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In this paper, we consider a single server queueing model M|M|1|N with two
types of calls: incoming calls and outgoing calls, where incoming calls arrive at the
server according to a Poisson process. Upon arrival, an incoming call immediately
occupies the server if it is idle or joins an orbit if the server is busy. From the
orbit, an incoming call retries to occupy the server and behaves the same as a fresh
incoming call. The server makes an outgoing calls after an exponentially distributed
idle time. It can be interpreted as that outgoing calls arrive at the server according
to a Poisson process. There are N types of outgoing calls whose durations follow
N distinct exponential distributions. Our contribution is to derive the asymptotics
of the number of incoming calls in retrial queue under the conditions of high rates
of making outgoing calls and low rates of service time of each type of outgoing
calls. Based on the obtained asymptotics, we have built the approximations of the
probability distribution of the number of incoming calls in the system.

Key words and phrases: retrial queueing system, incoming calls, outgoing calls,
asymptotic analysis method, Gaussian approximation

1. Introduction

Retrial queueing systems are characterized by the following distinctive fea-
ture: a customer who cannot receive service remains in the system and tries to
occupy the server after some random delay. The pool of unsatisfied customers
is called the orbit. Retrial queues have applications in telecommunication,
computer networks and in daily life [1,2].

In retrial queues idle time of the server is the downtime and it should be
reduced to increase the efficiency of the system. We consider systems where
operator not only receives calls from outside but also makes outgoing calls
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in the idle time. In queueing theory a model with this feature have been
considered previously [3]. However, the retrial behaviour of customers is not
taken into account. In call centers operators could receive arriving calls but as
soon as they have free time and are standby mode they could make outgoing
calls [4-7]. Systems with this server behaviour are called retrial queues with
two way communication. Retrial Queues with two way communication have
been studied recently [8-11]|. In these papers Markovian models with two
way communication were considered. Model of retrial queue with two way
communication and multiple types of outgoing calls was considered by Sakurai
and Phung-Duc [12]|. For this model numerical algorithm of calculating joint
stationary distribution of system state was obtained. Multiserver retrial
queue with two way communication was studied in [13|. Recently the two
way communication retrial queues with finite source [14], with server-orbit
interaction [15, 16], with finite orbit [17], with breakdowns [18] and with
a constant retrial rate [19] were considered.

Asymptotic analysis methods have applications in queueing theory. Nazarov,
Paul and Gudkova propose an asymptotic analysis method to research
M|M|1|1 retrial queue with two way communication under low rate of retri-
als condition [20]. Nazarov, Paul and Phung-Duc extended this model to
MMPP|M |11 retrial queues and derived asymptotics in heavy outgoing call
conditions [21].

In this paper, we consider retrial queue with two way communication and
multiple types of outgoing calls. We assume that each type of outgoing calls
has different rate and service times follow distinct exponential distributions.
The main aim of this paper is to derive asymptotics for the model in two limit
conditions: i) high rate of outgoing calls and ii) low service rate of outgoing
calls. In both cases, the number of incoming calls in the system increases.

The rest of the current paper is organized as follows. In Section 2 and 3, we
describe the model in detail and preliminaries for later asymptotic analysis.
In Section 4 and 5, we present our main contribution to the model. In Section
6 we show the ranges of parameters under which our approximations are
usable. Section 7 is devoted to concluding remarks.

2. Model and preliminaries
2.1. Model description

Figure 1 shows the structure of the model.

We consider a single server retrial queue with two way communication
and multiple types of outgoing calls. Incoming calls arrive at the system
according to a Poisson process with rate A and try to occupy the server
for an exponentially distributed time with rate p;. Incoming calls that find
the server busy join the orbit and repeat their request for service after an
exponentially distributed time with rate 0. When the server is idle it makes
an outgoing call of type n in an exponentially distributed time with rate
a,. There are N types of outgoing calls whose durations follow N distinct
exponential distributions. We assume that the durations of outgoing calls of
type n follow the exponential distribution with rate u,,.
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Figure 1. Markovian retrial queue with two way communication and multiple types
of outgoing calls

2.2. Problem definition

Let k(t) denote the state of the server at the time ¢ > 0,

0, if the server is idle,
k(t) = 1, if an incoming call is in service,

n, if an outgoing call of type n is in service, n =2, N + 1.

Let i(t) denote the number of incoming calls in the system at the time ¢. It
is easy to see that process {k(t), i(¢)} forms a continuous time Markov chain.
We assume that the Markov chain is ergodic and the stationary distribution
of {k(t), i(t)} exists.

