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Abstract. We propose an efficient method for Hamiltonian simulation of multi-qubit
quantum systems with special types of interaction. In our approach, the Hamiltonian
of a n-qubit system should be represented as a linear combination of the standard
Pauli basis operators, and then decomposed into a sum of partial Hamiltonians,
which are, in general, not Pauli operators and satisfy some anticommutation relations.
For three types of Hamiltonians, which are invariant with respect to permutations of
qubits, the effectiveness of the main algorithm in the three-qubit cluster model is
shown by calculating the operator exponentials for these Hamiltonians in an explicit
analytical form. We also calculate the density operator, partition function, entropy,
and free energy of the cluster weakly coupled to a thermal environment. In our
model, the cluster is in the Gibbs state in the temperature interval 0.1—2K, which
corresponds to the operating range of modern quantum processors. It follows from
our analysis that the thermodynamic properties of such systems strongly depend on
the type of internal interaction of qubits in the cluster.

Key words and phrases: Hamiltonian simulation, cluster of qubits, operator
exponential, thermal environment, Gibbs state, thermodynamic properties

1. Introduction

In recent decades, effective mathematical methods and computational
algorithms have been developed to simulate the dynamics of quantum systems
and their thermodynamic properties on classical computers. It is believed
that classical modeling of quantum systems, at least in quantum computation
and chemical physics [1, 2|, is potentially the shortest path to substantive
quantum algorithms. In quantum information and condensed matter physics,
the Hamiltonian simulation is one of the most important problems [3-5]. This
problem can be mathematically formulated as the task of computing, exactly
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or approximately, the operator exponential exp(Tﬁ ) for a Hamiltonian of

the form H = )  H,, where each summand is assumed to be a Hermitian
operator [6, 7]. Usually the simulating Hamiltonian has a simpler form in
comparison with the Hamiltonian of a real quantum system, but they both
have the same specific features; in particular, their spectra should be close to
each other.

In this paper we propose a method for computing the operator exponen-
tials based on the decomposition of a simulating Hamiltonian into a linear
combination of n-qubit Pauli operators to reduce the complexity of the com-
putations. The method is suitable for Hamiltonians of a certain type, which,
nevertheless, represent a wide class of quantum systems in condensed matter
physics. Note that we will understand the problem of Hamiltonian simulation
in a wide sense. Namely, if the parameter 7is purely imaginary, say 7 = —it,
then the operator exponential describes the unitary time evolution of a closed

quantum system. On the other hand, the exponential exp(—ﬂf[ ) /Z is the

density operator of a quantum subsystem weakly interacting with a ther-
mal environment having the inverse temperature 5. We will consider only
time-independent Hamiltonians.

The paper is organized as follows. Sec. 2 contains some mathematical pre-
liminaries, in particular necessary definitions and properties of the Pauli basis.
Sec. 3 is devoted to the description of our method and the corresponding algo-
rithm. In Sec. 4 we consider a cluster consisting of three qubits, three model
Hamiltonians for different types of interaction, and compute the correspond-
ing exponentials and spectra. Sec. 5 deals with the same cluster interacting
with a thermal environment. In the last two sections, our goal is twofold: first,
we want to demonstrate the proposed method with a specific example (which
admits fully analytical calculations), and second, to present a prototype of
some realistic models for clusters that include a three-qubit interaction.

Throughout the paper, we use the natural system of units withc¢ =1, A =1,
and kp = 1, so that energy and temperature are measured in units of inverse
length.

