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We investigate the queueing system in which the losses of incoming orders due to the in-
troduction of a special renovation mechanism are possible. The introduced queueing system
consists of server with a general distribution of service time and a buffer of unlimited capacity.
The incoming flow of tasks is a Poisson one. The renovation mechanism is that at the end of its
service the task on the server may with some probability empty the buffer and leave the system,
or with an additional probability may just leave the system. In order to study the character-
istics of the system the Markov chain embedded upon the end of service times is introduced.
Under the assumption of the existence of a stationary regime for the embedded Markov chain
the formula for the probability generation function is obtained. With the help of the probability
generation function such system characteristics as the probability of the system being empty,
the average number of customers in the system, the probability of a task not to be dropped, the
distribution of the service waiting time for non-dropped tasks, the average service waiting time
for non-dropped requests are derived.

Key words and phrases: queueing system, renovation, general service distribution,
probability characteristics

1. Introduction

Due to the study of mathematical models close to reality, there is a growing need to
find new solutions and methods of queueing systems construction and analysis. One of
the classical and already well-studied systems close to reality is the system M/G/1/oc0
with the Poisson incoming flow and general service distribution.

The described non-Markov random process — a process where the future state can
not depend only on the state, viewed in the given time. The system M/G/1/oco can be
investigated by a variety of different approaches and one of them is the construction of
the embedded Markov chain [1].

Thanks to the Pollaczek—Khinchin formula [2] for a given stationary probability dis-
tribution some other characteristics can be also derived. These characteristics of the
system M /G/1/oo with the standard service discipline FCFS (First Come, First Served)
can be transferred to some other common discipline [1,2].

However, trying to describe a real system, it is necessary to take into account the
possibility of losing data in the system, for example, due to failure of an unreliable
server [3] or due to arrival of some “viral” applications [4], and the other tasks in the buffer
will be dropped. This situation may be investigated with the help of queueing system

Received 215t December, 2016.
The reported study was supported by the Russian Foundation for Basic Research RFBR, research
projects No. 15-07-03007, 15-07-03406.



4 RUDN Journal of MIPh. Vol. 25, No1,2017. Pp. 3-8

M/G/1/oo with renovation without repeated service [5-9]. Systems with renovation
mechanism can be used for traffic control mechanism modeling [10].

We analyze the queueing system in which losses of the accepted customers are possible
due to the so called renovation.

2. System Description

Consider M/G/1/0o queueing system with the general service time distribution B(x),
Poisson arrival rate A and renovation. The renovation mechanism, due to [5,7,8], operates
as follows. At the end of each service completion the customer leaving server with the
(known) probability ¢ empties the buffer and leaves the system. With the probability
p =1 — q it leaves the system without having any effect on the buffer contents. If p =1
one obtains the well-known M/G/1/0co queue.

As usual, if one considers the total number of customers {v;,7 > 0} in the system
just after i-th service completion, then {v;,i > 0} is the embedded Markov chain of
the queue-length process {v(t),t > 0}. Denote the state set of the embedded Markov
byX ={0,1,...}.

The matrix of transition probabilities for the embedded Markov chain has the form:

Bo + i Biq Bip Bap B3p Bap Bsp
Bo + i Biq Bip Bap B3p Bap Bsp

iﬁiq Bop  Bip  Bep  PBsp Bap

Zi) Biq 0 Bop  BPip P Psp
i Biq 0 0 Bop P Pop
i Biq 0 0 0 Bop  Bip
i Biq 0 0 0 0 Bop

3. Stationary Distribution of the Embedded Markov Chain

Denote by p;, ¢+ > 0, the probability, that there are ¢ customers in the system upon
service completion. Then, assuming that the stationary distribution exists, one has the
following system for p;:

Po = (50 + Z 3#]) Po + (50 + Z ﬁz'(J) p1+ Z <Z 5#]) Dk; (1)
i=1 k=2 \i=0

=1
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i+1
pi = Bippo + Zpﬂz‘ﬂfkpk, iz 1 (2)
k=1

Here 3; = [;° Qo) —reqp (x) denotes the probability that during service time exactly 4

il
(¢ > 0) other customers have entered the system. It is straightforward to show, that the
probability generation function (PGF)

o0
P(z) = Z piz’
i=0
and can be written in the following form:

1 —2)ppoB(\ — Az) — zq
PBA—A2) —z

P(z) = (

where

e dB(z).

i=0 ’

=0

If p = 1 then (3) coincides with the Pollaczek-Khinchin formula for classic M/G/1/oc0
queue.

