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Abstract. The problem of finding equilibrium configurations of one-component charged particles, induced by
external electrostatic fields in planar systems, is a subject of active studies in fundamental as well in experimental
investigations. In this paper the results of numerical analysis of the equilibrium configurations of charged
particles (electrons), confined in a circular region by an infinite external potential at its boundary are presented.
Equilibrium configurations with minimal energy are searched by means of special calculation scheme. This
computational scheme consists of the following steps. First, the configuration of the system with the energy as
close as possible to the expected energy value in the ground equilibrium state is found using a model of stable
configurations. Next, classical Newtonian molecular dynamics is used using viscous friction to bring the system
into equilibrium with a minimum energy. With a sufficient number of runs, we obtain a stable configuration
with an energy value as close as possible to the global minimum energy value for the ground stable state for
a given number of particles. Our results demonstrate a significant efficiency of using the method of classical
molecular dynamics (MD) when using the interpolation formulas in comparison with algorithms based onMonte
Carlo methods and global optimization. This approach makes it possible to significantly increase the speed at
which an equilibrium configuration is reached for an arbitrarily chosen number of particles compared to the
Metropolis annealing simulation algorithm and other algorithms based on global optimization methods.
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1. Introduction

The question of how charged particles arrange themselves in a restricted planar geometry attracted
continuous attention for many decades (for a review see [1]). Modern technology allows us to study
such phenomena on the same scale, from Bose condensates with some thousand atoms to quantum
dots with a few electrons, providing rich information about specific features of correlation effects
in mesoscopic systems (see, for example, [2, 3]). However, finding the exact analytical equilibrium
charge distribution (the one that makes the body an equipotential) is not a simple problem. The
existence of the symmetry for considered system may simplify the task. Thomson was the first
to suggest an instructive solution for interacting electrons, reducing the 3D harmonic oscillator
confinement to a circular (2D) harmonic oscillator [4]. He developed an analytical approach, which
enables us to trace a self-organization for a small number of electrons (𝑛 < 10) in a family of rings
(shells) with a certain number of electrons in each shell.

Nowadays, many ideas and concepts introduced in condensed matter physics can be realized and
analyzed with high accuracy as a function of particle number and boundary properties. In fact,
nanotechnology gave rise to emergence of lateral quantum dots creation which properties where not
so obvious in ninetieth. Assuming a circular symmetry of such quantum dots, the first attempt to
understand the distribution of electrons in such confined systems were based on the Monte Carlo
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(MC) calculations for charged particles (ions and electrons) confined by 2D parabolic and hard-wall
potentials (see, e.g., [5–7]). The results of these calculations confirmed the predictions based on
the Thomson model for 𝑁 ≤ 52. The next step in the attempt to find the analytical description of
the distribution of charged particles in the disc geometry have been done in [8]. In this paper the
basic principles of self-organization of one-component charged particles, confined in disk have been
proposed. A system of equations was derived, which allows to determine equilibrium configurations
for an arbitrary, but finite, number of charged particles that are distributed over several rings. This
approach reduces significantly the computational effort in minimizing the energy of equilibrium
configurations and demonstrates a remarkable agreement with the values provided by molecular
dynamics calculations. This paper gave a new impetus to activity in finding the bridge between the
distribution of finite number of confined charged particles to their continuous limit (e.g., [9–15]).
From the analysis, based on MC and MD calculations for a relatively small number of charged

particles, it follows that the number of stable configurations grows very rapidly with the number of
particles. There are many local minima that have energies very close to the global minimum. These
metastable states with lower (or higher) symmetry are found with much higher probabilities than the
true ground state [9, 10]. This picture is akin to a liquid-solid transition, when a rapid cooling gives
rise to a glass-like disordered solid rather than a crystal with lower energy. Therefore, the description
of this phenomenon requires the development of various not only analytical approaches but as well
the effective numerical recipes with growing number of confined particles.
In this paper, we present a new approach for numerical-analytical analysis of the equilibrium

configurations of charged particles (say, electrons) confined in a disk geometry. Using a model of
stable configurations, which takes into account the interaction between shells of charged particles [8,
11], we obtain functional dependencies of the total number of particles of the system on the number
of rings and those of the energy of the equilibrium configuration on the total number of particles.
These dependencies make it possible to significantly simplify the search for the absolute minimum
of the system for a given total number of one component charged particles.

