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Abstract. The problem of the correct asymptotic construction of the radial structure
of linearly unstable ion-sound electrostatic eigenmodes is studied. The eigenvalue
problem with boundary conditions of the first and second kind (electrodynamic and
hydrodynamic types) for the oscillations that propagate in a uniform cylindrical
column of magnetized plasma along an axial homogeneous magnetic field is formulated.
A method for constructing a discrete spectrum of small-scale unstable oscillations
of the system based on the basic principles of geometric optics is proposed. The
main idea of the method is an explicit idea of the type of boundary conditions —
the conductivity and absorbing properties of the wall bounding the plasma cylinder.
A dispersion relation for unstable small-scale modes destabilized due to the effects of
differential rotation is derived from the Fikonal equation. For the correct construction
instability growth rates spectra an universal recipe for the selection of radial wave
numbers of small-scale eigenmodes in accordance with any of the types of boundary
conditions is proposed.
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1. Introduction

It is well known that rotation of the plasmas in magnetic field is a source of
various instabilities [1-6]. The most common of them are of a convective nature
and occur for non-axisymmetric flute-like perturbations with m # 0 and k=0
(m is the azimuthal wave-number of perturbations and k| is the projection
of the wave vector on the direction of magnetic field). Recently was shown
that electrostatic axisymmetric (m = 0) perturbations with frequencies in the

ion-sound region in uniform plasma column in homogeneous magnetic field
are destabilized by rotation, if the generalized momentum of ions decreases
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with radius [7]. However, the question about radial structure of these unstable
perturbations is still open.

In this paper we estimate a radial structure of untable eigenmodes in a dif-
ferentially rotating magnetized plasma column. Solutions of wave equation for
axisymmetric perturbations is obtained by geometrical optics approximation.
The corresponding dispersion relation is derived from eikonal equation.

2. Wave equation

The general wave equation for axisymmetric perturbations of the electro-
static potential ® in a differentially rotating uniform plasma column with
cold ions and hot electrons immersed in the axial magnetic field takes the
following form, [7]:

(e q>’, 1 ks =0 1
F(wtx(r)w%f )* B @

where ¢, is the ion-sound speed, w is the perturbation frequency, wp, is the
ion-cyclotron frequency and kj is the wavelength along axial magnetic field.

The variable
K(r) = (1 + 2£> (1 + 1(#9)’) 2)

Wp; r Wpg;

defines the rotation profile of plasma (). Prime implies the radial derivative
d(...)/dr. Without rotation, Q = 0, Eq. (1) describes proradation of the
ion-sound waves along cylindrical plasma waveguide.

Together with the boundary conditions (BC), Eq. (1) constitutes the
eigenvalue problem. At the center of plasma column, » = 0, the solution is
required to be finite, |®(0)| < co. On the inner wall the are two types of
BCs are exist. For plasma column with ideally conducting wall at radius R,
we require ®(r = R) = 0, which provides zero tangential component of

the perturbed electric field, Ez = —k:HCI). If the inner wall does not absorb

particles, we require ®’(r = R) = 0 that corresponds the standard “no flux”
BC in fluid dynamics, because displacement of ions is proportional to radial

electric field £, = —®’ [7, 8].

3. Solution of eikonal equation for unstable
perturbations

For an arbitrary profile of rotation (r) the exact solution of the Eq. (1)
does not exist. However, the studied problem can be solved asymptotically.
At first, let us consider solution of the Eq. (1) in the following form

O(r)=A(k,S(r))exp[ikS(r)], (3)



376 DCM&ACS. 2022, 30 (4) 374-378

where k is the radial wavenumber and S(r) is the eikonal |9, 10]. In the lowest
order by 1/k one can find the standard eikonal equation

(8)? = N2. (4)
Here N is the refractive index of he medium, which is in considered problem

equals
kQCg w? — k(r)w.
2 _7‘72(r) (1 H2 ) ( c§ ) Bz). (5)

S

As easily seen, the instability occurs only when k(r) < 0. For unstable
solutions with growth rate v = —iw Eq. (5) gives

NQ(,,,) _ (1 + k|§5> ('72 _IL’ZingZBz) >0 (6)

~

and Eq. (3) have only one trivial solution
S(r) = / N2(z)dz. (7)
0

Finally, the desired solution of the wave equation (1) in the lowest order of
geometrical optics approximation takes the form

