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In this work, a numerical study of the solutions of the parabolic and hyperbolic
equations of heat conduction with the same physical parameters is carried out and
a comparative analysis of the results obtained is carried out. The mathematical
formulation of the problem is discussed. The action of the laser is taken into account
through the source function, which was chosen as a double femtosecond laser pulse.
In the hyperbolic equation, in contrast to the parabolic one, there is an additional
parameter that characterizes the relaxation time of the heat flux. In addition, the
source of the hyperbolic equation contains an additional term — the derivative of
the power density of the source of the parabolic equation. This means that the
temperature of the sample is influenced not only by the power density of the source,
but also by the rate of its change. The profiles of the sample temperature at different
times and its dynamics at different target depths are shown. The calculations were
carried out for different time delays between pulses and for different relaxation
parameters.
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1. Introduction

The study of the interaction of femtosecond laser pulses with matter is
important in connection with many fundamental problems (physics of non-
equilibrium processes, generation of shock waves, laser acceleration of ions,
modification of the properties of the irradiated material, etc.) [1]–[3].

Currently, there is a growing need for the creation and improvement of
physical models capable of describing various processes in matter. Moreover,
computer modeling now occupies one of the main places in the study of such
problems. There are two approaches to the study and creation of physical
models — atomistic and continuous.

Atomistic approaches (molecular dynamics method) allow natural consider-
ation of the atomic structure of the crystal lattice, the effect of impurities,
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the presence of dislocations, the kinetics of phase transitions, etc. The contin-
ual approach (solving the equations of continuum mechanics) includes the
parabolic and hyperbolic heat equation, the two-temperature model of heat
conduction, the two-temperature hydrodynamic model, etc. [2].

The molecular dynamics (MD) method [4] can be used to describe the
dynamics of fast processes that arise in a substance under the action of a laser
pulse. MD is quite effective for microscopic analysis of the mechanisms of
melting and evaporation [5], [6]. The appearance and propagation of pressure
waves generated by laser radiation [7], [8], as well as the dynamics of laser
ablation [9], are well modeled using the MD.

Each approach has its own problems. When studying transport processes
within the framework of a parabolic equation, a problem that arises is the
infinitely high speed of thermal perturbation propagation (a consequence of the
Fourier law). Generalizing the Fourier law, taking into account the relaxation
time of the heat flux, we obtain the hyperbolic equation of heat conduction.
The relaxation time is a characteristic of nonequilibrium of the heat conduction
process. Under exposure to femtosecond pulses, non-equilibrium heating of
the material occurs. Therefore, the study of such processes may turn out to
be more adequate using the hyperbolic heat equation.

In this work, we carried out a numerical study of the physical processes
arising under the action of femtosecond laser pulses within the framework of
the parabolic and hyperbolic equations of heat conduction and carried out
a comparative analysis of the results obtained.

2. Setting of the problem

When simulating thermal processes arising in materials under the action of
femtosecond laser pulses, we use a hyperbolic model of the heat conduction
equation:

𝑐𝜌 (𝜕𝑇
𝜕𝑡

+ 𝜏𝑟
𝜕2𝑇
𝜕𝑡2 ) = 𝜆𝜕2𝑇

𝜕𝑥2 + 𝐴(𝑥, 𝑡) + 𝜏𝑟
𝜕𝐴(𝑥, 𝑡)

𝜕𝑡
. (1)

Here 𝑐, 𝜌, 𝜆 are the specific heat capacity, density, and heat conductivity of
the sample material, respectively. 𝑇 (𝑥, 𝑡) is the sample temperature, 𝐴(𝑥, 𝑡)
is the source function, which determines the heat release power density at
the point with the coordinate 𝑥 at the time moment 𝑡, 𝜏𝑟 is the characteristic
time of energy flux relaxation.

The second term in the left-hand side of equation (1) reflects the fact that
the thermal process is actually hyperbolic rather than parabolic, and this
model of heat conduction is widely used in practice [1], [10]–[12].

