
_IFQI
Vg = e \N2°
IF el
and
Vi = Xk — [Wie 51 F 7 (o),
zi =y — 1+ v) [t T F1 7 F(),s
X1 = 2k — [Wi 55 F1 7' Fzy).
and

Vi =Xk — (Wi, s F1 7 F(xy),
2k = Yk — [k i F1™ FOrio)s
Xes1 = 2 — (1 + 20%) [y, @i F] 7 F(zy).
Seventh-order methods:
Vi = %k — [ 51 F1 7 F(xi0),

e (W s P [0+ 0P + 204F (e )

Zk = Vk —
Xig1 = 2k = (L + 200) [ug, W F1 ™ Flzp),
and
Yie = %k — [ 51 F17 F(xg),
2z = yk — (1 + vp) [we @ F17' Flyy),
Xiew1 = 2k — [ @ F17H (F(zi) — BicF (%)), Bre = %
Eight-order method:
Vi = X — [y, s F1 7 Fx),s
2 = yi — (140 [we w17 Fi), (32)
Xes1 = 2 — (1 + 20%) [y, @i F] 7 F(zg).

In the rest of the paper, the methods (31)-(32) will be denoted by M%,, M%,, M%;, M],, M5 and M5,
respectively.

4. Computational efficiency

The computational efficiency index of an iterative method for solving a nonlinear system is defined
1

by CI = pc, where p is the order of convergence and C is the computational cost of each method. We
will study the computational efficiency of the presented methods and compare it with that of other
methods presented in the literature, namely My [13], Mg, [18], NM7 [19] and PM1 [20]. To compute F
in any iterative method we evaluate n scalar functions, whereas the number of scalar evaluations is
n(n — 1) scalar functions for any divided difference [-, -; F]. In addition, we must include the number
of operations shown in Table 1.

As we can see in Figs. 1, 2 and in Table 2, in terms of computational efficiency the proposed
method M¢ is significantly superior to other considered methods. Additionally, fourth-order M# and
eighth-order M% also have high computational efficiency.
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Table 1
Computational cost of different operations
Computational cost
LU decomposition i(n3 —n)
Solution of two triangular systems n?
Quotients in divided difference operator n?
Matrix-vector multiplication n?
Scalar-vector multiplication n
Component-wise multiplication (division) of vectors n
Table 2

Comparison of computational efficiency

Ne  methods p C cI
1 Mg G = §n3 +5n2 + %n 6l/C1
2 Mg 6 C=:in'+sn’+Zn 6%
3 M3 6 GC3= §n3 +6n% + 2—38n 61/Cs
4 M; 7 Cy= §n3 +6n% + ?n 71/C,
> Mg 7 G= §n3 +6n% + ?n 71/Cs
6 M, 8 Cg= §n3 +6n2+ ?n g1/Cs
/ M3y 6 G = §n3 +6n% + 2—38n 61/Cr
8 MY, 6 Cg= §n3 +6n% + %n 61/Cs
9 M, 6 Co= §n3 + 6n% + ?n 61/Cs
10 M, 7 Cp= §n3 ren 4+ 33_1n 71/Cyo
1 M175 7 Cp= 2”3 + 6n% + ?n 71/Cn
12 My 8 Cp= §n3 +6n® + 23—5n 81/Cr2

5. Numerical results and discussion

To evaluate the effectiveness of the new method and provide a comparison with existing methods,
numerical experiments have been conducted and the results are presented in this section. To achieve
this goal, we consider the following nonlinear problems, most of which are the same as in [13, 19, 21].

Example 1. Considering the following system of 20 equations:

yi—cos<

20

2}’1_23’1):0’ l=1,2,,20

Jj=1
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Computational Efficiency Index Computational Efficiency Index
T T T T T T T T

T 1.0018
e ]
Ml

1.0016

2
My

1.0016 M: ]

e
1.0014 2|

7
3 1.0014 Mis| 4

v

1.0012 T

1.0012

1.001 [
1.001

1.0008 [
1.0008

1.0006 [ 1.0006 [

1.0004 1.0004 [

1.0002 [ 1.0002

~——

10 20 30 40 50 60 70 80 90 10 20 30 40 50 60 70 80 90
n n

Figure 1. Computational Efficiency Index for n = 10 Figure 2. Computational Efficiency Index for n = 10
to 100 (logarithmic scale) to 100 (logarithmic scale)
The solution is y* = {—0.89,—0.89, ..., —0.89}T. For this solution, we choose the starting vector

X = {=0.9,-0.9, ..., —0.9}".

Example 2. Consider the system of twenty equations

20
—yi—3+ ) yj—ei+4cosIn(|1+y) =0, i=1,2,...,20.
j=1

The exact solution y* = {0,0, ...,0}T of above system. For this solution, we choose the starting vector
X, =1{0.01,0.01, ...,0.01}7.

