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CIHEKTPAJIbHBbIU AHAJIN3 OJJTHOMEPHOW CHUCTEMBbI JTUPAKA
C CYMMHUPYEMBIM IIOTEHIITMAJIOM
H OIIEPATOPA IITYPMA—JINYBUJLJIA
C KO9PPUIHNEHTAMU-PACITPEJEJIEHUIMHA

© 2020r. A.M. CABYYK, HU.B. CATIOBHHUYA4

AHHOTALIMA. MeI paccmaTpuBaeM ofHoMepHbIH oneparop Jupaxa L£p . KpaeBele yciioBus npeanosnaraores
perynsipubiMU 110 Bupkrody, a norexHuuan P(x) — cymmupyembiM Ha [0, 7r]. BBogsiTest MOHSITHS CHJIBHO H
cnabo perynsipHoro omnepatopa. B o6oux ciyuasix HalJeHbl acCHMIOTOTHYeCKHe (OPMYJibl 1JIsl COOCTBEHHBIX
3HaueHuH. B 3TuX (opmysax Mbl BHIIMCHIBAeM I/aBHble aCHUMITOTHYECKHE UJIEHBl U OLEHMBAeM OCTaTKH,
KOTOpBbIe CrelU(HLHUPyeM B 3aBUCHMOCTH OT (DyHKLHOHANBHOTO Kiacca noteHuuana: Ly[0, 7], rae p € [1,2],
n npocrpanctsa Becosa BY (0,7, rne p € [1,2], a 6 € (0,1/p). JlononHuTe bHO MBI 1OKasbiBaeM paB-
HOMEPHOCTb HAlIMX OLEHOK Mo wwapaM || P, e < R. 3aTeM Mbl MoJgydaeM acCMMITOTHYeCKHe (QOPMYJIbI 1JIst
HOPMHPOBAHHBIX COOCTBEHHBIX (DYHKLHH B CHJIbHO PEry/SPHOM Clyuae C TaKHMH Ke OLIEHKaMH OCTaTKOB
B paBHOoMepHO# Ha [0, 7] Merpuke. B csaGo perynsipHoM ciyuae cOGCTBEHHblE 3HaUYeHHs aCHMITOTHUYECKH
IBYKpaTHbl, U Mbl IPOBONHM aHaJIOTMYHble OLEHKH IJISi COOTBETCTBYIOLIMX HABYMEPHBIX CMEKTPa/bHbIX MPO-
ektopos. Jlasiee Mbl J0Ka3biBaeM GasucHoCTb Pucca B mpoctpaHcTse (L0, 7])? cucTeMbl cOBCTBEHHBIX U
NpUCOEeHHEHHbIX (YHKLHH NPOM3BOJNBHOIO CHJIBHO peryJspHoro omnepatopa Lpy. B cnabo perynspHom
cydae J0KasaHa 6a3ucHOCTb Prcca 1ByMepHBIX MOANPOCTPAHCTB.

[TapansensHo ¢ onepatopoM Lp,y Mbl paccmatpuBaeM onepatop HItypma—Jlnysunns Lg,u, MOpoxKaeH-
HbI IH(depeHLuaibHbiM BoipaxendeM —y” + ¢(x)y ¢ MOTEHUMANOM g TEPBOrO MOPSiAKA CHHIYJSPHOCTH
(1. e. mpenmoJsiaraeM, 4To MepBooOpasHas u = ¢V nexur B L3[0,7]) u peryasipubiMu 1o Bupkrody
KpaeBbIMH yc/10BUAMH. C NOMOLLBIO N0J00HS Mbl CBOAUM K 3TOMY CJyualo onepartopbl 6oJee o6LIero Buia
—(ry') +i(oy) +icy + 1oy, tae 7, 0, 78 € Ly u 7 > 0. Jlns onepatopa L, Mbl [I01y4aeM TAKHeE Ke
pe3yJsbTaTbl 00 aCHMITOTHKE COOCTBEHHBIX 3HAueHWH, COOCTBEHHBIX (PYHKUUH, pe3ynabTaTbl 0 Ga3HCHOCTH,
Kak 4 171 Lp,y.

3areM nss oneparopa [upaka Lpy Mbl J0KasbiBaeM PaBHOMEPHOCTb 6asucHoCTH Pucca mo mapam
IP]lp,o < Rupup > 1 nan @ > 0. 3anaua o6 yc/0BHOI Ga3MCHOCTH eCTECTBEHHBIM 06pa3oM 060011aeTcst 10
33344 0 PaBHOCXOAUMOCTH CIIEKTPaJ/IbHbIX Pa3J/IOkKeHUH B Pa3NUYHBIX MeTpUKaX. Mbl 10Ka3biBaeM pe3ysnbTar
0 PaBHOCXOAMMOCTH, Bapbupysi Tpu uHuekca: f € L,[0,n] (packiagsiBaemasi yHkuus), P € L.[0, ]
(morennman) u ||Sm — S%|| — 0, m — oo, B L,[0,7] (PaBHOCXOAMMOCTb CHEKTPaibHLIX Pas3/omKeHHH Mo
COOTBETCTBYIOLLEH HOpMe). B 3aBeplueHne Mbl 10Ka3bIBaeM TeopeMbl 00 YCJIOBHOH U 6e3yc/I0BHOH 6a3UCHOCTH
cucTeMbl COGCTBEHHBIX M NPHCOEAHHEHHBIX (yHKUMH onepaTopa Lpy B mpoctpaHctBax L, [0, 7], p # 2, u
B pas/HuHbIX mpocTpaHcTBax Becosa BY [0, 7).