2. System description

The physical formulation of the problem can be as follows. A system of similarly charged particles
is given; they are located in a region with a cylindrical confining potential at the boundary. The
configurations of the particles are determined by the Hamiltonian, in which the potential energy
of the interparticle interaction dominates over the kinetic energy. It is necessary to find a stable
configuration of 𝑁 particles with the minimal energy inside the given region.
Thus, we consider two-dimensional system on a plane consisting of identically charged particles

with mutual Coulomb interaction in the confining disk potential with the radius 𝑅. The Hamiltonian
of such a system can be written as follows:

𝐻 =
𝑁
∑
𝑖=1

𝑉ext(𝑟𝑖) + 𝛼
𝑁
∑
𝑖,𝑗=1
𝑖<𝑗

1
|| ⃗r𝑖 − ⃗r𝑗||

+
𝑁
∑
𝑖=1

𝑇𝑖, (1)

where 𝑟𝑖 = || ⃗r𝑖|| is the distance to the center of the region bounded by the potential𝑉ext(𝑟), 𝛼 = 𝑒2/4𝜋𝜀0𝜀𝑟
is a quantity characterizing the interaction of charges in the medium, and 𝑇𝑖 is the particle kinetic
energy. The confining potential 𝑉ext(𝑟) is defined as follows:

𝑉ext(𝑟) = { 0, 𝑟 < 𝑅;
∞, 𝑟 ⩾ 𝑅.

(2)

To avoid a large number of metastable states (local minima), the system is considered at
temperatures that are close to zero; at these temperatures, the potential energy dominates over
the kinetic one. As a result, it is possible to rewrite the function of the total energy of the system (1)
as follows:

𝐻 =
𝑁
∑
𝑖=1

𝑉ext(𝑟𝑖) + 𝛼
𝑁
∑
𝑖,𝑗=1
𝑖<𝑗

1
|| ⃗r𝑖 − ⃗r𝑗||

. (3)
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The problem is to find a stable configuration of the particle inside the given region with the
minimally possible energy.
Using his model, Thomsom obtained equation (4) for analytical calculation of the coordinates of

particles in the equilibrium state for one ring

𝐸𝑛(𝑟) =
𝛼
2𝑟

𝑛−1
∑
𝑖=1

𝑛
∑

𝑗=𝑖+1

1
sin 𝜋

𝑛
(|𝑖 − 𝑗|)

= 𝛼𝑛𝑆𝑛
4𝑟 , (4)

𝑆𝑛 =
𝑛−1
∑
𝑖=1

1
sin 𝜋

𝑛
𝑘
.

Here, 𝐸𝑛(𝑟) is the Coulomb energy of 𝑛 particles with the charge 𝑒 uniformly distributed along
a circle with the radius 𝑟, 𝛼 = 𝑒2/4𝜋𝜀0𝜀𝑟 is the quantity characterizing the interaction of charged
particles in the medium. Without loss of generality, electrons with the charge 𝑒 are considered as
charged particles below. An original approach to the calculation of equilibrium configurations and
the corresponding energy was formulated in [8, 11]; in this approach, the interaction between shells
consisting of charged particles is also taken into account in addition to the energy of one ring (one
shell). As a result of solving the (5)

ℱ𝑖 = 0, 𝑖 = 2,… , 𝑝.

ℱ𝑖 = 𝑟2𝑖
𝑝
∑

𝑗=𝑖+1

𝑛𝑗𝐸 [(𝑟𝑗/𝑟𝑖)
2]

𝑟2𝑗 − 𝑟2𝑖
− 𝜋
8 𝑆𝑛𝑗 + 𝑟𝑖

𝑖−1
∑
𝑗=1

𝑛𝑗 (
𝑟𝑗𝐸 [(𝑟𝑖/𝑟𝑗)

2]

𝑟2𝑗 − 𝑟2𝑖
−
𝐾 [(𝑟𝑖/𝑟𝑗)

2]
𝑟𝑗

) . (5)

Here, 𝐾 = 𝑋−1(𝐸 = 𝑋1) are the complete elliptic integrals of the first (second) kind: 𝑋𝑝(𝑥) =
∫𝜋/2
0 𝑑𝑡(1 − 𝑥 sin2 𝑡)𝑝/2; 𝑟𝑖 is the value of the 𝑖th optimal radius for the given stable configuration of
charged particles; and 𝑛𝑖 is the number of particles in the 𝑖th shell.
As preliminary analysis showed, the solution of these equations makes it possible to significantly

reduce the amount of computational work by finding the state that is closest to the equilibrium
configuration. It is worth noting that this approach allows us to almost exactly determine both the
equilibrium configuration and the total energy of the equilibrium state for 𝑁 < 52.
In this paper, we develop a new approach and methods for calculating the coordinates of particles

and the energy of the equilibrium configuration for an arbitrary finite number of particles using the
obtained analytic dependencies of the distribution of particles and the energy of the equilibrium
configuration on the total number of particles in the system for 𝑁 < 1000.

