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IVC Calculation Problem for Josephson Junction Stacks.
On Asymptotic Construction near the Breakpoint
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Solving the system of n essentially nonlinear differential equations for different I we obtain the
current-voltage characteristics (IVC) for a system of n Josephson junctions (JJ) as a hysteresis
loop. When the current I approaches on the back way the breakpoint I the voltage V(1)
falls sharply to zero. In addition, in numerical modelling (non-periodic boundary conditions
(NPBC)) IVC multiple branching is observed near I,. It is interesting to study this phenomenon
analytically developing asymptotic methods. There had been developed simple “asymptotic”
formulas suitable for calculation of all IVC points except near to I. A numerical-analytical
method allowing to shorten IVC calculation time essentially was proposed. This method showed
good results in IVC multiple branching calculation in particular. All calculations were performed
using the REDUCE system. We succeeded first to calculate analytically all points of IVC. An
approximate solution at the breakpoint region (periodic boundary conditions (PBC)) has been
developed using the Bogolyubov—Krylov method.
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current-voltage characteristics, breakpoint, multiple branching, cross—scheme of the second or-
der accuracy, asymptotic formulas developing, the Levinson method, the Bogolyubov-Krylov
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1. Introduction

The definition of the singular points of the current voltage characteristics together
with the estimation of the width of their influence region provide adequate input for
physical experiments aiming at studying the finite JJ stacks [1-3].

The mathematical problem of IVC calculation for the stack of n Josephson junction [4]
asks for the solution of the following essentially nonlinear system:
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Here ¢; is derivative of ¢; of ¢, t C [0, Tiax]-

Solving the Cauchy problem for different I: I = Iy + kAT < Inax (right way) and
I = I.x — kAT we obtain IVC of n Josephson junctions as hysteresis loop. The points
(I,V(I)), with I corresponding to the right way, form the right branch of the loop. And
the points (I, V(I)), with I corresponding to the back way, form the back branch of the
loop. V(I) is the total voltage of the stack.

For I = Iy the system (1) is solved with zero initial data. For each next I : [ = I},
found ¢;(Ix, Tmax)s €11k, Tmax) are used as initial data.

The coefficients A;;» of the system (1) are elements of the matrix A. In the case of
PBC A is symmetric square matrix of order n:
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And in the case of NPBC A is symmetric square tridiagonal matrix of order n:
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The dynamics of phase differences ¢;(¢) had been simulated [4] by solving the equation
system (1) using the fourth order Runge-Kutta method. The aim was to shorten the
time of IVC calculation, and it was achieved. First the number of the system equations
was reduced to one in the case of PBC and halved in the case of NPBC. The longtime
“asymptotics” formulas were developed. The mixed numerical-analytical method was
suggested: all points of IVC are calculated using the asymptotics except points of the
little arc of the back branch of the loop calculated numerically [5]. And Fig. 5 shows
that the Runge-Kutta method of the fourth order accuracy can be replaced by the
simplest explicit cross—scheme of the second order accuracy. This shortens the time of
IVC calculation complimentarily.

2. On Long-Time “Asymptotics” Construction

In the case of PBC IVC calculation for a stack of n intrinsic Josephson junctions is
reduced to solving a unique equation [5]

ij(t) = =pi(t) —sin(n(t)) + 1.

Solving this equation with given initial data n(0) = dy, 7(0) = ds is equivalent to
solving the following integral equation

t

- 1
n(t) =& + W(l —e Pt +wt — 3 /(1 — e A=) sin(n(s))ds. (4)
0
The simple iteration method starting from zero gives on the second step
in(wt + A t
m = w4 Ao 4 S ATarcte(B/w)) o8 oy, (5)

/B + w2

where w =1/8, A=dy + (d2 —w)/B, ¥ = —cos(A)/(wp).

And the total voltage of the stack of n Josephson junctions is calculated as

nn(L Tinax) — N1, Trin)
Tmax - Tmin .

V(I,n)=
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In Fig. 1, Fig. 2, Fig. 3 the solid curve is the IVC back branch calculated using the
Runge-Kutta method. In Fig. 1 the pictures of the back way of the hysteresis loop for 9
Josephson junctions are shown. The circles refer to “asymptotic” (using (5)) calculations
respectively. Here we put Ty = 50, Tinax = 1000, = 5 = 0.2, AI = 0.05, the step in
the Runge-Kutta method h = 0.1.
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Figure 1. IVC back branch, n = 9. PBC. Figure 2. IVC back branch, n =9. PBC.
The circles were calculated using (5) The circles refer to he mixed
numerical-analytical calculation

In Fig. 2 the circles refer to calculation performed by the following mixed analytical—
numerical method. The right branch of the hysteresis loop and the back branch on
the interval 0.4 < I < 1.45 were computed using (5). The rest ones were computed
numerically. The REDUCE system [6] was used in all calculations performed.