2. Pauli basis

Let # be a one-qubit Hilbert space and J,, = H®™ be the corresponding
2"-dimensional Hilbert space for a quantum system of n distinguishable

qubits. Let L(H,,) =H, ® F}, be the space of linear operators acting on
I, and H 3 by the left and right contractions respectively. It is obvious that
L(7,)) is a Hilbert space with respect to the Hilbert-Schmidt inner product,
(A,B) = tr(ATB), A,B € L(7,), and obviously dimcL(%,) = 4™. The
identity operator, , = |0)X0| + |1)(1|, and the three Pauli operators

oy = |0)A[ +[1X0[, 9 = —i[OX1[ +¢[1)}0], o3 = [0X0] — [1)1]
form the Pauli basis in L(F). Recall that

tré, =0, 62 =5,

(6,,6,) =0, [6,,5,]=2sign(r)5,,, (kim)=m(123), (1)

m?
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where 7(123) is a permutation of {1,2,3}, k,I,m € {1,2,3}; [,] and {,}
denote the commutator and anticommutator respectively.
The Pauli basis in L(H,,) is defined by

kb oy Trhn = 00 8 @0, (2)
where 0,  is the identity operator. It is obvious that the Pauli basis consists
of 4" elements. We will use compact notations like 6, = &klu-kn’ denoting
the string ky ...k, kq,...,k, € {0,1,2,3}, by the corresponding decimal
representation K, 0 < K < 4" — 1. Note that all the operators o, are
Hermitian and unitary at the same time. In addition, one can easily check
the useful relations
&%( - 5'00, {tI‘ &K}K#O — O, tI“ &00 — 271‘ (3)
In what follows, we often use the symbol I to denote 0y 0, if its meaning is
clear from the context.
The following proposition is a direct consequence of relations (1): any two
operators of the Pauli basis, say 0y and 6, either commute or anticommute,

that is,
either [0y,0.] =0 or {6g,0.,} =0. (4)

The strings K = k; ... k,, and L =, ...[l,, completely define the correspond-
ing Pauli operators 6, and &, . Let p be the number of pairs (k,,!,), where
k, € Kandl, € L, such that k, #0,1,#0,and k, #1,, a =1,2,...,n. If
p is even (odd), then the operators commute (respectively, anticommute). The
proof of this statement is elementary.

The statement (4), which can be rewritten in the form 6;6,0; = +0,
play a key role in implementation of our algorithm presented in the next
section. Note also that Hamiltonians and density operators, being Hermitian,
are written as linear combinations of the Pauli basis operators with real
coefficients.

3. Decompositions of Hamiltonians in the Pauli basis

The simplest version of the Lie-Trotter—Suzuki decomposition has the form
e™H — <eTH1/m€TH2/m eTHT/m>m + 0(7'27’2/771).

In practice, one usually uses an enhanced formula of forth order, which gives
an error of order O(7°r® /m*), however, in any case, the operator exponentials
in the product must be calculated with very high accuracy. Note that if these
exponentials can be represented analytically in a simple closed form, it may
be possible to reduce the exponential complexity to polynomial.

In Hamiltonian simulation, the first step as always is to divide, in some
“maximal” way, the original Hamiltonian into pairwise commuting Hermitian
parts, so that the total operator exponential will be found as the product

of the exponentials of these partial Hamiltonians. Let H be such a partial
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Hamiltonian. In what follows, we require that it can be represented as the sum
~ K ~
= Z aka, ag < |R, (5)
k=1

where the operators H . are Hermitian and satisfy the conditions
(Hy, HY ooy = by H,yy, b, €R, kylime {1,2,.. K}, (6)

In addition, we assume that K < 4", since otherwise this decomposition
does not have any meaningful sense. In formula (6), the integer-valued function
m = m(k,l) completely defines the anticommutation relations. Therefore,
from a purely computational point of view, our algorithm reduces to an
iterative procedure for this function and finite summation operations. Indeed,

the next step obviously consists in computing the powers of H. The second

power is
E apa;b, m(k,l)s
k<l

so that, after collecting similar terms, we obtain the decomposition of the
form (5) with other coefficients, say c¢;,. Then the third power (and analogously

the fourth one) of H has the form

§ ap¢;by, le (k1)
k<l

It is important that the series of coefficients at the powers of the operator
can often be summarized into a simple closed expression.

