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Abstract. In this paper the conditions to compare the extremal index of the stationary waiting time in the M/G/1
and GI/M/1 systems are obtained. These conditions include exponential asymptotic behaviour of waiting time
tail and the order in failure rates for the interarrival intervals and for the service times in the systems to be
compared. For M/G/1 system the obtained result is extended to the mixed service times with ordered components.
If, in a GI/G/1 system, the service time is determined by a finite mixture whose dominant component of
the equilibrium distribution belongs to the class of subexponential distributions then the tail of the limiting
distribution of the stationary waiting time is equivalent to the tail of this distribution up to a constant obtained
explicitly. Furthermore, the limiting distribution of the maximum of the stationary waiting time belongs to the
maximum domain of attraction of the distribution of extreme values of the same type as the maximum of the
random variables defined by the dominant component.
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1. Introduction

Understanding whether extreme events happen independently or in groups is crucial for forecasting
them and minimizing their impact. Extreme value theory can accommodate clustering via so-called
extremal index 6 which, measures the size of the cluster and thus has an appealing physical meaning
[1-4].

When 6 = 1, extremes behave like a Poisson process, occurring in isolation. However, when
0 < 1, extremes occur in groups (form clusters), following a compound Poisson process. In this case,
1/6 estimates the mean cluster size or, equivalently, the mean time spent above the threshold. The
limiting distribution of the maximum value in a stationary sequence is directly shaped by 6, revealing
the local dependence within the data.The extremal index therefore gives a measure of the fraction of
extremes that are approximately independent and identically distributed (i.i.d.) [5]. The extreme
case of 0 = 0 indicates total dependence, where exceedances form very wide clusters. In practice,
this means a sufficiently high threshold may never be crossed. Conversely, independent sequences
always have 8 = 1, with high thresholds exceeded only by isolated events.
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It is important to mention that there are other definitions of clustering and extremal index in the
literature [6, 7].

From a practical point of view, the extremal index is useful for estimating the size of clusters or
the average length of intervals between the exceedances. In the telecommunications the interest
is the estimation of the risk to lose customers with maximum waiting times (deadlines) exceeding
the threshold. The study of extremal metrics in queueing theory relies on applying extreme value
theory to regenerative processes. A central objective is determining the limiting distribution for
the maxima of waiting times, virtual waiting times, or queue lengths, see for example, [8-11]. The
extreme value theory for independent and one-dependent regeneration processes is developed in
[11]. The algorithm of computing the extremal index of the stationary waiting time of a stable G/G/1
system with distribution belonging to the domain of attraction of Gumbel distribution is given in [9].
The study of the distribution of the cluster and inter-cluster sizes is also an actual problem (see, for
example, results for the Lindley process in GI/G/1 in [12]).

For a stable GI/G/1 system, if a non-zero solution y > 0 exists for the equation e/5~? = 1, the
maximum waiting time converges to a Gumbel distribution. The extremal index 6 in this case is often
amenable to explicit or numerical computation.

For the case of subexponential distributions of service times distributions, the parameter y = 0, and
the asymptotics of extreme values are studied using alternative methods based on the tail behavior of
the waiting times themselves.

The main contribution of this paper is to establish conditions under which the extremal indexes
of two queuing systems can be compared. Another objective is to determine which monotonicity
properties in terms of the extremal index can be established for the systems with mixed service
times.

The paper is organized as follows. In Section 2, we present known results on the extremal index
for GI/M/1 and M/G/1 systems. In Section 3 Theorems 1 and 2 were proved. They establish the
conditions for comparing the extremal indexes of stationary waiting times in M/G/1 and GI/M/1,
respectively. For M/G/1 system the obtained result is extended to the case of a system with mixed
service times with ordered components (Section 3.1). In Section 3.2 we extend results obtained for
GI/M/1 system to multiserver GI/M/c. In Section 4 we investigate the class of limiting distributions of
the stationary waiting time in GI/G/1 system with service time determined by a finite mixture whose
dominant component of the equilibrium distribution belongs to the subexponential distributions.

