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Abstract. This paper investigates the construction of hydrodynamic surfaces,
which are defined by algebraic equations and describe the theoretical hull
of a vessel. A technique for automation of generating hydrodynamic surfaces
is proposed. This technique allows to create a vast variety of hull shapes,
for which Lame curves with variable exponents are used as surface genera-
tor lines. The surface is constructed by a family of curves in one of the three
mutually perpendicular planes, which permits to obtain three algebraically
different, but geometrically identical surfaces. This paper introduces para-
metric equations for each of the three surfaces, generated by families of
sections, buttocks and waterlines in the form of Lame curves. The algo-
rithm of modelling a submarine hull with different fore and aft bodies and
a parallel middle body by a closed surface is demonstrated and the model-
ling results are illustrated. The presented technique may be effectively ap-
plied at the early stages of ship design when choosing the optimal hull
shape, for which a number of surfaces need to be considered.
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AnHoTanus. Vccnenyercs nocTpoeHue rIpOANHAMUYECKUX MOBEPXHOCTEH,
KOTOpBIE ONMHUCHIBAIOTCS aHATUTHIECKUMH YPaBHEHUAMH M (GOPMUPYIOT TEO-
petuyeckuidl xKopmyc cynaHa. IIpemnaraercss MeToaMka aBTOMAaTU3alMK T10-
CTPOEHUS TMIPOJANHAMUYECKUX MOBEPXHOCTEH C BO3MOKHOCTBIO CO3AaHUS
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MIMPOKOTO Pa3sHooOpasms (GOpM KOPITyCOB, JUIS YEeTO HCIIONB3YIOTCS KPHUBBIE
Jlame ¢ mpOM3BOJIBHBIMU CTENEHSIMU Kak 00pa3yloIlue KapKac IOBEPXHO-
cru. [ToBepxHOCTE 00pa3yeTcs KapKacoM CEUCHHUH B OIHOI M3 TPEX B3aNM-
HO MEePHEHIMKYISPHBIX MIOCKOCTEl, 4TO MO3BOJISET HONYYUTh TPU aired-
pandecKyl OTIHYAOIINECs, HO TeOMETPHUCCKH HICHTHYHBIC TOBEPXHOCTH.
BriepBble BBIBOJATCS MapaMeTPUUECKUE YPAaBHEHUS KaXKA0H U3 TaKUX TPeX
MOBEPXHOCTEH, 00pa30BaHHBIX KapKacaMH TEOPETHUECKUX IMIMTaHTOyTOB,
6aTtokcoB u BarepauHuil B popme kpuBbix Jlame. IIponeMoHcTpUpOBaH
aJITOPUTM MOJEIMPOBAHUS KOpIyca IOABONHOH JIOAKM 3aMKHYTOH HO-
BEPXHOCTBIO C OTIMYAFOMIMMUCA HOCOBOH M XBOCTOBOM HACTSIMH, @ TaKKe
C HapajIeIbHON LEHTPaIbHOI BCTABKOM M IPOMLIIOCTPUPOBAHBL PE3YIIb-
TaThl MomenupoBanus. [IpencTaBaeHHas MeToauKa MOXeT d(PHEKTUBHO MpH-
MEHATbCA Ha PaHHUX 3Talax [IPOCKTUPOBAHMS CyJIHA IPHU BBIOOpPE ONTU-
MaibHOH (QOPMBI TIOBEPXHOCTH KOPITyca, AT 9er0 HEOOXOAMMO PaccMOT-
PETh psill pa3IuUHbIX (OpPM.

KiaroueBble cjioBa:
TUAPOTMHAMHUYIECKAS TOBEPXHOCTH,
anreOpanyeckasi IOBEPXHOCTh, CyOMapHHa,
TIOABOIHAS JIOAKA, CYTHO, MUZIEIIBIIITAHTOYT,
kpusble Jlame
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Introduction

The hull form of a vessel determines the key hydro-
dynamic properties: maneuverability and water resis-
tance [1]. Therefore, hull shape optimization is one of
the primary tasks of naval architects. The pioneer in-
vestigations in this field may be attributed to William
Froude, who by order of the Royal Institution of Naval
Architects worked on identifying the most efficient
ship hull form. He was able to confirm the applicabi-
lity of his theoretical findings by testing physical mo-
dels of ships in model basins, which were constructed
for the first time ever specifically for this purpose.
He derived a formula for extrapolation of small-scale
test results onto the real conditions and validated its
efficiency by full-scale experiments [2]. However,
building and testing ship models even at the present
day is substantially expensive and time-consuming,
not to mention full-scale tests [3]. For this reason,
today, in studying and designing ships precedence is
given to computer analysis, CFD (Computational Fluid
Dynamics) in particular. Authors of [4] evaluate
the accuracy of the CFD method in simulating model
basin tests using various cases of geometric shapes of
ship hulls.

