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optimal fourth-order methods are considered as an extension of well-known methods that designed only for
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1. Introduction

The problem to find a real solution of nonlinear system
F(x)=0, x=(x3,%3...,%,)  €R" Q)

has many applications in sciences and engineering [1-19]. In general, the root (zero) of equation (1)
cannot be computed exactly. Most of the numerical methods used for solving this problem are
iterative ones. Recently, many high-order iterative methods are presented in literature, see [1-9, 14,
17, 19] and references therein. Some methods [7, 8] of multiplication and division of two vectors,
understood component-wise, are used. Let a = (a;,4a, ...,a,)T € R*and b = (b, b,, ..., b,)T € R™.
Then

a-b= (albl, azbz, ooy anbn)T (S Rn, (2)
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T
a_[(% % Gn n
: (bl’bz""’bn) c R, 3)

The direct consequence of (2) is
a-b=b-a. 4
If a = b then (2) and (3) can be written as

T
a?=a-a=(da} a3, ...,a%) €R",
T

1=(11,..,1) €R™

The purpose of this paper is to construct higher-order iterative methods in R” with multiplication
and division rules (2) and (3). For obtaining the numerical solutions of the equation (1) we often use
the two-step and three-step iterative methods as shown below:

Y = X — F' () 7 F(xy),

— ) )
Xier1 = Yk — TicF () 7 F(yi) or Xpeqq = X — TiF' (X)) F (o),

and
Vi = X — F' (1) F(xp),
2z = Yk — TeF' () "' F (s (6)
Xieq1 = 2k — PF () " F(2p0).

Here T and ¥, are iteration parameters to be determined properly. The convergence order of
iterations (5) and (6) we denote by p and p = p + q respectively. We use C”- convergence order [2]

based on nonlinear residual:

F(x
PGl _
IFCxllo

or

F(Xy1) = O(h?),  h = F(xy).

In our previous papers [11, 14] we find the sufficient convergence conditions in term of parameters
Tk and lpkl

T = I+ O(h), (72)

Tie = I+ 20, + O(h?), (7b)

Tj = I+ 20 + 3d) + 507 + O(h%), (7c)
and

¥, =1+ 0(h), (8a)

¥ =1+ 20, + O(h?), (8b)

Py =1+ 20y + 3dy + 607 + O(h?), (8¢)
where

O = %F'(xk)_lF”(xk)ffk,
di =~ F () F7 (508, ©)

&k = F'(xi) " F ().
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Table 1 Table 2
Summarizing the results of [11] Summarizing the results of [14]

p| T |q| % p=p+q | Tk P
3| (7a) | 1] (8a) s (7a) | (8b)
4| (7b) | 2 | (8b) (7b) | (8a)
5| (7¢) | 3| (8¢c) (7b) | (8b)
6 (7c) | (8a)

(7a) | (8¢)

. (7b) | (8c)

(7c) | (8b)

8 (7c) | (8c)

Summarizing the results of [11, 14], we present in Tables 1, 2 the convergence orders p and p of
iterations (5) and (6) respectively.
It is worth noting that the convergence of iterations (5) and (6) was proved under the following
condition 1
5F "(x) T F (i )OF (xi) T F(xp) = Of + O(R?), (10)

which holds true due to permutation properties of g-derivatives (¢ > 1) [20]. This paper is organized
in five sections. Section 2 is devoted to constructing fourth-order two-step iterations and family of
parametric two-step iterations. Extensions of some well known scalar methods with fourth order of
convergence to solve systems of nonlinear equations are also discussed in this section. In Section 3,
new two-parametric family of sixth, seventh, and eighth-order three-point iterative methods are
constructed. Computational efficiency of the developed iterations is discussed in Section 4. In
Section 5, we describe the outcomes of numerical experiments to confirm the theoretical analysis
and made a comparison of some methods. Finally, we close with conclusions.

2. Construction of new iterative methods
First, we consider the following two-step iterations:

Y = X — F' () T F(xy),

(11)
Xjep1 = X — Oy,

where )
Q= (aF'(x) + bF' () + cF'(0)) (aF i) + BF(xk) + yF(wy)), (12)

Wy = X + &, N = Xp — gé’k anda+b+c#0,aq,b,c,a,f,yare real constants. The convergence of
our iteration (11) is established.

Theorem 5. The convergence order of iteration (11) is equal to four, iff
b= §(1—2;/)(1—4)/), a=1-2y—b, c=2y,

2 . (13)
B=1-2y, a:l—Sy—gb.
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Proof. The Taylor expansions of F'(y,) and F'(7;) at point x; give
F'(yi) = F'(xi)I = 20y — 3dy) + O(h?),
! ’ 4
F'(ni) = F'(x)(I — §(@k +dy) + O(h).