OI'JIABJIEHHE

BBemeHuMe ...
. Onpenenenue oneparopa IlItypma—JInyBusns ¢ KoaphpuureHTaMU-paCTIpeIeNeHUSIMH .
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. HeBoamy1ienHusi#l onepatop [Hupaka C
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1. BBEJIEHHUE

B sro#l paboTe peub MoHAET O ABYX BIOJHE KJacCUUeCKUX oObekTax: 06 omnepatope [rypma—
JInyBunnsg u o6 ogHomepHo# cucteme [upaka. Mul 6yneMm usyudats onepatop Ltypma—JInysunana L,
nopoxaaeMbii B npoctpancTBe Lo[0, 7] nnddepeHLHanbHbIM BblpaXKeHHEM

I(y) = —y" +q(zx)y (1.1)

¥ MOAXOASAIMUMHU (peryssipHbIMH 10 DUpPKrody) rpaHUYHBIMU YCIOBUSMH.
Mb&1 paccmoTpuM U GoJsiee oblive onepatopsl, AUddepeHLIHaIbHOE BbIpaXKeHHe KOTOPbIX HMeeT BUJ

U(y) = —=(ny') +i(oy) +ioy" + 1oy (1.2)

B pasnene 2 nanHO# paGoOTHl MBI IOKaXKeM YTBEPKIEeHHE O MOA0OHUH 0TepaTopoB 0611ero BUIA OrepaTopam
Buna (1.1), kotopble u OyneM H3ydaTb HaJee.
OnHomepHyto cucteMy JlMpaka Mbl 3alHCHIBAeM B BHIE

(o D) =) ) () 0

U Takxe N00aBJsieM [Ba KPaeBbIX yCJOBHS, KOTOpble Npe/rosaraeM peryiasipHeiMM o bupkrody.

Bciony B paGoTe Mbl cuutaem, 4To Bbipaxkehus (1.1) u (1.3) ompenmeseHbl Ha KOHEYHOM OTpe3Ke
[0,7] > x.

Llenp 3TO# pabOTHl — MPOBECTH JIeTajbHOE HCCJEeNOBaHHE CHeKTPasbHBIX CBOHCTB omepatopoB (1.1)
u (1.3) B cayyae HerlagKHX MOTEHIHWAJOB ¢ U P. A uMeHHO, Mbl OyfieM paboTaTh ¢ MOTEHIMAJIaMU q —
pacrpe/ieJieHUsIME TIEPBOTO TOPSIAKA CHHTYJISIPHOCTH, CUdTast, uTo ¢ = u’, tne u € Ls[0, 7], a mpousBogHas
TOHUMAaETCSl B CMbICJe TeOpuH pacrpenesneHuil. [lpocTpaHceTBo Takux (QyHKUHMH Mbl OymeM o003HauaTth
W, 0, 7).

Jlerko BugeThb, uTo 06a omepatopa — BTOPOro AHG(GEpeHIUPOBAHUS U YMHOXEHHs Ha TOTEHUHAN ¢ €
W, 1[0, 7] — orpanuuent kax onepatope us Wi [0,7] B W, '[0,7], To ecTb B cMbicae coGoeBCKUX
MPOCTPAHCTB JeHCTBYIOT «B OfHY cHay»'. TakuM 06pa3oM, Mbl HMeeM JeJ0 C «IpeleNbHbIM» CIyuaeM.
[Ipumepsl, mMokasblBalIlHe HEBO3MOXKHOCTh omnpenenntb omnepatop Lrypma—JluyBunas Buma (1.1) ¢
MPOM3BOJIbHBIM 00JI€€ CHHIY/SIPHBIM MOTEHIMAJ0M, MOXKHO HalTH B [67].

Onepatopsl Buna (1.1) Gblin BmepBele ompenesneHbl B padote [65]. OTMeTHM, UTO 4YacTHble CJaydaw,

korna q(z) = dq(z) uau g(x) = v.p.——, ObIK U3BECTHBI U paHee. JluTepatypa, MOCBsIEHHAsH OMe-
r—a
patopam ¢ d-NOTeHLHalaMH, HaCTOJIbKO OOLIMPHA, YTO yKa3aTb ee BCI0 B HAlleM KOPOTKOM BBEIEHHH

HEeBO3MOXKHO. YTIOMSIHEM JIMIIb Kiaaccudeckre MoHorpaduu C. AnbbeBepro, P. Temresu, P. Xosr-Kpona

Tlpu sToM mepsLIii omepaTop sABAseTCS H30MOPGU3MOM (C TOYHOCTBIO 1O ABYMEPHOTO MOANMPOCTPAHCTBA), a BTOPOM
KOMIIaKTeH.
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u X. XosbneHa [93] u C. Anb6eBepuo u I1. Kypacosa [94], roe M0KHO MO3HAKOMHUTBCS C JAaHHOH Teo-
puell u oblwKpHOH 6ubauorpadueit. M3 nocnenHux paboT B 3Toll 006JaCTH CjaefyeT YINOMSIHYTb CTaTbH
M. M. Manamyna u A. Kocrenko [143, 144].

OtpesibHO CJieflyeT CKa3aTh O BO3MYIIEHUSIX THMA 0, KOTOpPbIE, XOTsS M MOXOXKH Ha 0-BO3MYIIEHHUS,
HO TMPHUBOIAT K CYLIECTBEHHO WHBIM MonessM. JluTepatypa, MOCBslleHHAs TaKOrO poia BO3MYILEHHSM,
TaK)Ke BecbMa OOIIMPHA, W Mbl COLIJEMCs JHWIIb Ha HenaBHO padory k. dxxapma, A. Kocrenko,
M. Manamyna u I'. Tewwns [119], roe npensioxkeH COBpeMEHHBIH B3IVISIA Ha TeMaTHKYy M MpUBeIeHA
6oJbluas 6ubanorpadus.

Kpome 0-Bo3MylleHHH, paccMaTPUBAJINCh U APYyrHe KOHKPeTHble MoTeHuHasbl. OOBYHO peyb Mija o
TOUEYHBbIX CHHTYJSIPHOCTAX CTENEHHOro XapakTepa (C ocUMJISANMEH W 6e3) Ha KOHLAX OTPe3Ka WJH B

OJHOM BHy’I‘peHHeﬁ €ro To4dke. TaK, HCCJIeNOBAaHHUIO IIOTE€HIMaJla THUIla — IIOCBSAILLEHBI pa6OTbI ﬂ}K FYH-

x
cona [127], I1. Kypacosa [145], ®@. Arkuncona, B. dsepurra u A. 3erria [95].