Let P{k(t) =k, i(t) =i} = Py(i) denote the stationary probability distri-
bution of the system state which is the unique solution of Kolmogorov system
of equations:

N+1 N+1
— )\—i-i(f—i-ZOén P()(Z')-f—lﬁlpl(@"}‘l)‘i‘ZﬂnPn(i):07
n=2

— A+ ) Pi(d) + AP — 1) + AR (i — 1) :Z;Po(i) =0, W

— A+ pn)Po(i) + AP (i — 1) + a, Po(i) =0, n=2,N+1.

o
Let Hy(u) denote the partial characteristic functions Hy,(u) = > /" Py (i),
i=0

k =0,N + 1, where j = v/—1. Multiplying equations of system (1) by e/
and taking the sum over ¢ yields

A+ an| Ho(u) + jo Hy(u) + e Hy(u) + > pnHa(u) =0,
n=2 n=2

— (A4 ) Hy (w) + X" Hy (u) + A’ Hy(u) — joHj(u) = 0,
— (A 4 p) Hy(u) + N’ H, (u) + a, Ho(u) =0, n=2,N+1.

N+1 ] N+1

(2)
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The characteristic function H(u) of the number of incoming calls in the
retrial queue is expressed through partial characteristic functions Hy(u) by

N+1
H(u) = kzo Hi(u). The main content of this paper is the solution of system

(2) by using an asymptotic analysis methods in two limit conditions: of the
high rate of making outgoing calls and the low rate of service time of outgoing
calls.

3. Prelimit analysis

In this section, we obtain expressions for the stationary distribution using
the characteristic functions. First, we derive explicit expression for the
characteristic function H(u) of the number of incoming calls in the system.

Theorem 1. Ezplicit expression for the characteristic function H(u) of the
number of incoming calls in M|M|1|N retrial queue is given as follows:

1 N+1 o
H(u) = 1 A
(U) 1+V1 < +Z/Ln+)\(1—€3“)) x

n=2
§ [ 1-p r(uuz)ﬂ N+1 [ 1= p, }anfgn

1 — peiv - L1 = ppe®
where
N+1 N+1
B _y
p_lil’ ne o e O’
k=2 k=2
A .
pn:u + A On = A+t — 11, n=2,N+1

Proof. From equations 2 and 3 of the system (2) we obtain expressions for
partial characteristic functions:

el jo

= — Ho(u

p1 + A(L —e*) o)

Hy(u)

Hy(u), (3)

T A=) 0

H,(u) Hy(u), n=2,N+ 1. (4)

Substituting this equations into the first equation of the system (2), we
find that

. oy N+1
Hi(u) = J'é A o i) :
o | g — Aedt p— el =, + A1 —et)

o el

Ho(u). (5)
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The solution of this differential equation is given by

A(1+V2) N4+1 an (0n—X)
1 _ p o 1 _ pn o(0n)
H = e —_— 6
0(”) To |:1 . peju:| g |i1 _pne]u‘| ) ( )
A N+ o A
h = —, = H O = P k t — 0 9 - N n — 9
where p = 2, 1y = Ho(0) = P{K(®) = 0}, v = 3 G5 pu =
O =X+t —p1,n=2,N+1.
Substituting u = 0 into the system (2) yields:
N+1 N+1
— ()\ + Z an> ro + jo Hy(u)|,_o + Z prry =0,
n=2 k=1 (7)

— pury + Arg — jo Hy(uw)|,—, =0,
_”nrn+anr0:07 n=2N+1,
where expression for H|(u)|,_, can be obtained substituting v = 0 into (5).

It follows from equations 2 and 3 of the system (7) that

N+1
A A A n
r = [ + ( + E Oé_)] To,

T VT = In
ry = %TO, n=2N+1.
N+1
Furthermore, from the normalization condition: »_ 7, = 1, we obtain
k=0
- A A n(pt — A .
o = s y = —5 Th= O-/(,ul )7 n=2N+1,
pa (1 +11) i papin (14 v1)
N41
where 11 = ) —. Substituting (6) into (3) and (4) and summing up results,
k=2 Mk
we obtain
1 w o
H(u) = 1+ - . X
(v) 1+1/1< ;un—k)\(l—eﬁu))
Y an (0n—X)
1— () + 1 N+l Py o0n
% ,0' Pn
s Ol
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4. Asymptotic analysis of the model under
the high rate of making outgoing calls

In this section, we will investigate system (2) by asymptotic analysis method
under the high rate of making outgoing calls condition. In particular, we
prove that asymptotic characteristic function of the number of incoming calls
in the system corresponds to Gaussian distribution.