Hence, we have
aF'(xy) + bF' (n) + cF'(yx) = F’(xk)((a +b+c)— (gb(@k +di) +c(20) + 3dk)>> + O(h?).

From this we get

’ ’ ’ -1 _ 1 1 i
(aF’'(xi) + bF' () + cF'(y)) ~ = a+b+c<I+ a+b+c((2c+ 3b)@k+

4 1 (16, 16 2>, 14 o0
+<3b+3c)dk)+(a+b+c)2(9b +4c+ 3bc>@kF(xk) + O(h?).

Similarly, using Taylor expansions of F(y,) and F(wy), we get
F'(u0) ™ (aF i) + BF ) + 7F(wy) = (8 + 200 + (@ + 1Oy + (@ = 1)di )& + O(h*).
Hence, Q given by (12) can be rewritten as

B +20)1 + (%

B+2y (16, 16 a+y 4\ oo ,
+((a+b+c)2(9b +4c+ The)+ (20 + 36))0} )+ O().

B +2y

4
(3 + §b))dk +

(20+§b)+a+y)@k+(a—y+

1
%= el

We find the unknown coefficients in (11) such that [11, 14]
'Qk = (I + @k + dk + 2@i)§k.
This condition gives us

4
a+b+c=1, f+2y=1, 20+§b+oc+y=1,

(14)
a—y+3c+ gb =1, §b2+4c+ 1—36bc+(oc+y)(20+ gb) =2.
The solution of system (14) is (13). 0o
Thus, the iteration (11) becomes as:
Yie = X — F' ()7 F(xp0),
(15)
Xep1 = X — Qi(¥)s
where
! ! ’ -1 4
Qi) = (=27 = BF (i) + bF'(90) + 27F () ((1 =57 = SDF ()
3
+ (1= 2)F () + yFw), b= (1 =271 - 4p),
- _ )
T, = =22 (16)
“T 0k

This family includes some well known methods as particular cases. We consider the particular cases
of family (15):
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1. Lety = % Thenby (13)wegeta=b=8=0,c=1,a= —2 and (15) leads to
Yie = X = F' () F(xp),
1o \— 3 1
Xig1 = X — F' () 1( = 5F0) + EF(wk))’

which is the first iteration obtained by Su in [9].
2. Lety =0. Thenby (13) wegetB=1,c=0,b = z, a= —i, a = —1 and (15) leads to

Yie = X — F' (i) F (xp),
X = %~ (3F00 = SF00) (FO) ~ Fxo),

which is the second iteration obtained by Su in [9].
3. Lety = ‘1—‘. Then by (13) wegeta=c= = %, b=0,a= —‘1—1 and (15) leads to

Yk = X — F'(x)) 7" F(xp),
/ ) - 1 1
Xen = X = (F/0a) + F'0) - (Fxi) + 5F(wi) = 5Fn))-
The following lemma plays key role in constructing high-order iterations.

Lemma 1. The O, given by (9) is equal to

_ FOu)
F(xi)

Oy + O(h?).

Proof. The Taylor expansion of F(y,) at point x;, gives

FOW) = 3F" ()8 = £F" (08 + O(hY).

Then
F(xi) ' F(yk) = (O + di)ék = Okéy + O(h%),

and thereby using (10) we obtain

F' () ' F" (x)F' (xi) T F (i) = F'(x1)™'F" (x)0)Oxcdc + O(h*)
=203 + O(h?).

On the other hand, the left-hand side of (18) can be described as:

F(y) F(y)
o)~ 2K Fny)

F' () ' F" () F (i) T F ()

From (18) and (19) we reach (17).

17)

(18)

19)

O

Note that the same definition (17) for ©, was used in the scalar equation case [11]. In R" with
operations (2) and (3) the iteration parameters Tj, and ¥, turn out to be determined as vectors, that
permit essentially simplification of implementation algorithms as compared with other existing

methods with same order of convergence.
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Theorem 6. The two-step iteration (5) has a third, fourth and fifth-order convergence if and only if the
parameter T satisfies

Tk =1+ O(l’l), (20&)
Ty = 1420y + O(h?), (20b)
TiF' (xi) ™' F(ie) = {1+ O3F (i)™ F (), (20c)

F(y)
F(xy)

Proof. In [21] was shown that the fourth order convergence condition [12] is equivalent to:

where @) = ,1=(1,1,..., DT e r™

T =1+ Oy + 207 + O(h3). (21)
Using (17), (21) and
I
T = or
we obtain
Tk =1+ 2@k + O(l’lz)
Analogously, using (20c) we obtain F(xy, ;) = O(h°). 0o