The proposed algorithm starts with the decomposition of the Hamiltonian
in accordance with the expressions (5) and (6). Here the conditions (6) seem
to be very strong. However, first, they are automatically satisfied for any set
of anticommuting Pauli basis operators and, therefore, are of great significance
in applications. Second, the model Hamiltonian of a quantum system often
has a high degree of symmetry. It takes place, for example, under the quite
weak assumption that there exists some sufficiently large permutation group,
acting on qubits, such that the Hamiltonian is invariant with respect to this
action. In the latter case, the conditions (6) usually hold and, moreover, the
terms in the decomposition (5) have a number of common eigenvectors. And
third, for Ising-type Hamiltonians, the corresponding lattice, as a rule, can be
partitioned in some suitable way into local subsets for which the conditions (6)
hold.

In conclusion of this section, we consider a special but very important
version of the conditions (6) when

~

ﬁ]%:I, {ﬁk,ﬁl}k#:(), l{f,l:l,2,... B (7)

where we formally add the identity operator I = H, to the set {H W
to keep it closed under the anticommutation operation. In this case, an

elementary calculation gives the following relations for the powers of H:
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) ) ) ) X 1/2
A5+ — 2K (%R = o2, k=1,2,..., a= (Zﬁ) )

From the power series expansion, the exponential of the Hamiltonian (5),
in its turn, can now be obtained in a simple closed form:

3
2 3 4 _
exp(T H>_I+TH+2'H +3H +4H + .=
- a?r?. ettt at ~  a37m3
= (I I I+ .. —H H+..| =
(+2!+4!+>+<a +a3!+)
~ <sh ~
_ ch(an+ 2 g ()
a

It is appropriate to clarify the significance of the obtained formula by the
fact that the relations (7) are automatically fulfilled if the decomposition (5)
contains only anticommuting Pauli operators. Note also that there is one
more important special case when, in addition to the conditions (6), the

operators H, commute pairwise, [H,, H;] = 0 (the next section deals with
just such a case). Then the exponential exp(ﬂ—l ) is the product of exponentials

exp (Taklfl k) of partial Hamiltonians, and each exponential can be calculated
using a simple version of the basic algorithm and naturally represented as

a linear combination of the operators H x- JThen the product should be
expanded into a linear combination of all the same operators.

4. Three-qubit model Hamiltonians

In the literature, there are many examples of few-qubits (usually two- and
three-qubits) systems with various model Hamiltonians (see e.g. [8] and the
references therein). In this section, we consider a three-qubit cluster and three
model Hamiltonians describing different types of internal interaction between
the qubits. The most important distinctive feature of these Hamiltonians is
the presence of three-qubit interactions. In order to perform all calculations
in an analytical form and thereby provide an illustrative example of using our
algorithm, the Hamiltonians are chosen to be invariant under permutations
of qubits. Namely, we define two Hamiltonians (the third one is H; + Hy) by
the relations

~ 1

Ay = o (Fy+ Byt Fy +35), ﬁzzll—Q(élJrészég%—Sf). (9)

where S = —0335, and

Fy = 0113+ 0131 0311, Fy = 0993+ 0930+ 0390,  F35 = 0993+ 0030+ T300,
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Gy = Gooo+0202 15220, Go =011 +5101+5110, G = —Go33— 303 Fas0-
Given the symmetry, one can easily obtain the relations
(F,,S} =2G,, {G,S}y=2F, i=1,23,
{Fivﬁj} = Qélm {éz7éj} = 2ék7 {Fi’ ég} = QFka i FJFk
(F),G} =65 +4F,, {F,, Gy} =6S +4F,, {F;, Gy} =65 —4F,.
The squares of the operators are S2? =T and
= G2 =31+2G,, F2=G:=31+2G, F2=@G2=3I-2G,.
_Using these relations, we find that the Hamiltonians H ; and H2 commute,
[H,,H,) =0, and
{ﬁ17ﬁ2}:2ﬁ1, ﬁf:ﬁ%:[—}m (10)
so that
H?=H, H*=H, H=H,. K6 H}=H, H}=H,, ...