In Tables 3 and 4, we present the residual error of the example function ||[F(xy,;)|, the error
between two consecutive iterations ||x;4; — Xi| and the computational order of convergence p,. The
computational order of convergence (p,,) is calculated using the formula [4]

po = In(l1%pe1 = X/ 1%k = X1 )
@ In(lle = xpe—1 I/ 16—1 — Xkl

The following stopping criterion is used in these experiments:
Ixieer = xiell + IF el < 107°C.

Tables 3and 4 report the numerical performance of the considered derivative-free iterative methods.
The first column lists the names of the methods under comparison. The second column shows the
total CPU time (in seconds) required by each method to reach the prescribed stopping criterion. The
third column indicates the number of iterations (Iter) needed for convergence.

The fourth column presents the absolute error measured by the norm ||x;,; — x|, while the fifth
column reports the residual norm ||F(xy.,,)| at the final iteration, which reflects the accuracy of the
computed solution. The last column displays the approximate computational order of convergence
(ACOC), confirming the theoretical convergence order of each method.
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Comparison numerical results on Example 1

Methods CPUTime Iter xke1 — xill IF (X )l ACOC
M 0.356 4 1.6016 X 10776 4.4188 x 107390 4.00
M3 0.344 4 1.6016 X 10776 4.4188 x 107300 4.00
M3 0.344 4 5.8123 x 107166 1,9572 x 107822 5.00
M3 0.625 4 5.8123 x 107166 1,9572 x 107822 5.00
M$ 0.343 4 3.4780 x 107228 3.2447 x 10713 6.00
M¢ 0.640 4 9.7496 x 107287 1.8481 x 1071711 6.00
M? 0.703 4 1.2693 x 107274 1.7032 x 1071638 6.00
M, 0.672 4 7.8812 x 107283 4.2801 x 1071088 6.00
MS, 0.735 4 9.7496 x 107287 1.8481 x 10171 6.00
MS, 0.782 4 1.2693 x 107274 1.7032 x 1071638 6.00
M 0.656 4 9.7872 x 107388 3.0845 x 1072523 7.00
M; 0.640 4 2.2881 x 107492 29211 x 1072524 7.00
M, 0.734 4 9.7872 x 107388 9.3521 x 1072524 7.00
M, 0.732 4 1.5722 X 107400 8.5164 x 1072524 7.00
MS, 0.585 3 1.2259 x 1077 2.7310 x 107624 8.00
M 0.532 3 1.2259 x 10779 2.7310 x 1076 8.00
M, [18] 1.614 4 1.4692 x 107197 6.3590 x 107633 6.00
NM7[19] 2.750 3 3.8545x 10771 1.2384 x 10~4%7 7.00
PM1[20] 1.984 4 2.9442 x 1072t 1.0079 x 1072152 8.00

Table 3

From Tables 3 and 4, we observe that the M iterative method is faster than the considered fourth-
and fifth-order methods. Furthermore, Tables 3 and 4 indicate that the proposed M¢ method is the
fastest among the considered methods with orders p = 6,7 and 8. This finding is consistent with the
results presented in Section 4. From these tables, it follows that M% is not only faster but also more
accurate than the considered seventh- and eighth-order methods. Thus, the eighth-order method
M3, can be highly useful in practical applications that require high accuracy. In conclusion, the
numerical results clearly demonstrate that the proposed derivative-free methods with vector and
scalar coefficients are superior to those employing matrix coefficients, both in terms of computational
time and overall computational cost.

Conclusions

We obtain family of two-step derivative-free iterations of order 4 and 5 and three-step derivative-
free iterations of order 6, 7 and 8 with vector and scalar parameter. The specific of these iterations
is that they include vector or even scalar parameter of iteration instead of matrix parameter that
inherent to other existing iterative methods. The theoretical conclusions are confirmed by numerical
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Comparison numerical results on Example 2

Methods CPUTime Iter 1xks1 — Xkl IF ()l ACOC
Mt 20.672 4 7.0707 x 10776 1.6644 x 107300 4.00
M3 20.594 4 7.0707 X 1077 1.6644 x 10730 4.00
M3 35.572 4 59230 x 107172 4.1262x 10788  5.00
M; 37.563 4 59230 x 107172 4.1262x 10738 5,00
M$ 20.282 4 24149 x 107219 1.0347 x 1071310 6,00
M 37.782 4 1.1978 X 107355 2.8416 X 1071893 6.00
M? 37.532 4 44919 x 107392 1,5809 x 1071811 6.00
MS; 29.656 3 7.6581 X 10756 1.9409 x 1073 6.00
MS, 37.469 4 1.1978 x 107315 2.8416 x 1071893 6.00
MS, 37.375 4 4.4919 x 107392 1,5809 x 1071811 6.00
M] 42.219 4 9.1502 X 107380 4.7631 x 1072554 7.00
M; 38.344 4 1.7236 x 1073%°  2,0037 x 1072792 7.00
M, 37.922 4 9.1502 x 10738%  4.7631 x 10726%*  7.00
M, 37.641 4 2.5776 x 107400 33521 x 107278 7.00
M$, 29.906 3 6.0681 X 10778 1.3860 x 107520 8,00
M 29.391 3 6.0681 x 10778 1.3860 x 107%2°  8.00
Ms, [18]  56.801 4 7.8477 X 107204 1.4880 x 1071216 6.00
NM7[19] 186.703 3 3.4339x 10733 5589210728  7.00
PM1[20] 57.985 3 5.8566 X 10778 9.7060 x 107%17  8.00