Using the expansion

1

==~ 1+x+x2+x3+..., |x|=max|xj <1, x€R"
- 1

it is easy to show that T given by formula

_ 1+ a0y + bo;

T, = F(yk)
k = 27
1+ (a—2)0 +doO;

F(xy)’
satisfies the conditions (20a) and (20b). In this case, the two-step iteration with (22) can be written as:
Yie = X — F'(x) 7 F(xp),

_ FQue) + aFg)F i) + bFOR 1y (23)
X = g2+ (a— DFCa)F G0 + AP (%) 0 @ b d e R

a, b,deR, @k = (22)

Thus, we have obtained another family of fourth-order iterations (23). Now we consider some
particular cases of this family.

1. Letb = d = 0. Then (23) leads to

Yie = X — F' ()7 F (),
1+ a@k

— _ 4 -1
Xt = Ve T T (@ = 2)05 2)@kF ()T F(k), a€R.

This is a generalization of King’s method for the system (1).
2. Leta=b=0,d = 1. Then (23) leads to

Vi = X — F'(x) 7' F(xp),
1 S
Xiey1 = Ve — mF (x )" FO), a€R,

which is a generalization of King and Traub’s method for the system (1).
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3. Leta=1,b=-1,d = 0. Then (23) leads to

Yk = X — F'(x) 7 F(xy),
1+60, -0
Xper1 = Yk = ——a—F ()T F(),
1-06,
which is a generalization of Maheshwari’s method for the system (1).

Note that similar extension of King’s, King and Traub’s and Chun’s methods are suggested in [20].
According to the definition given in [20], the family of iteration (23) is the optimal fourth-order one.
Similarly, one can construct the generalization of all known fourth-order methods for system (1).
Analogously, the following theorem is proved:

Theorem 7. The convergence order of two-step iterations (5) equal to five, if Ty satisfies
T = (dI + aty + Bt2)~Y(al + bty + ct}), (24)

where

0= (Ba — 268+ 13c) b= (ax + 188 — 14c¢)

5 5
dzw, a+pB+c#0, o, B,cER. “
Proof. Using the formula (18) and
te = F'(x) ' F' ) = 1 =20 = 3d + O(R?), s = F' ()™ F' (xp),
one can easily shown that (24) satisfies (7c) under (25). 0

We consider some special case of (24), (25).
[«4

1. Letc = = 0. Then by (25) we geta = 3?“, b= -5 d= 3?0( Substituting these values into (24)
we obtain
T = (5t — D7YI + 1),
which is obtained by Wang in [6]. Note that his result is a generalization of method Ham and
Chun (HC5) constructed for the scalar equation case [5].
2. Leta = 8 = 0. Then by (25) we geta = %, b= —L;c, d= %. Substituting these values into (24)
we obtain 1 ; 5
T, = 131— She+ Ztﬁ,
which coincides with result [14, 18].
The formula (24) can be rewritten also in term of s, as:

Ty = (BI + asy + dsp)~(cI + bsy + ast),

which includes choices of Cordero et. al. [1] as particular cases.

Now we consider the following two-step iterations
Yk = Xk — dF’(xk)_lF(xk), aEeRrR a+#o, 26)
- 26
z = Y — TiF' (i) ™" F ).

For iteration (26), the following result holds:
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Theorem 8. The convergence order of the family of iterations (26) equal to four (five, when @ = 1) if Ty,
is given by

Ty =1+ (@a+ 10 +(@*+2a+2)0; + (a® + a+ 1)dy, (27)
where L (FO) + Fw)
= _ Vi) + (W

%=z <—2F(xk) - 1)’ @)
_ 1 (F(y) — F(wy)

4=z ( 2aF(xg) T 1)’ (29)

Wi = X, + dF’(xk)_lF(xk).

Proof. Asin proof of lemma (1), it is easy to show that

58"% = (1 - a1 + a*6y + a’dy + O(h?),
k
(30)
Flwy) _ - 25 A3 3
o) 1+ a)1 + a*Oy — a*dy + O(h°).
From (30) we find &, and dj and obtain (28), (29) with accuracy O(h*). So fourth order (fifth order
when a = 1) convergence condition [14] is satisfied for (27) with (28), (29). O

The adaptation of formula (27) in R" with operations of multiplication and division of vectors
extremely easily realized by (28), (29).

Note that in (26) only one inverse of F'(x;) is required, whereas in the iteration (5) with T;, defined
by (20c) two inverses of F'(x;) and F’(y,) are required.

