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Abstract. Superconducting properties of twisted tri-layer graphene (TTG) are studied within the scope of the
chiral model based on using the unitary matrix 𝑈 ∈ 𝑆𝑈(2) as an order parameter. To check the superconductor
behavior of this system, the interaction with the external magnetic field 𝐵0 oriented along the graphene sheets is
switched on and the internal magnetic intensity in the center is calculated as the function of the twisting angle.
Vanishing of this function, due to the Meissner effect, being the important feature of the superconductivity, the
corresponding dependence of the magic twisting angle on 𝐵0 is calculated. The unusual effect of re-entrant
superconductivity for large values of 𝐵0 is discussed.
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1. Introduction
It should be noticed that since the discovery of mono-atomic carbon layers called graphenes [1,
2] this material attracted high attention of researchers due to its extraordinary properties
concerning magnetism, stiffness and considerable electric and thermal conductivity [3, 4]. The
important connection was revealed with other graphene-based materials: Fullerenes [5] and carbon
nanotubes [6]. A very simple explanation of these unusual properties of graphenewas suggested in [7],
where the idea of massless Dirac-like excitations of honeycomb carbon lattice was discussed, the
latter one being considered as a superposition of two triangular sublattices. The further development
of this idea was realized in [8, 9].
The unprecedented raise of interest has emerged to graphene-based materials and especially

to moiré super-lattice patterns, this fact being motivated by their unconventional characteristics.
In particular, specific magic-angle systems constructed by stacking two or three graphene layers
twisted relative to each other have shown superconducting behavior [10–18]. However, these
systems exhibit superconducting properties also for the very strong external magnetic fields (up to
10 T) [19], and therefore the standard superconductivity model by J. Bardeen, L. Cooper, J. Schrieffer
and N. Bogoliubov [20] appears to be non suitable for the explanation of this fact. Thus, the
superconductivity in TTG is likely to be driven by a mechanism that results in non-spin-singlet
Cooper pairs. Nevertheless, it can be shown that the phenomenological approach based on the
Landau theory of phase transitions [21] and on the corresponding chiral model of graphene suggested
earlier [8] seems to be well suitable for the description of TTG.
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2. Lagrangian density for the chiral model of graphene
In accordance with the hexagonal structure of the graphene mono-atomic carbon lattice, the three
valence electrons of the atom form strong covalent bonds with the neighbours, but the forth electron
belongs to the so-called hybridized state and appears to be “free”. Thus, let us combine scalar 𝑎0
and 3-vector a fields corresponding to the 𝑠-orbital and the 𝑝-orbital states of the “free” electron,
respectively, into the unitary matrix 𝑈 ∈ 𝑆𝑈(2) serving as the order parameter in our model:

𝑈 = 𝑎0 𝜏0 + 𝚤 a ⋅ 𝝉. (1)

Here 𝜏0 is the unit 2 × 2-matrix and 𝝉 stands for the three Pauli matrices, with the subsidiary
𝑆𝑈(2)-condition being imposed: 𝑎20 + a2 = 1 . To describe a single graphene sheet, one can use the
Lagrangian density of the sigma-model form:

ℒ = −14𝐼 Sp(𝑙𝜇𝑙
𝜇) − 1

2𝜆
2a2, (2)

involving the so-called left chiral current 𝑙𝜇 = 𝑈+𝜕𝜇𝑈 and the coordinates 𝑥𝑖, 𝑖 = 1, 2, 3 and the time
𝑥0 = 𝑐𝑡 derivatives. Comparing the Lagrangian density (2) with that of the Landau–Lifshitz theory [22]
corresponding to the quasi-classical long-wave approximation to the Heisenberg ferromagnetic
model, one can interpret the parameter 𝐼 in (2) as the exchange energy between carbon atoms (per
spacing). The equations of motion corresponding to (2) admit the kink-like or the domain-wall
solution [8]:

𝑈 = exp(𝚤 ̂𝑛𝛩), ̂𝑛 = n ⋅ 𝝉, 𝛩 = 2 arctan exp(−𝑧/ℓ0); (3)

describing the electrons distribution in an ideal graphene plane oriented along the unit vector n and
orthogonal to the 𝑧-axis. The configuration 3 contains the characteristic length ℓ0 = 𝐼1/2/𝜆, which
can be identified with the diameter of the carbon atom ℓ0 = 0.26 nm.
It is worth while to underline that the interaction with an external electromagnetic field can be

included via extending the derivatives in accordance with the gauge invariance principle:

𝜕𝜇 ⇒ 𝐷𝜇 − 𝚤𝑒0𝐴𝜇[𝜏3, 𝑈],

where 𝑒0, 𝜏3,𝐴𝜇 denote the electromagnetic coupling constant, the charge operator and the 4-potential,
respectively. In particular case of the interaction with the uniform magnetic field oriented along the
𝑦-axis the Lagrangian density reads:

ℒ = −14𝐼 Sp(𝑙𝜇𝑙
𝜇) − 1

2𝜆
2a2 − B2

8𝜋 , (4)

where
𝐿𝜇 = 𝑈+𝐷𝜇𝑈, B = (0, 𝐵, 0), 𝐵 = 𝐴′(𝑧), 𝐴(𝑧) = 𝐴1, 𝐵(±∞) = 𝐵0 = 𝑐𝑜𝑛𝑠𝑡.

The unitary matrix 𝑈 for the TTG configuration has the form:

𝑈 = 𝑈1𝑈0𝑈2, 𝑈1 = exp(𝚤 ̂𝑛𝑗𝛩𝑗), 𝛩𝑗 = 𝛩𝑗(𝑧), ̂𝑛𝑗 = n𝑗 ⋅ 𝝉; (5)

n1 = (cos(𝛼/2), sin(𝛼/2), 0), n2 = (cos(𝛼/2), − sin(𝛼/2), 0), n0 = (1, 0, 0), (6)

with the vector a being defined as follows:

a = −(𝚤/2)𝑡𝑟(𝝉𝑈).
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Here 𝑗 = 0, 1, 2 is the number of the correspondent sheet.
In accordance with (4), (5) and (6) the Lagrangian density takes the form:

ℒ = −𝐼[𝑆 + cos(𝛼/2)𝛩′
0(𝛩′

1 + 𝛩′
2) + 𝛩′

1𝛩′
2 (sin

2𝛩0 + cos𝛼 cos2𝛩0)]

− 𝐼𝑒20𝐴2(1 − 𝑃 − 𝑄 + 𝑅) − (𝜆)2/2(𝑋 + 𝑌 + 𝑍) − 𝐴′2/(8𝜋);

where the following denotations are used:

𝑆 = (𝛩′2
1 + 𝛩′2

2 + 𝛩′2
0 )/2,

𝑃 = 2 sin2(𝛼/2) sin2𝛩0 sin 2𝛩1 sin 2𝛩2,

𝑄 = cos 2𝛩0 cos 2(𝛩1 − 𝛩2),

𝑅 = cos(𝛼/2) sin 2𝛩0 sin 2(𝛩1 + 𝛩2),

𝑋 = cos2𝛩0[sin
2(𝛩1 + 𝛩2) − sin2(𝛼/2) sin 2𝛩1 sin 2𝛩2 + sin2 𝛼 sin2𝛩1 sin

2𝛩2],

𝑌 = sin2𝛩0[sin
2(𝛼/2) + cos2(𝛼/2) cos2(𝛩1 + 𝛩2)],

𝑍 = cos(𝛼/2) sin 2𝛩0 sin(𝛩1 + 𝛩2)[cos𝛩1 cos𝛩2 − cos𝛼 sin𝛩1 sin𝛩2].

