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The problem of maximal capacity of traffic at the rush hours is considered. The control is performed 
by adjusting the traffic lights phases at intersections. The mathematical model of traffic flow is given. The 
model is described by the oriented graph with changeable configuration. The optimal control problem for 
traffic flows is formulated as a problem of discrete dynamic optimization. To solve the problem the ge-
netic algorithm and the method of logical network operator are used. 
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INTRODUCTION 

Nowadays the traffic control problem is important for big cities. At rush hours 
a considerable number of cars fill roads between intersections. If sections cannot coupe 
with a demanded number of cars then an overflow occurs. The cars stack in the inter-
sections and do not respond to the traffic light phases. It leads to traffic jams. To avoid 
the overflow it is necessary to take into consideration the number of cars and traffic 
lights phases at adjoining roads. 

The traffic light phases control at intersections helps to increase the traffic capacity 
and minimize the probability of traffic jams. Known mathematical models of traffic 
flow control [1—5] do not consider the control by means of traffic lights. As a rule 
the models use a continuous flow moving in all admissible directions. The traffic flow 
control problem by means of traffic lights is to divide the flow and then to direct the 
flows in possible directions taking into account overflow of roads and traffic capacity 
in intersection. 

If the network contains intersections on the main road then the «green wave» 
mode is applied. At this mode the traffic light phases are calculated to maximize the 
velocity of the main traffic. When the main traffic reaches the intersection, the green 
phase is switched on. In this paper we consider that all traffic flows are equal and the 
network configuration is free.To solve the problem it is necessary to develop the ma-
thematical model of traffic control by adjusting the traffic light phases. The number 
of cars and traffic lights phases at adjoining roads must be taken into consideration. 

THE MATHEMATICAL MODEL OF THE CONTROL OBJECT 

To develop the mathematical model of traffic flow control we use an oriented 
graph with adjustable configuration. Let each road with the traffic flow between two 
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neighboring intersections be the node in a graph. Let each maneuver between roads in 
the intersection be the edge in the graph. Then we obtain the directed graph for urban 
road network. 

Let us consider the road network shown in Fig. 1. The network has two intersec-
tions and fourteen sections. The numbers of sections are given in the circles. Possible 
maneuvers at intersections are dot lined. 

 

 
Fig. 1. The road network 

The oriented graph for the given network is shown in Fig. 2. 
The traffic is controlled by changes of traffic lights phases. Suppose that at inter-

section 1 in the network in Fig. 2 we have a three phase traffic light, and at intersection 
2 a four phase traffic light. 

For example in intersection 1 we have: 
a) phase 1 allows a flow from 1 to 7 and 14, and from 8 to 9 and 10; 
b) phase 2 allows a flow from 1 to 7, 10 and 14, and from 2 to 9; 
c) phase 3 allows a flow from 2 to 9 and 14, and from 6 to 10. 
For intersection 2 we have: 
a) phase 1 allows a flow from 4 to 8 and 11, and from 7 to 12 and 13; 
b) phase 2 allows a flow from 3 to 12, and from 5 to 11 and 12; 
c) phase 3 allows a flow from 3 to 12 and 13, and from 5 to 11 and 12; 
d) phase 4 allows a flow from 5 to 8, 11 and 12. 
 

  

a) b) 

Fig. 2. The oriented graph with variable configuration 
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Any traffic light phase prohibits certain maneuvers between the roads. The prohi-
bition of maneuvers is indicated in the graph as the absence of the edges. 

For example, if the phase 1 is switched on in the intersection 1, and the phase 3 is 
switched on in the intersection 2, then we get the graph shown in Fig. 2b. 

Graphs for urban road networks with all possible maneuvers in intersections are 
named the basic graphs. Graphs with allowable maneuvers at the traffic lights in inter-
sections are called partial graphs or configurations of the basic graphs. The basic graph 
for the network in Fig 1 is represented in Fig 2a. The configuration of the basic graph 
at the phase 1 of traffic lights is represented in Fig 2b. There are 12 configurations for 
the basic graph in Fig 2a. 