The relaxation time 𝜏𝑟 of the heat flux is related to the velocity of heat

propagation by the formula 𝑣 = √𝜆/𝑐𝜌𝜏𝑟. If 𝑣 → ∞ (i.e., 𝜏𝑟 → 0), then

we get an equation of the parabolic type. The term 𝜏𝑟𝜕𝐴/𝜕𝑡 means that
the temperature 𝑇 is affected by not only the power density of its sources,
but also by the rate of its change. For metals [12] 𝜏𝑟 = 10−11 𝑠; for steel
𝑣 = 1800 𝑚/𝑠, for aluminum 𝑣 = 2830 𝑚/𝑠, for amorphous bodies like glass

and polymers the relaxation time attains 10−7 − 10−5 𝑠; in this case 𝑣 can
exceed the velocity of sound propagation 𝑣𝑠 in these media.
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In general, the heat capacity, thermal conductivity, and material density
depend on temperature. In this work, the temperature dependence of the
parameters of the sample material is disregarded.

Equation (1) is solved with the following initial and boundary conditions:

𝑇 (𝑥, 0) = 𝑇0, 𝑇 (𝑥max, 𝑡) = 𝑇0,
𝜕𝑇 (𝑥, 𝑡)

𝜕𝑡
∣
𝑡=0

= 0, 𝜕𝑇 (𝑥, 𝑡)
𝜕𝑥

∣
𝑥=0

= 0. (2)

The source function is chosen in the factorized form

𝐴(𝑥, 𝑡) = 𝐼0[1 − 𝑅(𝑇𝑠)]𝑓1(𝑥)𝑓2(𝑡), 𝑇𝑠 = 𝑇 (0, 𝑡).

Here 𝑓1(𝑥), 𝑓2(𝑡) are the spatial and temporal shape of the source, respec-
tively, 𝐼0 is the source intensity, 𝑅(𝑇𝑠) is the coefficient of reflection of the
laser pulse from the material surface.

In the present work, 𝑓1(𝑥) и 𝑓2(𝑡) are chosen the same as in Ref. [13]:

𝑓1(𝑥) =
exp(−𝑥/𝐿𝑝)

𝐿𝑝
,

𝑓2(𝑡) = 1√
2𝜋

(exp [−(𝑡 − 𝑡0)2

2𝜎2
𝑡

] + exp [−(𝑡 − 𝑡0 − 𝜏𝑑)2

2𝜎2
𝑡

]) .

Here 𝐿𝑝 is the depth of penetration of laser radiation into the substance,

𝑡0 is the time moment when the first pulse of the source takes the maximum
value, 𝜏𝐷 is the time shift of the second pulse of the source with respect to
the first pulse. The radiation dose is

Φ = 𝐼0

∞

∫
0

𝑓2(𝑡)𝑑𝑡 = 2𝐼0𝜎𝑡.

When numerically solving equation (1) with initial and boundary condi-
tions (2), it is convenient to replace the dimensional variables and quantities
with their dimensionless counterparts. This is carried out as follows:

̄𝑇 = 𝑇
𝑇0

; ̄𝑥 = 𝑥
Δ𝑥

; ̄𝑡 = 𝑡
Δ𝑡

; ̄𝜎𝑡 = 𝜎𝑡
Δ𝑡

; ̄𝑡0 = 𝑡0
Δ𝑡

; 𝑘0 = 𝜆Δ𝑡
𝑐𝜌Δ𝑥2 ;

̄𝜏𝑟 = 𝜏𝑟
Δ𝑡

; ̄𝐴( ̄𝑥, ̄𝑡) = 𝐴(𝑥, 𝑡)Δ𝑡
𝑐𝜌𝑇0

,

𝜕 ̄𝑇
𝜕 ̄𝑡

+ ̄𝜏𝑟
𝜕2 ̄𝑇
𝜕 ̄𝑡2 = 𝑘0

𝜕2 ̄𝑇
𝜕 ̄𝑥2 + ̄𝐴( ̄𝑥, ̄𝑡) + ̄𝜏𝑟

𝜕 ̄𝐴( ̄𝑥, ̄𝑡)
𝜕 ̄𝑡

, (3)

̄𝑇 ( ̄𝑥, 0) = 1; 𝜕 ̄𝑇 ( ̄𝑥, 0)
𝜕 ̄𝑡

= 0; 𝜕 ̄𝑇 (0, ̄𝑡)
𝜕 ̄𝑥

= 0; ̄𝑇 ( ̄𝑥max, ̄𝑡) = 1. (4)
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The dimensionless source function and the normalization conditions in this
case take the form