The initial step in computer analysis is creating
a geometric model. The most widespread practice in
geometric modelling of ship hulls is the construc-
tion of hull wireframe by a set of contours in mutu-
ally perpendicular planes: by cross-section, buttock
and waterline curves. Article [5] indicates that by
defining a discrete wireframe, the hull surface may
be constructed only approximately, since the points

that do not belong to the wireframe may not be unique-
ly determined. A finer wireframe increases the accu-
racy of the generated surface, but at the same time
increases the amount of computational labor required
for the analysis of the model. The authors of [6]
studied hull geometry optimization with the use of
Al (artificial intelligence) and concluded that the non-
parametric surface model (defined by an array of point
coordinates) is prone to a local optimization trap,
and that the optimization direction in the parametric
model (algebraic surface with a finite number of
parameters) is largely affected by the first calcula-
tion iteration, so a combined model was processed
by Al Article [7] also draws attention to the disad-
vantages of discrete surfaces, in dynamic problems
in particular, and proposes a number of structurally
complex, but effective techniques of transforming
hull model from a set of contours to a whole sur-
face. Nonetheless, a parametric model is exception-
ally convenient at the preliminary design stage, when
it is necessary to consider a vast variety of hull
forms and to use a minimal number of variables for
this purpose.

This paper considers a method of modelling
a ship hull with the help of algebraic surfaces, which
are defined by a skeleton of three plane curves. These
three curves coincide with midsection (in yOz plane),
main buttock (in xOz plane) and waterline (in xOy
plane), as demonstrated in Figure 1. Articles [8; 9]
refer to such surfaces as hydrodynamic and point out
that given the same three curves it is possible to ge-
nerate three different algebraic surfaces. Article [10]
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presents a technique for producing hydrodynamic
surfaces, which are constructed by midsection line
in the form of Lame curve and parabolas in the other
two perpendicular planes and which model a hull of
a symmetric surface vessel. This paper proposes a more
general model, where all three curves are Lame

waterline

X =-L \

midsection

curves, and the algorithm of constructing a multi-
piece surface of a vessel with different fore and aft
bodies and a parallel middle body. Such surfaces may
be applied in submarine hull design; an example of
geometric modelling of which is given further below
in this paper.

main buttock

Figure 1. Hydrodynamic surface skeleton of three plane curves

Hydrodynamic surfaces
generated by Lame curves

Let us assume the three lines, which form the hull
skeleton, to be in the form of Lame curves in the cor-

responding planes:
— midsection:
wem(i B0
— main buttock:
|z|P = TP <1 - lJLCLa); 2)
— waterline:
[yl = w* (1 - "Z#) 3

T, W, L are the geometric parameters of the hull
(Figure 1), which are specified and which represent
the height, width and length of the ship respectively.

Positive variable exponents n, m, b, a, k, j of
three principal curves (1-3) allow to obtain a huge
number of surface shapes. Lame curves, also known
as superellipses, with different values of these expo-
nents are shown in Figure 2. For example, the mid-
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section line at n = m between 0 and 1 is concave in
the form of a four-armed star; at n = m = 1 it repre-
sents a rhombus; at » = m > 1 it is convex and rep-
resents a circle in particular case of n = m = 2. With
increasing values of n = m, Lame curve approaches
a rectangular shape.

1.0 1

0.5 1

0.0 4 — D

-1.0 -0.5 0.0 0.5 1.0

Figure 2. Shape of midsection line in the form of Lame curve
at different values of parametersn=m=20.5; 1; 2; 4; ©

Since the hull surface may be generated by
families of sections in three different planes, and all
the three resulting surfaces will be different algebra-
ically, let us consider the construction of each indi-
vidual surface below.
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Hydrodynamic surface generated
by a family of sections in yOz plane

Let us take midsection equation (1), which de-
fines the contour of the vessel section in yOz plane,
as the surface generator:

0 n ly|™
|z|* =T (x) (1 - W(x)m>' 4)

Midsection width W and height T vary depen-
ding on the particular section in yOz plane, i.e. de-
pending on the x-coordinate, and they trace the water-
line and main buttock respectively. Thus, variable
width W(x) can be obtained using equation (3):