Pa6oTta [65] uHHLIMHpOBaia CepHio cTaTel, nmocesieHHbIX onepatopam Buaa (1.1). Tak, B [66] (a mo3a-
Hee B [11]) Obl1 HaliIeH crieKTpaJsbHbBIH Cylel MepBOro nopsiaka AJs omnepatopos Buaa (1.1) ¢ moreHuuasom

q=1u', u€ BW0,n].

P.O. I'punuB u §1.B. Mukuriok B [131] usyunau onepatop Xwusna: onepatop Buaa (1.1) Ha Bceit ocu
C TIEPUOAMYECKUM TOTEHIHAJOM ¢ € Wiﬁ)c (B yacTHOCTH, OBITIO OKA3aHO, UTO CHEKTP UMeeT JaKyHap-
HYIO CTPYKTYpY). DTH uccaenoBanusi Obliu npompo/xkeHsl E. KoporseBbim B [142]. TlosiBusnch paboThl
B. A. Muxaiinena u B. M. Moau6oru [1563-155].

3artem onepatop XuJJja ¢ NNOTEHLHUANOM g € W2_1 BecbMa JleTajbHO Obll M3yyeH Bb. MHUTATHUHBIM U
[1. dxakoBbiM B cepuut pabot [107-109]. DTu nccrenoBaHUsi €CTeCTBEHHBIM 06pa30M BOBJIEKJH B pac-
CMOTpeHHe BONpockl 6a3UCHOCTH, a TaKxKe NMPUBENH K H3yUeHHIO NIepHOAHYeCKON 0OpaTHOH CrieKTpasibHOH
3amaud (cm. mo stomy mosony [110,111]). Hakoneu, B [116] ObliM U3ydyeHbl MepuoAHYeCKHe 3a1adyd B

NMoJIHOH 1KaJe npoctpancTs CoboJepa
0

Otmerum Takxke HemaBHHe pabotel A.T. Backakosa u [I. M. TlossikoBa [97, 98], roe mepuomuueckas
3a/aua TaKoro BHA M3yyaJacb METONOM MOLOOHBEIX OMEPATOPOB.

B pa6ore [135] P.O. I'punuBa u §1.B. Mukutioka Ha caydail oneparopos Llrtypma—JluyBuiss c
MOTeHIHaaMH-pacIpe/ie/ieHHsIMH Oblyia epeHeceHa KaccuyecKasi TEOpHUsl ONepaTopoB Npeobpa3oBaHus.
DTO MO3BOJIUIIO 3aMUCaTh /s JaHHOTO THMa onepatopoB lltypma—JluyBunns ypaBHenue enbanna—
JleBurana—Mapuenko (cm. [132-134]), uTo, B CBOIO 0Yepelib, MOBJEKJIO PACIPOCTPAHEHHE HA OTMEPATOPbI
C TIOTeHLHAJaMHU-paCIpeieIeHUsIMU PYTUX Pe3yJbTaTOB W METOIOB TEOPUU OOPATHBIX CIEKTPasbHBIX
3ajau.

31ech B MepByIo Ouepelb cjaenyeT oTMeTHTb padoty Jlxk. dxxapna, P. l'emresu, P. Hukosca u I'. Tem-
asi [120], roe oGcyxKnaioTcsi pe3ysbTaThl, CBsidaHHble ¢ (yHKUMeHd Belns—Tuumapiua (mis Kiaccude-
ckux omnepartopos Lrypma—JlnyBumias Teopusi oOpaTHBIX CIeKTpa/bHbIX 3aaad Mo (yHKUUW Bednsa—
Tuumapiua 1 cBsI3aHHBIH ¢ Hell MeTOJ CMeKTpaJsbHBIX MojeJsell HauboJiee MONHO M3J103KEH B MOHOrpauu
B. A. IOpko [92]). Cnyuaii onepaTopoB Ha Bceil 0CH BrepBble OblJ paccMOTpPeH B [65].

Bompocsl o6paTHo# 3anauu paccesnns usydanuch K. @peepom, P. O. I'punuseim, . B. MukuTiokom u
[1. A. Ileppu B [124,136,137]. Bonpocsl, cBsizaHHble ¢ ypaBHeHHeM KapreBera—ne ®pusa, paccmatpuba-
auch T. Kanensnepom, K. Mopom u I1. Tonasnoseim B [138-140], a 3atem A. Pribkunbim u C. [pynckum
B [126,159].

Mbl yxe TOBOPHUJIH, UTO HauWHasi ¢ paboThl [14] Bo3HUMK HHTepec K BecoBomy omeparopy Ltypma—
JInyBunnsg ¢ BecoM-pacmpenesenreM. Tak e, kak o6bluHbIA onepatop Ltypma—JInyBuanas obpasyet
napy Jlakca nnasi ypaBHenus Kapresera—pme Ppusa, Becosoit onepartop Lrypma—JlnyBuaas obpasyer
napy Jlakca nisi ypaBHeHusi Kamacca—Xoasema (cum. [106]). [TocsienHue pesysnbTatsl o 3TOH TeMe MOXKHO
HaiiTh B paborax [15,16,118].

B pa6ore 2K. Bena-Amapa u A. A. Ulkanukosa [99] Ha cnyuait onepatopos [typma—JluyBuans c
MOTeHIHaaMH-pacpeieJieHHsIMH Obljla MepeHeceHa KJjaaccuueckass Teopusi lltypma 06 ocuuaasimuu.
W3yueHue omepaTtopoB mnopsaka n > 2 ¢ Ko3duLHeHTaMHU-paclpeneseHUsIMU Hadalaucb C paboThl
A.A. Bnagumuposa [12] u 6bio 3atem npomosxkeno K. Ben-Amapa u A. A. IllkanukossiM B [99],
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K. A. MupzoesbiMm u A.A. IllxkanuxkoBbiM B [48,49]. B 3Tux paGoTax KJ/OUeBbIM [Jis ONpeAeeHHUs
oreparopa CTaJjio HCI0Jb30BaHHEe KBA3HUIPOU3BOAHBIX BBICOKHX TOPSIKOB.