2. The extremalindexin GI/G/1 system

Let GI/G/1 system have i.i.d. service times, {S;,i > 1} and i.i.d. interarrivals, {r;,i > 1}. Consider
areflected random walk (Lindley process), given by the recursion

Win=W;+X)", i>21, 1)

where (x)* = max(0, x) and X; = S; — t; — i.i.d. non-lattice r.v.s with common distribution function
(d.f.) Fx, EX < 0. Also assume that there is a y such that

EerX = 1. 2)
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LetY, = X;+--+X,,_1, n = 1 (Y, = 0). The actual waiting time W, (or just waiting time) of customer n is
the time from arrival ¢,, to the system until service starts. This process {W,,,n > 1} is a Lindley process

d
(1) generated by {Y;,, n > 0} [8]. In particular, W, = Omax Y, and, if p = ES/E7 < 1 (corresponds to

<kgn
EX < 0), then a limiting steady-state distribution exists. By W we denote a random variable having

the steady-state distribution of actual waiting time process {W,,},
W,=>W, n- .

It is obvious that the behaviour of the tail of P(max Y,, > x) is determined by the components of
X;. Next we consider two cases: the real positive root of the equation (2) y > 0. This case refers to
light-tailed distributions of X; and exponential asymptotic behaviour of waiting time tail. In contrast,
for subexponential distributions of X; we get Ee"X = oo for any y > 0 [8].

Let Fg(x) = 1 — Fg(x) be the tail of d.f. Fg(x) of r.v. S. A d.f. Fy is called subexponential if

N
lim S_(x) =
x=0 pFg(x)

1 foralln>2,

where F_fg"(x) is the tail of the n-fold convolution of the distributions Fg(x) with itself, i.e.,
F_§”(x) =P(S' + -+« + S" > x), where S' is the stochastic copy of S, i = 1, ..., n.

We denote the class of subexponential distributions by §. We also denote by S, the stationary
residual service time given by the probability density function Fg(x)/ES, and let Fg,(x) be the d.f.
of S,.

It is known [8, 10] that if p < 1 the system is stationary, and equation (2) has a real positive solution
y > 0[13], then:

1) if E[Xe'X] < oo, then the tail d.f. of 151;13( Y, is asymptotically (up to certain constant K > 0)

equivalent to an exponential function, namely:

P(rn)ax Y, > x)
lim —2% -k

X— o0 e~rx

2) if E[Xe’X | = o0, then lim P(m>ag( Y, > x) = o(e77¥), as x - oo, where b = o(a) means lim b/a = 0.
nz

X—>00

If S, € 8, then the the stationary waiting time W is also subexponential, W € §, and [13]

P(m)ax Y, > x)
lim —"22 S ®)
X— 00 P(Se > X) 1-p

Denote by M,, = max(W,, ..., W, the largest waiting time among customers 1,...,n. If p < 1 and
there exists a real positive solution to equation (2), then [14-16]

lim P(yM,, — log(bbn) < x) = A(x), 4

where A(x) = exp(—e™*) is the Gumbel distribution and b is a constant. Moreover, M,,/ log n converges
to 1/y whenever possible [15] for all € > 0:
M,
<| 1 —1| > E>—>0 asn — oo.
logn vy 14

For the GI/M/1 system with p < 1, equation (2) gives a unique positive solution y [8, Theorem
5.8]. Moreover, the distribution of the actual waiting time W is a mixture of an atom at zero and an
exponential distribution with parameter y and mixture proportions y/u and 1 — y/u, respectively, [8,
Theorem 5.1]:

Fp()=1—-QQ—-y/we™™*, x>0.
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Theorem 7.5 in [15] implies that the extremal index of the process {W,,, n > 1} for a GI/M/1 system
is calculated by the formula:

o=r(Hwn+3). 5)

where 1.(y) = Ee™"" is the Laplace-Stieltjes transform of interarrival times, 7, and, in addition,
b=1-y/uin (4).
For a stationary M/G/1 system, equation (2) has the following form [8]:

EerS =1+ % )

Furthermore, if equation (6) has a real positive solution y, then the formula for the extremal index

6y becomes [9]:

0= POW = 0)(1 ~ $u() = 52, o)