The boundary conditions read:

𝛩𝑗(−∞) = 𝜋, 𝛩𝑗(+∞) = 0, (7)

and central phases are chosen equal: 𝛩0(0) = 𝛩1(−2𝑙) = 𝛩2(2𝑙) = 𝜋/2, where 2𝑙 stands for the distance
between the sheets.

3. Asymptotic structure of solutions to the equations of motion
At large 𝑧 → ±∞ one can put tan𝛩𝑗 = 𝑢𝑗 → 0 with the discrete symmetry being 𝑢1 = 𝑢2 = 𝑢. The
asymptotic Lagrangian density

ℒ = −(𝐼/2)[𝑢′0 + 2 cos(𝛼/2)𝑢′]2 − [𝑢0 + 2 cos(𝛼/2)𝑢]2 (2𝐼𝑒20𝐴2 + 𝜆2/2),

where 𝐴 ≈ 𝐵0𝑧, admits the symmetry 𝑢0 ↔ 2𝑢 cos(𝛼/2), with the solution being derived through the
substitution 𝑢−1 = sinh𝑤, 𝑢0 = 𝑢 cos(𝛼/2). The asymptotic estimation reads:

𝑢 = 2 exp(−𝑒0𝐵0𝑧2). (8)

As a result, for the vector potential 𝐴 = 𝐵0𝑧 + 𝑎(𝑧), where 𝑎′(∞) = 0, one finds the equation:

𝑎″
4𝜋 = 128 𝐼 𝑒20𝐵0𝑧(1 + cos𝛼) exp(−2𝑒0𝐵0𝑧2)

with the evident solution:

𝐴′ = 𝐵0 − 128𝜋𝐼 𝑒0(1 + cos𝛼) exp(−2𝑒0𝐵0𝑧2),

𝐴 = 𝐵0𝑧 − 128𝜋𝐼 𝑒0(1 + cos𝛼)

𝑧

∫
0

exp(−2𝑒0𝐵0𝑧2) 𝑑𝑧, (9)

where the anti-symmetric property of the vector potential found later was taken into account.
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Now let us investigate the behavior of our system at small 𝑧, where one can put due to (7) the
Lagrangian density for the vector potential taking the form:

ℒ = −2𝐼 𝑒20𝐴2 − 𝐴′2/(8𝜋).

The corresponding equation of motion reads:

𝐴″ − 16𝜋𝐼 𝑒20𝐴 = 0

and admits the evident solution:
𝐴 = 𝐶 sinh(𝑘 𝑧), (10)

where 𝐶 is an arbitrary constant and 𝑘2 = 16𝜋𝐼 𝑒20. Taking the derivative, it is not difficult to find the
magnetic intensity 𝐵 = 𝐴′ = 𝑘𝐶 cosh(𝑘 𝑧).
Now, to fix the value of the constant 𝐶 in (10), let us perform the smooth matching of the

expressions (3), (9) and (10) at some intermediate point 𝑧 = ̄𝑙. However, to simplify this operation, let
us introduce some denotations:

𝑦 = 𝑘𝐶/𝐵0, 𝑥2 = 2 𝑒0𝐵0 ̄𝑙2, 𝛬 = 16(1 + cos𝛼) exp(−𝑥2);

𝛤 = 8𝜋𝐼 𝑒0/𝐵0, 𝜉 =
sinh(𝑥√2𝛤)

𝑥√2𝛤
, 𝜂 = cosh(𝑥√2𝛤).

Also the special representation for the error function is used [23]:

1
𝑥

𝑥

∫
0

exp(−𝑠2) 𝑑 𝑠 = 𝜋1/2
2𝑥 erf(𝑥) = (1 + 𝑔) exp(−𝑥2); 𝑔 =

𝑖∞

∑
𝑛=1

2𝑛 𝑥2𝑛

(2𝑛 + 1)!!
.

As a result, one obtains the following system of equations

𝜉 𝑦 = 1 − 𝛤𝛬(1 + 𝑔), (11)

𝜂 𝑦 = 1 − 𝛤𝛬.