We control the traffic flows by means of traffic lights phases in intersections. To 
describe the choice of phases in intersections we use a control vector 

 [ ]1
T

Mu u=u … , 1 2U U U UM∈ = × × ×u … , (1) 

where M is a number of intersections in a road network, { }+∈ = …U 1, , ,i i iu u  +
iu  is a number 

of traffic light phases in the intersection i, = 1, .i M  

A maximum number of configurations for the road networks is 

 +

=
= ∏

1

U .
M

i
i

u  (2) 

To describe a basic graph we use a connectivity matrix 

 ⎡ ⎤= ⎣ ⎦ ,ijaA  { }∈ 0,1 ,ija  , 1,i j L= , (3) 

where L is a number of roads in a network or nodes in a graph. 
To describe relations between components of control vector and edges of the ba-

sic graph we use a control matrix 

 ⎡ ⎤= ⎣ ⎦ ,ijcC  { }∈ 0,1, 2, ..., ,ijc M  , 1,i j L= , (4) 

where cij is a number of control vector component that relates to some edge between nodes i 

and j. If the edge is absent in the basic graph, then = 0,ija  =, 1,i j L  and = 0.ijc  

To describe relations between the set of control vector component values and 
edges in the basic graph we use an allowable phase matrix 

 ⎡ ⎤= ⎣ ⎦F ,ijF  ⊆F U ,
ijij c  , 1,i j L= , (5) 

where Fij  is a set of allowable values of control vector component 
ijcu  when the edge from 

node i to node j is not eliminate. 

Matrices A , C  and F  can describe configurations of a basic graph according to 

the control vector [ ]= 1 ...
T

Mu uu . The structures of partial graphs are described by 

connectivity matrices of configurations. 

 ( ) ( )⎡ ⎤= ⎣ ⎦ ,ijaA u u  , 1,i j L= , (6) 
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where 

 ( )
∈⎧⎪= ⎨ ∉⎪⎩

if

if

1,    F , 

0,     F ,
ij

ij

c ij

ij
c ij

u
a

u
u =, 1,i j L . (7) 

The restrictions on maneuvers of traffic flows between roads are described by the ca-
pacity matrices 

 ijb⎡ ⎤= ⎣ ⎦B , ijb ∈R1, , 1,i j L= , (8) 

where bij is a restriction on maneuver from section i to section j. 

A traffic flow distribution on roads is described by a distribution matrix 

 ijd⎡ ⎤= ⎣ ⎦D , ijd ∈ R1, , 1,i j L= , (9) 

where dij is a part of traffic flow that comes from section i into section j. 

Distribution matrix elements must fulfill the condition 

 
1

1
L

ij
j

d
=

=∑ , if 
1

0
L

ij
j

a
=

≠∑ . (10) 

We have the following matrices A , C  and F  for the network in Fig 2. 

=

⎡

⎣

0 0 0 0 0 0 1 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 1 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 1 1 0
0 0 0 0 0 0 0 1 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 1 0
0 0 0 0 0 0 0 0 1 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0

A =

⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎦

,

0 0 0 0 0 0 1 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 1 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 2 2 0
0 0 0 0 0 0 0 2 0 0 2 0 0 0
0 0 0 0 0 0 0 2 0 0 2 2 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 2 2 0
0 0 0 0 0 0 0 0 1 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0

C

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

,

0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0

  

{ } { } { }
{ } { }

{ } { }
{ } { }
{ } { } { }

{ }
{ } { }

{ } { }

∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅
∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅
∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅
∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅
∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅
∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅
∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅=
∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅
∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅
∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅
∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅
∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅
∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅

1,2 2 1,2
2 2,3

2,3 3
1 1
4 2,3, 4 2,3, 4

3
1 1

1 1
F

∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
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⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

. 
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For the partial graph in Fig. 3 the configuration matrix ( )A u  with the control vector 

[ ]1 3
T=u  has the following form 

( )

0 0 0 0 0 0 1 0 0 0 0 0 0 1

0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 1 1 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 1 1 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 1 1 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0

=

⎡

A u

⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

. 

The configuration matrix ( )A u  manipulates the flow capacity matrix and the dis-

tribution matrix 
 =( ) ( )B u A u  ☼ B, =( ) ( )D u A u  ☼ D, (11) 

where ☼ is a Hadamard product or element-wise production of matrices. 

To describe the traffic values we use a flow vector 

 [ ]1
T

Lx x=x … , ix ∈ℝ1, 1,i L= , (12) 

where ix  is a value of flow on the section i. 

We suppose that the traffic light phases are exactly divided on the given value 

called a control time. At each control time 0,k N=  we set the control vector 

[ ]= 1( ) ( ) ... ( )
T

Mk u k u ku  to change the graph configuration. Traffic flow vector ( )kx  

depends on the chosen configuration, the properties of the network and the flow vec-
tor in the previous moment −( 1)kx . To build a mathematical model of traffic flow 

we use several assumptions. 
Assumption 1. Cars do one maneuver at a time. 
Assumption 2. Values of flow vectors are computed in two steps at one configu-

ration. On the first step we compute a decrease of traffic flows by number of cars per-
forming maneuvers. On the second step we compute an increase of traffic flows by 
the same number of car performing maneuvers. 