®(r,z,t) = By exp {zk /O Qe (z) d:):] exp [i(kyz — wt)] (8)

where @ is the complex amplitude.
Thus, one can find that Eq. (8) could be used for construct eigenfunctions
with discrete spectra of 7,, by discrete values of radial wavenumbers n = w/kR:

S, (r,2,t) = P, {COS {k/ Nﬁ(w,vn)dﬂc} + 7sin {k‘/ N2(:E,'yn)dx}} X
0 0

X exp [i(kHz — wt)} . (9)

4. Conclusion

It is shown that a sufficiently complex wave equation (1) for the electrostatic
ion-sound perturbation of magnetized plasma with an arbitrary profile of
rotation can be solved analytically by the geometrical optics approximation.
The radial structure of normal modes is constructed by Eq. (9) and their
spectra are described by eikonal (7).
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IlocTpoenmne pagnajabHOU CTPYKTYPbI HEYyCTOMYINBBIX
MOHHO-3BYKOBBIX KOJIeOaHWiI BO Bpalljaioniencsa
3aMarHuYeHHON IJia3Me NPU ITOMOINN ypaBHEHUS
IUKOHAaJIa

H. A. Mapycos''?
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Annoramus. Paccmorpena 3aada 0 KOPPEKTHOM aCHMIITOTHIECKOM TIOCTPOEHUU Pa-
JAUAJILHON CTPYKTYPbI JUHEHHO HEYCTOMYUBBIX COOCTBEHHBIX JIEKTPOCTATHIECKUAX
KoJIe6aHUI MOHHO-3BYKOBOI'O THIIA, PACIPOCTPAHAIOIIMXCS B OJHOPOIHOM IUJIUHIPH-
YEeCKOM CTOJIOe 3aMAarHUYIEHHON ILJIa3Mbl BIOJIb OCEBOTO OIHOPOIHOIO MarHUTHOTO
moJjid. B muumHaIpuaeckoit 061acTi MPOCTPAHCTBA KOOPAUHAT CPOPMYIUPOBAHA 33,18~
Ja Ha COOCTBEHHbBIE 3HAYEHUS C KPAEBLIMHU YCJIOBHSMH IEPBOTO M BTOPOI'O POJA
(37IEKTPOIMHAMUYIECKOTO U THUIPOAMHAMUYIECKOrO THIA) JIJIsI BOJHOBOIO YDAaBHE-
HUS MOHHO-3BYKOBBIX KoJiebanuit. Ha ocHOBe 6a30BBIX MPUHITAIIOB T€OMETPUIECKOM
OIITUKHM IIPEJIOXKEH METOJ ITOCTPOEHUS AUCKPETHOTO CIEKTPa MEJIKOMACIITaAOHBIX
HEYCTOMYMBBIX KOJIEOAHUN MCCIIELyEMOl CUCTEMBI, B OCHOBE KOTOPOI'O JIEXKHUT sIBHOE
[IPEJ/ICTABJIEHNE O TUIE KPAEBBIX YCJIOBHIl — IMPOBOIUMOCTH U MOTJIOIIAMOIINX CBOIi-
CTBaX CTEHKHU, OIPAHUIUBAIONIEH IIJIa3MeHHbIN muauHap. [Ipu momomu ypaBHeHUsT
SHKOHAJIA, TOJIYYEHO JUCIIEPCHOHHOE COOTHOIIEHUE JJjIsi HEYCTOMIUBBIX COOCTBEHHDBIX
MEJTKOMACITITAOHBIX MOJ, JeCTa0MIN3NPOBAHHBIX 38 CIET 3(hPeKTOB auddepeHinaib-
HOT'O BPAIEHNA — HEOIHOPOIHOTO 10 PAIIYyCy MPOoduia yIiIOBOM CKOPOCTHA MOHOB,
BPAIAIOIINXCS BOKPYT OCH CUMMETPHUH, BIOJIb KOTOPO HAIIPABJIEH BEKTOP WHIYKIIAN
MarHuTHOIO 110JIst. I KOPPEKTHOIO OCTPOEHHUsI CIIEKTPA, JIUCKPETHBIX HHKPEMEHTOB
HEYCTOWYMBBLIX KOJIEOAHUN TTPEJIOyKeH YHUBEPCAJIbHDBIN PerenT moad0pa paaraaIbHbIX
BOJIHOBBIX YHCEJI MEJIKOMACIITAOHBIX COOCTBEHHBIX MOJI B COOTBETCTBHUH C KAKAM-JTH00
13 TUIIOB KPAEBbIX yCJIOBUIA.
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