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in the vicinity of the libration point, the elements of the osculating geocen-
Keywords: tric orbit of the spacecraft are close to the elements of the osculating geo-
low-energy trajectory, flight trajectory, centric orbit of the libration point itself. The results of a numerical analysis

gravitational perturbations, velocity impulse of the obtained low-energy lunar flight trajectory are presented. It is shown
that the use of such a trajectory makes it possible to reduce the deceleration
impulse of the velocity during the transition to a low lunar orbit to a value
of 638 m/s (in the traditional flight scheme, this impulse turns out to be
more than 800 m/s). The influence of solar gravitational disturbances on
the flight trajectory is analyzed. It is demonstrated that these perturbations
ensure the approach of the spacecraft to the Moon with a negative seleno-
centric energy constant and contribute to the temporary capture of the space-
craft by the Moon. The influence of the terrestrial gravitational perturbation
on the circumlunar part of the trajectory is studied. It is displayed that on
the trajectory found this perturbation effectively reduces the selenocentric
velocity of the spacecraft. The conditions for spacecraft flight in the vicinity
of the libration point are considered.
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KnroueBble cioBa:
HHU3KO3HEPreTHIecKasi TPaeKTopus,
TpaeKTOpHsl [10JIeTa, TPaBUTALIMOHHBIE
BO3MYIICHUS, UMITYJIEC CKOPOCTH

Baarogapnocrtn

AnHoTauus. IIpuBoauTcs alropuT™ IPOEKTUPOBAHUS HU3KOIHEPI€THUECKON
TPaeKTOPUHM JIYHHOTO Tepernera. OH OCHOBaH Ha IMPEIIIONOKEHUN O TOM, YTO
TPAGKTOPUM HU3KOPHEPIE€THYECKOrO IEpEeNeTa IPOXOMAT Yepe3 OKPECTHOCTD
OJJHOM U3 KOJUIMHEApHBIX ToueK Jubparuu cucteMsl 3eminst — JIyna (L1 unn
L2). Ipeanonaraercsi, 9T0 B MOMEHT IIPOJETa KOCMUYECKHM ariapaTtom
OKPECTHOCTH TOYKH JIHOPALMK JEMEHTHI OCKYJIHPYIOLIEH TeOLeHTPHIECKON
OpOUTHI KOCMITYECKOT0 ammapara OIM3KH K 3JIeMEeHTaM OCKyIHpyomeit reo-
LEHTPUYECKOH OpOUTHI caMoi TOUKH JnOpanuu. IIpeacTaBieHsl pe3ynbTaThl
YHCJIEHHOTO aHAIM3a IOJIYYEHHOH HU3KO’HEPIreTUUECKON TPaeKTOPUU JIyHHOIO
nepesnera. [Ioka3aHo, Y4TO HCIOJIL30BAaHHE TAKOM TPAEKTOPUM IIO3BOJISET
YMEHBUIUTH TOPMO3HON UMITYJIbC CKOPOCTU IIPU HEPEXOJE HA HU3KYIO OKOJIO-
JIYHHYIO OpOUTY /10 3Ha4YeHHUs 638 M/c (TIpu TPaTUIIMOHHON CXeMe mepesera
9TOT MMIYJbC OKasbiBaeTcst Oosbiue 800 m/c). IIpoaHanu3upoOBaHO BIIMS-
HUsl COJIHEYHBIX I'PABUTALMOHHBIX BO3MYLIEHUH HA TPAGKTOPHIO NEPEIIETa.
BbISBIEHO, YTO 3TH BO3MYIIEHHS OOECIEUUBAIOT MOJIET KOCMHYECKOIO
anmaparta K okpecTHOCTH JIyHBI C OTpHIATETHHON CENeHOLEHTPUIECKON
KOHCTaHTOM PHEPrUU U CHOCOOCTBYIOT BPEMEHHOMY 3aXBaTy KOCMUUYECKOIO
anmaparta Jlynoii. MccinenoBaHo BIMsSHHE 36MHOTO TPaBUTAIIHOHHOTO BO3-
MYILEHHsI Ha OKOJIONYHHBIH Y4acTOK TPAeKTOPUHU. YCTAaHOBIICHO, YTO Ha
HaiJICHHO! TPAaeKTOPHU 3TO BO3MYyIIEeHHE dP(EKTHBHO YMEHBIIACT CEIEHO-
LEHTPUUECKYI0 CKOPOCTh KOCMUYECKOr0 ammapaTa. PaccMoTpeHs! ycinoBust
IpoJIeTa KOCMHYECKOTO arapaTa OKPECTHOCTH TOUYKH THOPAIIHL.