Finally, using the above relations and the Taylor series expansion of the op-
erator exponential, we obtain

R R R 2 3 4
exp(rH, ) =I+7H, + Ty 'H3 + 7 Tl

H 4 =
2 3! '+

5!

. P B ~ . 2 4 ~
:I+<+§+y+ >H1_H2+<1+?+I+ )HQZ
= I +sh7H, + (chr — 1)H,, (11)

and analogously, ~ R ~
eXp(TH2) =1+ (e"—1)H,. (12)

We will also consider the Hamiltonian
for which the corresponding exponential is

exp(T}D — [+ e"sh7H, + ¢ (chr — 1) H,. (14)

The Hamiltonians (9) and (13) have the same eigenvectors, but of course
their eigenvalues must be different. We also have the following consequence of

the symmetry of H 1 ﬁz, and H: if a state is invariant under all permutations
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of qubits, then it is obviously the eigenvector of these Hamiltonians. This
implies that the states

Sy =1000), S; =|111),
|001) + |010) + |100)  ~  |011) + |101) + |110)
p— 3 W p— ,
V3 V3
are eigenvectors for them, where W is one of the two inequivalent classes

of completely entangled states, and W is the “false”, W-state. Other four
eigenvectors can be chosen as

_ 2[001) — [010) —[100) . _ |010) — [100)

\/6 ’ 2 \/§ 9
po = 2l011) —J10n) — [110) . [101) — [110)
3 \/6 ) 4 \/§ .

These eight eigenvectors make up an orthonormal basis in the Hilbert space
H®3. The Hamiltonians (9) and (13) have strongly degenerate spectra. By
introducing the notations [S] = {S,,S;} and [V] = {V;,V,, V5, V,}, we can
write down these spectra as

w

Vi

Spec ﬁl - { (_17 W)? (07 [5]7 [V])7 (17W>}7 (15)
Spec 1:12 = {(07 [5]7 [VD? (1, W, W)}a (16)
SpecI:I = {(07 [S]a [V]7 W)v (27W)}7 (17)

where the real numbers in round parentheses denote the corresponding eigen-
values.

5. Three-qubit cluster in a thermal environment

Model Hamiltonians provide wide possibilities for approximate simulation
of real quantum systems in condensed matter physics. This section is devoted
to a toy model of a material consisting of three-qubit clusters with strong in-
tracluster quantum coherence and a weak (thermal) intercluster interaction.
Such models of clusters in the presence of a thermal environment were consid-
ered earlier for two-qubit clusters [9] and three and four-qubit clusters [10-12]
with simpler but less symmetric Hamiltonians. We will use the Hamiltonians
that were studied in the previous section.

In general, the total Hamiltonian of a subsystem and a thermal environment
(bath), weakly coupled with each other, is given by the sum

ﬁ: ]—i’s +ﬁb+ﬁint'

In this connection, there arises a subtle issue whether the density operator
of the subsystem, p(t), given in an arbitrary initial state p(0), will come to
an equilibrium (Gibbs) state over long time. For Hamiltonians with non-
degenerated spectrum, von Neumann proves this statement rigorously in his
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pioneer paper [13] (see also [14, 15]). However, it is shown in [16] that the
requirement of non-degeneracy can be ruled out; in this case, the subsystem
will reside close to a fixed equilibrium state most of the time. Also, there
are no theoretical or experimental examples of degenerate subsystems with
non-equilibrium long time dynamics in the literature. On the other hand,
the degeneracy is a consequence of the high symmetry of the subsystem’s
Hamiltonian, but in realistic situations, perturbations violate the degeneracy of
energy level [17]. Our consideration will be based on the following assumption:
if the intensity of the interaction (in the sense of the usual operator norm

of Hmt) between the subsystem and the environment is much less than the

temperature 1/5, and the internal interaction (determined by H,) of qubits
in the subsystem is greater than 1/, then the subsystem will be in a state

being very close to the Gibbs state p = exp(—,@ﬁs)/Z.