3. The three-step methods

Now consider three-step iterations

Vi = X — F'(x) 7 F(xy),
Ze = $i(Xi Vi) (31)
Xies1 = 2k — PF (i) T F(2p0).

Here z; = ¢, (xk, yx) is the iteration function of order p > 2.

Theorem 9. The methods (31) have order of convergence p + 1, p + 2, p + 3 if and only if the parameter

Y, satisfies
¥, =1+ O(h), (32a)
¥, =1+ 20 + 0(h?), (32b)
P F' (i) "' Fzy) = {1+ 205}F () T F(zp), (32¢)

respectively. The proof of this theorem is the same as Theorem 7 thus we omit it here. By virtue of
Theorem 2 in [14] the iterations (31) has order of convergence p + 3 if and only if ) satisfies (see
also Table 1).

¥y =1+ 20y + 3dy + 607 + O(h®). (33)
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Using Taylor expansions of F'(y,) and F'(y,)~! one can easily show that (33) equivalent to:

F(y)
F(xi)

¥y = F'(y) " F'(xy) + 20 + O(h®), Oy =

Then by (4) we get
Py F' (xi) " F(zy) = F' () 7' Fzi) + 2F'(x) "' F(2,) 05 + O(h*)
= F'(y) "' (1 + 203)F(z) + O(h?),

in which we used F'(x;)™! = F'(y;)~! + O(h).
Thus, we obtain p + 3 order three-step iterations

Yk = X = F'(x1) 7" F(xy),
Zk = ¢p(xk’yk)’ (34)

Xpy1 = Z — (1 + 2(::83 )2)F'(Vk)_lF(Zk)~

If we use Ty given by (24), (25) in (34) we obtain a family of eighth-order three-step iterations:

Yk = X — F' () F(xy),

zx = Y — (dI + aty + Bt)~N(al + bty + ct)F'(x;) "' F (), 35)
2
X = 2= (14 2( 723 ) 00 Pz,

where a, b and d are given by (25). Besides of (31), we can consider the family of three-step iterations:
Vi =X — aF'(x)"'F(x), a€R, a#o,
2k = Yk = TicF' (i) T F (), (36)
Xip1 = 2k — UF' (i) 7 F ()

For method (36) holds true:

Theorem 10. The convergence order of the family of iterations (36) equal to seven (eight, whena =1) if
Ty is given by (27) and
¥, =1+ 26 + 607 + 3dy. (37)
where @y and dy, are given by (28) and (29) respectively.

Proof. By Theorem 8 we prove that F(z;) = O(hP?), p =4incased # 1and p = 5incased = 1.
The p + 3 order of convergence condition (33) of (36) is realized as (37). So the convergence order of
iterations equals to seven (eight, when a = 1). O

The combination of (15), (23), (20), (24), (27)-(29) and (32) (or Theorem 5-8 with Theorem 9, 10)
gives us a wide set of iterative methods with convergence order p (see Table 3). Below we list only the
most effective methods of them.

- The fifth-order methods:
Yie = X — F' ()" F (),
2k = Y — F' (i) "' F(ye), (38)

FOW) \pr 5 - :
oo F G0 Fz;

xk+1=zk_<1+2
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Iterative methods with convergence order p

P Tjc P P Tjc P P Tjc P P Tjc P
(20a) | (32b) (208) | (320) (16) | (320) (200) | (320)
(20b) | (32a) (20b) | (32b) (20b) | (320) 24) | (320)
(16) | (32a) 22) | (32b) 22) | (320) @D 1 320)

5 6 7 g | 4=1
22) | (322) @7 | (32m) @7 | (320 70 | (80

a#l a#1
(27) (16)
(32a) (32b) (200) | (32b)
a=0
70) | (32a) (24) | (32b)
24) | (32a) @)1 (30p)
a=1

Yk = X — F' () " F(xy),

FOR Vi -
o) 8 F O,

Xiea1 = 2k — F' () ' F(2y),

Ze=ye—(1+2

and
Yk = X — F' () 7 F (),

FOU) \pr . -

ey ) (80 F o),
Fy)
F(xy)

zk=xk—<1+

Xierr = 2t = (1+ 2525 )F (6 F (2.

- The sixth order methods:
Vi =Xk — F' () F (),
Z =X — Qi(¥)s

F(yi)
F(xy)

Note that the iteration (2.19) in [8] is a particular case of (41) when y = 0.