We proved [7] that in the case of NPBC with v = 1 the problem of hysteresis loop
calculation reduces to solving the following system of ns integral equations:

§Q(QZ — 1) — W2l—-1 (
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0
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where

m = de,2k—1¢2k‘—la l= 1727 <oy NS

k=1
and wo;_1 = So_11 / 6. )\l are elgenvalues of A matrix, the corresponding eigenvectors
1 1
are By = [d11,...,dn]", Z di,;. And ns is integer part of n—2|— ns = n—2|—

The system (6) was solved usmg simple iterations starting at zero. The results
obtained on the second step are regarded as long-time “asymptotics” of the system (6)
solution.

We constructed “asymptotics” following to [8]. In the introduction N. Levinson
declared: “A method is given for showing that formal “approximate solutions” of non-
linear differential equations are in fact the leading terms in an asymptotic representation
of actual solutions”.

The Fig. 3, Fig. 4 confirm this declaration. At the same time these pictures show
efficiency of the suggested mixed numerical-analytical method. This time Al = 0.001.
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Fig. 3 refers to numerical calculation: all points of IVC were calculated using the Runge—
Kutta method. Fig. 4 refers to calculation performed by the mixed numerical-analytical
method: the right branch of IVC and the part of the back branch (1.45 > I > 0.4) were
calculated analytically (using the long-time “asymptotics” of (6) system solution). The
rest points (0.4 > I > 0.2) were calculated numerically using the Runge-Kutta method.
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Figure 3. Multiple branching of IVC Figure 4. Multiple branching of IVC
back branch, n = 8. NPBC. All points of back branch, n = 8. NPBC. All points of
IVC were calculated using the IVC were calculated using
Runge-Kutta method “asymptotics” formulas except points of
the interval on the picture calculated
using the Runge—Kutta method
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Figure 5. Multiple branching of IVC Figure 6. IVC back branch, n =9. PBC.
back branch, n = 8. NPBC. All points of In difference with Fig. 1 two circles

IVC were calculated using (I =0.3, I =0.25) were calculated by (7),
“asymptotics” formulas except points of obtained by Bogolyubov-Krylov
the interval on the picture calculated method

using simplest cross—scheme of the
second order accuracy

The Fig. 5 is similar to Fig. 4, but here the simplest explicit cross—scheme of the
second order accuracy instead of the fourth order accuracy Runge-Kutta method was
used. Remark that in both cases At = 0.1 was chosen.
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3. The Bogolyubov—Krylov Method Employment

For studying multiple branching in current-voltage characteristics analytically we
dream to prolong “asymptotics” till w = 1, I = 0.2. This moment we succeeded only
to calculate analytically the whole hysteresis loop in the case of PBC. We developed
approximate solution for the equation

ij(t) = =Bn(t) —sin(n(t)) + I

with given initial data n(0) = di, 7(0) = da, in the case of small 3, I, using the
Bogolyubov—Krylov method [9]. We consider 8 = 0.2, 0.2 < I < 0.4. Let 19 = arcsin([),
I= Sin(WO),

sinr) 1 = cos(n0)(n — o) — ") () — )2 — <)

New variable ¢ = 1 — 19 satisfying equation

sin cos
(m) 2, coslm) s

¢ = —fB¢p —cos(no)yp + 5 G 7

which can be rewritten as

3 2
. . 2 [%2) . .
¢+ By + w? <s0—6—tg(no)2> =0, ¢+w’e=7Pf(p @),

w? = cos(ng) = (1 — I?)'/%. This equation has solution ¢ = acos(¢)), ¢ = —awsin(1)),
¥ = wt + ¥, where a and v are determined by the first approximation equations

da 153 dvy . a®
—=—-=a, T =W - — .
dt 277 dt 16

Following step by step to [9], we obtain

2

a=apexp(—pFt/2), Y =w(t+ fé—oﬂ(exp(—ﬁt) —1)+9,

1 =10 + ag exp(—Bt/2) cos (w <t + ag(exp(lggt) - 1)> + 19) : (7)

ao and ¢ are determined by given initial data:
dy = no + apcos(V), dy = —apB/2 — apw(l — al/16)sin(¥). (8)

Let z = agcos(¥), y = agsin(¥), a2 = 22 + y?, the first equation of (5) gives z =
d1 — mg, and y is determined of the third order polynomial equation

dy + B(d1 —10)/2 + wy(1 = ((dy — no)* + y*)/16) = 0.