Now it is worth while to stress that, in accordance with the Meissner effect [20], our system reveals
superconducting properties if the relative magnetic field 𝑦 vanishes in the central domain. Let
us first recall some information about graphene properties [24]. For numerical illustration of the
twist effect one can use the following parameters of the chiral model: the spacing 𝑎 = 0.287 nm,
the exchange energy between atoms 𝐸0 = 2.9 eV with the value 𝐼 = 𝐸0/𝑎 = 1.619 nN, the coupling
constant 𝑒0 = 𝑒/(ℏ𝑐), with −𝑒 being the electron charge, the value 𝐼 𝑒0 = 0.246 T being known as the
effective (internal) “magnetic” intensity in graphene, the distance between the sheets 2𝑙 = 0.34 nm.
Taking into account that for standard graphene experiments

𝑥2 ≪ 1, 𝑔 ≪ 1, 𝛤 = (8𝜋)246/𝐵0(𝑚𝑇) ≫ 1, 𝛼 ≈ 𝜋 − 𝜁, 𝜁 ≪ 1, 𝛬 ≈ 8𝜁2;

one concludes that small values of 𝑦 can be provided by so-called “magic” values of twisting angle:

𝜁(𝑟𝑎𝑑) ≈ (8𝛤)−1/2.

It should be noted that the other possible magic twisting angle can be obtained through the reflection
𝛼 ⇒ 𝜋 − 𝛼, which leaves the moiré super-lattice invariant.
Let us now discuss, in view of (11), the case of strong magnetic fields, when the quantity 𝛤(1 + 𝑔)

retains large values. This fact implies the so-called re-entrant superconductivity. Experimental
verification of this effect can be found in [19], the peculiar symmetry properties of TTG system being
underlined earlier in connection with the boundary conditions (7).
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4. Results and Discussions
In our paper the Landau phase transitions method is applied to the twisted tri-layer graphene
model, the order parameter being the unitary matrix, depending on the twisting angle 𝛼. The
superconductivity property of the TTGmodel is proven for the special “magic” twisting angle, the
cases of small and large external magnetic fields being considered.

5. Conclusions
The superconducting properties of the TTG configuration were studied within the framework of the
chiral graphene model suggested in [8]. The product-ansatz being used for the description of the TTG
system, the Lagrangian density and the asymptotic solutions to the equations of motion at small and
large distances were found. Using the anti-symmetric behavior of the vector potential and matching
these solutions at some intermediate point, a pair of algebraic equations for the magnetic field in
the central domain and the twisting angle were obtained. Finally, in view of the Meissner effect,
the correlation between the magic angle and the external magnetic intensity was established. The
important effect of the re-entrant superconductivity was mentioned for the case of strong magnetic
fields.
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Сверхпроводимость и особая симметрия скрученного
трехслойного графена в киральной модели
Ю. П. Рыбаков, М. Умар

Российский университет дружбы народов, ул. Миклухо-Маклая, д. 6, Москва, 117198, Российская
Федерация

Аннотация. Сверхпроводящие свойства скрученного трёхслойного графена изучаются в рамках кираль-
ноймодели, основаннойна использовании унитарнойматрицы𝑈 ∈ 𝑆𝑈(2) в качестве параметра порядка.
Для проверки сверхпроводящего поведения этой системы включается взаимодействие с внешним
магнитным полем 𝐵0, ориентированным вдоль листа графена, и вычисляется внутренняя магнитная на-
пряжённость в центре как функция угла закручивания. Обращение этой функции в нуль, вследствие
эффекта Мейсснера, являющегося важной особенностью сверхпроводимости, вычисляется соответству-
ющая зависимость магического угла закручивания от 𝐵0. Обсуждается необычный эффект возвратной
сверхпроводимости при больших значениях 𝐵0.

Ключевые слова: трёхслойный графен, киральная модель, сверхпроводимость