B Hamieil ctaTbe Mbl HMeeM JeJ0 TOJbKO C OJNHOMEPHBIMH OrepaTropamMu. B MHOroMepHOM ciydae
orepartopsl ¢ K03 (UIIMeHTaMH-PACTIPeAeIeHUSIMU H3YJaloTCsl He MeHee aKTHBHO. 3/1eChb OMpelessioliei
okasanach padora M.HW. Heiiman-zane u A.A. llkanukoBa [52], B KOTOPOH ObLI MPENJOXKEH METO
MYJIbTHIIJIMKATOPOB (K, COOTBETCTBEHHO, METOH TEOPHUU BO3MYILEHHMH) /sl UCCJEN0BAaHHs TAKOro poia
onepatopos. [lepeuncaum pabotsl [3,96,150-152], rae aTH vaen NONYyUHIH CYIECTBEHHOE PAa3BUTHE.

B naHHo#i paGoTe Mbl He TOJIBKO CyMMHPYeM pe3yJibTaTbl, MOJyUYeHHbIE B CTaThsIX aBTOPOB [57-64,68,
72,73,161], HO W moJiyuaeM COBEpIIEHHO HOBbIE, paHee He MyOJMKOBABIIHECs Pe3yJbTaThl.

Tak, Mbl IPOBOAMM crielH(pHKALHIO XapaKTepa yObIBAHUSI OCTATKOB B aCUMIITOTHUECKHUX (DOPMYJIax 1Jist
COOCTBEHHBIX 3HAUEHWH, COOCTBEHHBIX (PYHKLUHH W IBYMEPHBIX CHEKTPaJbHBIX MPOEKTOPOB (mJs ciaabo
peryssipHOro cjyuasi) B 3aBHCHMOCTH OT XapaKTepa MOTeHIHasa. 3[eCb Mbl pPacCMaTPUBAEM LIKAJY
npoctpancts CoGonesa WY 10, 7], # € [0,1/2). TIpn 3TOM MbI J0Ka3biBaeM DaBHOMEPHOCTb HAUIMX
OLIEHOK MO [Iapam ”qHW2971 < R. OTMeTHM, UTO OLEHKH TAaKOTrO BHIa 0Ka3aJUCh YPE3BbIYaHHO BaXKHBIMH

TMPU UCC/IEOBAHUM 00pPAaTHBIX CIIEKTPAJbHBIX 3a1a4, MPeANpUHITHIX B padoTax [69,70].
HMayuyenue cuctemsbl (1.3) MBI IPOBOAMM MapaJiyieibHO ¢ HccaenoBaHueM omepatopa (1.1). Ham meron
6asupyeTcss Ha aCUMITOTUYECKOM TpeNCTaBAeHUH A5 (PYHAAMEHTaJbHOH CUCTEMbl pPelleHHH CHCTEMBI

BY' + PY =)\Y

HJIH, COOTBETCTBEHHO, yPaBHEHHs
—y" +aqy =Ny

O6pucyem nogpobHee MeTOHBI, MPUMEHsiEMble TIPH HCC/AENOBAHUU TNPSIMbIX CIEKTPaJbHBIX 3a1ad. 3a
6oslee 4eM CTO JIeT WCCEIOBAHHUH TAaKMX METONOB Pa3paboTaHO HOCTATOYHO MHOTO: TEOPHSI BO3MYIIE-
HUH, BapHallMOHHAS TeXHHMKA, METOJ MOLOOHBIX OMepaTopoB, METOM OMepaToOpPOB MpeoOpa3oBaHus, METOL
B. A. UnbuHa cpenHero 3HaueHus. Bce pesysnbraTsl 3T0d paboThl 6a3UPYIOTCS HA aCUMITOTHUECKHX Me-
Topax. Teopus BO3MyIIeHHH HMeeT abCOJIOTHO aOCTPAKTHYIO OCHOBY M MOTOMY NPHUMEHHMa K JIIOOBIM
crieKTpasbHbIM 3anadyaM. OHa OfMHAKOBO YCIEIIHO MO3BOJISET TOJNyYaTh Pe3yJabTaThl U AJS ONEPaTOPOB
B R", u nasi pyHKUHOHAIbHO-1H((epeHIHANbHBIX onepaTopoB. OQHAKO, HECMOTPSI Ha CYIleCTBEHHbIE
nocJieIHUEe MPOABHKEHHUS (CM., HarnpuMep, 0630pHyto padoTy A. A. lllkanukoBa [91]), B caydae o6bIKHO-
BeHHBIX AH((epeHHaNbHbIX OIePaTOPOB aCHMIITOTHYECKHE METO/bI T03BOJISIOT M0Jy4YaTb 00J1ee TOUHble
pesysbTaThl.

B pasnene 6 naHHO# paGoThl Mbl IOKaXKeM, 4TO CrieKTpaibHoe ypaBHenue —y” + q(x)y = A2y MoxHO
CBECTH K CUCTeMe BHAA

BY' + A(z)Y + %C’(x)Y = \Y. (1.4)

DTO MO3BOJIUT HAM NPOBOAUTE H3ydeHHe onepaTopoB (1.1) u (1.3) napannenbHo. OTMETHM, YTO U3yUeHHe
cHucTeM BHAA

BY' + A(z)Y + C(z,\)Y = \Y

pasMepa m X n IBJSETCS OLHUM M3 BO3MOXKHBIX METO/IOB HCCJ/IEI0BAHUS CIIEKTPAJIbHBEIX CBOHCTB OIepaTo-
POB BBICOKOTO MOPSiAKA ¢ KO3(pPUIHEHTAMHU-paCIpeeseHUsIMU. DTO OTAeNbHAsA TeMa, UCCAe0BAHUS MO
KOTOpO# TOJIbKO HauuHawoTes (eM. [71]).