HccnenoBanue BHIMOIHEHO NpH Moaaepkke Poccuiickoro HayuHoro ¢gouaa, npoekt Ne 21-19-00683.
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Introduction

The problem of analyzing low-energy trajectories

the Moon with the spacecraft (SC) insertion into
a low lunar orbit. The method is based on the assump-
tion that a low-energy trajectory can be obtained by

to the Moon is considered in many publications [1-11].
The first part of the article [12] describes a new method
for designing low-energy trajectories for a flight to
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using as an initial approximation a trajectory pass-
ing through the vicinity of one of the collinear libra-
tion points of the Earth-Moon system (L1 or L2).
Additionally, it is assumed that on this trajectory,
at the moment when the spacecraft approaches the
libration point, the elements of the geocentric oscu-
lating orbit of the spacecraft are close to the corre-
sponding elements of the geocentric osculating orbit
of the libration point. Thus, the method assumes
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a narrowing of the space of analyzed trajectories.
The authors do not claim that there are no low-energy
lunar flights that cannot be carried out obtained using
a smooth continuation of the trajectories considered
in the paper as an initial approximation. But we be-
lieve that many (if not most) low-energy lunar tra-
jectories can be obtained using a trajectory passing
through the vicinity of the considered libration points
as an initial approximation.

The problem statement assumes that the impulse
trajectory of the flight from low Earth’s orbit (LEO)
to low Moon orbit (LMO) is being analyzed. It is
assumed that the altitude and inclination of LEO
and the altitude of LMO are known. The selectable
(optimized) characteristics of the flight trajectory
are: the date of start (Ts) at the analyzed given
epoch, the longitude of the ascending node of
the LEO (Q), the latitude argument of the starting
point (uo), the magnitude of the accelerating veloci-
ty impulse at the start (AV1), the flight time to the
target orbit of the artificial satellite of the moon (t,),
the magnitude and direction of the braking velocity
impulse at the end point of the flight trajectory to
the moon (AVyy).

The listed characteristics should be chosen so
as to:

1) ensure the solution of the transport problem
(insertion into the target LMO) and

2) the cost of solving the transport problem is
minimal. The considered optimization criterion is
either the summary velocity impulse or the magni-
tude of the velocity impulse, which ensures the in-
sertion of the spacecraft into LMO when SC ap-
proaching this orbit (AVpr).

To analyze the passage of a spacecraft in
the vicinity of the libration point, the sum of three
non-negative quantities (three distances) is consi-

dered: J =Ar, +‘rSCp —~ er‘+ foca —Tia|,  where
the first term Ar. is the SC distance from the libra-

tion point (it is found as the difference between
the geocentric vectors of the SC and the libration

point); fse, and fsc, — radius of perigee and apogee
of the osculating geocentric orbit of the SC; 1, and

I, — perigee and apogee radius of the osculating

geocentric orbit of the libration point.

The J-function depend on the four parameters
of the flight pattern Ty, Q, Uo, ra, Which determine
the conditions for the motion of the SC after its
launch from LEO, and the current time of motion of

the SC t: J(Ts, Q, Uy, I'a, t). On each flight trajectory,
there is a time t; when J is minimal. Let us define
this minimum value as | and call it the total miss of
the libration point:

(T, Qu,,r,)=minJ(T,, Q,u,,r,t), (1)
t

The paper describes the developed algorithm
and analyzes the numerical results of the obtained
low-energy lunar trajectory.