3. Computational scheme

To further increase the efficiency and reduce the calculation time, the following modification of the
traditional approach based on the molecular dynamics method [16] is proposed in this paper.
The computational scheme consists of the following steps.
1. We use interpolation formulas (6) for calculation initial particle distribution

𝑁𝑖 (𝑁) = 𝑎𝑖𝑁
2
3 − 𝑏𝑖, (6)

𝑖 1 2 3 4 5 6
𝑎𝑖 2.7948 1.3439 1.1323 1.0127 0.9482 0.8517
𝑏𝑖 3.9444 7.2999 10.845 14.850 19.128 21.732

Formulas (6) were obtained by interpolating solutions [17, 18] to equations (3) of the equilibrium
configuration model [8, 11].

2. Using the initial distribution of particles inside the circular region obtained in the previous
step, we run ab initio calculations using Newtonian molecular dynamics. The dissipation of
energy for cooling the system upon reaching the ground state with a minimum of potential and
zero kinetic energy is modeled by adding to the equations of motion a viscous friction force
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proportional to the speed (7), which realizes the corresponding outflow of energy from the
system.

𝑚 ⃗r ′′
𝑖 = −∇𝑖𝑉 ( ⃗r𝑖) − 𝑏𝑓 ⃗r ′

𝑖 , ∀𝑖 ∈ {1, 2, 3,… ,𝑁} . (7)

Here 𝑉 (r⃗𝑖) = 𝑉ext(𝑟𝑖)+𝛼∑
𝑁
𝑖,𝑗=1
𝑖<𝑗

1
||r⃗𝑖−r⃗𝑗||

includes the external confining potential plus the Coulomb

terms, and the friction coefficient 𝑏𝑓 is the parameter controlling the quenching of velocities.
For calculations we used quenched velocity Verlet algorithm. Let at some moment of time 𝑡

the coordinates ⃗r𝑖(𝑡) and velocities v⃗𝑖(𝑡) of the particles be given, then at the moment of time
𝑡 + 𝛥𝑡, where 𝛥𝑡 is some fixed time step, we can obtain the coordinates ⃗r𝑖(𝑡 + 𝛥𝑡) and velocities
v⃗𝑖(𝑡 + 𝛥𝑡) using the following formulas (8), (9), (10).

⃗f𝑖(𝑡) = −∇𝑖𝑉 ( ⃗r𝑖(𝑡)) . (8)

⃗r𝑖(𝑡 + 𝛥𝑡) = ⃗r𝑖(𝑡) + v⃗𝑖(𝑡)∆𝑡 +
1
2 (f⃗𝑖(𝑡) − 𝑏𝑓v⃗𝑖(𝑡))𝛥𝑡2. (9)

v⃗𝑖(𝑡 + 𝛥𝑡) =
(2 − 𝑏𝑓𝛥𝑡) v⃗𝑖(𝑡) + (f⃗𝑖(𝑡) + f⃗𝑖(𝑡 + 𝛥𝑡)) 𝛥𝑡

2 + 𝑏𝑓𝛥𝑡
. (10)

This is the so-called quenched molecular dynamics method.
3. The final stage of calculations includes a fairly large sequence of runs of molecular dynamics

calculations described at the previous step, which is due to the existence of a number of
metastable states that exponentially increases with the number of particles near the point
of global minimum of energy.
In order to estimate the minimum number of runs 𝑁runs to obtain the ground state energy

value 𝐸min as close as possible to the global minimum, the following procedure is used. First,
a certain number of runs are performed depending on the number of particles in the system.
Then the probability of finding the minimum 𝑃(𝐸min < 𝐸val) is calculated. Then the estimate for
the minimum number of runs has the following form 𝑁runs = 1/𝑃(𝐸min < 𝐸val).

For a sufficiently large number of runs 𝑁runs, in accordance with the Central Limit Theorem, the
energy values of metastable states calculated in each run are distributed in accordance with the
Gaussian distribution. Typically, the value 𝐸avr−3𝜎 is used as 𝐸val. In this case, for a system consisting,
for example, of 1000 particles, 𝐸avr − 3𝜎 = 736980.1734 in reduced units (𝐸avr is an average value for
the general sample for all runs. And 𝜎 is the corresponding standard deviation.). At a given value of
𝐸val, the minimum number of runs 𝑁runs to obtain the global minimum energy must be greater than
741.

However, we use a different version of probability estimation and, accordingly, aminimumnumber
of runs to practically guarantee obtaining the minimum energy value. This value was obtained using
the asymptotic formula (11) for the minimum energy of the ground state, obtained by the authors [17,
18] based on an analysis of solutions to the equations of the equilibrium configuration model [8, 11].