Merton cxXUMalmLKX 0TOOpaXKeHHH, KOTOPbIH Mbl HCIIOJIb3YeM B pasjese 6 1Jis MOJyueHHs MaTpHLbl
(pyHIaMeHTa/NbHOH CHCTeMbl pellleHH# ypaBHeHHH (1.4), 6e3 KaKuUX-1MOO H3MEHEHHUH MePeHOCHUTCs Ha
clydyail cucteM nopsinka n. IIpd 3TOM MBI HCMOJb3yeM KPYT MOHATHH M METONOB, KOTOpBIE MOSIBUJIHCD
eme B paborax I'. [I. Bupkroda [104,105] u 4. [I. Tamapkuna [78,164-166] (pasmeneHue MI0CKOCTH
napameTpa A Ha CeKTOpbl U T. I.). KoHeuHo, B 3THX pa6oTax KO3 (PUIHEHTb IPeANoarajiuch HelpepbiB-
HBIMM MJIH flaxKe TankKuMu. [ToTom 3TH TpeGoBaHUsS MHOTOKPATHO 0CIa0JMAMUCh (CM., HAaIpUMep, paboThl
M. M. Pannonopra [53], A. W. Bara6osa [8,9], M. A. Haiimapka [51]). [To-Bunumomy, HauboJsee 0OLIHI
Ha TeKyLIMH MOMeHT caydail pazobpan B.C. PwixsoBbiM B paborte [160], roe, kak u B Hauei pa6oTe,
3JIeMeHTbl MaTpullbl V MpeamnosaraioTcs abCo/0THO HeNpepbBHEIMH, a 3JeMeHThl Matpul Ag u Cp—
cymmupyeMeivu o Jle6ery. Otmetnm, uyto cratbs [160] octanach He3aMeueHHOH crelHasUCTaMU, U B
pa6ote [9] ee pesysibraThl OblIM TepefOKa3aHbl, MpUUeM MpPH GoJiee CHUJbHBIX YCa0BHUSX V € qu [0, 1],
Ag, Co € Ly[0,1], ¢ > 1, u B Gosee cnaboii Hopwme | - |[r;, 1/q +1/¢" = 1, Bmecto || - ||, -
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PesynbraTel 06 acUMOTOTHYECKOM I0BeleHHH (DyHIAaMeHTasJbHOH MaTpHLbl pellleHHH COOTBETCTBYIO-
el cucreMbl AU epeHIHanbHbIX ypaBHEHHH 00pasyloT CBOero poja TeXHHUeCKHH (yHIaMeHT AJIs
HalIMX MOCTPOoeHHH. K/04oM K HCMO/Mb30BAaHHMIO 3THX METONOB U PE3yJbTATOB SBJSETCS MEPEXOn OT
nuddepeHLHATbHBIX BbIPaXKEHHH BBICOKOTO MOPSAKA K CHCTeMaM. DTOT MEePeXO OCHOBAH Ha TMOHSATHH
KBa3UIPOU3BOAHBIX. JlaHHBIE MOHATHUSA TaKXKe SIBJSIOTCA KJIACCHUECKHMHM M BO3HHKJH elle B pabdoTax
1. Iluna [86—88]. OHM aKTHBHO MPUMEHSIIOTCS B MOHorpaduu [51] mns uccienoBaHUS MHAEKCOB Je-
(pekTa OOBIKHOBEHHBIX AU((PepeHLHaNbHbIX OepaTOpPOB.

C To#t xe neabio ux ucrnospzoBanu A. 3erta [169], sarem K. Bennesun u B. dsepurt (cm. [102,122]),
K. A. Mup3oes [48] u npyrue. Becbma monpo6Hoe H3/0KEHHE TEOPHH KBA3HUTIPOU3BOAHBIX MOXXHO HaUTH
B kHure J[x. Ba#inmana [168] 1987 rona. 3ameuare/ibHO TO, UTO 3Ta TEOPHUsl HalllJla CBOE NPUMeHEHHEe MPU
HCC/IeIOBAaHUH OTepaTopoB ¢ K03 dHUIeHTaMU-pacrpeneseHUs MU (cM. [65]). Mbl HCIOb3yeM TeXHHUKY
KBa3UIPOM3BOAHBIX U B Hallell padoTe.

OTMeTHM, YTO MeTOH KBa3WUIPOU3BOAHBIX — He eIMHCTBEHHBIH METO., MO3BOJSAIINE padoTaTh ¢ IMo-
TeHI[HaJaM{ POCTPAHCTBA paclpeleseHril. 3a10aro 10 Bbixoga paGoTel [65] akKTHBHO H3ydasHch Ore-
patopbl ¢ J-00pa3HBIMH TMOTeHLIHAJAaMU. B OTHOMEpPHOH CHTyalWH TaKHe IMOTEHIMAJbl, T0-BUAUMOMY,
BriepBble Obliu onucanbl M.T. Kpeittom [37] u W. C. Kauem [28]. [asi paboTsl ¢ 4-006pa3HbIMU MOTEH-
lMajsaMM J0CTaTOYHO METOOB TEOPHUM pacIUMpeHHH cHMMeTpUyeckux onepatopoB. Kpome Toro, takue
ornepatopa JOMyCKaloT eCTeCTBEHHYI0 AMCKPeTHU3allHio, 1ocjae KOTOPOH Mbl MPUXOAHUM K TEOpUH sKoOHe-
BbIX MaTpHL. 31ech 3a nocjenHue 60 jer paspaboTaHbl CBOM AOCTATOYHO 3(h(heKTHBHBIE METOJBI.

Jpyroii myTb mJjsi paboThl C CHHTYJSPHBIMH MOTeHUHasaMu Obl1 npensioxkedH M.T. KpeitHom [37],
H. C. Kauem [28,29] u, HesaBucumo, B. @ennepom B [123]. dToT MeTon N0BOJIbHO MOAPOOHO OMMCAH B
Kjaccuueckod moHorpaduu [1] T. Atkuncona (cM. Takxke npusnoxenue M.T. Kpeitna u M. C. Kaua B
Hell). OH OCHOBaH Ha HJiee IPOU3BOAHBIX M0 Mepe U NPUBOAUT K PACCMOTPeHHUI0 U depeHIHaIbHBIX Bbl-
pakeHu# ¢ Koa(prLHeHTaMH U BecaMU M3 KJjacca Mep. XOpOLIUH HCTOpPHUUeCKHH 0630p MO JaHHOH TeMe
MOXKHO HaiiTH B MoHorpaduu A.B. Munrapensu [156] 1983 rona (cm. tTakxke pabothl X. Jlanrepa [146]
u K. Bennesurua [101]).

