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 Abstract. An algorithm for designing a low-energy lunar flight trajectory is 

presented. It is based on the assumption that low-energy flight trajectories pass 

through the vicinity of one of the collinear libration points of the Earth – Moon 

system (L1 or L2). It is also assumed that at the moment of spacecraft flight 

in the vicinity of the libration point, the elements of the osculating geocen-

tric orbit of the spacecraft are close to the elements of the osculating geo-

centric orbit of the libration point itself. The results of a numerical analysis 

of the obtained low-energy lunar flight trajectory are presented. It is shown 

that the use of such a trajectory makes it possible to reduce the deceleration 

impulse of the velocity during the transition to a low lunar orbit to a value 

of 638 m/s (in the traditional flight scheme, this impulse turns out to be 

more than 800 m/s). The influence of solar gravitational disturbances on 

the flight trajectory is analyzed. It is demonstrated that these perturbations 

ensure the approach of the spacecraft to the Moon with a negative seleno-

centric energy constant and contribute to the temporary capture of the space- 

craft by the Moon. The influence of the terrestrial gravitational perturbation 

on the circumlunar part of the trajectory is studied. It is displayed that on 

the trajectory found this perturbation effectively reduces the selenocentric 

velocity of the spacecraft. The conditions for spacecraft flight in the vicinity 

of the libration point are considered. 
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 Аннотация. Приводится алгоритм проектирования низкоэнергетической 

траектории лунного перелета. Он основан на предположении о том, что 

траектории низкоэнергетического перелета проходят через окрестность 

одной из коллинеарных точек либрации системы Земля – Луна (L1 или 

L2). Предполагается, что в момент пролета космическим аппаратом 

окрестности точки либрации элементы оскулирующей геоцентрической 

орбиты космического аппарата близки к элементам оскулирующей гео- 

центрической орбиты самой точки либрации. Представлены результаты 

численного анализа полученной низкоэнергетической траектории лунного 

перелета. Показано, что использование такой траектории позволяет 

уменьшить тормозной импульс скорости при переходе на низкую около-

лунную орбиту до значения 638 м/с (при традиционной схеме перелета 

этот импульс оказывается больше 800 м/с). Проанализировано влия-

ния солнечных гравитационных возмущений на траекторию перелета. 

Выявлено, что эти возмущения обеспечивают подлет космического 

аппарата к окрестности Луны с отрицательной селеноцентрической 

константой энергии и способствуют временному захвату космического 

аппарата Луной. Исследовано влияние земного гравитационного воз-

мущения на окололунный участок траектории. Установлено, что на 

найденной траектории это возмущение эффективно уменьшает селено-

центрическую скорость космического аппарата. Рассмотрены условия 

пролета космического аппарата окрестности точки либрации. 

Ключевые слова:  

низкоэнергетическая траектория, 

траектория полета, гравитационные 
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The problem of analyzing low-energy trajectories 

to the Moon is considered in many publications [1–11]. 

The first part of the article [12] describes a new method 

for designing low-energy trajectories for a flight to 
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the Moon with the spacecraft (SC) insertion into 

a low lunar orbit. The method is based on the assump-

tion that a low-energy trajectory can be obtained by 

using as an initial approximation a trajectory pass-

ing through the vicinity of one of the collinear libra-

tion points of the Earth-Moon system (L1 or L2). 

Additionally, it is assumed that on this trajectory, 

at the moment when the spacecraft approaches the 

libration point, the elements of the geocentric oscu-

lating orbit of the spacecraft are close to the corre-

sponding elements of the geocentric osculating orbit 

of the libration point. Thus, the method assumes 

https://orcid.org/0000-0002-0138-6190
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a narrowing of the space of analyzed trajectories. 

The authors do not claim that there are no low-energy 

lunar flights that cannot be carried out obtained using 

a smooth continuation of the trajectories considered 

in the paper as an initial approximation. But we be-

lieve that many (if not most) low-energy lunar tra-

jectories can be obtained using a trajectory passing 

through the vicinity of the considered libration points 

as an initial approximation. 