4. Performance Characteristics

Using the analytically property of P(z) one can obtain the expression for the proba-
bility of system being empty upon service completion. Consider the equation

pBA—Az) — z=0.

It has the unique solution 0 < 2z < 1 for z € [0,1]. As the denominator of (3)
vanishes at point z = zp then the numerator of (3) must also vanish at this point. Thus

(1 = 20)ppoB(A — Az0) — 20q = 0,

wherefrom it follows that

_ g0
P (= 2B~ ) W

If p=1(¢g=1-p=0) one gets the well-known expression py = 1 — \b, where b is
the mean service time.

The average number N of customers in the system upon service completion is equal
to

N:P'(1):§(po+Ab—1). (5)

Here Ab is the average number of customers arrived during a single service time.

Let us denote by p®**¥) the probability that all the customers in the system just after
the end of the service will not be dropped and will eventually receive service. Then

1 , 1
(serv) _ i1l j2) _ 6
p E pip — P)—"Po)-
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The P(p) is the value of probability generation function (3) P(z) with z = p.

Let us denote as W (™) () the probability, that the waiting time for the last customer
in the buffer (just after the end of the service) will be less than x:

1

W (serv) ()= — Z Wi(serv) (2)p;,
(1 = po)plsery) £

here Wi(serv) (x) is the probability, that the waiting time for the i-th customer in the
buffer (just after the end of the service) will be less than x with the requirement that

there were exactly ¢ customers just after the end of service.
The Laplace-Stieltjes transformation of W®°™V)(z) has the form:

(serv) — 1 = =1 i—-1] _ 1 P(pﬁ(s)) — Do
W' (s) (1= o)) <p1 + ;pm B(s) ) T s pBs)

(7)

The mean waiting time of the customer which received service is equal to:

w<sew):_(w<sew>(s))’ b (P’(p) 1)’ (8)

s=0 - 1 — Do p(serv) o
where

) = b ’ o v qp(1—po)
P = S5 (0 = oyt a1 - = Apap) = (L

5. Conclusion

The paper considers the queueing system with full renovation. Analytical expressions
for the main performance characteristics are obtained. The study of M/G/1/00 queues
with the general renovation as well as with renovation and re-service (due to [11]) is an
open issue.
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B pabore uccrenyercs cucrema MacCOBOTO OOC/IYKUBaHMS, B KOTOPO BO3MOXKHBI ITOTEPU TI0-
CTYHAIIUX 3asIBOK U3-3a BBEJIEHHOIO CIIEIMAJIBHOIO MexaHu3Ma o0HOBJIeHusi. CucTeMa COCTOUT
U3 OJTHOTO OOCJIYy>KHMBAIOIIEr0 TPUOOpa C PEKYPPEHTHBIM paCIIpe/ieJIeHNeM BPEMEHU OOCITyKUBa-
HUS U HAKOIUTEe/sI HeOTPAHUYIEHHOIT éMKOCTH, B PAaCCMaTPUBAEMYyIO CUCTEMY IIOCTYIIaeT IIyacco-
HOBCKUII TTOTOK 3asiBOK. MexaHu3M OOHOBJIEHUSI 3aKJIFOYAETCS B TOM, YTO B MOMEHT OKOHYAHUS
obcTyKUBaHUsT Ha IPUOOpE 3asiBKa JIMOO MOXKET OMYCTOIIUTH BECh HAKOIMUTE/b U MOKUHYTH CH-
creMy, aubO C JOTOJHUTEIBHON BEPOSTHOCTHIO MPOCTO MOKWHYTH cuctemy. s mcciemoBanmst
XapaKTEPUCTUK PACCMATPUBAEMON CUCTEMBI CTPOUTCS BJIOYKEHHAS 10 MOMEHTaM OKOHYAHUs 00-
ciry>KuBaHus 1enib MapkoBa. B mpesironioxkeHnn o cyecTBOBAaHUH CTAIIMOHAPHOI'O PEYKUMA JIJIs
[IOCTPOEHHOM BJIOYKEHHOI et MapKoBa BBIBOJUTCS IPOU3BOJISINASA (DYHKIUST YHUCTIA 3asiBOK B
cuCTeMe, BEPOATHOCTDH IIPOCTOdA CHUCTEMBI, CPeJHEe YHCJIO 3asdBOK B CHUCTEME, BEPOATHOCTH OT-
CYyTCTBUsI TIOTEPH, PACIPE/ICIEHNE BPEMEHU OXKUJIAHWUS HAdaaa OOCTYyKUBAHUST HECOPOITEHHBIX
3asiBOK, Cpe/[Hee BpeMsi OXKUIAHUsT OOCTy>KUBAHUS JIJIst HECOPOIIEHHON 3asIBKH.