Csizp Mexny uccienoBanusamMu M.T. Kpeiina, B. ®ensepa u @. ATKuHCOHA NposiCHSIETCs TaKxKe B
pabote X. @osbkmepa [167]. C coBpeMeHHBIM COCTOSTHHEM 3TOH TEOPHUH MOXKHO O3HAKOMMTBCS B HelaB-
Hell pabore k. dkxapna u . Tewns [121]. 3ameTM, 4TO COBpeMeHHY0 MOCTaHOBKY 3anayu KpeiiHa B
TepMHHAX JIHHEHHbIX ONepPaTOPHBIX MYYKOB C KO3 (PHULHEHTAMU-pacipeeNeHHs MU NPeJIoKHUIN B [14] u
pasBusu 3atem B [13,15] A. A. Baagumupos u U. A. Illeiinak. DTa ke nmocraHoBKa (XOTS U B HECKOJIb-
KO IPYrOM CJydae, KOTJa BMECTO JIMHEHHBIX MYYKOB BO3HHKAIOT KBaapaTHUHbIE) OblJa MCMOJb30BaHA
k. dkxapnom u A. Kocrenko B [118].

[Ipomomxkas mpoBoguTh mapasienb Mexnay omepatropamu (1.1) u (1.3), Bumum, uto cayyah q €
W, 1[0, 7] cooTBetcTBYyeT mns cuctemsl Jupaka cayuato

ps(z) 0

[Ipu stom obmuit oneparop Lrypma—JInysunns suna (1.2) npuBoguT K moTeHUHa y oOIIero BHIA

P(z) = ( v pZ(x)>7 rie  pe,ps € Lo[0, 7).

P(z) = (p1($) p2(x)> , HO BHOBb p; € Lo[0, 7], j=1,2,3,4.
p3(x) pa(z) ’
Takum obpasom, usyuasi omneparop (1.3) ¢ moreHunanom P € Lq[0, 7] mbl paGoTaeM B «GoJiee CHHLY-
JIIPHOM» cJlydyae. 3/1eCb Mbl TaKxKe MPOBOAMM CIeLH(pHUKALHUIO OCTATKOB B aCHMITOTHYECKHUX (popMmynax
111 COOCTBEHHBIX 3HAYeHHH, COOCTBEHHBIX (DYHKLHH U IBYMepHBIX CIIEKTPaJbHBIX IPOEKTOPOB (B €/1a60
CHHTYJISIDHOM CJly4ae).
[Tpu sToM MBI paccMaTpuBaeM pas/HyHble LIKaJbl: Caydai

PeLyo,n), pe[L2, PeBl_[0.7], 001
U OOIYI0 CHTYallHo
PeB), 0.7, pe(1,2, 0€(01/p).

Bo Bcex cayydadax, Kpome p — 1, 0 = 0, Mbl NOKa3blBa€éM PABHOMEPHOCTb HaAlIWMX OLEHOK Ha Mapax
[Pllge < R.
p.p’
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Jlanee Mbl IOKa3biBaeM 6a3ucHOCTb Pucca (B caydyae cj1aboil perynsipHocTH — 6asucHocTh Pucca u3
ABYMEpHBIX MOANPOCTPAHCTB) CHCTEMbl COOCTBEHHBIX W IPHCOeAHMHEHHBIX (YHKUME oneparopa (1.3).
AT1oT (PakT He fBJSETCS CAOKHBIM B ciaydae omepartopa (1.1), a Takxke masi oneparopa Hupaka (1.3),
ecsd noteHuuan P npuHamiexut Lo[0, 7], Tak Kak paboraet Teopema bapu 0 KBagpaTHUHOH GIH30CTH
6a3u1CoB.

Cayuait :ke P ¢ Ls[0, 7| oKka3biBaeTcsi COBCEM He TPUBHAJIbHBIM — Pe3y/bTaThl 00 0OBIYHOH Ga3UCHO-
CTH OBIIH TMOJyYeHbl 3[eCh MPAKTHUECKH ONHOBPeMeHHO B paboTax [43,161] (mosHoe m0Ka3aTesnbCTBO
cM. B [148]). Ciyuait cnaGoit pery/sipHoCcTH ObL1 Mo3aHee pa3oOpaH B [63].

Jns cucremsl (1.3) (no cpaBHeHHIo ¢ (1.1)) MBI MOJIyyaeM AOTIONHUTEbHBIE pe3yabTaThl. B pasnene 14
MBI paccMaTpHUBaeM 3anady PaBHOCXOAMMOCTH CIEKTPaJbHBIX Pa3J/IoKeHHH, a B pas3ziene 15 — Bompockl
6a3UCHOCTH CHCTEMBI COOCTBEHHBIX M MPUCOEIMHEHHBIX (DYHKUHH omepaTopa Jnpaka B pa3/H4yHBIX Tpo-
CTPaHCTBaX, OTAHUYHBIX OT Lg[0,7]. OTMeTHM, UTO caydall cyMMHpyeMoro (/Hiib CyMMHPYeMOTro) IMo-
TeHUHa a P ropasno MeHbIle NMpeACTaB/eH B jauTepatype. Tak, B HemaBHHX padorax A.Il. Xpomosa,
B. B. Kopuesa, B.I1. KypatomoBa u M. . Bypayukoii [6,7,34], noTeHuMa peANoIaraeTcsi HelmpepbiB-
HBIM.

Kpome yxe ynomsinyteix crareit [1. [I)xakoBa u Bb. Mutsaruna, rne P € Lo, u B. C. PrixsioBa, Hano
ynoMsinyTb pabotsl M. M. Manamyna, JI.JI. Opunoporu [149] u A.A. JlyneBa [147, 148], roe nns
cHUCTeM JocTaTo4yHo obuiero Buaa (1.4) 6bl paccmoTpeH caydail A € L.