̄𝐴( ̄𝑥, ̄𝑡) = 𝐴0
̄𝑓1( ̄𝑥) ̄𝑓2( ̄𝑡),

𝐴0 = 𝐼0[1 − 𝑅( ̄𝑇𝑠)]Δ𝑡
𝐿𝑝𝑐𝜌𝑇0

; ̄𝑓1( ̄𝑥) = exp(−𝛼 ̄𝑥), 𝛼 = Δ𝑥/𝐿𝑝,

̄𝑓2( ̄𝑡) = 1√
2𝜋

(exp [−( ̄𝑡 − ̄𝑡0)2

2 ̄𝜎𝑡
2 ] + exp [−( ̄𝑡 − ̄𝑡0 − ̄𝜏𝑑)2

2 ̄𝜎𝑡
2 ]) , Φ = 2𝐼0Δ𝑡𝜎̄𝑡.

3. Discussion of numerical results

Numerical experiments were carried out for aluminum irradiated by the
double-pulse laser with the following parameters:

𝜆 = 236 𝑊
𝐾𝑚

, 𝜌 = 2700 𝑘𝑔
𝑚3 , 𝑐 = 920 𝐽

𝑘𝑔𝐾
,

𝑥max = 3 ⋅ 10−7 𝑚, 𝑇0 = 300 𝐾, 𝑅(𝑇𝑠) = 0,

Φ = 4 ⋅ 105 𝐽
𝑚2 , 𝜎𝑡 = 5 ⋅ 10−14 𝑠, 𝑡0 = 3 ⋅ 10−13 𝑠,

Δ𝑥 = 3 ⋅ 10−8 𝑚, Δ𝑡 = 10−12 𝑠.

The total dose Φ = 4 ⋅ 105 𝐽/𝑚2 for the specified source corresponds to the

intensity 𝐼0 ≃ 1.5957 ⋅ 1017 𝑊/𝑚2. Dimensionless constants 𝑘0, 𝐴0, 𝛼, ̄𝑡0, 𝜎̄𝑡
take the following values:

𝑘0 ≃ 0.10556; 𝐴0 ≃ 8404.34137; 𝛼 = 1; ̄𝑡0 = 0.3; 𝜎̄𝑡 = 0.05.

Below

𝑓(𝑡) = 𝑓2(𝑡) + 𝜏𝑟
𝜕𝑓2(𝑡)

𝜕𝑡
describes the time dependence of the source. For 𝜏𝑟 = 0, we get the source
for a parabolic equation.

Equation (3) with the initial and boundary conditions (4) was solved using
a finite-difference three-layer explicit scheme.

Figures 1 and 3 show the time dependence of the source function, tempera-
ture profiles at different times and the dynamics of the sample temperature
at different depths. The times 𝑡𝑖, 𝑖 = 1, 2, … , 10 are selected in such a way
that the first five of them correspond to the action times of the source first
pulse, and the rest correspond to the action times of the second pulse. The
calculations were carried out until the moment the source was turned off at
different times of the delay between the pulses 𝜏𝑑.

Figures 2 and 4 show the temperature profiles at long times, when the
sources are turned off, i.e., 𝑓(𝑡) = 0.
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Figure 1. Time dependence of function 𝑓(𝑡) = 𝑓2(𝑡) + 𝜏𝑟𝜕𝑓2(𝑡)/𝜕𝑡, temperature profiles at

different time moments 𝑇 (𝑥, 𝑡𝑗), 𝑗 = 1, 2, … , 10, 𝑡1 = 0.25 ps, 𝑡2 = 0.3 ps,

𝑡3 = 0.35 ps,𝑡4 = 0.45 ps, 𝑡5 = 0.55 ps, 𝑡6 = 0.65 ps, 𝑡7 = 0.7 ps, 𝑡8 = 0.75 ps,

𝑡9 = 0.85 ps, 𝑡10 = 1 ps, and dynamics of sample temperature at different depths

(𝑇 (𝑥𝑖, 𝑡), 𝑖 = 1, 2, 3, 𝑥1 = 0 nm, 𝑥2 = 3 nm, 𝑥3 = 6 nm), obtained in the framework of

the hyperbolic heat conduction equation for different values of the parameter 𝜏𝑟
(𝜏𝑟 = 0 ps, 0.1 ps, 10 ps) и 𝜏𝑑 = 0.4 ps
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Figure 2. Temperature profiles at different time moments 𝑇 (𝑥, 𝑡𝑗), 𝑗 = 1, 2, … , 5, 𝑡𝑗 = 𝑗 ps

and the sample temperature dynamics at different depths (𝑇 (𝑥𝑖, 𝑡), 𝑖 = 1, 2, 3, 𝑥1 = 0 nm,