experiments. Based on numerical examples, one can conclude that our proposed iterations are the
most efficient and faster than the existing ones of similar nature.
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UTepayun 6e3 nponsBogHbIX B R” ¢ NOTOYEYHbIMM
onepauusamMu gis pelieHns CUCTeM HeJIMHENHbIX YPaBHEHUN

T. XXannas:2, X. Otrongopx?, B. Ynsuiibasp?, X. Ixx6asp?

1 WHCTUTYT MaTeMaTUKM 1 MHOPMaLMOHHON TexHoorumn, MoHronbckas Akagemus Hayk, YnaH-6aTop, 13330,
MoHronus

2 MoHronbckuii focypapcTBeHHbI YHnBepcuTeT Hayku u TexHonoruu, Ynau-6atop, 14191, MoHronuns

AHHOTaums. B manHoI paboTe Mbl paspabaTsiBaeM HOBOE CEMEHMCTBO UTEPAIMOHHBIX METOOB BEICOKOTO I10-
psAnka 6e3 MCIIOIh30BaHUS IPOU3BOAHBIX [JIs PELIeHUs CUCTeM HeIUHENHbIX ypaBHEHNH. B 4aCTHOCTH, MBI
IpesiaraeM YeThIpe JBYXIIaroBble CXeMbl 6€3 MCII0Ib30BaHUs IPOU3BOAHBIX C IIOPSIAKAMYU CXOJUMOCTH de-
THIPE U ISITh, & TAKKE ABEHAALIATh TPEXIIATOBBIX CXeM 63 HMCIT0JIb30BAHUS [TPOU3BOAHBIX, JOCTUTAOIINX
[IOPSLKOB CXOLUMOCTH IIeCTh, CEMb 1 BOCEMb. [yIaBHAast 0COGEHHOCTD 3TUX UTEPALNI 3aKII0YAETCS B TOM,
YTO OHM BKJIIOYAIOT BEKTOPHBIN MM AaXKe CKAIIPHBIN TapaMeTp UTepaliy BMeCTO MaTPHUYHOTO [TapaMeTpa,
IPHUCYILIETO APYTUM CYIIeCTBYOIINM UTEPAIIIOHHBIM METOJaM. DTO CTPYKTYPHOE YIIPOILeHNEe 3HAYUTEIbHO
CHIDKAET BBIYVCIUTENbHBIE 3aTPAThI, TPeOOBaHNS K XPAHEHUIO JaHHBIX 1 MaTPUYHbIe OIIePaI[ii, TEM CAMbIM
IIOBBINIAS OOIIYIO BEIYUCIUTENBHYIO 3 (DeKTUBHOCTD. IIpeicTaBlIeH aHaIN3 CXOAUMOCTH, YCTaHABIUBAIOIIUH
TEOPETUYECKUH MOPSIOK CXOANMOCTH ITPeJIaraeMbIX METOZLOB. BbiBeieHbI ToKa3aTenu 3¢ GEeKTUBHOCTH Ipej-
JIOXKEHHBIX CXeM U IIPOBEZIEHO UX CPaBHEHMe C II0Ka3aTe sIMU HECKOJIbKUX M3BECTHBIX UTEPALIIOHHBIX METO0B
6e3 MCIT0/Ib30BAaHUS IPOU3BOAHBIX. YHCIeHHbIe S9KCIIEPUMEHTHI Ha CTAHZAPTHBIX aKaJleMUYeCKUX 3aadax
[IOATBEPKIAIOT TEOPETUIECKIIE PE3Y/IBTATHL U EMOHCTPUPYIOT, YTO IIPE/JIOKEHHBIE METO/BI SIBJISIOTCS KOH-
KypPEHTOCIIOCOOHBIMU 1 BO MHOTUX CIy4asiX IPEBOCXOJAT JPYrye MeTOAbI C TOYKY 3peHns 3pheKTUBHOCTH
Y yCTOMYKUBOCTH.

KnioueBble cnoBa: HeJMHeNHbIe CUCTEMBI, UTepauy 6e3 IpoMu3BOAHbIX, NHAEKC 3DPEeKTUBHOCTH, IIOPIAOK
CXOMMOCTHU