1. Algorithm for designing
a low-energy flight trajectory
to the circumlunar orbit

The developed method for designing low-energy
flight trajectories assumes the following sequence
of operations.

At the first stage, such parameters of the flight
pattern Ty, ra, are found, which ensure that the SC
enters the vicinity of the libration points and the
minimum total miss of this point. More specifically,
the task of the stage is formulated as follows:
in the space of two of the listed parameters T, ra,
find such a set of them that minimizes the total miss
of the libration point 1. In this case, the values of
the parameters Q and u, do not vary and are taken
equal to the values described in Section 3.1.

The enumeration of, r, is used. The parameters
changed with a fairly small step. The launch date
increment is one hour; parameter r, increment is
5 thousand km. The launch date change range is
one year for the considered launch epoch. Range of
parameter ra is 1-1.5 million km. For each pair of
values of these parameters, a system of differential
equations is integrated that describes the geocentric
motion of the SC in the restricted 4-body problem.
There is such moment of time t; when the sum J
is minimal. An analysis of the dependence of I
as a function of T and ra makes it possible to choose
a relatively small number of start dates for the
epoch under consideration, using which it is possi-
ble to fly over the vicinity of the libration point and
enter the vicinity of the Moon. These dates and
the values of the r, parameter for them are consi-
dered as an initial approximation when searching
for low-energy flight trajectories.

At the next 2nd stage, | is considered as a func-
tion of four variables T, ra, Q, Uo. The uncondition-
al minimum | is found as a function of these varia-
bles (the method of local search is used) and the time
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when the SC hits the vicinity of the libration point t;
corresponding to this minimum.

Further, the SC trajectory is considered to consist
of geocentric and selenocentric sections. At the point
of transition from the geocentric to the selenocentric
section, an intermediate velocity impulse is intro-
duced into consideration. In this case, the space of
the chosen parameters of the flight pattern increases
by 5 units (the magnitude of the velocity impulse
AV, its declination a and right ascension 3, the time
(date) of this velocity impulse tgeo, and the time of
movement in the selenocentric segment ty). Thus,
the condition for the fulfillment of the transport
problem [12] is transformed into the condition:

u,,t

1 Y01 tgeo?

H(T,.r,.Q AV, 0,8,,)=H,. (2)

At the next 3rd stage, such AV, o, 3 and t, are
determined, at which the SC flies up to the Moon at
a distance equal to the height of the circumlunar
orbit. The remaining parameters of the flight pattern
(the function arguments in (2)) do not vary, while
tgeo IS @ssumed to be equal to t;.

The next three stages of the developed algorithm
are based on the gradient projection method, which
ensures the constant achievement of a given ap-
proach altitude to the Moon. The optimization crite-
rion is the sum of the values of the intermediate
velocity impulse and the velocity impulse during
the transition to a circumlunar orbit. The stages differ
in the number of optimized parameters of the flight
pattern. From stage to stage, this number increases
from 4 (AV., a, 6 and t2) t0 5 (tgeo, AVe, a, & and ty)
and finally to 9 (T, ra, Q, Uo, tgeo, AV, @, 6 and to).

At the last stage of the algorithm, the value of
the intermediate velocity impulse is excluded from
the number of the selected parameters of the flight
scheme. This value iteratively decreases. The ful-
filment of the condition (1) is ensured by the choice
of the remaining arguments of this function. In this

case, a situation is possible, in which it is not possi-
ble to bring the intermediate velocity impulse to a zero
value. Such a solution can be quite good from
the point of view of the summary velocity impulse.
That is, if the sum of the intermediate impulse and
the impulse that transfers the SC to a LMO is suffi-
ciently small, then the flight trajectory can be con-
sidered low-energy.

2. Numerical analysis
of the flight trajectory to the Moon

As an example, the problem of a flight to a LMO
with a height of 100 km from a LEO with a altitude
of 200 km and an inclination of 51.6° is considered.
The start date is 2024. The position of the plane of
the LMO is not fixed.