The problem statement assumes that the impulse 

trajectory of the flight from low Earth’s orbit (LEO) 

to low Moon orbit (LMO) is being analyzed. It is 

assumed that the altitude and inclination of LEO 

and the altitude of LMO are known. The selectable 

(optimized) characteristics of the flight trajectory 

are: the date of start (Tst) at the analyzed given 

epoch, the longitude of the ascending node of 

the LEO (Ω), the latitude argument of the starting 

point (uo), the magnitude of the accelerating veloci-

ty impulse at the start (∆V1), the flight time to the 

target orbit of the artificial satellite of the moon (tp), 

the magnitude and direction of the braking velocity 

impulse at the end point of the flight trajectory to 

the moon (∆Vbr). 

The listed characteristics should be chosen so 

as to: 

1) ensure the solution of the transport problem 

(insertion into the target LMO) and 

2) the cost of solving the transport problem is 

minimal. The considered optimization criterion is 

either the summary velocity impulse or the magni-

tude of the velocity impulse, which ensures the in-

sertion of the spacecraft into LMO when SC ap-

proaching this orbit (∆Vbr). 

To analyze the passage of a spacecraft in 

the vicinity of the libration point, the sum of three 

non-negative quantities (three distances) is consi- 

dered: SC SC ,L p Lp a LaJ r r r r r=  + − + −  where 

the first term ΔrL is the SC distance from the libra-

tion point (it is found as the difference between 

the geocentric vectors of the SC and the libration 

point); SCpr  and SCar  – radius of perigee and apogee 

of the osculating geocentric orbit of the SC; Lpr  and 

Lar  – perigee and apogee radius of the osculating 

geocentric orbit of the libration point. 

The J-function depend on the four parameters 

of the flight pattern Tst, Ω, uo, ra, which determine 

the conditions for the motion of the SC after its 

launch from LEO, and the current time of motion of 

the SC t: J(Tst, Ω, uo, ra, t). On each flight trajectory, 

there is a time t1 when J is minimal. Let us define 

this minimum value as I and call it the total miss of 

the libration point: 

st st( , , , ) min ( , , , , ),o a o a

t

I T u r J T u r t =    (1) 

The paper describes the developed algorithm 

and analyzes the numerical results of the obtained 

low-energy lunar trajectory. 

The developed method for designing low-energy 

flight trajectories assumes the following sequence 

of operations. 

At the first stage, such parameters of the flight 

pattern Tst, ra, are found, which ensure that the SC 

enters the vicinity of the libration points and the 

minimum total miss of this point. More specifically, 

the task of the stage is formulated as follows: 

in the space of two of the listed parameters Tst, ra, 

find such a set of them that minimizes the total miss 

of the libration point I. In this case, the values of 

the parameters Ω and uo do not vary and are taken 

equal to the values described in Section 3.1. 

The enumeration of, ra is used. The parameters 

changed with a fairly small step. The launch date 

increment is one hour; parameter ra increment is 

5 thousand km. The launch date change range is 

one year for the considered launch epoch. Range of 

parameter ra is 1–1.5 million km. For each pair of 

values of these parameters, a system of differential 

equations is integrated that describes the geocentric 

motion of the SC in the restricted 4-body problem. 

There is such moment of time t1 when the sum J 

is minimal. An analysis of the dependence of I  

as a function of Tst and ra makes it possible to choose 

a relatively small number of start dates for the 

epoch under consideration, using which it is possi-

ble to fly over the vicinity of the libration point and 

enter the vicinity of the Moon. These dates and 

the values of the ra parameter for them are consi- 

dered as an initial approximation when searching 

for low-energy flight trajectories. 

At the next 2nd stage, I is considered as a func-

tion of four variables Tst, ra, Ω, uo. The uncondition-

al minimum I is found as a function of these varia-

bles (the method of local search is used) and the time 



 

 

when the SC hits the vicinity of the libration point t1 

corresponding to this minimum. 