3. Comparison of extremal indexes in GI/G/1 systems

Consider two queuing systems () and Z® of type GI/G/1 (we assign index i to quantities related to
the i-th system). Let S(ni) be the service time of the n-th customer and rr(,i) be the interval between the
arrivals of the n-th and n + 1-th requests in the i-th system, Et® =1/4,i=1,2. Let Wn(i) be the actual
waiting time of n-th customer, i = 1, 2. Let us denote (if they exist) the distribution limits

WP wd, pnos e, i=1,2

These limits exist, in particular, if the interarrival times 7, i = 1,2 are non-lattice and p; = L;ES® < 1,
i=1,2[8]

Let us compare the extremal indexes 81 and 8 of stationary waiting time processes {Wn(
and {Wn(z)} in the systems (1) and 3, respectively. Further, to compare the r.v.s, we will need the
stochastic order and the order in failure rate. We say that the r.v. Z; is less that r.v. Z, in stochastic
order, Z; < Z, if

st

Dy

F(0 <F,(0. xeR

Let r;(x) := f5(x)/F4(x) be failure rate function of rv. Z, where f;(x) is density function. We say
that rv. Z; is less than rv. Z, in failure rate order, Z; < Z,, if
r

rz,(x) 2 rz,(x), x€R.

The following theorem allows to compare the extremal indexes of stationary waiting times in two
different M/G/1 systems for which the real positive roots of equation (2) exist.

Theorem 1. Suppose that in two M/G/1 systems =V and 5@, p; < 1, E[SDe"5”] < c0,i = 1,2 for and
any y = 0 and relations
Wl(l) = Wl(z) =0, ™MW>7@ O 5@ (8)

r r

are satisfied. Additionally, suppose that there exist real positive roots y; and y, of equation (2) for both
systems. Then the extremal indices of the stationary waiting times are ordered,

60 > 6@, ©)
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Proof. First of all, note that the ordering in failure rate implies the ordering of the exponential
moments [17]. Consequently, from the relations (8) it follows that

1)

EerSY < Eer5?, Ee 7™ <Ee ™, foranyy > 0.

Let y; denote the positive real root of equation (2) for the system X®, i = 1, 2. If there are several such
roots, then, according to Theorem 7.2 in [15], the smallest of them is chosen. Then the equalities

Eeyl(s(l)_-[(l)) — Eeyz(s(z)_f(z)) -1

are satisfied if

" 272
Since the intervals between arrivals are ordered in failure rate, 7" > 7(®, then 4, < 4,. Consequently,
M1/7 < Ay/y,. Moreover, by S < S@, we also have ES® g ES® and 1—p; = 1 — p,. Substituting

these inequalities into the expresswn for the extremal index (7), we obtain

1-p 1-py
o= 1P _ ),
1+ll/yl 1+lz/y2

To illustrate the statement of Theorem 1 we consider the simple example. It’s easy to show that,
for the M/M/1 system, the extremal index of the stationary waiting time has the form

6=(1-p)>

Consider two M/M/1 systems in which the service times are exponential with parameters u; and
Uy, respectively, and u; > u, > 0. Assume that 4, < 1, and p; = 4;/u; < 1, i = 1, 2. In this case, the
conditions (8) are satisfied and

Nn=p—4 2 7’2—#2—/12,9()=(1—P)2 (1—92)2=9(2)’

i.e., the inequality (9) is satisfied.
Now consider M/We/1 system with Weibull service time d.f.

Fg(x)=1—e @ o 850, x>0

The exponential moments Ee? for the Weibull distribution exist only for 8 > 1, so in this case the
equation (6) takes form

z(“}’) <+1)=1+%, forg>1

Now we compare the extremal 1ndexes of waiting times in two M/We/1 systems. For example, let
A=2,a; =025, 8; = 1.51in the first system and 1, = 2, a, = 0.4, B, = 1.2. With these parameters we
have S® < @, By numerical calculation we obtain a single roots y; = 3.7 and y, = 0.79, respectively,

B
therefore, 6™ = 0.35 > 6@ = 0.07.
Now we prove a statement similar to the Theorem 1 for GI/M/1 systems.