The situation in which the libration point L2 is
passed is analyzed. Figure 1 shows the level lines of
the total miss of libration point | as a function of
the start day (X-axis, the first 2920 hours of 2024,
from January 1st to May 1st are considered) and r,
(YY-axis). The level lines are shown, on which I is
less than 300 thousand km.

An analysis of the figure shows that for the
considered range of launch dates in 2024, there are
several areas of launch dates, using which it is pos-
sible: 1) to ensure that the SC enters the vicinity of
the libration point; 2) to ensure that the shape and
size of the osculating geocentric orbit of the SC are
close to the shape and size of the osculating orbit of
the libration point. It is proposed to explore each of
these areas for the possibility of implementing a low-
energy lunar flight. In particular, it is possible to
provide a small total miss of the libration point in
the range of start dates from March 23 to April 15
of the year under consideration. The minimum value
of the total miss turned out to be 38.6 thousand km.
Such a miss is obtained if we choose March 29,
2024 as the launch date (2133 hours of this year)
and r, equal to 11.5 million km.

15 — =
] |
73 ﬂ'l I
! . A Lo
11 T Bt !{
; 1000 2000

Figure 1. The level lines of the total miss of the libration point / on the plane:
launch date (X-axis, hours of 2024) — r, (Y-axis, million km)
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The table shows the main characteristics of one
of the obtained low-energy flight trajectories.

The velocity impulse during the transition to
the LMO turned out to be 638.1 m/s. The velocity

impulse during the transition to the circumlunar
orbit has a small radial component (3.15 m/s).
The transverse component of the velocity impulse
is negative (—638.1 m/s).

Main characteristics of the low-energy transfer trajectory

Characteristic Value
Launch date 5 April 2024
Julian launch date 2460405.8865
Intermediate geocentric orbit apogee radius (r.), thousand km 1269.6106
The value of the first velocity impulse, m/s 3197.702
The ascending node longitude of LEO Q -0.075797°
Perigee argument of intermediate geocentric orbit u, -12.403506°
Total flight time, days 87.52329
Maximum distance of the SC from the Earth, thousand km 1735.6
Minimum SC distance from the libration point L2 on the flight trajectory, thousand km 18.620
Selenocentric orbital energy constant at the moment of maximum approach of the SC
to the libration point, km?/s® -0.138
The magnitude of the velocity impulse during the SC transition to LMO AV,,, m/s 638.09556
Radial component of velocity impulse AV, m/s 3.14854
Transverse component of the velocity impulse AV, m/s -638.08779

Thus, the use of such a trajectory makes it pos-
sible to reduce the deceleration impulse of the ve-
locity during the transition of the spacecraft to a low
circumlunar orbit to the value of 638 m/s. Let us
pay attention to the fact that in the traditional
scheme of flight to the Moon with access to a low
circumlunar orbit this impulse turns out to be more
than 800 m/s. That is, the gain in the velocity impulse
turns out to be very large (at least it is 140 m/s).

2.1. Characteristics of a low-energy trajectory

Figure 2 shows the projections of the geocen-
tric trajectory of the flight to the Moon on the x-y
plane of the ecliptic and on the z—y plane. The dot-
ted line shows the projections of the geocentric
Moon’s orbit. In the scale adopted in the figure,

the trajectory begins virtually from a point with zero
coordinates and ends at a point in the Moon’s orbit.

The black diamond shows the position of
the libration point L2 at the moment of the maxi-
mum approach of the SC to this point. The maxi-
mum distance of the SC from the Earth occurs
on the 37.064th day of the flight and is equal to
1.408 million km. It should also be noted that
the radius of the apogee of the intermediate orbit
is 1.270 million km. That is, solar gravitational
disturbances ensured an increase in the SC dis-
tance from the Earth to the region where these dis-
turbances are large. The SC stays in this region
for a long time, which contributes to a large de-
formation of the geocentric orbit by the solar gra-
vitational disturbance.