Further, the SC trajectory is considered to consist 

of geocentric and selenocentric sections. At the point 

of transition from the geocentric to the selenocentric 

section, an intermediate velocity impulse is intro-

duced into consideration. In this case, the space of 

the chosen parameters of the flight pattern increases 

by 5 units (the magnitude of the velocity impulse 

ΔVc, its declination α and right ascension δ, the time 

(date) of this velocity impulse tgeo, and the time of 

movement in the selenocentric segment t2). Thus, 

the condition for the fulfillment of the transport 

problem [12] is transformed into the condition: 

st geo 2( , , , , , ,α,δ, ) .a o c fH T r u t V t H  =     (2) 

At the next 3rd stage, such ΔVc, α, δ and t2 are 

determined, at which the SC flies up to the Moon at 

a distance equal to the height of the circumlunar 

orbit. The remaining parameters of the flight pattern 

(the function arguments in (2)) do not vary, while 

tgeo is assumed to be equal to t1. 

The next three stages of the developed algorithm 

are based on the gradient projection method, which 

ensures the constant achievement of a given ap-

proach altitude to the Moon. The optimization crite-

rion is the sum of the values of the intermediate 

velocity impulse and the velocity impulse during 

the transition to a circumlunar orbit. The stages differ 

in the number of optimized parameters of the flight 

pattern. From stage to stage, this number increases 

from 4 (ΔVc, α, δ and t2) to 5 (tgeo, ΔVc, α, δ and t2) 

and finally to 9 (Tst, ra, Ω, uo, tgeo, ΔVc, α, δ and t2). 

At the last stage of the algorithm, the value of 

the intermediate velocity impulse is excluded from 

the number of the selected parameters of the flight 

scheme. This value iteratively decreases. The ful-

filment of the condition (1) is ensured by the choice 

of the remaining arguments of this function. In this 

case, a situation is possible, in which it is not possi-

ble to bring the intermediate velocity impulse to a zero 

value. Such a solution can be quite good from 

the point of view of the summary velocity impulse. 

That is, if the sum of the intermediate impulse and 

the impulse that transfers the SC to a LMO is suffi-

ciently small, then the flight trajectory can be con-

sidered low-energy. 

As an example, the problem of a flight to a LMO 

with a height of 100 km from a LEO with a altitude 

of 200 km and an inclination of 51.6о is considered. 

The start date is 2024. The position of the plane of 

the LMO is not fixed.  

The situation in which the libration point L2 is 

passed is analyzed. Figure 1 shows the level lines of 

the total miss of libration point I as a function of 

the start day (X-axis, the first 2920 hours of 2024, 

from January 1st to May 1st are considered) and ra 

(Y-axis). The level lines are shown, on which I is 

less than 300 thousand km. 

An analysis of the figure shows that for the 

considered range of launch dates in 2024, there are 

several areas of launch dates, using which it is pos-

sible: 1) to ensure that the SC enters the vicinity of 

the libration point; 2) to ensure that the shape and 

size of the osculating geocentric orbit of the SC are 

close to the shape and size of the osculating orbit of 

the libration point. It is proposed to explore each of 

these areas for the possibility of implementing a low-

energy lunar flight. In particular, it is possible to 

provide a small total miss of the libration point in 

the range of start dates from March 23 to April 15 

of the year under consideration. The minimum value 

of the total miss turned out to be 38.6 thousand km. 

Such a miss is obtained if we choose March 29, 

2024 as the launch date (2133 hours of this year) 

and ra equal to 11.5 million km. 

 

 

 



 

 

The table shows the main characteristics of one 

of the obtained low-energy flight trajectories. 

The velocity impulse during the transition to 

the LMO turned out to be 638.1 m/s. The velocity 

impulse during the transition to the circumlunar 

orbit has a small radial component (3.15 m/s). 

The transverse component of the velocity impulse 

is negative (–638.1 m/s). 