MY
W) =w <1 - L—]> ) ()

and variable height 7(x) can be obtained using equa-
tion (2):

1
T(x) =T (1 - l’;'f)”. 6)

By substituting expressions (5) and (6) into
equation (4), we obtain:

a\ /b m
|Z|n=Tn<1—|)£(|1> [1_ |Y|| ; m/kl' (7

Equation (7) is the algebraic equation of the first
hydrodynamic surface. This equation may be repre-
sented in parametric form:

x =x(u) =ulL,
y=yv) =ow (1 - ), (8
z=2z(wv) = +T(1 — [u|HVP(1 - [vy|™)¥/",

where -1 <u<1-1<v<1.

Hydrodynamic surface generated
by a family of sections in xOz plane

The contour of the vessel section in xOz plane
is the buttock line, so we take equation (2) as the ge-
nerator:

. o4 le“>
lz|P = T(y) (1 10y ) 9

where height 7 and length L vary with y and trace
the midsection and waterline respectively.
Then, 7(p) is derived from equation (1):

[y ™\ "
T(y)=T (1 - W) ) (10)
and L(y) is derived from equation (3):
1<y
Liy) =1L (1 - W) : (11)

The complete equation of the surface is ob-
tained by substituting expressions (10) and (11) into
equation (9):

}. (12)

wm [ La(l_lvjl,/_lk)a/jj

m\b/mn a
X
|z|P = TP (1— b ) [1——k

Parametric equations of the second hydrodyna-
mic surface are:

y =y =uW,
\1/J
x=x(u,v) = vL(l — |ul ) , (13)
z=z(,v) = £T(1 — [u|™Y"1 - |[v|)?,

where -1<u<1-1<v<1l
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Hydrodynamic surface generated
by a family of sections in xOy plane

The contour of the vessel section in xOy plane is
the waterline, so we take equation (3) as the generator:

J
vk = W)k (1 - L'fZ')J> (14)

where length L and width W vary with z and trace
the main buttock and midsection respectively.
Therefore, L(z) is derived from equation (2):

L(z) =1L <1 - W) : (15)
and W(z) is y from equation (1), so
|Z|n 1/m

By substituting expressions (15) and (16) into
equation (14)

k/m i
|z|™ x|’
k _ k _ -
=W (1 ) | e 7
L (1——Tb)

we obtain the complete equation of the surface. This
equation in the parametric form is

z=z(u) = uT,

x =x(u,v) =vL(1- |u|b)1/a, (18)

y=ywv) =1W(1 - [uMH¥Y™(1 - |v|j)1/k'

where —1<u<1,-1<v<1.
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Algorithm of constructing submarine hull surface
with different fore and aft bodies

Let us define variables Ly and L., which repre-
sent the lengths of fore and aft bodies of the vessel
respectively. Height 7 and width W of both parts of
the hull are the same for the purpose of joining
the parts smoothly at x = 0 (Figure 3). The values of
exponents m and n, which determine the surface
shape in yOz plane, are also identical for both parts.
The values of exponents a, b, j, k are specified for
fore and aft parts separately.

The overall variation interval of the normalized
independent variables is defined as 0 < u, v < 1.
Then, the complete surface consists of 8 fragments
and is constructed by equations (8), (13) or (18)
using Table 1.

La

Figure 3. Surface fragments of submarine hull
with different fore and aft bodies

Table 1

Signs of expressions for surface fragments of submarine
with different fore and aft body shapes

Vessel part Fore body (L = Ly) Aft body (L = La)
Fragment 1 2 3 4 5 6 7
x + + + + - - -
Expr_ession y + + B B + + B _
sign
z + - + - + - -

The visualization of the three hydrodynamic
surfaces generated by families of sections in diffe-
rent planes is performed taking m = n = 2, so that
the section perpendicular to the x-axis (midsection)
is in the shape of a circle. The values of the re-
maining parameters are chosen such that they re-
flect the general shape of a submarine hull without
a parallel middle body [11]. The three hydrodyna-
mic surfaces are shown in Figure 4.

In order to increase usable space, submarine
hulls are often designed with a cylindrical insert
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(parallel middle body) between the fore and aft bo-

dies. Let us define the length of the parallel body as

L,, and position it such that its middle point is loca-

Generated using equation (8)

Generated using equation (13)

ted at x = 0. Then, the fore and aft bodies are dis-
placed to locations x = +L,/2 and x = —L,/2 respec-
tively (Figure 5).