At this stage, we have to introduce a dimensional factor into the Hamiltoni-
ans (9) and (13) by replacing H — wH or, equivalently, by setting 7 = —fBw,
where [w] = L™!; in other words, the coefficient 1/12 in (9) will be replaced
by w/12. Accordlng to formulae (15)—(17), the eigenvalues of the Hamilto-

nians H,, H,, and H are {—w,0,w}, {0,w}, and {0, 2w}, respectively. For
the interaction H 1, the ground state of the system is non-degenerated, as

well as the exited state for H, while both the states for the Hamiltonian H,
are degenerated. From the expressions (11), (12), and (14), one can find the

corresponding partition functions Z = tr exp(—ﬁH) and density operators
p = exp(—ﬁﬁ)/Z. Taking into account that trffl = 0 and trﬁg = 2w, we
obtain

Z, =6+2ch(wB), Zy=6+2eF Z=9—2 e 20

5 = 1 {f_ Sh(wﬁ)ﬁ L ch(wp) —1ﬁ2} ,

Z
1 w i w (18)
N P et ¥
P2 = 22 w 21
1] e “Psh(wp) ~ e “P(ch(wB)—1) ~
=—|[——H H 1
p= |1 - P, R 2 (19)

We see that the partition function Z; diverges in the low temperature limit.
In a real system, the divergence will be compensated by the sharp dominance
of the Hamiltonian H,,,, in comparison with the temperature. In fact, the
condition of weak couphng between the cluster and its thermal env1r0nment is
violated for all the three types of interaction in the region g > 1. Therefore,
there are no equilibrium states despite of good definiteness of the density

operators: for 8 — 0o, we have (with the same error O(e™“#))
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The divergence of Z; is reflected in the fact that p; is a pure state in the
zero temperature limit, p2 = p;, so that it cannot represent any Gibbs state.
An analogous picture takes place at high temperatures. In this case, the
internal interaction between qubits becomes of the order of 1/ or less than
it, so that the cluster again cannot be considered in isolation from the entire
system. In the region 8 <« 1 where quantum effects no longer dominate, we
have the usual semiclassical behavior (in particular, all eigenstates are almost
equally probable)

— BH, o . A+wB. B
_ e I— —

~»

ﬁ2+0<52)7 5_>0

ﬁ:ﬁlz

Using the well-known expressions for the average energy, von Neumann
entropy, and free energy,

~ 1
E=tr(pH) =—-03InZ, S=InZ+ B¢, ff:é’—TS’:—Ean, (20)

we have plotted in figures 1 and 2, respectively, the entropies and free energies
for the three states under considerations. Recall that the transition from
natural units to ordinary units consists in the replacements

B

—, w — chw.
ch’

b —

Thus the value § = 1 corresponds to the inverse temperature 1/7T =

3-10'% erg™!, that is, T ~ 3 - 107'" erg ~ 0.2 K. Note that the usual working
inverse temperatures of qubits, realized, for example, in the form of quantum
dots or superconducting artificial atoms, are in the interval 0.2 < § < 2.