On the first step flow values are reduced by values of the distribution matrix 
elements 

 ( ) ( )( )(1/ 2 1 T
Lk k′Δ − = −x x 1 ☼D☼ ( )( ) LkA u 1 ,  (13) 
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 ( )1/ 2k′′Δ − =x ( )( )( kA u ☼ ) LB 1 , (14) 

where [ ]
P

= …1 1
L

T
L1 . 

Values of flow vector are determined as a difference between the value of flow 
vector at previous moment and the minimum among increments (13) and (14) 

 ( ) ( )1/ 2 1k k− = − −x x ( ) ( ){ }min 1/ 2 , 1/ 2k k′ ′′Δ − Δ −x x . (15) 

In (15) a minimum is computed by each component 

 ( ) ( )1/ 2 1i ix k x k− = − − ( ) ( ){ }min 1/ 2 , 1/ 2i ix k x k′ ′′Δ − Δ − , 1,i L= , 

where [ ]− = − −1( 1/ 2) ( 1/ 2)... ( 1/ 2) ,
T

Lk x k x kx  [ ]′ ′ ′Δ − = Δ − Δ −1( 1/ 2) ( 1/ 2)... ( 1/ 2) ,
T

Lk x k x kx  

[ ]′′ ′′ ′′Δ − = Δ − Δ −1( 1/ 2) ( 1/ 2) ... ( 1/ 2)
T

Lk x k x kx . 

Write (15) in the form ( ) ( ) ( )( ( )(′ ′− = − − Δ − − Δ − −1/ 2 1 1/ 2 1/ 2k k k kx x x x  

( )))′′−Δ −� 1/ 2kx , 

where − >⎧
− = ⎨

⎩
�

if

otherwise.

,     ,

0 — 

a b a b
a b  

In the second step we obtain 

 ( ) ( )( )( 1 T
Lk k′Δ = −x x 1 ☼D☼ ( )( )T

LkA u 1 , ( )k′′Δ =x ( )( )( kA u ☼ )T
LB 1 , 

where ( ) [ ]′ ′ ′Δ = Δ Δ…1 ,
T

Lk x xx  ( ) [ ]′′ ′′ ′′Δ = Δ Δ…1 .
T

Lk x xx  

Thus we get 

( ) ( ) ( ) ( ){ }1/ 2 min ,k k k k′ ′′= − + Δ Δx x x x  or  

( ) ( ) ( ) ( ) ( )( )1/ 2k k k k k′ ′ ′′= − + Δ − Δ − Δx x x x x� . 

As a result we obtain the mathematical model of traffic flow control 

 ( ) ( ) ( )( )(1 1 T
Lk k k= − − −x x x 1 ☼ ( )( )kA u ☼ −D ( )(( )1 T

Lk −x 1 ☼ 

 ☼ ( )( )kA u ☼ −D � ( )( )kA u ☼ )) L +B 1  ( )( )( 1 T
Lk −x 1 ☼ 

 ☼ ( )( )kA u ☼ −D ( )( )( 1 T
Lk −x 1 ☼ ( )( )kA u ☼ −D � ( )( )kA u ☼ ))T

LB 1 . (16) 

THE PROBLEM STATEMENT 

Suppose we have an urban network with L roads and M intersections. Traffic light 
has iu+  phases in intersection i. We have a connectivity matrix (3) for a basic graph, 

a control matrix (4), an allowable phase matrix (5), a capacity matrix (8) and a distribu-
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tion matrix (9). Restrictions on the flow values for each road are given + ,ix  1,i L= . 

The mathematical model (16) and the initial values of flows ( )0ix , 1,i L=  for traffic 

flow control are also given. It’s necessary to find the control in the form 

 ( )=u h x . (17) 

where ( ) { }+→ × × = =\ … …L
1:  U U , U 0,1, , , 1, .M i iu i Mh x  

The control has to minimize the object function 

 ( ) ( )
1 2

1 minimumi j
i I j I

J x N x N
∈ ∈

= − →∑ ∑ , (18) 

where I1 is the set of input roads’ numbers, I2 is the set of output roads’ numbers. 

All flow values have to satisfy the restrictions 

 ( )i ix k x+≤ , 1,i L= , 1,k N= . (19) 

We include restrictions (19) in the object function (18) 

 
( ) ( )

1
1 1

1 1
N L

i i
i

k i i i

x k x k
J s x

x x
+

+ +
= =

⎛ ⎞⎛ ⎞
= − + − +⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
∑∑  

 + ( ) ( )
1 2

minimumi j
i I j I

x N x N
∈ ∈

− →∑ ∑ ,  (20) 

where s is a penalty coefficient. 