Theorem 2. Let the stationarity conditions p; < 1, E[(S(")eys(l) ] < o foranyy > 0,i=1,2, and the
relations (8) be satisfied for two GI/M/1-type systems XV and ¥, Let there exist real positive roots y; and
v, of the equation (2) for these systems and the following inequality holds:

E[tWe11V] < B[t@e727?]. (10)
Then the extremal indexes of the stationary waiting times are ordered as

6 > 6@,
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Proof. In the proof of Theorem 1 it is shown that the roots y; of equation (2) for systems = are
related by the inequality

"2 Y2

and by (8) the exponential moments are also ordered in the same way. Therefore,
b)) < Yo (02)-
Note, that Ere™”” < oo for any r.v. 7 > 0 and any y > 0 and that
i¢ 0 = —E@De 1) i=1,2,
dy; ™"
Thus, it follows from condition (10), that

d d
d—hlpf(l)(h) > d—hll)fa)(?z)-
The equation (2) for the systems under consideration is equivalent to

boo)+yilm=1 i=12

Therefore, expression (5) can be rewritten as

. d d .
60 = Yi(d_yiwf(i)(yi) +1/p) =0~ ¢T<i)(7i))(/v¢id—yi¢r(i)()’i) +1), i=12

From the ordering in failure rate of service times, it follows that x; > u,. Substituting the obtained
inequalities into the expression for the extremal index (5), we obtain the required inequality

O = (1= (1)) g b () + 1) > (1= ()b b (7) + 1) = 6.

It is worth noting that the set of queueing systems satisfying the inequality (10) is not empty. In
particular it holds for the popular M/M/1 system because

d _ A A
d)’z zlb‘[(l)(J/l) - (ll + }/i)z - 'LLIZ )

and if 1; < Ay, 4; > Uy, then condition (10) holds. As another example, consider two systems ) and
=@, with two-component hyperexponential interarrival times, where d.f. tail has form

- ® O] i ..
Fo()=pei*+(1-per*, 1P>0, 0<p<l, x>0, ij=12

Letp = 0.5,/1(11) =1, /1(21) =3, /1(12) =2, /1(22) = 3. Suppose that the service time is exponential with
parameter y; = 4 in () and with parameter u, = 3 in X?. Then numerical analysis shows that only
positive (numerical) solution of (2) is y; = 2.24, for which 8,y = 0.33. Similarly, the unique positive
solution y, = 0.58 can be obtained by solving numerically the equation (2), for which 8,2 = 0.0385.
With these parameters, the conditions (8) and (10) are satisfied, since

rLm(x) =1 < rex) =2; rsm(X) = 4 > rge)(x) =3,

and
V41 > Y2, 9(1) > 6(2).
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3.1. M/G/1 system with mixed service times

Consider a single-server M/G/1-type system X with service time S given by an m-component
mixture d.f.

m m
Fg(x) = Z piFsa(x), Z pi=1, p;=0, i=1,...,m (11)
i=1 i=1

Assume that the rv.’s SU, ..., 5™ are independent and S® has d.f. Fw(x), i = 1,..., m. Denote by
p=AES=) == =3 pip;
i=1 Mi i=1

the traffic intensity of the system X where p; = A/u;, u; = 1/ES®W, i = 1,...,m. Assume that the
components S of the service time S are ordered in failure rate

S ... g s,
r r
Consider two queuing systems X and =™ with inputs (1), 7(™), respectively. Let 7 be the input
process in the original system X, and Er® = 1/1;, ETt = 1/1, i = 1, m. (As usual, the index i relates to
the i-th system.) The service time NOST given by the d.f. Fgp)(x),i=1,m.

Theorem 3. Assume the stationarity conditions p; < 1, i = 1,m; p < 1 hold and the following relations
are satisfied:
T(l) > T Z T(m).
r r

Suppose, that the components of the service time mixture are ordered

S g ... g §m),

r r

Assume that real positive roots of equation (2) exist for all three systems. Then
6 > g > gim),

The proof follows from Theorem 1 and the monotonicity property of waiting times (see Theorems 5
and 6 in [18]).