Xpy1 = Z — (1 +2 )F'(Xk)_lF(Zk)-

Vi = X — F' () 7 F(xp0),
F(x))* + 2F(x;)F (yk) + cF(yi)?
F(x)? + (a — 2)F(xi)F () + dF (yg)?

FOR) \prov -
ey ) (0 F .

2k =Yk —

xk+1=zk—(l+2

F'(x ) 'F(), a, ¢, d €R,

Table 3

(39)

(40)

(41)

42)
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Most easy case of (42) is obtained when a = 2, ¢ = d = 0. Another sixth-order iteration obtained

from (34) is
Yie = X — F' () " F (),
2k = Y — F' () ' F(ye),

F(yi)
F(xi)

because of 7, = 1in (43) and F(z;) = O(h?) (see Table 2).

Xyl = Z — (1 + 2( )2)F/(Yk)_1F(Zk)’

Ve = X — F'(x)) ' F(xy),
s == (1+ (F35) Jrow o

Xiey1 = 2 — F' () ' F (2y).

- The seventh order methods:

Yk =X — F'(x) 7 F (xp),
Z =X — Qi(¥),

F(yi)
F(xy)

Xiy1 = Zk — (1 +2( )Z)F'(Yk)_lF(Zk)-

Note that when y = 1/2, the iteration (45) converted to iteration (2.18) given in [8].

Yk = X — F'(x) 7 F(xp),
F(x))* + 2F(x;)F (yk) + cF(yi)?
F(xp)? + (a = 2)F(xp)F(yx) + dF (yy)?

X = 2= (14 2( 722 ) JF 00 Pz,

F'(x ) 'Fy), a,c, d€ER,

2k =Yk —

and
Yie = X — F' ()7 F (),

Zg =Yk — (1 + (5&8 )2>F/(yk)_1F(yk)»
F(yi)
F(xi)

Xierr = 2= (14255 JF o)™ F ).

- The eighth order methods:
Yk = X — F'(x)) 7" F(xp),

FOI\N . v

o) JF 00T Eow,
F()
F(xy)

zk=yk—<1+(

Xiy1 = Z — (1 + 2( )2)F/(Yk)_1F(Zk),

and method (36) with @ = 1.

(43)

(44)

(45)

(46)

(47)

(48)

Note that in (36) only one inverse of F'(xy) is required, whereas in other three-step iterations (44),
(47), (48), (35) with seventh and eighth-order of convergence two inverses of F'(x;) and F'(y,) are

required.
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Remark 1. Using the generating function method [13] one can easily show that the following
replacements

1+ a,0y + b6}
1+ (a; —2)0 +,67

1+ a0y + b,0%
1+ a0 + (b, — 1)0%’

1+ a30y + b;6%
1+ a;30; + (bs —2)0%°

1+2@k=> a, bls C € R,

1+0;=> a b, ER,

1+20;=> as, b; ER,

in the above mentioned methods are also possible and in this case the convergence order maintained.
In this way, we obtain multi-parametric families of iterations.

Note that in [3] the three-step iterations (3), (4), (5) were considered. The original idea is to have
the weight functions Q, and Q, chosen in such a way that the method will be of order higher than
4. But this was not successful as the numerical experiments will show. If we use the operations (2)
and (3) in [3] then Q; and Q, satisfy the conditions (20) and (32). So their method indeed has a sixth
order convergence. It should be also pointed out that in [10] another definition of division of vectors
was introduced and the extensions of some iterations in multidimensional case were considered by

X
means of matrix X such that Xa = bi.e. a — b. But find such matrix X is not easy task.

4. Computational efficiency

In practice, a method is considered computationally efficient if it has higher convergence order
and low computational cost. The computational efficiency index of iterative technique is calculated
by [15]
E= p%,

where p is order of convergence and C = d + op stands for the total computational cost per iteration,
d is the number of function evaluations and op is the number of products and quotients per iteration.
We discuss the computational efficiency of the proposed methods and made comparisons between
these and existing methods of similar nature. We denote by C; and E; the total cost and efficiency
index for i-th method. The E; of the presented iterative methods is given in Table 4.

From Table 4, we see that the iterative method (36) has higher efficiency index. Specific property
of our proposed methods is that they are much easier to implement as compared to other methods.
In fact, each step of our methods requires to solve only one linear system. So passing from x; to xj_;
is realized by solving three linear systems all together. While all other methods of order p = 5, 6, 7, 8
require to solve at least seven or eight linear systems [14, 16]. It makes the algorithms computationally
more efficient. Thus, our methods are more simple and guarantee high computational efficiency as
compared to other same order existing iterative techniques.