Kpowme BonpocoB 6a3UCHOCTH, Mbl H3y4aeM B 9TOH paboTe paBHOCXOAMUMOCTb CIEKTPAJbHBIX pa3JjoxKe-
HUH. B c/yyae KOHEUHOro OTpe3Ka 3TH Pa3J/IoKeHUs] HMeloT BUJ

Sm(f) = Z(f7 2Zn)Yn(T),

rae {y,} — cucTemMa coOOCTBEHHbBIX W MPHCOEIMHEHHBIX (DYHKIUH omepaTtopa, a {z,} — OHOpPTOroHa/bHAS
K Hel cucrema. Ecau onepaTop 3anaH Ha 6eCKOHEYHOM MHTepBaJe, TO CIeKTpalbHOe pas3JsoKeHHe HMeeT
BUJL

S\1) = [ 6o, 0 )y,
R
rae O(x,y, A) — crektpa/bHasi (GyHKLUs omepaTopa.

3ajaun CXOAMMOCTH CIEKTPaJbHbIX Pa3J/ioXKeHHH He TOJNBKO aKKyMYJHUPYIOT BOINPOCH aCMMITOTHYeE-
CKOT'O TOBefleHHsl COOCTBEHHBIX 3HaYeHHH, COOCTBEHHBIX (PYHKIMH, Pe30JIbBEHTHl U CHEKTPATbHOH MepHl
OIepaTopoB, HO TaKXKe OueHb BaKHBI /IS MOCTPOEHHs COOTBETCTBYIOLIUX MOJYTPYNI M H3YYeHHUsS HX
YCTOMYHMBOCTH, aCUMIITOTHUECKOTO MOBEEHUS U T. .

B pa6orte B.A. CreksoBa [77] 1909 roma, mo-BuaMMoMy, BrepBble OBbLJIO OTMeuUeHO, YTO H3ydeHHe
CXOIMMOCTH CIIEKTPaJbHbIX Pa3J/I0KeHHH [1Jis onepaTropa Ha KOHEYHOM HHTepBajie MOXKHO CBECTH K H3y-
YEHHIO CXOLMMOCTH TPUTOHOMETPHUYECKHUX PSJIOB MPH HAJHUHK TEOPEM PaBHOCXOAMUMOCTH. A MMeHHO, B
cratbsix B.A. CreksoBa [77,162], a Takxke B pabortax ero yuenuka . J[. Tamapxkuna [164,165] 6bl10
I0Ka3aHo, 4TO

Sp(f,x) —S%(f,x) =0 mpu m — oo
MI0TOYEYHO, PABHOMEPHO Ha NPOHU3BOJIBHOM KOMIAKTe BHYTPH MHTepBaJsa U/ PAaBHOMEPHO Ha BCEM HH-
TepBaJe (B 3aBUCMMOCTH OT KPaeBbIX yCJOBHH M CBOHCTB QyHkuuu f), rie SO, (f, ) — yactuuHas cymma
passoxeHUs: PYHKUHUH f MO MOAXOASAIIEH TPUTOHOMETPUYECKOH CHCTEME.

[TapannenbHO Te ke BOMpoChl M3ydanuch B paborax A. Xaapa [128,129] u E.B. Xo6cona [130].
HeckonbkumMu rogamu nosxe, B padorax 9. JI. Tamapkuna [78,166] u M. CtoyHa [163] 3Tu pe3ynbTaThl
OBLIM TepeHeceHbl Ha Cy4al cUcTeM OObIKHOBEHHBIX NH((pepeHLHaNbHbIX YPaBHEHUH BBICOKOTO TOPS-
Ka (TakuM 00pa3oM, M Ha ciaydyadl OOBbIKHOBEHHbIX AH((pepeHLHaNbHbIX YpPaBHEHHH Mopsinka n > 2).
[Ipu 3TOM aBTOpHI paccMaTpUBa/IM Caydail NPOU3BOJBHBIX PETYJISAPHBIX M0 DUPKrody KpaeBbIX yCJIOBHH.
OCHOBHBIM METOIOM HCCJIeIOBAaHUs OblIM TeopeMbl 00 aCUMITOTHUECKOM TOBeJeHUH (yHIaMeHTalbHOM
cucteMbl peuieHnd, noaydennsle I'. [1. Bupkrodom B padorax [104,105].

Emie pas oTMeTHM, 4TO BHa4aJje paccMaTPHUBA/IUCh BONPOCH TOTOUEYHOH UM PABHOMEPHOH PAaBHOCXO-
JIHMMOCTH, a OrepaTopbl Obl/IM 3aJjaHbl Ha KOHEUHBIX HHTepBasnax. Ciayyai 6eCKOHEUHOro UHTepBasa HMe-
eT, KOHEeYHO ke, cBow creuuduky. Has caydas Bceit ocu B. A. Wabunbivm u M. Antonny (cum. [24-26])
paccMaTpUBaJIMCh BOMPOCH PABHOCXOAUMOCTH Ha BCel ocH (B oTnuue oT pa6oT B. A. Mapuenko [46,47]
u b.C. JleBurana [38,39], rie paBHOCXOAMMOCTb M3yuasach Ha KOMIAKTHBIX MOJAMHOXKECTBAX OCH).
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HoBpléi uMnynabc TemaTtuka nosyuusa B 1960-x romax B cBs3u ¢ mnosiBjieHneM B paborax H. [lan-
¢dopna [117], B.I1. MuxaiinoBa [50] u I'. M. Kecenbmana [32] HoBoro noHsitusi — 6asucHocTH Pucca
(nnmu 6e3ycsoBHON GasucHOoCTH). Ternepb KpoMe paBHOMEPHOH HOPMBI CTaJ pacCMaTPUBATb HOPMY IIPO-
cTpaHcTBa Lo, a KpOMe yCJIOBHOH CXOOMMOCTH PasJjioKeHHH — Oe3ycioBHYy10. Boobiie, HaunHas ¢ 3TOro
BpPEMeHH, KOJIMUECTBO CTaTeH, MOCBSLIEHHBIX TeMe PABHOCXOAUMOCTH, CTO/Ib BEJIMKO, UTO JaKe UX KpaT-
KHH 0630p moTpe6oBas 6bl HECKOJIbKUX IeCATKOB CTPAHMULL, & TOTOMY OTPAaHUYMMCS] YIIOMHHAHHUEM TOJBKO
HarpaBJeHWH UCC/IeN0BaHUH U OTAEJbHBIX HauboJsee 3HAKOBBIX padoT.