To illustrate the statement of Theorem 3, consider an M/H,,/1 system as the original system where
service times have m-component mixture d.f.

m m
Fs(x) =) pie™*, ;>0, Y pi=1,p; >0, x>0.
i=1 i=1

We consider two systems X and =™ (of type M/M/1), in which the service times S® have
exponential distribution, Fgi)(x) = e #*, i = 1,m. The interarrival times in all three systems
have exponential distribution with parameter 1. Assume that the stationarity conditions are satisfied
in all systems:

m
pi=/1/,ui<1, i=1,m, p=/12pl/,ul<1
i=1
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The service time failure rate function rg in the original system X is equal to

™M siDE

pipieHix
, x2=0.
pie”H*

re(x) :=*

i=1

The service time failure rate functions S and S in the systems X and (™ are, respectively,
equal to rga)(X) = Uy, Tgmy(X) = Uy,. Itis easy to verify that for

WV

M1 2 Mm 12)
the failure rate functions are ordered as follows:
rea (%) = r5(x) = rgemy(x), x>0,

and, therefore, the service times in these systems are ordered in the failure rate as

s <S< s(m)_
r r

The extremal index in the original system X can be calculated by the formula (7). Moreover, from the
condition for the parameters (12) and the equation (2) it follows that

m m
Aty _ N Pt >y b _ M
A Sui-y g1y -y

and, therefore,
Y —4—-y) 20

and y < u; — A = ;. Further, since p; < p, then

1-p 1-—p; 2 @)
T+l STy, ~ AP =90

Similarly, it can be shown that
A+y =§ DPithi_ _ _Hm

=X ’

A Hum-y  Mm—Y

and y <y, — A = ¥, and therefore,

— 1 P 1 Pm_ _ 2 _ alm)
3 > = =
0 1+/1/V/1+/1/Vm a pM) o

3.2. Extension of Theorem 2 to multiserver systems

The extremal behaviour of multiserver system GI/M/c with ¢ working in parallel servers and service
intensity u is the same as the in GI/M/1 system with service intensity cu with identical interarrival
distribution F(x) [9]. Moreover, if p = (uE7)~! < ¢, then waiting time process has (total variation)
limit which is a mixture of an atom at zero and exponential distribution with intensity y, where y is
unique solution of the equation [8][Theorem 3.2]

o)

_ Y
rX -1-
f e 7*F (dx)=1 v
0
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From (5) one can also easily obtain the relation for extremal index of stationary waiting time in
GI/M/c system by substituting cu instead u, namely,

o=y (Fun+ )

The last formula allows us to compare the extremal indexes of waiting times in two GI/M/c; systems
by adding the condition ¢; > ¢, in Theorem 2. We formulate the obtained result as the following
statement.

Theorem 4. Let the stationarity conditions, p; = 1,ES® < ¢;, i = 1,2, and the relations (8), be satisfied
for two systems =V and Z® of type GI/M/c;. Let there exist real positive roots of the equation (2) for these
systems and

c1 2 Cy.

Then the extremal indexes of the stationary waiting times are ordered as
J=1¢9) > 6@,

In particular, it is easy to check that for M/M/c system

1\2
y—cu—l,6_<1—a> .

Therefore, if 1; < Ay, 4y = Ua, €1 = ¢, then 60 > 62,

4. GI/G/1system with subexponential service times

In this section we consider the systems with the subexponential service times. In contrast to the
light-tailed case, the stationary waiting time W is also subexponential and the relation (3) holds.
Moreover, the maximum stationary waiting time M,, = max(W,, ..., W,) has the same asymptotics as
max(Xy, ... , Xp), as n = oo, with X; = §; — 7; [19]. Moreover, if S € 8, then the extremal index of the
stationary waiting time for systems with subexponential service time is zero [19], i.e.,

6=0.

Now consider GI/G/1 system with m-component mixture service times with d.f. given by (11) with
a dominant component.

We say that a component FU), j € {1,...,m} is asymptotically r-dominant for an m-component
mixture of distributions

m
F(x) = pFO@) + - + puF™(x), D pi=1,
i=1

if

o)
)

——=r; i€{l,..,m}, i#],
x=xg F()(x)

where r = (r,...,Iy), rj = 1,and 0 < r; < 1, for i # j, xp is the right endpoint of F(x).
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The following theorem states that, if in a GI/G/1 system, the service time is determined by a finite
mixture (11) whose r-dominant component of the equilibrium distribution belongs to the class of
subexponential distributions, F 5,0 € 8, then the tail of the limit distribution of the stationary waiting
time is equivalent to the tail of this distribution up to a constant,

lim P(W > x) _

x> Fe ()(x)

Furthermore, the limit distribution of the maximum of the stationary waiting time belongs to the
maximum domain of attraction (MDA) of the distribution of extreme values of the same type as the
maximum of the r.v. defined by the d.f. Fse< j), and the extremal index of the stationary waiting time
is obviously 0.