9.0r

Partition function Z 8.5¢ Partition function Z

Figure 1. In the low temperature region, lim Z5, =6 and lim Z =9, in contrast
w—00
to the partition function Z,, which diverges
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0.0F

-1.0¢

0 1 2 3 i B 1 2 i 6 8 B

Figure 2. Entropy S(B8) (left panel) and free energy F(8) (right panel) for the states (18)
and (19). In the low temperature limit 3 — oo, we have, with an error O(e 2¢#),
the expansions F;, = —w — (6/B)e “# F, = —(In6)/8 —e “#/(33),

F =—(In9)/B8+2¢"«#/(9p). In the high temperature limit 3 — 0, we have
Fy, ~ Fy ~ F ~ —3(In2)/8

6. Conclusions

We have presented a simple method for simulating multi-qubit clusters
having Hamiltonians of a special form, but nevertheless covering a wide range
of quantum systems in condensed matter physics. It is assumed that the
Hamiltonian of a quantum system can be represented as a linear combination
of some set of partial Hamiltonians, so that their anticommutators up to
a factor are themselves elements of this set. Another feature of our approach is
the use of the Pauli basis, in which all calculations have the simplest form. To
demonstrate the effectiveness of the main algorithm, we considered a cluster
of three qubits and three model Hamiltonians representing various types of
interactions that are symmetric under permutations of qubits and therefore
make possible a fully analytical treatment.

Our algorithm was used to find the density operator, partition function,
entropy, and free energy of such a cluster, weakly coupled to a thermal
environment, for the Hamiltonians under consideration. In our model, the
cluster is in a Gibbs state in the temperature interval 0.1—2 K, that is, in the
operating range of modern quantum processors. Our analysis showed that
the thermodynamic properties of such a system strongly depend on the type
of internal interaction of qubits in the cluster.
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Awnnoranus. [Iperaraercss 3pdEKTUBHBI METOJI MATEMATHIECKOTO MOJEIUPO-
BaHUAd I'aMUJIBTOHNAHOB MHOFOKY6I/ITHI)IX KBAHTOBBIX CHUCTEM C B3aI/IMO,ZLeI>‘ICTBI/IeM
CTIeNMATHFHOTO BUIA. B HAIeM MoIX0/1e TAMIIBTOHUAH CUCTEMBI N KYOUTOB JOJYKEH
OBITH IIPEJICTABJIEH JIMHEHHONW KoMOMHaImei B crangapTHoM 6asuce [laynu, a 3aTem
Pa3JI0KeH B CYMMY YACTUYHBIX TaMUIJIBTOHUAHOB, KOTOPBIE, BOOOIIE TOBOPS, HE SIB-
JIAIOTCA oIlepaTopaMm Haym/l 1 yAOBJIETBOPAIOT HEKOTOPBIM aHTUKOMMY TAITMOHHBIM
coorHomeHusAM. Jlj1g TPEX TUIIOB raMMILTOHUAHOB, NHBAPUAHTHBIX OTHOCUTEIHHO
[IEPECTAHOBOK KyOuUTOB, 3((HEKTUBHOCTH OCHOBHOT'O AJITOPUTMA B MOJIEJIN TPEXKYOUT-
HOT'O KJIACTEpa MTOKAa3aHa MOCPEICTBOM BBIUYHMC/IEHUS OIIEPATOPHBIX SKCIOHEHT 3TUX
raMUJIbTOHUAHOB B BHOM aHAJUTHUYECKOM BHje. Kpome TOro, BbIYUCIIEH OIIEPATOD
IUIOTHOCTH COCTOSIHUS, CTATHCTUYECKAs CyMMa, SHTPOINs U CBODO/HAS SHEPIUS JIJIst
KJIacTepa, Cjabo CBI3aHHOTO C TepMOCTATOM. B Harmeit Mojiesn KjacTep HAXOIUTCS
B cocrogauu ['ub0ca B nnrepsase Temmneparyp 0,1—2 K, uro coorBeTcTByeT pabodemy
JINaTa30Hy COBPEMEHHBIX KBAHTOBBIX IIPOIECCOPOB. VI3 Halllero aHa/m3a cJielyer, 9To
TEPMOJIMHAMUIECKUE CBOMCTBA TAKON CUCTEMBI CUJILHO 3aBUCAT OT THIIA, BHYTPEHHETO
B3aMMOJIeCTBUS KyOUTOB B KJIacTepe.
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