5. Results and discussion

The numerical experiments are carried out to confirm the theoretical results obtained in the previous
sections. To get this aim, we consider several test problems, some of them are from real-life problems,
e.g., Lane-Emden type equation and 2D Bratu problem.
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Table 4
Comparison of computational efficiency

Ne  methods p G E;
_ 1 3 2 17 1/C
1 (38) 5 C = m+ 3n* + T 51¢1
2 (39) 5 = §n3 +4n? + gn 51C;
3 (40) 5 C= §n3 +4n? + %n 51/Cs

4 (41),y=0 6 C,

1 16
§n3+5n2+ " 61/Cs

5  (42,a=2 6 Cs

1 1
s +an’ + ?771 61/Cs

c=d=0
=2p3 2, 13 1/C
6 (43) 6 Co=:n’+5n*+—-n 6%
7 (44) 6 Cll = §n3 + 4n2 + %n 61/C11
8 (45) 7 C7 = §n3 + 51’12 + 1?61,! 71/C7
9 (46) 7 G= §n3 +5n% + ?n 71/Cs
10 (47) 7 Cy= §n3 +5m2 4 1_36n 71/Co
11 (48) 8 ClO = §n3 + 5n2 + ?n 81/C10
12 (36) 8 (= §n3 +4n? + 1—37n 8l/Ci

The experiments were made with an Intel Core processor i5-4590, with a CPU of 3.30 GHz and
4096 MB of RAM memory. For comparison, we consider the proposed p-order methods (o = 5,6,7,8)
and methods proposed in [17], [19], [18] and [14], namely, T;, PM7, NLM8, and ZMO8, respectively.
We also consider the sixth and seventh order methods (2.18) and (2.19) in [8]. In Tables 5-8, we give
the error between two consecutive iterations ||x; — x_;|, computational order of convergence p.
(see [17, 19]) is given by
_ In(lXerr = xiell/llxpe = Xie—11D

In(lxk = X /11 — xpe—2l)”

In addition, we include the elapsed CPU time (in seconds) in these tables. For each case, the
following stopping criterion is used to terminate the iterations:

c

Ik = xg_all2 < 1071
Example 1. As a first example, we have taken the following small system (see [8]):

X)X(2) + X3 (X@) + X@)) =2
XWX@E) + X)X + X)) = 1,
XyX@) + X3 (xq) + X@) = 3
X3)X@) + X0)(X@) + X@) = 1.

The initial vector is x, = {—4, =3, —6, —6}T for the solution x* = {—1.04,0.26, —1.64, —1.64}T.
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Comparison of methods for Example 1

Methods ko xx — xe_ill pe  e-time
(38) 4 0.9003e-321  4.99 0.9486
(39) 4 0.1245e-342 4.99 0.9656
(40) 4 0.1983e-306 499 1.2112
SSK5 [22] 4 0.3751e-433 499 1.2507
T, [17] 4 0.4856e-591 499 1.2586
(41),y = 1/2 4 0.4756e-801 599 1.6553
(41),y = 08] 4 0.1132e-714 5.99 1.3688
(42), a=2 4 0.7142e-602 5.99 1.1804
c=d=0

(43) 4  0.7623e-634 5.99 1.3362
(44) 4 0.4561le-711 5.99 1.2558
45),y=0 4 0.2456e-1002 6.99 1.4639
(45),y =1/2[8] 4 0.3452e-1220 6.99 1.1154
(46), a=2 4 0.1138e-1009 6.99 1.0325
c=d=0

(47) 4 0.1988e-1179 6.99 1.7041
PM7 [19] 4 0.7145e-1051 6.99 1.9620
(48) 4 0.9001e-2007 7.99 1.5592
(36) 4 0.8124e-4832 7.99 1.1801
NLMS [18] 4 0.4356e-2089 7.99 1.7416
ZMO8 [14] 4 0.9140e-1991 7.99 1.1874

Example 2. Consider a system with 20 equations (see [6, 19]):

X(i) — COSs <ZX(i) - Z )C(j)> =0,

i=12,..

4

j=1
,20.

Table 5

The solution of this system is x* = {0.5149, 0.5149, ..., 0.5149}T. We choose the initial approximation

Xo = {1,1, ..., 1}7 for obtaining the solution x*.