Theorem 5. Let the original system X be stationary, p < 1. Let the service time be defined by an m-
component mixture of distributions (11) and let there exist a set of numbers

r=(,. h), 0<r;<1l, i#j, r;j=1,

such that the equilibrium distribution of the j-th component is r-dominant in the mixture and belongs to the
class of subexponential distributions, F s € 8. Then
1) The equilibrium distribution of service time belongs to the class of subexponential distributions, Fg, € 8.
2) The tails of the equilibrium distributions Fg, and F sy are equivalent up to a constant,

lim Fs,(x) &
wwﬁ%)iﬁ
where
Fo(x)
r; 1= lim = , 0<r<l, i=1l..,m, i#j, rj=1
¥ Foon(x)
_ piESY

™ ES
3) The tails of the distribution of the stationary waiting time, P(W > x), and the equilibrium distribution
F ) are equivalent up to a constant &,

e

m
1Y piriES®
. P(W>x) E““
lim = m
e Faop() > p;ES®
i=1

=4.

4 IfF s € MDA(G), then d.f. stationary waiting time in the original system Fy, € MDA(G?).
5) The extremal index of the stationary waiting time in the original system is zero, Oy = 0.

Proof. 1) Find the equilibrium distribution of service time in the original system

o0

_ 1 _ _ "o, —
7500 = g5 | (BFs00)+ e aFsmOy = 35 £ [ Ty =
i=1
X

m p:E ) L
= z{ To Fsw() = Z; qiF g (x).
= 1=
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m

Obviously, Y. q; = 1. Thus, the equilibrium service time distribution in the original system is
i=1
a mixture of the equilibrium distributions of the components with mixture proportions g;,

m
Se= NS 4 41,88, Yr=1

where the indicator J; takes the value 1 with probability q;, i = 1, ..., m. It is known that if at least one
component of the final mixture has a subexponential distribution, then the mixture of distributions
belongs to the class of subexponential distributions [20]. Therefore, point 1) of the theorem is proved.
2) Since Fg, is an m-component mixture with proportionality coefficients g;, Where the j-th
component is r-dominant, then Fg, and F ) have equivalent tails up to the constant Z qiri [21].

i=1
3) By relation 3 and point 2) of this theorem,

P(W > x) ~ Fse(x) — Z qiriF(x) = F (), asx > oo,

where a ~ b means a/b — 1 and

m A z p;r;ES®
I

1 —AZp ES(‘)

i=1

The point 4) follows from the point 3) of this theorem and [21, Theorem 8].
5) Since Fg, € 8 then, for GI/G/1 system with subexponential service, the extremal index of the
stationary waiting time is zero [19]. O

Corollary 1. Assume that the system X is stationary, p < 1. Let the service time be given by an
m-component mixture of distributions (11) with components ordered by the failure rate

S ... g st (13)

r r

Suppose that S e 8. Then all statements of Theorem 5 are true.

Proof. It suffices to show that the distribution F( ™) is r-dominant for Fg,. Since the ordering by

failure rate of service times (13) implies the stochastic ordering of the r.v. SO,

S <8I,

st st
that
F ()
——— <1, forallx.
Fom)(X)
e
Obviously, there exist r; such that
- Faw®)
lim —=4/——=r;, 0<r;<1, i=1,...m—-1, r,=1

X2XR B (my(X)
Se

In this case, the distribution FI™ is asymptotically r-dominant for the mixture distribution Fg,,
r=(r,...,hy), hy = 1, and the conditions of Theorem 5 are satisfied for j = m. 0O



Peshkova, I. V. The waiting time extremal index in GI/G/1 system 35

As an example, we consider a stationary GI/G/1 system (i.e., p = AES < 1) with the service times
having an exponential-Pareto distribution [22] with parameter o > 1

Xo
Xo+ X

a
Fs(x)=1—pe—’1SX—(1—p)( ) Ag>0, a>1, x,>0, x30.