/'-’—_ o /
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: \ o AL

0 ¥ 4 (8
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Figure 2. Flight trajectory in the geocentric ecliptic coordinate system, distance unit is 1 million km:
a - projection onto the x—y plane of the ecliptic; b — projection onto the z-y plane

The SC flight time from the point of greatest
distance from the Earth to the vicinity of the libra-

tion point is 48.9 days. At this time interval, the de-
clination of the geocentric radius vector of the SC
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with respect to the plane of the ecliptic is very small
(it varies in a narrow range from +4° to —-7°).

Figure 3 shows the projections of perturbing
gravitational accelerations in the study of the geo-
centric trajectory of the SC. The time interval from
the launch of the SC from a low Earth orbit to the
moment of approach of the SC to the libration point
(85.93 days) is considered. The perturbing solar
acceleration ®g,y, is analyzed in the left figure, and

the lunar perturbing acceleration ®wmqon is analyzed
in the right figure. The thick lines show the projec-
tions of perturbing accelerations on the direction of
the geocentric velocity of the SC (®syn v and Dwmoon_v).
Thin solid lines show transversal projections of per-
turbing accelerations (®sun v and ®moon 7). Dashed
and dash-dotted lines show the radial (®su r and
Dnmoon r) and normal (Osun v and Pmoon n) COMPO-
nents of the perturbing accelerations.

0.08 »\
cDSun 7‘\ @51,,,7-; (DMuoni T P PR wMoan{V’, :
0.06 \ / 0 =2 2 m\ f‘\ i
4 NI W\
(Psun_v N @Phroon - \ !
o (D \)\ A (DMG on_V \\
un 4 -
ooty —— _5\ - —~ \ " DPproon_r A
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Y T -o2
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Figure 3. Projections of perturbing solar gravitational acceleration ®,,, mm/s® (a) and projections of perturbing
lunar gravitational acceleration ®,,.., mm/s® (b) as the functions of flight time (day); the geocentric part of the trajectory

It can be seen that significant part of the conside-
red part of the trajectory (0—71.7 days) the projection
of the solar gravitational acceleration in the velocity
direction ®gyn v is positive. The maximum value of
this acceleration (0.078 mm/s?) is reached on the
35.15th day of the flight, when the SC is at a great
distance from the Earth (1.405 million km). Solar
gravitational acceleration actively increases the ge-
ocentric velocity of the SC, increasing the radii of
the apsidal points of the geocentric osculating orbit
of the SC. The transversal component of the pertur-
bing acceleration ®sy, is also positive over a long-
time interval. This contributes to an increase in the
semilatus rectum of the osculating geocentric orbit
of the SC. The radial component of the perturbing
acceleration ®syn is Somewhat smaller than the trans-
versal one, but is positive over a longer time interval.
The normal component of the perturbing solar accelera-
tion with respect to the other components is quite small.

The projections of the perturbing lunar accelera-
tion (right figure) on a significant part of the consi-
dered trajectory are sinusoidal. Because of this, they
do not create significant perturbations of the elements
of the SC's geocentric orbit. As the SC approaches
the vicinity of the libration point, perturbing lunar
acceleration becomes very large. The projection of
this acceleration onto the velocity direction reaches
a value equal to —0.3 mm/s?. At this moment,
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the transversal, radial, and even normal components
of the perturbing acceleration are also large.

Figure 4 shows the projections of perturbing
gravitational accelerations in the study of the sele-
nocentric trajectory of the SC. The time interval
from 76 days of flight to the moment the SC enters
the LMO is considered. The left figure analyzes
the disturbing terrestrial acceleration ®gam, and
the right figure analyzes the solar disturbing ac-
celeration ®syn. The same notation is used as in
the previous figure (Figure 3).

Note the following properties of the given charac-
teristics. Solar perturbing gravitational accelerations
are less than perturbing Earth's accelerations by two
orders of magnitude. They have very little effect on
the trajectory of the SC. The projection of the perturb-
ing terrestrial acceleration on the direction of the sele-
nocentric velocity (thick line) is negative over the en-
tire trajectory under consideration. On almost the en-
tire trajectory (except for its final section), the value of
this projection is significant (of the order of 1 mm/s?).
This ensures a decrease in the energy of the SC's sele-
nocentric motion and a temporary capture of the SC
by the Moon. The transversal component of the per-
turbing terrestrial acceleration (thin solid line) is also
negative. This contributes to a decrease in the semila-
tus rectum of the selenocentric osculating orbit of
the SC. The radial and normal components of
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the perturbing acceleration (dotted and dash-dotted
lines) have less effect on the SC trajectory.