𝑥2 = 3 nm, 𝑥3 = 6 nm), obtained in the frameworks of the hyperbolic heat conduction

equation at different values of parameter 𝜏𝑟 (𝜏𝑟 = 0 ps, 0.1 ps, 10 ps) and 𝜏𝑑 = 0.4 ps
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Figure 3. Time dependence of function 𝑓(𝑡) = 𝑓2(𝑡) + 𝜏𝑟𝜕𝑓2(𝑡)/𝜕𝑡, temperature profiles at

different time moments 𝑇 (𝑥, 𝑡𝑗), 𝑗 = 1, 2, … , 10, 𝑡1 = 0.25 ps, 𝑡2 = 0.3 ps,

𝑡3 = 0.35 ps,𝑡4 = 0.45 ps, 𝑡5 = 0.65 ps, 𝑡6 = 0.75 ps, 𝑡7 = 0.85 ps, 𝑡8 = 0.9 ps,

𝑡9 = 0.95 ps, 𝑡10 = 1.05 ps, and the dynamics of sample temperature at different depths

(𝑇 (𝑥𝑖, 𝑡), 𝑖 = 1, 2, 3, 𝑥1 = 0 nm, 𝑥2 = 3 nm, 𝑥3 = 6 nm), obtained in the frameworks of

hyperbolic heat conduction equation at different values of parameter 𝜏𝑟
(𝜏𝑟 = 0 ps, 0.1 ps, 10 ps) and 𝜏𝑑 = 0.6 ps
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Figure 4. Temperature profiles at different time moments 𝑇 (𝑥, 𝑡𝑗), 𝑗 = 1, 2, … , 5, 𝑡𝑗 = 𝑗 ps

and sample temperature dynamics at different depths (𝑇 (𝑥𝑖, 𝑡), 𝑖 = 1, 2, 3, 𝑥1 = 0 nm,

𝑥2 = 3 nm, 𝑥3 = 6 nm), obtained in the frameworks of the hyperbolic heat conduction

equation at different values of parameter 𝜏𝑟 (𝜏𝑟 = 0 ps, 0.1 ps, 10 ps) and 𝜏𝑑 = 6 ps
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4. Conclusion

In contrast to the parabolic equation, the hyperbolic one includes an addi-
tional parameter that characterizes the heat flux relaxation time. A derivative
of the power density of the source of the parabolic equation is additionally
present in the source of the hyperbolic equation. This fact means that the
sample temperature is affected not only by the source power density, but also
by the rate of its variation. Due to this dependence, at some time moments
the source takes negative values depending on the relaxation time parameter.
Nevertheless, the temperature at the sample surface given by the solution
of the hyperbolic equation is higher than that given by the solution of the
parabolic equation.
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Численное моделирование тепловых процессов,
возникающих в материалах при воздействии

фемтосекундных лазерных импульсов

И. В. Амирханов, Н. Р. Саркер, И. Сархадов

Лаборатория информационных технологий
Объединенный институт ядерных исследований

ул. Жолио-Кюри, д. 6, Дубна, Московская область, 141980, Россия

В работе проведено численное исследование решений параболического и ги-
перболического уравнений теплопроводности при одинаковых физических
параметрах, а также сравнительный анализ полученных результатов. Обсуждена
математическая постановка задачи. Действие лазера учтено через функцию ис-
точника, которую выбрали в виде двойного фемтосекундного лазерного импульса.
В гиперболическом уравнении, в отличие от параболического, присутствует до-
полнительный параметр, который характеризует время релаксации потока тепла.
Кроме этого, в источнике гиперболического уравнения присутствует дополнитель-
ное слагаемое — производная от плотности мощности источника параболического
уравнения. Это означает, что на температуру образца оказывает влияние не
только плотность мощности источника, но и скорости его изменения. Приведе-
ны профили температуры образца в разные моменты времени и её динамика
на разных глубинах мишени. Расчёты проводились при различных временах
задержки между импульсами и при различных параметрах релаксации.

Ключевые слова: параболическое и гиперболическое уравнения теплопро-
водности, фемтосекундный лазерный импульс, численное моделирование