Denoting «a,, = ay,,, we obtain

N+1 N+1
At Z ’Yn] Ho(u)+joHy(u) + Mlefj“Hl(U)+Z pin Hy (1) = 0,
n=2

n=2 . ‘ 8
— (A + ) Hy(uw) + N’ Hy(u) + A’ Ho(u) — joHy(u) = 0, ®)

— (N + o) Ho (u) + X" H, (u) + oy, Hy(u) =0, n=2 N+ 1.

4.1. First order asymptotic

Theorem 2. Suppose i(t) is the number of incoming calls in the system of
the stationary M|M|1|N retrial queue with outgoing calls, then the (9) holds

i(t)

lim Fe/ o = elvr, (9)
a— 00
where
1= 7 o 1= —_—.
o — A) oy Hn

Proof. We denote o = 1/¢ in the system (8), and introduce the following
notations

u=cw, Hyo(u) =cFy(w,e), Hi(u) = Fg(w,e), k=1,N+1,
in order to get the following system

( N+1

—(Ae+ > w)Fo(w,e) + jo

n=2

OFy(w, e ,
OFo(w,e) )‘i‘,ul@_]wEFl(wag)‘i‘

N+1

+ ) pnFu(w,e) =0,
n=2

— (A4 ) Fr(w, &) + A’ Fy (w, &) + Ae! e Fy(w, €)—
. OFy(w,¢)
' T ow
— (A + pn) Fn(w, &) + A (w, )+
+ Y Fo(w,e) =0, n=2N+1.

(11)

=0,
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Summing up equations of system (11), we obtain

N+1
AeFy(w,€) + (A — e ") Fy(w,e) + A Y Fy(w,e) = 0. (12)

n=2

Considering the limit as € — 0 in the system (11) and equation (12), then
we will get

( N+1 N+1

= wFo(w) + joFj(w) + Y pFr(w) =0,
n=2 k=1

~ mFi(w) - joFyw) =0, )
— i Fr(w) + v Fo(w) =0, n=2N+1,
N+1
— (1 = N Fi(w) + A ) F,(w) =0.
\ n=2
We propose to get the solution of the system (13) in the form of
Fy(w) = ®(w)r, k=0,N+1. (14)

Here rp, k = 1, N 4+ 1 is the probability of the server state k; rq has no
sense of probability, since the probability that the server will be in the zero
state as & — o0 is zero:

( N+1 <I>’(w) N+1
— Y wro+jo B(w) " + > pre =0,
n=2 k=1
o' (w)

— ury — jo ro = 0,
1T — ] o (w) 0 (15)

— UnTn + Yo =0, n=2,N+1,
N+1

—(ul—)\)r1+)\2rn:0.
n=2

\

/

d
As the relation j (w)
D (w

does not depend on w, the function is obtained in

the following form ®(w) = exp{jwk,}, which coincides with (9). The value
of the parameter x; will be defined below. We rewrite the system (15) in the
form
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F N+1 N+1
- E YnTo — K1700 + E prry = 0,
n=2 k=1

— pry + Kirgo = 0,

— UnTn + Yo =0, n=2,N+1,
N+1

— (1 —)\)r1+)\27“n = 0.
n=2

(16)

\

The normalization condition for stationary server state probability distri-
N+1

bution is Y rp = 1. We have
k=1

( _Mnrn—l—’ynrozoa n:27N+]-7

N+1
—(ul—)\)rl—i-)\Zrn:O,
n=2 (17)
N+1
Z Ty = 1
\ k=1
The solution of the system (17) is given by
- A A w(n — A -
’]”OZILL1 ’]"1:—7 TTL:M7 n:2’N+1, (18)
niv 251 Hn 11
N+1
where v; = Y —. Substituting (18) into system (16), we obtain an equation
n=2 Mn

for xy, which coincides with (10).