Figure 5 shows the change in some osculating
elements of the geocentric trajectory of the SC.
The time interval from the launch of the SC from
a low Earth orbit to the moment of approach of
the SC to the libration point is considered. The left
figure (a) shows the change in the osculating ec-
centricity. It can be seen how the solar gravita-
tional acceleration reduces the eccentricity from
the eccentricity of the intermediate orbit 0.989702
to 0.268581 at the moment of the maximum ap-
proach of the SC to the libration point.

The central figure (b) shows the change in
the semilatus rectum (dashed line) and perigee radi-

us (solid line) of the osculating geocentric orbit.
The effective increase in these elements due to the
solar disturbance on a large initial part of the trajec-
tory is replaced by some decrease as the SC ap-
proaches the libration point. The main reason for
this is the lunar gravitational perturbation. The right
figure (c) shows the change in the apogee radius
of the osculating geocentric orbit. This element ac-
tively decreases as the SC approaches the libration
point due to lunar disturbances.

Figure 6 shows the change in the SC distance
from the libration point D over the entire flight tra-
jectory (a) and on the last six days of the flight (b).
The minimum SC distance from the libration point
(18 620 km) is reached on the 85.93th flight day.
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Figure 4. Projections of the perturbing Earth's gravitational acceleration ®.,, mm/s? (a) and projections of the perturbing
solar gravitational acceleration ®,,, mm/s? (b) as a function of the flight time (day); the selenocentric section of the trajectory
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Figure 5. The osculating elements of the geocentric orbit of the SC as the functions of time (day)
on the trajectory until the SC approaches to the libration point:
a — the eccentricity; b — the semilatus rectum p and perigee radius ry, thousand km; ¢ — the radius of the apogee, million km

210°

\
D D N\
1.5x10° / \ / & \
AR TN TN
500 \ 20 =
i
% 20 20 © £ w0 e o % 7

a

b

Figure 6. SC distance from the libration point, thousand km, as a function of time (day)
on the entire flight trajectory (a) and on the last seven days of flight (b)
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At the moment of closest approach of the SC
to the libration point, the radius vector of the SC is
422.8 thousand km. The geocentric radius vector
of the libration point at this moment of time is
432.4 thousand km. That is, the SC is located clos-
er to the Earth than the libration point by almost
10 thousand km. This explains why the radii of the
apsidal points of the osculating geocentric orbit of
the SC at this moment of time are less than the radii
of the apsidal points of the osculating geocentric orbit
of the libration point. For example, the perigee radius
of the SC orbit is less than the perigee radius of the
osculating orbit of the libration point by 30 400 km.

Figure 7 shows the change in the energy con-
stant hser of the osculating selenocentric orbit as
a function of flight time. It can be seen that on
81.371 day of flight this constant becomes negative
and continues to decrease. There is a “capture” of
the SC by the Moon. At the moment when the SC
is at the minimum distance to the libration point
(85.930 days of flight), the energy constant of
the SC's selenocentric motion is —0.138 km?/s%
This point is shown as a black diamond on the graph.

It is noteworthy that the energy constant of the se-
lenocentric orbit changes significantly even on the last
day of the flight. The right Figure 7 shows the change in
this element of the osculating orbit during the last three
hours of the flight. During these 3 hours, the value of
the selenocentric radius of the SC vector decreases from
11 405.6 km to 1838 km. And gravitational pertur-
bations from the Earth non-monotonically change
the energy constant of the selenocentric motion.

At the end of the flight (before the implemen-
tation of the braking impulse of velocity), the ener-
gy constant of the osculating selenocentric orbit is
—0.176 km?/s>. At this moment, the elements of
the osculating selenocentric orbit turned out to be
as follows: eccentricity 0.934028, periapsis radius
1837.996 km, apoapsis radius 53882.842 km; the true
anomaly of the osculating orbit is 359.836°.