Example 3. We consider the singular boundary value problem (SBVP) [23]:

u”(x) + %u’(x) +sinu(x) =0, u(0)=1, u'(0)=0.
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Comparison of methods for Example 2

Methods ko lxk = xe-all pe  e-time
(38) 4 0.6894e-589 499 15.838
(39) 4 0.2611e-306 4.99 15.837
(40) 4 0.6894e-589 499 15.791
SSK5 [22] 4 0.5781e-568 499 23.215
T; [17] 4 0.4856e-591 4.99 24.622
(41),y = 1/2 4 0.1374e-1121 5.99 12.036
(41),y =01[8] 4 0.7735e-1156  5.99 12.823
(42), a=2 4 0.8521e-1107 5.99 11.022
c=d=0

(43) 4 0.9195e-1225 5.99 15.005
(44) 4 0.9353e-1292  5.99 12.828
45),y=0 4 0.345%9e-2153 6.99 16.432
(45),y=1/2[8] 4 0.5977e-2102 6.99 18.955
(46), a=2 4 0.9521e-2080 6.99 11.885
c=d=0

47) 4 0.1142e-2181 6.99 11.891
PM7 [19] 4 0.4326e-2298 6.99 37.862
(48) 4 0.1717e-3730 7.99 8.9289
(36) 4 0.7355e-4562  8.00 8.1871
NLMS [18] 4 0.7145e-4451 7.99 26.246
ZMOS8 [14] 4 0.9784e-4962 7.99 26.384

Table 6

After applying finite difference formulas the problem is reduced to a system of n — 1 nonlinear
equations with n — 1 unknowns:

Ug—1 — 2Uy + Upeiq + L (uk—l — U1

h2

Xk

h

We set n = 101 and take the initial guess uy = (0.2,0.2, ... ,02)T.

Example 4. We consider the 2D Bratu problem [19]:

where u = u(x, y).

Uyy + Uyy + A" =0,

Q:{(,y)E0<x<1,0Ly<1},

u=20

on 40,

>+sinuk=0, k=1,23,..n—1.
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Table 7
Comparison of methods for Example 3

Methods ko lxk = xe-all pe  e-time
(38) 4 0.6894e-419 499  33.349
(39) 4 0.2611e-400 499 33.353
(40) 4 0.6894e-409 4.99 32.975
SSK5 [22] 4 0.7561le-457 499 42.121
T; [17] 4 0.8245e-492 499 41.714
(41),y =1/2 4 0.2456e-1007 5.99 64.782
(41),y =01[8] 4 0.4781e-1089  5.99  64.209
(42), a=2 4 0.8521e-1107 5.99 29.247
c=d=0

(43) 4 0.2145e-1059  5.99 43.619
(44) 4 0.9353e-1020 5.99 61.839
(45) 4 0.3785e-1992  6.99 62.167
(45),y=1/2[8] 4 0.5977e-1988 6.99 61.453
(46), a=2 4 0.9521e-1997 6.99 59.098
c=d=0

47) 4 0.1142e-1999 6.99 59.917
PM7 [19] 4 0.1756e-2001  6.99 101.86
(48) 4 0.1717e-2650 7.99 63.181
(36) 4 0.2751e-5821 8.00 58.567
NLMS [18] 4 0.1457e-2775  7.99 120.09
ZMOS8 [14] 4 0.6789%e-2811 7.99 121.55

Applying the finite-difference formulas the problem is reduced to the nonlinear systems:
Ui jyr = Ay j + Uiy j + Uy jog + Uiy j + RPAeM = 0,

where u;; is u at (x;,)) and 1 < i,j < N. For obtaining a large nonlinear system
of size 100 x 100, we take N = 11 and 4 = 0.1. The initial vector is u, =
O.1(sin(7rx1) sin(my,), sin(mx,) sin(mwy,), ..., sin(wxg) sin(nyw))T for the nonlinear system.

As can be observed from the Tables 5-8, the performance of the proposed methods is better than
that of existing methods in terms of accuracy and CPU time. The comparison for considered problems
shows that our method (36) is the fastest as compared to the other methods. The main reason is that

for method (36) the inverse of F’ is used only once in per iteration.
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Conclusions

The main contributions of this paper are:

Comparison of methods for Example 4

Methods ko xx — xe_ill pe  e-time
(38) 4  0.4215e-655  4.99 50.452
(39) 4 0.7653e-696 4.99  50.955
(40) 4 0.4579%e-678 4.99  49.857
SSK5 [22] 4 0.1658e-622  4.99 60.921
T, [17] 4 0.4901e-602 499 62.103
(41),y=1/2 4 0.2145e-812  5.99 83.325
(41),y = 08] 4 0.3457e-805  5.99 111.35
(42), a=2 4 0.9114e-833 5.99 57.112
c=d=0

(43) 4 0.1342e-799 5.99 82.717
(44) 4 0.2456e-843 5.99 83.840
45),y=0 4 0.4589%-1411 6.99 82.105
(45),y =1/2[8] 4 0.9756e-1543 6.99 81.535
(46), a=2 4 0.7946e-1611 6.99 81.397
c=d=0

(47) 4 0.6789%e-1589 6.99 81.912
PM7 [19] 4 0.1456e-1566 6.99 123.82
(48) 4 0.8599e-2316 7.99 85.183
(36) 4 0.6981e-2712 7.99 81.127
NLMS [18] 4 0.7895e-2178 7.99 143.08
ZCO08 [14] 4 0.4879e-2002 7.99 143.66

Table 8

- We propose new fourth and fifth order two-step methods for solving the system of nonlinear

equations in R" with the operations of multiplication and division of vectors.