Ω

Δ

Δ

Δ

 

Thus, the use of such a trajectory makes it pos-

sible to reduce the deceleration impulse of the ve-

locity during the transition of the spacecraft to a low 

circumlunar orbit to the value of 638 m/s. Let us 

pay attention to the fact that in the traditional 

scheme of flight to the Moon with access to a low 

circumlunar orbit this impulse turns out to be more 

than 800 m/s. That is, the gain in the velocity impulse 

turns out to be very large (at least it is 140 m/s). 

Figure 2 shows the projections of the geocen-

tric trajectory of the flight to the Moon on the x–y 

plane of the ecliptic and on the z–y plane. The dot-

ted line shows the projections of the geocentric 

Moon’s orbit. In the scale adopted in the figure, 

the trajectory begins virtually from a point with zero 

coordinates and ends at a point in the Moon’s orbit. 

The black diamond shows the position of 

the libration point L2 at the moment of the maxi-

mum approach of the SC to this point. The maxi-

mum distance of the SC from the Earth occurs 

on the 37.064th day of the flight and is equal to 

1.408 million km. It should also be noted that 

the radius of the apogee of the intermediate orbit 

is 1.270 million km. That is, solar gravitational 

disturbances ensured an increase in the SC dis-

tance from the Earth to the region where these dis-

turbances are large. The SC stays in this region 

for a long time, which contributes to a large de-

formation of the geocentric orbit by the solar gra- 

vitational disturbance. 
 

 
a b 

 

The SC flight time from the point of greatest 

distance from the Earth to the vicinity of the libra-

tion point is 48.9 days. At this time interval, the de- 

clination of the geocentric radius vector of the SC 

    



 

 

with respect to the plane of the ecliptic is very small 

(it varies in a narrow range from +4о to –7о). 

Figure 3 shows the projections of perturbing 

gravitational accelerations in the study of the geo-

centric trajectory of the SC. The time interval from 

the launch of the SC from a low Earth orbit to the 

moment of approach of the SC to the libration point 

(85.93 days) is considered. The perturbing solar 

acceleration ΦSun is analyzed in the left figure, and 

the lunar perturbing acceleration ΦMoon is analyzed 

in the right figure. The thick lines show the projec-

tions of perturbing accelerations on the direction of 

the geocentric velocity of the SC (ΦSun_V and ΦMoon_V). 

Thin solid lines show transversal projections of per-

turbing accelerations (ΦSun_T and ΦMoon_T). Dashed 

and dash-dotted lines show the radial (ΦSun_R and 

ΦMoon_R) and normal (ΦSun_N and ΦMoon_N) compo-

nents of the perturbing accelerations. 
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It can be seen that significant part of the conside- 

red part of the trajectory (0–71.7 days) the projection 

of the solar gravitational acceleration in the velocity 

direction ΦSun_V is positive. The maximum value of 

this acceleration (0.078 mm/s2) is reached on the 

35.15th day of the flight, when the SC is at a great 

distance from the Earth (1.405 million km). Solar 

gravitational acceleration actively increases the ge-

ocentric velocity of the SC, increasing the radii of 

the apsidal points of the geocentric osculating orbit 

of the SC. The transversal component of the pertur- 

bing acceleration ΦSun is also positive over a long-

time interval. This contributes to an increase in the 

semilatus rectum of the osculating geocentric orbit 

of the SC. The radial component of the perturbing 

acceleration ΦSun is somewhat smaller than the trans- 

versal one, but is positive over a longer time interval. 

The normal component of the perturbing solar accelera-

tion with respect to the other components is quite small. 

The projections of the perturbing lunar accelera-

tion (right figure) on a significant part of the consi- 

dered trajectory are sinusoidal. Because of this, they 

do not create significant perturbations of the elements 

of the SC's geocentric orbit. As the SC approaches 

the vicinity of the libration point, perturbing lunar 

acceleration becomes very large. The projection of 

this acceleration onto the velocity direction reaches 

a value equal to –0.3 mm/s2. At this moment, 

the transversal, radial, and even normal components 

of the perturbing acceleration are also large. 