KuroueBrble cjioBa: INOJIHOEe OOHOBJIEHHE, CUCTEMA MACCOBOI'O OOCIIY?KUBaHUSI, PEKYDPPEHT-
Hoe 0bOCITyKuBaHMe, COPOC 3asBOK, BEPOSATHOCTHLIE XaPAKTEPUCTUKN

JIuteparypa

1. Kleinrock L. Queueing Systems: Volume I — Theory. — New York: Wiley Inter-
science, 1975.

2. Queueing Theory / P. P. Bocharov, C. D’Apice, A. V. Pechinkin, S. Salerno. —
Utrecht, Boston: VSP, 2004.

3. Dudin A., Klimenok V., Vishnevsky V. Analysis of Unreliable Single Server Queueing
System with Hot Back-Up Server // Communications in Computer and Information
Science. — 2015. — No 499. — Pp. 149-161.



RUDN Journal of MIPh. Vol. 25, No1,2017. Pp.3-8

10.

11.

Zaryadov I. S., Pechinkin A. V. Stationary Time Characteristics of the GI /M /n /oo
System with Some Variants of the Generalized Renovation Discipline // Automation
and Remote Control. — 2009. — No 12. — Pp. 2085-2097.

Kreinin A. Queueing Systems with Renovation // Journal of Applied Math. Stochast.
Analysis. — 1997. — Vol. 10, No 4. — Pp. 431-443.

Bowapos II. II., Bapsados U. C. CranmoHapHoe pacipeeseHne BePOITHOCTEN B CH-
creMax MaccoBoro obcsyzkupanusi ¢ oonosienueMm // Becruuk PY/IH. Cepus: Ma-
remaruka. Uudopmaruka. @usuka. — 2007. — Ne 1-2. — C. 15-25.

Zaryadov 1. S., Pechinkin A. V. Stationary Time Characteristics of the GI /M /n /oo
System with Some Variants of the Generalized Renovation Discipline // Automation
and Remote Control. — 2009. — No 12. — Pp. 2085-2097.

Zaryadov I. S. The GI/M/n/oco Queuing System with Generalized Renovation //
Automation and Remote Control. — 2010. — No 4. — Pp. 663-671.

3apsados U. C., I'opbynosa A. B. AHaym3 cucreMbl MacCOBOTO OOCIYy?KUBAHUSI C JIBY-
Msl BXOJISIIIIMMU [TOTOKAME U BEPOSTHOCTHBIM cOpocoMm // Bectuuk PYJIIH. Cepust:
Maremaruka. Uudpopmaruka. Pusuka. — 2015. — Ne 2. — C. 33-37.

Sapados U. C., Kopoavkosa A. B. Ilpumenenue mojen ¢ 0600IIEHHBIM OOHOBJIEHUEM
K QHAJU3Y XaPAKTEPUCTUK CUCTEM aKTHUBHOTO yIPaBJIEHUs odepeaamu tura Random
Early Detection (RED) // T-Comm: TenekommyHukarnuu u tpancrnopr. — 2011, —
Ne 7. — C. 84-88.

Bocharov P. P., Pechinkin A. V. Application of Branching Processes to Investigate
the M/G/1 Queueing System with Retrials // Int. Conf. Distributed computer com-
munication networks. Theory and Applications. — Tel-Aviv: 1999. — Pp. 20-26.

(© Bogdanova E. V., Milovanova T.A., Zaryadov I.S., 2017