- We extend the well-known two-point optimal fourth-order methods that designed for solving
nonlinear equations to the systems of nonlinear equations. These are unexpected and elegant

results.

- We also proposed p (5 < p < 8)- order three-step iterative methods for solving the systems of
nonlinear equations. These families of methods include some known methods as particular
cases. Moreover, if we use generating function methods in these methods we obtain multi-
parametric families of iterative methods.
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- The proposed methods (exception of (35)) are simple and require solving three linear systems,
whereas the existing methods of the same order convergence require to solve at least seven
or eight linear systems. Moreover, they based on a multiplicity of vector by vector, instead of
matrix-vector multiplication that inherent in other methods. Both these two factors make our
algorithms computationally efficient and in principle new approach to construct higher order
iterations.

- To illustrate the high efficiency and accuracy of the proposed methods, the numerical
experiments are carried out on both academic and real world problems. Finally, based on
numerical results, one can conclude that our methods are the most efficient and fastest than
the existing ones of similar nature.
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Pa3pab6oTKa M apanTayus MTepauMoHHbIX METOA0B BbICLUEro
nopspka B R" ¢ KOHKPETHbIMM NpaBuiamMu

T. XKaHnas'2, X. OTroHgopx?

L MHCTUTYT MaTeMaTukm 1 UMb POBOIi TexHoNorun, MoHroIbcKas akafeMns Hayk, YnaH-Batop, 13330,
MoHronus

2 MOHrONbCKUIA FrocyapCTBEHHbIN YHUBEPCUTET HayKM 1 TexHonorum, Ynan-batop, 14191, MoHronuns

AnHoTaums. B faHHOI pabGoTe MBI Ipe/IaraeM ABYXIIaroBble UTEPALIOHHEIE METO/BI Y€TBEPTOrO U MISITOTO
MOPSAZKOB [JIs1 pellleHUsI CUCTeM HeJIMHeHHBIX ypaBHEHHH B R" ¢ UCII0/Ib30BaHUEM Ollepaliii BEKTOPHOI'O
YMHO)XeHUS U JlefleHns1. HekoTopble 13 Npe/IJIOKeHHBIX ONITUMAaJbHBIX METO/0B YeTBEPTOrO MOPSIAKA paccMar-
PHBAIOTCS KaK paclINpeHre U3BeCTHBIX METO0B, Pa3paboTaHHbIX UCKITIOUUTEIHO /15 Pelle s HelMHeHHBIX
ypaBHeHUi1. MBI TakKe pa3paboTany TPEXTOUeYHble UTePAI[MOHHbIe MeTOAbI p-opsifka (5 < p < 8) A peltle-
HUS CUCTEM HeJIMHEeHHBIX ypaBHEHN, KOTOPBIE BKIIOYAI0T HEKOTOPHIE U3BECTHbIE UTEPAIUN KaK YaCTHbIE
ciydau. IIpoBeiéH pacdéT U CpaBHEHUE BBIYUCIUTENbHON 3G (hEeKTUBHOCTH HOBBIX MeTOZOB. IIpe/icTaBIeHHI pe-
3yJIbTAThl YUCIEHHBIX 3KCIIEPUMEHTOB /IS IOATBEePX/AeHNA TeOPeTUIeCKUX BEIBOZIOB OTHOCHUTEIBHO IOPA/Ka
CXOZIUMOCTH U BBIYHUCIUTENbHOH 3¢ DeKTUBHOCTH. CpaBHUTEIBHBIH aHAIN3 IEMOHCTPUPYET IIPEBOCXOZACTBO
paspaboTaHHBIX YUCIEHHBIX METOZ0B.

KnioueBble cioBa: HeJMHEHHbIe CUCTEMbI, MeTObI TUIIa HbIOTOHA, IOPSAOK CXOAUMOCTH, BBIUUCIUTEIbHAS
3(b(}eKTUBHOCTD, TPEXIIATOBAS UTEPALIHS