The first order asymptotic i.e. Theorem 2, only defines the mean asymptotic
value k1 of a number of incoming calls in the system in prelimit situation of
a — 00. For more detailed research of number i(¢) of incoming calls in the
system let’s consider the second order asymptotic. 0

4.2. Second order asymptotic

Theorem 3. In the context of Theorem 2 the following equation is true

o Bexp {jue " R (19)
im X w———— 5 =e¢€ ,
oo PN

where
A = N+ ) + N _N“ - _N+1 .
v 2 L= om=) g (20)
g (/Jll - )\) p— Ln ~ 2
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Proof. We introduce the following notations in the system (8)
Hy(u) = exp{juam}H,?)(u), k=0,N+1, (21)
and we get
( N+1 (2)
. dHy7 (u)
— [ . HY —0 =
< +oznz;y +Ozcml> o (u)+ jo I +
N+1
+ ule_J“H{Q) (u) + Z i HP (u) = 0,
n=2
(2) jupr® ju (2) (22)
= (4 ) HO () + A B () + A + aosn) HE ()
CdHP (u
Ot ) P () + A HD )+
\ + orynHéQ)(u) =0, n=2N+1.
Denoting o = 1/£2, and introducing the following notations
2 2
U = we, Hé )(u) = 52F0( )(w,s), (23)
HP(u) = FP(w,e), k=T, N+1,
we obtain
( N+1
aF(2)
jgs% — [ or+ A+ ; Yo | o (w,€)+
N+1
+ e T R (w,e) + Y pn PP (w,€) = 0,
n=2
— O+ ) FP (w,2) + A F w, )+ (24
' 8F(2)
S jag# 0,
— (A ) F@ (w, €) + Ae?* EP (w, )+
\ +'ynF0(2)(w,6):O, n=2N+1.
Summing up equations of the system (24), we obtain
N+1
A2FP (w,e) + (A — e ) FP (w, ) + A Z E®(w,e) = 0. (25)

n=2
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Our idea is to seek for a solution of the system (24) and equation (25) in
the form

FP(w,e) = Oy(w){ry, + jwefi} + o(e?), k=0,N+ 1. (26)

Substituting (26) to (24) and (25), laying out the exhibitors in tailor series
and taking (16) into account, dividing these equations by ¢ and taking the
limit as € — 0, we have

N+1 N+1 &Y (w)
— UM—#Z% f0+ZMkfk—M17’1+U 2 ro =0,

p wd(w)

n=2

@
okifo—pifi+Ar —o 2() ro =0,
wd(w)
_Mnfn—i_)\rn—i_'%lfozoa TL:2,N+1,

N+1

—( —)\)f1+)\2fn+/$17"1 = 0.
n=2

@/
This equations imply that ﬂ
wPs(w)

function ®,(w) is given in the following form

®y(w) = exp {Mfﬁz} :

which coincides with (19). We have

Py (w)
wPs(w)

doesn’t depend on w and thus the

= —[<"I2

and then we obtain the system

" N+1 N+1
- <0f€1 + Z %) fo+ Z Lk fre = piT1 + oK,
n=2 k=1

ok1fo — i f1 = —Ary — ok, (27)
- /“Lnfn +7nf0 = _)\Tna n = 27N + 17
N+1

_(/il_)\)fl‘i‘)\an:  GYAR

\

Substituting values (18) into the system (27), we have

5 n=2N+1,
Hn H1pn V1

?
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A\ A A
fi= - fo+ 2 4 ;
p1— A pivr o i — A
where
-— Yk — Yk
V= —, Vy = —.
B R Y.

Substituting this expressions into equation 2 of the system (27), we obtain
an equation for k1, which coincides with (20).

Second order asymptotic i.e. Theorem 3, shows that the asymptotic prob-
ability distribution of the number i(¢) of incoming calls in the system is
Gaussian with mean asymptotic k1 and variance ko O

5. Asymptotic analysis of the model under the low rate
of service time of outgoing calls

In this section, we will investigate system (2) by asymptotic analysis method

under the low rate of service time of outgoing calls condition.
Denoting u,, = pvy,, we obtain

N+1 N+1
MY O‘n] Ho(w)+jo Hy(u) + pue 7 H(u)+4 Y 5 Ha(u) = 0,
n=2 n=2

— (A4 ) Hy () + X" Hy(u) + X’ Hy(u) — joHj(u) = 0,
— (N + ) Hp (w) + X’ Hy, (u) + an Hy(u) =0, n=2,N + 1.