In this case the equilibrium distribution function of S, has the form

X

_ = peThs¥ (1 - p)x§
Fg,(x) = u / Fy(dt =1 #< T as 1)(x0+‘;)a_1),
0

where ¢ = 1/ES. Note that
Fs, () = @iF g (%) + @F ) (x)

and
Q1 = 1p/ls, gz = pu(1 = p)xo/(a—1).

By Theorem 5 the limiting distribution of the maximum stationary waiting time M,, is a Frechet
distribution of the form

_ (1 — p)/"/—t‘xo 1-a
lim P(M,, < up,(x)) =e (@=Du—2)

with the normalizing sequence (for x > 0)
Uy (X) = apXx + b, = xoxn@ D _x, nx1.
Indeed, itis obvious that the second component of the distribution is -dominant, withr, = 0,7, = 1,

Fon(x) e Asx
im =2 = lim — % —0=r.

o Fy(x) X X (g + x)5!

Now we find maximum domain of attraction of dominant component ng) .

pe

_a-—1 xo \*, X0 )O‘_l
Fs§2>(x)‘ Xo /(x0+y) dy =1 (x0+x ’

0

Obviously, S? has a Pareto distribution with parameters a — 1, x, and therefore belongs to the class
of subexponential distributions [23]. Let v,(x) = xon/(®~Dx — x,. Then for n — oo,

Xo

a—1
— —a+1
nFng)(vn(x)) = (xo T xgriftaDx — xo) - X , asn— oo,
which implies Foo) € MDA(®,_;) [1] where @, (x) = e ", x > 0, is Frechet distribution.
e

Now we can calculate §

_ AprnESY + (1 - prES®)  ud (1-p)xo
T 1-A(pESD +(1—pES@)  p—-2 a-1 °
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Figure 1. left figure: P(M,, < x) and @,_(x — b,,)/d,,, right figure: P(M,, < dy,x + b;,) and &,_; (x) for group size n = 1000

Since stf) € MDA(®,_,), then by 4) of Theorem 5, Fy, € MDA(®S_)).

Thus, the asymptotic behaviour of the maximum stationary waiting time is determined by the
second component (the Pareto distribution).

Note also, that since F, € MDA(®S_,) with u,(x) = a,x + b,, then F, € MDA(®,_,) with
i, (x) = d,x + b, where a, = a,6V«V, b, = b,,.

To illustrate the conclusion of Theorem 5, we carried out a numerical simulation of the system
for 100 replications. We compare the estimate of P(M,, < x) with ®,_;(x — b,)/d, and the estimate
of P(M,, < d,x + b,) with &,_;(x). We have run a Kolmogorov-Smirnov (K-S) test for goodness of
fit. We find the empirical distribution function for M,, from observed maximum waiting times for
k = 100 groups of customers (each group of size n). Figure 1 demonstrates results for x, = 1, a = 5,
p=0,5,1; = 4,1 = 0.5and group size n = 1000. K-S test statistic is 0.81 for left figure and 0.74 for
right figure. Therefore, our hypothesis that the Frechet distribution with the normalizing constants,
ay, by, describes nicely the maxima of waiting times (at level 0.05) is confirmed.

5. Results

The sufficient conditions for comparing the extremal indexes of stationary waiting time in the M/G/1
and GI/M/1 systems are obtained. We have proven that if in both systems the equation ee’S=?) = 1 has
areal positive roots and the interarrival intervals and the service times are ordered in failure rate then
the extremal indexes are ordered. For M/G/1 the obtained result is extended to the case of a system
with mixed service times with ordered components. In the case of multiserver GI/M/c system we
have shown that it is also possible to establish a comparison of the extremal indexes. We illustrate this
results on examples with some special distributions. For GI/G/1 system with service time determined
by a finite mixture whose dominant component of the equilibrium distribution belongs to the class of
subexponential distributions,we have proven that the tail of the limiting distribution of the stationary
waiting time is equivalent to the tail of this distribution up to a constant, the form of which is obtained.
Furthermore, the limiting distribution of the maximum of the stationary waiting time belongs to
the maximum domain of attraction of the distribution of extreme values of the same type as the



Peshkova, I. V. The waiting time extremal index in GI/G/1 system 37

maximum of the random variables defined by the dominant component, while the extremal index of
waiting time is zero.