𝐸𝑚𝑖𝑛(𝑁) =
𝜋
4 𝑁

2 − 𝜋
2 𝑁

3
2 +√

𝜋
2𝑁 (11)

In this case, the estimate for 𝐸val for 1000 particles will be equal to 736978.54, which is approximately
equal to 𝐸avr − 4𝜎. The corresponding minimum number of runs 𝑁runs to obtain the global minimum
energy must be greater than 25237. This value for the number of runs 𝑁runs looks more realistic for
the case of the initial configuration of particles distributed randomly within the disk.
As an initial approximation, the particle distribution obtained by solving equations of the model

of equilibrium configurations (5) for a certain number of rings is taken. After that, calculations are
started using the quenched molecular dynamics method under the condition of a gradual decrease in
the system temperature. When the zero temperature is reached, the calculations of the time evolution
of the system are considered to be completed, after which the energy of the resulting equilibrium
configuration of particles in the system is calculated.
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For example, for the above-mentioned systemof 1000 particles, we fixed the distribution of particles
on the outer ring in the initial configuration 𝑁1 = 276 in accordance with the formula (6). As a result,
we needed only 500 runs to obtain the minimum ground state energy equal to 736979.7283. The best
published value known to us is 736977.7079. This value can be obtained, according to our estimates,
for a number of runs no less than 25237 [14].

4. Conclusions

The effectiveness of the approach proposed in this article for calculating the global minimum energy
for the ground state of the above-mentioned systems of charged particles is based on the following
modifications of the traditional molecular dynamics method.
First, the initial configuration for molecular dynamics calculations was calculated using analytic

solutions of the equations of the equilibrium configurationmodel [8, 11]. Secondly, to cool the system,
energy dissipation was carried out due to viscous friction forces. For this purpose, the Verlet velocity
scheme with quenching was used. Finally, to estimate the number of molecular dynamics runs
with different initial conditions, we used an asymptotic formula [17, 18] for the ground state energy,
obtained from an analysis of solutions to the equations of the equilibrium configuration model [8,
11]. As a result, the computational efficiency in terms of computation time has increased by more
than two orders of magnitude.
The algorithms and programs developed by us can be used to numerically study the stability

of systems of charged particles in various fields of physics, chemistry, molecular biology, and
nanotechnology, including, for example, the study of nano-objects, such as quantum dots.
Funding: The work was supported within the framework of the Joint Institute for Nuclear Research project no. 05-6-1118-
2014/2023 with the use of resources of the HybriLIT heterogeneous cluster of the Laboratory of Information Technologies, Joint
Institute for Nuclear Research. Work by E.G.N. partially supported by the Basic Research Program of the National Research
University “Higher School of Economics”.
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Компьютерные исследования зависимости от числа частиц структуры
основного состояния двумерной системы заряженных частиц
ограниченных круговым потенциалом
Э. Г. Никонов1, 2, 3, Р. Г. Назмитдинов1, 2, П. И. Глуховцев2

1 Объединенный иститут ядерных исследований, ул. Жолио-Кюри, д. 6, Дубна, 141980, Российская Федерация
2 Государственный университет «Дубна», ул. Университетская, д. 19, Дубна, 141980, Российская Федерация
3 Национальный исследовательский университет «Высшая школа экономики»,
ул. Таллинская, д. 34, Москва, 123458, Российская Федерация

Аннотация. Проблема нахождения равновесных конфигураций однокомпонентных заряженных частиц,
индуцированных внешними электростатическими полями в планарных системах, является предметом
активных исследований как в фундаментальных, так и в экспериментальных исследованиях. В данной
работе представлены результаты численного анализа равновесных конфигураций заряженных частиц
(электронов), удерживаемых в круговой области бесконечным внешним потенциалом на ее границе.
Равновесные конфигурации с минимальной энергией ищутся с помощью специальной схемы расчета.
Данная вычислительная схема состоит из следующих шагов. Сначала с помощью стационарной модели
находится конфигурация системы с энергией, максимально близкой к ожидаемому значению энергии
в основном состоянии равновесия. Далее используется классическая ньютоновская молекулярная дина-
мика с использованием вязкого трения, чтобы привести систему в равновесие с минимальной энергией.
При достаточном количестве прогонов мы получаем устойчивую конфигурацию со значением энергии,
максимально близким к глобальному минимальному значению энергии для основного устойчивого со-
стояния для заданного числа частиц. Наши результаты демонстрируют значительную эффективность
использования метода классической молекулярной динамики (МД) при использовании интерполя-
ционных формул по сравнению с алгоритмами, основанными на методах Монте-Карло и глобальной
оптимизации. Такой подход позволяет существенно повысить скорость достижения равновесной кон-
фигурации для произвольно выбранного числа частиц по сравнению с алгоритмом моделирования
отжига Метрополиса и другими алгоритмами, основанными на методах глобальной оптимизации.
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