The projections of the selenocentric trajecto-
ry when the spacecraft approaches the LMO and
the projections of this orbit are shown in Figure 8.
The approaching trajectory of the SC (a highly elon-
gated elliptical orbit) practically touches the LMO
(shown by a thin line).
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Figure 7. The change in the energy constant of osculating selenocentric orbit, km?/s?, as a function of time (day) on the flight trajectory:
a — during of the entire trajectory of the flight; b — during of the last six days of the flight; ¢ — during of the last three hours of the flight
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Figure 8. Projections onto the x—y plane of the ecliptic (a) and onto the z-y plane (b) of the selenocentric trajectory
when the SC approaches the LMO; distance unitis 1 thousand km
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2.2. Conclusions on the numerical analysis

The analyzed low-energy trajectory of
the flight to the Moon, as we assumed, pass through
the vicinity of the L2 libration point of the Earth —
Moon system. The minimum distance to this lib-
ration point turned out to be 18.6 thousand km.
At the time of the minimum approach of the SC to
the libration point, the SC was closer to the Earth
than the libration point (by 9.60 thousand km). Ap-
parently, this explains the fact that the radii of
the perigee and apogee of the osculating orbit of
the SC at the moment of minimal approach to
the libration point seemed to be less than the radii
of the perigee and apogee of the osculating geocen-
tric orbit of the libration point. This did not prevent
us from using the trajectory with the minimum total
miss of the libration point | (1) as the initial appro-
ximation to obtain the trajectory of the temporary
capture of the SC by the Moon. At the moment of
passage of the libration point, the selenocentric en-
ergy constant is negative (—0.138 km?/s?).

An analysis of the level lines in Figure 1 makes
it possible to assume that the launch window is wide
enough for the considered type of flight trajectories
in the considered time interval of 2024. The duration
of the launch window is about 30 days (March 20 —
April 20). Within the launch window, the inter-
mediate orbit apogee radius (ra) is a nonmonotonic
function of the launch date.

The developed method is quite labor-intensive,
and we expect future improvement. The solution of
the following problems is considered. When using
local search methods (at the second and subsequent
stages of the developed algorithm), derivatives of
the motion conditions at the end point of the flight
trajectory are used. They are currently calculated
using the central difference algorithm. Under condi-
tions of high sensitivity of the considered trajectory,
it is very difficult to achieve high accuracy of these
derivatives. A possible solution to the problem of
the accuracy of these derivatives is to use the appa-
ratus of complex numbers or dual numbers [13; 14].

Calculation of derivatives with high accuracy
can make it possible to use the necessary optimality
conditions for the constrained optimization problem
of the flight trajectory. Since the optimality condi-
tions themselves contain derivatives of the charac-
teristics of the trajectory with respect to the choosing
parameters of flight pattern, the use of local optimi-
zation methods will be impossible without finding
the second derivatives. A new difficult problem arises,

i.e., finding the second derivatives of the charac-
teristics of the trajectory at the end of the flight
with respect to the parameters of the flight pattern.
Its solution can lie in the use of dual complex num-
bers [15].

Conclusion

The numerical analysis showed the operability
of the proposed method for designing trajectories
for a low-energy flight to the Moon with the SC
insertion into the low lunar orbit. The main feature
of the method is the assumption that the flight tra-
jectory lies in the vicinity of the libration point of
the Earth — Moon system and during this passage some
restrictions are introduced on the magnitude and
direction of the SC velocity. We do not claim that
all low-energy flight trajectories satisfy these condi-
tions. The authors argue that there are low-energy
transfer trajectories passing through the neighbor-
hood of libration points and propose a method for
finding such trajectories.

On the flight trajectory, obtained using the de-
veloped method, it was possible to reduce the de-
celerating impulse of the velocity when entering
a circular circumlunar orbit with a height of 100 km
(in relation to the traditional flight scheme) by more
than 140 m/s.
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