6. Discussion

The numerical examples given in Sections 2 and 3 of the article demonstrate the correctness of
the obtained statements. Note that applying the order in failure rate makes it possible to compare
systems with different interarrival distributions and different service time distributions (not just with
identical distributions but different parameters).

To demonstrate the assertion of Theorem 5, we considered a system with an exponential-Pareto
service-time distribution. The results of our numerical experiments show that the asymptotic
distribution of maximum waiting time works well when the traffic is light. Continuing the present
work, we plan to extend the numerical experiments with different distributions and investigate the
sensitivity of the approximation scheme to the group size n and the traffic intensity p.

7. Conclusion

The research examined the conditions under which the extremal indexes of two queuing systems
can be compared. This can be used to select parameters for systems that guarantee a given value of
the extremal index. The extreme behaviour of the stationary waiting time is also considered.
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3KCTp€Maanblﬁ UHAEKC BPpeEMEeHU OXXnaaHnAa B CUCteme
Gl/G/1

W. B. MewkoBa’*?

! MNeTpo3aBoACKMIi rocyfapcTBeHHbIN yH1BepcUTeT, Np. JleHnHa, a. 33, MeTpo3asoack, 185910, Poccuiickas
depepauns

2 IHCTUTYT NPUKNagHbIX MaTeMaTUYecKnx nccnegosaHuii KapHL, PAH, yn. MywknHckas, a. 11, NMeTposasopck,
185910, Pocculickas degepauus

AHHoTauus. B 1aHHOIT paboTe MoJIyYeHb! yCIOBHUA CPABHEHH SKCTPEMaJIbHOTO HH/EKCA CTallIOHAPHOTO Bpe-
MeHU OXUJaHuA B cucTeMax M/G/1 u GI/M/1. DTu ycI0BUs BKIOYAIOT 9KCIIOHeHIIaJIbHOe aCUMIITOTHYeCKoe
IIOBe/leHNe XBOCTa BpeMeHH OXHUIaHUA U MOPALOK 10 MHTEHCUBHOCTH OTKA30B /IJI1 MHTEPBAJIOB MEX/y IIPH-
X0/laMU 3asBOK U JJIS BpeMeHH OOCIIy)KUBAaHUA B CDaBHUBAaeMbIX cucTeMax. Jlind cucreMsl M/G/1 oy4eHHbIH
pesyJIbTaT PacIpOCTPAHAETCS Ha CMeIIaHHBEIe BpeMeHa 00CIy)KUBaHUS C YIOPSJ0YeHHBIMU KOMIIOHEHTaMH.
Ecnu B cucreMe GI/G/1 BpeMs 06CIyKMBaHUS ONIPeAiesIIeTCss KOHEYHO CMeChio, JOMUHUPYIONIasa KOMIIOHEH-
Ta PaBHOBECHOTO paclpe/ieleHNs KOTOPOH IPUHAJIEXUT KJIacCy Cy6oKCIOHEeHIIMaIbHEIX Pacipe/ie/IeHui, TO
XBOCT IIpe/leIbHOTO Paclpe/ieleHs CTalliOHapHOTO BPeMeH! 0XXU/JaHNs S5KBIBaleHTeH XBOCTY 3TOTO pacIpe-
ZieJIeHUs C TOYHOCTBIO 0 KOHCTAHTHI, BEIYHMCIEHHOH B ABHOM Buie. KpoMme Toro, mpeziebHOe paclipesiesieHre
MaKCHMyMa CTAIJMIOHAPHOTI'O BpeMEHH OXXU/JaHUA IPUHAIEKUT 00/1aCTH MaKCHMaJIbHOTO IIPUTOKEHNUS pac-
Ipesie/leHNs SKCTPeMasbHEIX 3Ha4eHNI TOTO JKe THUIIA, 9YTO ¥ MAaKCMYM CJIy4aiHbIX BeJINYMH, ONIpeZieieMbIX
JOMUHUPYIOIIe KOMIIOHEHTOM.

Kniouesble cnosa: BKCTpeMaﬂbeIfI HHIEKC, CUCTeMa 06C]Iy)KI/IBaHI/I$I, YIopAA09€HHOCTD 110 MHTEHCUBHOCTHU
OTKa3sa