Generated using equation (18)

Figure 4. Three hydrodynamic surfaces with Li=40m, La=20m, W=T=5m;
m=n=2;a=b=j=k=2.5 (for fore body); a=b=j=k=1.5 (for aft body)

Figure 5. Surface fragments of submarine hull
with a parallel middle body between fore and aft bodies

In the parametric equations of the fore and aft
body fragments a term of +L,/2 needs to be added
to the expressions for x. Variation interval of pa-
rameters u and v remains to be from 0 to 1. Then,
a fragment of the parallel middle body can be de-
fined by the following parametric equations:

x =x(u) = uL,,,
y=yw) =vW, (19)
z=zwv) =T - |v|™)/",

where the expression for z is obtained from equation
(1), which specifies the shape of the midsection.

In other words, equations (19) may characterize
not only cylindrical (m = n = 2) parallel middle bodies,
but also any other arbitrary cross-section shape, which
is allowed by the Lame curve exponents. With that, all
the surface fragments of a submarine need to connect

continuously and smoothly, so parameters m and n
must be equal for all parts of the hull. The parallel
middle body also consists of 8 fragments, the signs of
expressions for which are taken according to Table 2.

Table 2
Signs of expressions for fragments
of submarine parallel middle body
Vessel part 0<x<Lm/2 —Lm/2<x<0
Fragment 1 2 3 4 5 6 7
. X + + + + - - -
Expression vyl + + - |+ + -
sign
V4 + - - + - -

As an example, the visualization of a submarine
hull with a parallel middle body is performed with
the algorithm described above using equations (8) and
(19) — family of sections in yOz plane. The geometric
parameters are identical to the previously constructed
surface (Figure 4), and parallel middle body length
L, =40 m. The generated surface is shown in Figure 6.

Fore and aft bodies are generated by equations (8)

Figure 6. Surface of submarine hull with a parallel middle body
andwithLm=40m, Lr=40m, La=20m, W=T=5m;
m=n=2;a=b=j=k=2.5 (for fore body);
a=b=j=k=1.5(for aft body)
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Results

The hydrodynamic surfaces were visualized using
Python programming language. Arrays containing the
coordinates of points of the surfaces were computed ac-
cording to the algorithms described above with the help
of NumPy library. The surfaces were constructed using
the arrays of points and visualized with the help of Mat-
plotlib plotting library. This programming environment
allows to achieve a high level of automation by leaving
the geometric parameters, Lame curve exponents and
3D plotting format arguments as the only variables.

Figure 7. Submarine hull manufacturing
using segments of developable skin
(Crown Copyright 2013, by Andrew Linnett,
www.defenceimages.mod.uk, photo 45155780.jpg)

Some studies consider individual cases of hydro-
dynamic surfaces: encyclopedia [12] presents hydro-
dynamic surfaces with buttock and waterline curves
as the 4th order parabolas and midsection in the form
of Lame curve with m =4, n =1, and also with n =2,
m = 1/3. Article [8] introduces explicit and paramet-
ric equations for two sets of three hydrodynamic sur-
faces with buttock and waterline in the form of
the 2nd order parabola and midsection in the form of
Lame curve with m = n = 2, and also with m = 4,
n = 1. Several particular surfaces are considered in [13;
14]. Article [10] presents the expressions for hydro-
dynamic surfaces with variable values of the expo-
nents of the parabola, which defines the shape of the
main buttock and waterline, and the Lame curve ex-
ponents, which defines the shape of the midsection.

Hydrodynamic surfaces generated by families
of plane algebraic curves cannot be developable
surfaces, apart from the parallel middle body [10].
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When manufacturing the hull, the theoretical sur-
face must be approximated by segments of develop-
able skin (Figure 7). If the hull is manufactured using
composite material, approximation with developa-
ble segments may not be necessary.

Conclusion

The hull shape of real vessels is very complex
and it must satisfy a number of design criteria.
However, the presented equations for hydrodynamic
surfaces and the algorithms of their construction may
be considerably useful at the early stages of select-
ing the optimal hull shape.

It is worth to mention in regards to the versatili-
ty of the proposed model that in geometric model-
ling of submarines, the upper and lower sections may
have different geometric form by specifying diffe-
rent heights 7" and different Lame curve exponents
of the corresponding surface fragments.

The analytical method of describing the hull
shape allows extensive use of computer modelling,
as was demonstrated by the case of constructing and
visualizing submarine hull surfaces.
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