Figure 4 shows the projections of perturbing 

gravitational accelerations in the study of the sele-

nocentric trajectory of the SC. The time interval 

from 76 days of flight to the moment the SC enters 

the LMO is considered. The left figure analyzes  

the disturbing terrestrial acceleration ΦEarth, and 

the right figure analyzes the solar disturbing ac- 

celeration ΦSun. The same notation is used as in 

the previous figure (Figure 3). 

Note the following properties of the given charac-

teristics. Solar perturbing gravitational accelerations 

are less than perturbing Earth's accelerations by two 

orders of magnitude. They have very little effect on 

the trajectory of the SC. The projection of the perturb-

ing terrestrial acceleration on the direction of the sele-

nocentric velocity (thick line) is negative over the en-

tire trajectory under consideration. On almost the en-

tire trajectory (except for its final section), the value of 

this projection is significant (of the order of 1 mm/s2). 

This ensures a decrease in the energy of the SC's sele-

nocentric motion and a temporary capture of the SC 

by the Moon. The transversal component of the per-

turbing terrestrial acceleration (thin solid line) is also 

negative. This contributes to a decrease in the semila-

tus rectum of the selenocentric osculating orbit of 

the SC. The radial and normal components of 



 

 

the perturbing acceleration (dotted and dash-dotted 

lines) have less effect on the SC trajectory. 

Figure 5 shows the change in some osculating 

elements of the geocentric trajectory of the SC. 

The time interval from the launch of the SC from 

a low Earth orbit to the moment of approach of 

the SC to the libration point is considered. The left 

figure (a) shows the change in the osculating ec- 

centricity. It can be seen how the solar gravita- 

tional acceleration reduces the eccentricity from 

the eccentricity of the intermediate orbit 0.989702 

to 0.268581 at the moment of the maximum ap-

proach of the SC to the libration point. 

The central figure (b) shows the change in 

the semilatus rectum (dashed line) and perigee radi-

us (solid line) of the osculating geocentric orbit. 

The effective increase in these elements due to the 

solar disturbance on a large initial part of the trajec-

tory is replaced by some decrease as the SC ap-

proaches the libration point. The main reason for 

this is the lunar gravitational perturbation. The right 

figure (c) shows the change in the apogee radius 

of the osculating geocentric orbit. This element ac-

tively decreases as the SC approaches the libration 

point due to lunar disturbances. 

Figure 6 shows the change in the SC distance 

from the libration point D over the entire flight tra-

jectory (a) and on the last six days of the flight (b). 

The minimum SC distance from the libration point 

(18 620 km) is reached on the 85.93th flight day. 
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At the moment of closest approach of the SC 

to the libration point, the radius vector of the SC is 

422.8 thousand km. The geocentric radius vector 

of the libration point at this moment of time is 

432.4 thousand km. That is, the SC is located clos-

er to the Earth than the libration point by almost 

10 thousand km. This explains why the radii of the 

apsidal points of the osculating geocentric orbit of 

the SC at this moment of time are less than the radii 

of the apsidal points of the osculating geocentric orbit 

of the libration point. For example, the perigee radius 

of the SC orbit is less than the perigee radius of the 

osculating orbit of the libration point by 30 400 km. 

Figure 7 shows the change in the energy con-

stant hSel of the osculating selenocentric orbit as 

a function of flight time. It can be seen that on 

81.371 day of flight this constant becomes negative 

and continues to decrease. There is a “capture” of 

the SC by the Moon. At the moment when the SC 

is at the minimum distance to the libration point 

(85.930 days of flight), the energy constant of 

the SC's selenocentric motion is –0.138 km2/s2. 

This point is shown as a black diamond on the graph. 

It is noteworthy that the energy constant of the se-

lenocentric orbit changes significantly even on the last 

day of the flight. The right Figure 7 shows the change in 

this element of the osculating orbit during the last three 

hours of the flight. During these 3 hours, the value of 

the selenocentric radius of the SC vector decreases from 

11 405.6 km to 1838 km. And gravitational pertur-

bations from the Earth non-monotonically change 

the energy constant of the selenocentric motion. 