This equation has at least one real root. When z, y are found, ag = /22 + 32 and
¥ = arcsin(y/ag). By such a way we could correct Fig. 1. In Fig. 6 the back branches of
the hysteresis loop for the case of PBC are presented.

The solid curve is the same as in Fig. 1. The circles on the solid curve were
found analytically using mixed analytical method: all points of the hysteresis loop were
calculated using (5) — except two points (I = 0.3,0.25) calculated using (7).
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Brorunciaenne BAX mig cucreM m>k03edCOHOBCKUX IHEPEXOI0B.
O mocTpoeHnu aCMMIITOTUKU BOJIN3U TOYKH MU3JIOMAa

C. U. CeparokoBa

Jlabopamopus urn@OPpMAYUUOHHBLT METHOA02UT
065edunénroill urncmumym AEPHLLL UCCAEA08AHUL
ya. 2Koauvo-Kropu, 0. 6, ybrna, Mockosckas obaacmo, Poccus, 141980

Pemas cucremy n cymecTBeHHO HETUHEHHBIX AuMOEPEHITNATBHBIX YPABHEHUH, MBI IOy IaeM
BOJIbT-aMIlepHy10 xapakrepuctuky (BAX) mus cucrembr n mxozedconoBckux nepexonos (JJ)
B BHJIe METIN THCTepe3uca. Ha obpaTHOM MyTH MpH MOIXO/]E K TOYKE M3JI0Ma [, HAIPSKEHUe
V(I) pe3ko crnamaer K Hya0. Kpome TOro, mpu Yuc/IEHHOM MOEJIUPOBAHUN (CIIydail Hermepuo-
JIMIECKHUX TPAHUYHBIX ycsiouit) BAX B 0OKpecTHOCTH TOUKM M3J10Ma HAOIIONAETCS MHOXKECTBEH-
Hoe BerBjienne BAX BOmm3u touku [,. MHTEpEcHO mccaenoBaTh TO SIBJEHUE AHAJIUTUYECKU,
pa3BUBasl ACUMIITOTHYECKHE METOJbI. YJAJIOCh IMOCTPOUTH IMPOCTBHIE «ACHMIITOTHYECKHE» HOop-
MYJIbI, TIPUTO/IHBIE JJTIsT BBIYUCTEHUsT BceX ToYek BAX, kpome O6u3kux K Ip. Bbul mpeamoyken
YHUCJIEHHO AHAJUTUYECKUI METOJ, MO3BOJIUBIINIA CYIIECTBEHHO COKPATUTH BPEMsI BBIUUCJICHUS
BAX. DTor Meroz mokasaj XOpOIIre pe3yJbTaTbl B YACTHOCTH IIPY BBIYHUCJIEHHUN MHOXKECTBEH-
weix BerBjaeHnit BAX. Cucrema REDUCE wucnosib3oBasachk BO BCEX NMPOBEIEHHBIX PACUYETaX.
Buepsbie yamoch BBIMUCIUTD aHAJUTUIECKN BCE TOUKH NETIN rucrepesnca. [Ipubankennoe pe-
[IEHWE B OKPECTHOCTU TOYKH M3JI0Ma, (CIydail IepHOIuIeCKNX TPAHUIHBIX yCIOBHIi) TIOCTPOEHO
o Metony BorosmoboBa—Kproiiosa.

KurogeBble  cjoBa: J»K03e(PCOHOBCKHME  II€PEXO/bI, CBEPXIPOBOJIUMOCTb,  BBICOKHUE
TeMIIepaTyPbl, BOJbT-aMIIEPHBIE XapPAaKTEPUCTUKHU, TOYKA U3JI0Ma, MHOXKECTBEHHbBIE BETBJICHHUS,
CXe€Ma-KPEeCT BTOPOTO MOPSIIKA TOTHOCTH, BHIBOJ AaCHMITOTHYECKUX (hopMmyst, meTon JleBuHcoHa,
Mero, Boromobosa—Kpruiosa, cucrema REDUCE
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