Assume that the network includes the roads without restrictions. These can be 
output roads 2i I∈ . Then in (19) we can substitute expressions ix+ = ∞  by 1ix+ = − . 

THE NETWORK OPERATOR METHOD 

To solve our problem we use the network operator method [6—9]. The network 
operator allows to describe mathematical expression in a form of directed graph. The 
edges of the graph relate to unary operations. The nodes of the graph relate to binary 
operations. The source nodes relate to the arguments of the mathematical expressions. 
For the traffic control problem we have integer unary and binary operations 

 ( ) ( )( )= ϕ ϕ1 1 8, ...,O z z , (21) 

 ( ) ( )( )′ ′′ ′ ′′= ω ω2 0 7, , ..., ,O z z z z , (22) 

where { }+ +′ ′′ ′ ′′ω =0 ( , ) max (mod ) (mod ) ,z z z z ,z z  { }+ +′ ′′ ′ ′′ω =1( , ) min (mod ) (mod ) ,z z z z ,z z  

+′ ′′ ′ ′′ω = +2 ( , ) ( )(mod ),z z z z z  +′ ′′ ′ ′′ω = ⋅3( , ) ( )(mod ),z z z z z  
+⎧ ′′ ′ ′′=′ ′′ω =⎨

⎩
4

if
 otherwise

(mod ),   ,( , )
0 —  ,
z z z zz z  

( )
( )( )
( )( )

+

+

⎧ ′′ ′ ′′+ >⎪′ ′′ω =⎨
′′ ′−⎪⎩

5

if

otherwise

1 mod ,   ,
,

mod — ,

z z z z
z z

z z z
 ( ) ( )

( )( )
+

+

⎧ ′ ′ ′′>⎪′ ′′ω =⎨
′′ ′−⎪⎩

6

if

otherwise

mod ,   ,
,

mod — ,

z z z z
z z

z z z
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( ) ( )( )
+

+

⎧ ′ ′′− >⎪′ ′′ω = ⎨ ′′ ′−⎪⎩
7

if

otherwise

1,     ,
,

mod — ,

z z z
z z

z z z
 ( ) ( )+ϕ =1 mod ,z z z  ( ) ( )( )+ϕ = +2 1 mod ,z z z  

( )( )+⎧ − >⎪ϕ = ⎨
⎪⎩

3
if

otherwise

1 mod ,  0,  
( )

0 — ,

z z z
z  + +ϕ = − −4 ( ) 1 (mod ),z z z z  

+

+ +
⎧ <ϕ = ⎨ − −⎩

5
if

mod otherwise

2 , 2 ,  
( )

1 (2 )( ) — ,

z z z
z

z z z
 ( ) ( )( )

+

+ +

⎧ <⎪ϕ = ⎨ − −⎪⎩
6

if

mod otherwise

3 , 3 ,  

1 3 — ,

z z z
z

z z z
 

( )ϕ =7 ,
2

z
z  ( )ϕ =8 ,

3

z
z  { }+ += =max , 1, .iz u i M  

We use an input integer variable y  for control (17) 

 ( )=u h y , (23) 

where [ ]= …1 ,
T

Ly yy  ( ) ( )
+

⎢ ⎥
= ⎢ ⎥

Δ⎢ ⎥⎣ ⎦
,i

i
i i

x k
y k

y y
 = 1, ,i L  ∉ 0 ,i I  

+

+ +

+

⎧ =∞ =
⎪= = ∞ ≠⎨
⎪
⎩

if

if

otherwise,

0,  , (0) 0,

(0), , (0) 0,

 — 

i i

i i i i

i

x x

y x x x

x

 

= 1, ,i L  ∉ 0 ,i I  +Δ = 1
,iy

u
 { }+ += =max , 1, .iu u i M  
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Рассмотрена задача максимальной пропускной способности дорог в часы пик. Управление 
осуществляется за счет согласования фаз светофоров на перекрестках. Приведена математиче-
ская модель управления транспортного потока. Она описывается ориентированным графом с из-
меняемой конфигурацией. Задача оптимального управления транспортными потоками сформу-
лирована как задача дискретной динамической оптимизации. Для решения задачи используется 
генетический алгоритм и метод логического сетевого оператора. 

Ключевые слова: логический сетевой оператор, синтез управления, моделирование транс-
портных потоков. 