At the end of the flight (before the implemen- 

tation of the braking impulse of velocity), the ener-

gy constant of the osculating selenocentric orbit is 

‒0.176 km2/s2. At this moment, the elements of 

the osculating selenocentric orbit turned out to be 

as follows: eccentricity 0.934028, periapsis radius 

1837.996 km, apoapsis radius 53882.842 km; the true 

anomaly of the osculating orbit is 359.836o. 

The projections of the selenocentric trajecto- 

ry when the spacecraft approaches the LMO and 

the projections of this orbit are shown in Figure 8. 

The approaching trajectory of the SC (a highly elon- 

gated elliptical orbit) practically touches the LMO 

(shown by a thin line). 

 

 
a b c 

 

 
a b 

 



 

 

The analyzed low-energy trajectory of 

the flight to the Moon, as we assumed, pass through 

the vicinity of the L2 libration point of the Earth ‒ 

Moon system. The minimum distance to this lib- 

ration point turned out to be 18.6 thousand km. 

At the time of the minimum approach of the SC to 

the libration point, the SC was closer to the Earth 

than the libration point (by 9.60 thousand km). Ap-

parently, this explains the fact that the radii of 

the perigee and apogee of the osculating orbit of 

the SC at the moment of minimal approach to 

the libration point seemed to be less than the radii 

of the perigee and apogee of the osculating geocen-

tric orbit of the libration point. This did not prevent 

us from using the trajectory with the minimum total 

miss of the libration point I (1) as the initial appro- 

ximation to obtain the trajectory of the temporary 

capture of the SC by the Moon. At the moment of 

passage of the libration point, the selenocentric en-

ergy constant is negative (–0.138 km2/s2). 

An analysis of the level lines in Figure 1 makes 

it possible to assume that the launch window is wide 

enough for the considered type of flight trajectories 

in the considered time interval of 2024. The duration 

of the launch window is about 30 days (March 20 – 

April 20). Within the launch window, the inter- 

mediate orbit apogee radius (ra) is a nonmonotonic 

function of the launch date. 

The developed method is quite labor-intensive, 

and we expect future improvement. The solution of 

the following problems is considered. When using 

local search methods (at the second and subsequent 

stages of the developed algorithm), derivatives of 

the motion conditions at the end point of the flight 

trajectory are used. They are currently calculated 

using the central difference algorithm. Under condi-

tions of high sensitivity of the considered trajectory, 

it is very difficult to achieve high accuracy of these 

derivatives. A possible solution to the problem of 

the accuracy of these derivatives is to use the appa-

ratus of complex numbers or dual numbers [13; 14]. 

Calculation of derivatives with high accuracy 

can make it possible to use the necessary optimality 

conditions for the constrained optimization problem 

of the flight trajectory. Since the optimality condi-

tions themselves contain derivatives of the charac-

teristics of the trajectory with respect to the choosing 

parameters of flight pattern, the use of local optimi-

zation methods will be impossible without finding 

the second derivatives. A new difficult problem arises, 

i.e., finding the second derivatives of the charac- 

teristics of the trajectory at the end of the flight 

with respect to the parameters of the flight pattern. 

Its solution can lie in the use of dual complex num-

bers [15]. 

The numerical analysis showed the operability 

of the proposed method for designing trajectories 

for a low-energy flight to the Moon with the SC 

insertion into the low lunar orbit. The main feature 

of the method is the assumption that the flight tra-

jectory lies in the vicinity of the libration point of 

the Earth – Moon system and during this passage some 

restrictions are introduced on the magnitude and 

direction of the SC velocity. We do not claim that 

all low-energy flight trajectories satisfy these condi-

tions. The authors argue that there are low-energy 

transfer trajectories passing through the neighbor-

hood of libration points and propose a method for 

finding such trajectories. 

On the flight trajectory, obtained using the de-

veloped method, it was possible to reduce the de-

celerating impulse of the velocity when entering 

a circular circumlunar orbit with a height of 100 km 

(in relation to the traditional flight scheme) by more 

than 140 m/s. 
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