(28)

Theorem 4. Suppose i(t) is a number of incoming calls in a system of
stationary M|M|1|N retrial queue with two way communication, then the
following equation is true

o | N o N+1 A\ —San
H(u) = lim Be/(0) = — 3y * ——" (1 - jw—) . (29)
#0 Y1 n=2 n = jU)/\ n=2 Tn

N+1
where v, = %.

n=2 Tn

Proof. We denote u = ¢, let’s substitute the following in the system (28)

u=we, Hy(u) =eFy(w,e), Hi(u)= Fg(w,e), k=1,N+1.
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We will get the system

( N+1
. OFy(w, e
- (/\ + Z an> eFy(w,e) —i—jd%—f—

N+1
+ ule’j“’sFl(w, g)+e Z YnEn(w,e) =0,
n=2
+ X’ Fy (w, &)+
+ Aee? Fy(w, €) = 0,
- ()‘ + EVH)FTL(U)? 5) + )‘ejwan<w7 €)+
+ apeFo(w,e) =0, n=2N+1.

n=2

(30)

— (A ) Fi(w,€) _.70%

Considering the limit as € — 0 in the system (30) then we will get

—joFy(w) — i Fi(w) =0, joFj(w)+ pFi(w) = 0. (31)

Summing up equations of the system (30) we have

N+1
AeFy(w,2) + (A — e ") Fy(w,e) + A v Fu(w,€) = 0. (32)

n=2

Laying out the exhibitors in tailor series, dividing equations by ¢ and taking
the limit as ¢ — 0, taking (31) into account, we obtain

N+1 N+1
- ()\ + Z ozn) Fo(w) — jwp Fy(w) + Z YnEn(w) =0,
n=2 n=2

—joky(w) — pFi(w) =0,
(AJw — ) Fo(w) + o Foy(w) =0, n=2,N+1

N+1

—(m = NFi(w) + A Y Fy(w) =0

From the last system of equations we have
an

F(w) = ———~
(w) Tn _.]w/\

Fﬁ(w>7 (33)

N+1

A > F(w). (34)

F =
1) pr— A
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Then
\ N+l
F = F = 35
) = SR Y (3)
Substituting (35) into (31), we obtain
i) == Ry Y
=] 10 —
0 o(p — ) = Yo — JWA
The solution of differential equation is given by
N+1 __HMion
A (g —x)
Fy(w)=C H <1 — jw—) 1 , (36)
Tn
n=2

where C' is an integration constant and its value will be obtained later. We
N+1
denote asymptotic characteristic function > Fi(w) = ®(w). Substituting

k=1
(36) into (33) and (34), we obtain

PRAE, a N+1 \ - Atk
Fi(w) = —C 1—jw— ,
1(w) Nl_)\kZQ’Yk_]w/\ ,I[Q( ! %)

=N
Fn(w):—n,CH<1—jw—) , n=2N+1
Vo = JWA Vi
Summing up equations, we have
N+1 —_Hi%n__ N41
U1 ) A a(pup—A) Qo
O(w) = C <1 — jw—> _.
Using condition ®(0) = 1, we obtain
B NA1
c="1 . where v = -
I2Lg o In
We obtain the characteristic function (29). O

6. Approximation accuracy

The accuracy of the approximation P (i) is defined by using Kolmogorov

range Ay, = max | (P(v) — P®(v))|, which represents the difference be-

0<i<N =0
tween distributions P (i) and P® (i), where P(i) is obtained by using inverse
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Fourier transform for the characteristic function of the M|M|1|N retrial queue

and the approximation P® (7) is given by obtained asymptotics. We consider
N=3,A=0.2, uyy =1 and o =1 for Tables 1 and 2.

Table 1
Kolmogorov range, o =2, us =3, pa =4, o =1, 3 =2, 74 =3
a=3|a=5|a=10 | a=50| a=100
Ay | 0.066 | 0.043 | 0.023 0.01 0.007
Table 2

Kolmogorov range, v =2, 73 =3, 4= 4, as =1, ag =2, oy =3

=005 =003 | =002 | p=0.01
Ay | 0.059 0.044 0.026 0.014

7. Conclusions

In this paper, we have considered retrial queue with two way communication
with multiple types of outgoing calls. We have found characteristic function
of the number of incoming calls in the system. We have found the first and
the second order asymptotics of the number of calls in the system under the
condition of the high rate of making outgoing calls. Based on the obtained
asymptotics we have built the Gaussian approximation of the probability
distribution of the number of incoming calls in the system. We have found
asymptotic characteristic function of the number of incoming calls in retrial
queue under the condition of the low service rate of outgoing calls. In future
we plan to consider this retrial queueing system under other asymptotic
conditions.
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