Tak, 1oBOJIBHO MOAPOOHO U3YYaAINUCh PA3IUIHS MEXKAY PABHOCXOAUMOCTbIO Ha JIOOOM KOMIAKTE OTpe3-
Ka ¥ Ha BCeM OTpe3Ke. 31ech 3HAYUTENbHBIH BKJIAA Obl1 crenaH CapaToOBCKOH MaTeMaTHUYeCKOH LIKOJIOH,
B 4acTHOCTH, oTMeTuM pabotsl A.Il. Xpomonsa [83,85] 1966 u 1975 romos. Bompocsl paBHOCXOZUMOCTH
Ha KOMIaKTaxX BHYTPH HHTepBaJsa MOAPOOHO M3ydasnuch Takxke wwkojoi B. A. Wabuna, cM., Hanpumep,
ero pa6otsl [21-23] u paboty ero yuenuka M. C. Jlomona [42].

HM3yyanuce BOMPOCH PaBHOCXOAMMOCTH [JIs1 OTEpaToOpPoB ¢ OoJjiee OOLUIMMH, HEXeJU perysspHble 10
Bupkrogy, ycnosusmu. Tak, Hampumep, B pa6otax A. 1. Xpomosa [82] u X. Benuunrepa [103] nas ome-
pPaTopoB BBICOKOTO MOpsifKa OBl BBeIeH 0oJiee LIMPOKUH KJaacC S-pery/spHbIX (pery/asipHbix no CToyHy)
KpaeBbiX ycJoBUH. [Ipu OTCYTCTBHUM OOBIUHOHM CYMMHMPYEMOCTH CHeKTpaJsbHbIX pasnoxenuid b.B. Jluz-
ckuM [41] OBl npensioxkeH MeTOM, MO3BOJSIOUIUEA IPOBOAUTb UX CyMMHpPOBaHHe MeTonoM AGess momxo-
nsiiero nopsinka (cm. takxke [35,84]).

B pa6orax A.A. lkanukoBa [89,90] usyyasnuch Bompochl 6e3ycJOBHOH Ga3HCHOCTH, a Takxke 6e3-
YCJIOBHOH 0a3HCHOCTH €O CKOOKaMH CHCTeMbl KOPHEBbIX BEKTOPOB IIPHU PEryJssipHbIX, HO He CHUJIBHO pe-
TYJSIPHBIX KPaeBbIX YCJOBHUAX. DTOH npobjeMe — MOUCKY YCJOBHH Ha MOTeHLMaJ, rapaHTUPYIOLWIUX Oa-
3UCHOCTb Pucca 6e3 cko0GOK B ciyuae pery/sipHbIX, HO He CHJIBHO PEry/spPHBIX KpPaeBBIX YCJOBHH (B
YaCTHOCTH, NEPHOAMYECKUX M AHTHUIEPUONUYECKUX YCJOBHI1), MOCBsIIEHbl MHOTHe paboTel. OTMeTHM
snech HegaBuue cratbu A. C. Makuna [44], T1. Jdxakosa u b. C. Murtaruna [111], A. A. IllxanukoBa u
O. A. Besnena [10].

B pa6orax B.C. PuixsoBa [55, 56] u3yyasach cBi3b MeXAY KJacCOM TJIaAKOCTH MOTEHLHAJa ¢ H
KJIaCCOM TIV1aJIKOCTH pacKJafiblBaeMoi (pyHKUUH f, rapaHTHpYIOllas HaJuyle paBHOMEPHOH Ha KOMMaKTax
PaBHOCXOAMMOCTH (KpoMe TOro, OBLIM AaHBl OLEHKH CKOPOCTH paBHOCXoAMMOCTH). Boobie, Bompocs
CKOPOCTH PaBHOCXOAMMOCTH B 3aBUCHMOCTH OT HOMepa YaCTHYHOH CyMMBbl H3yUaJUCh B CTATbsiX MHOTHX
aBTOPOB.

d2

[TomMmuMO BO3MYIEHHs MOTEHLHaN0M ¢(x) omepaTopa o U3ydaJsuch 6oJsee obuMe (pyHKIIMOHAJIBHO-
nuddepeHuranbable Bo3mylieHusi. OtmetuM 3neck padotol A. M. Tomusko u I'. B. Pansuesckoro [18,
158]. 3amerum, uto B 3THX paboTax, a Takxke B padote A.['. backakosa u T.K. Kauapsina [2], uzyuaercs
6e3ycsioBHasi paBHOCXOAUMOCTb. OTHOeNbHOH TeMOH CTaso M3ydeHHe 3a/au C HeJOKaJbHBIMU KPaeBBIMU
yc/a0BUsIMU (CM., Hampumep, padoty [76] u 6ubmuorpaduo B Heil).

O630p 3THX W APYrMX KJIACCHUYECKHUX PEe3yJbTaTOB MO TeMe PAaBHOCXOAWMOCTH MOXKHO HaHTH B IO-
npo6Ho# pa6ote A. M. Munkuna [157] 1999 rona.

B pa6orax I1. I>kakoBa u b. Mursiruna [113,115] paBHOMepHasi paBHOCXOAUMOCTh Oblj1a 10Ka3aHa yxKe
IJs JIIOObIX PEryJSPHBIX KPaeBbIX YCJOBHH, HO TOJbKO MPH NOMOJHHUTEJbHOM ycsaoBHH KosmoropoBa—
CenusepcroBa—Ilneccuepal Ha GyHKUMIO f MM HA (YHKIMIO U — NepBo06PasHyIo MOTeHIHAa ¢.

KpaTko octaHOBHMCS HA CTPYKTYpe CTaTbH, MapaJjiebHO OTMeuast OCHOBHBIE 3JIeMEeHTBl HOBU3HBI 3TOH
Haulell paGoTbl B CPaBHEHUHU C MPEALIeCTBYOIIUMU.

[TepBble 4 paspmena UMEOT MOATOTOBUTEbHBIH XapakTep. B pasmese 2 Mbl maeMm ompenesieHHe onepa-
topa Buza (1.2) ¢ peryasipHBIMU KpaeBbIMH YCJOBHSIMH W OKa3blBaeM TEOPeMY O TOHLOOHH OINepaTopy
Buna (1.1). Xorsi BUA omepaTtopa, OCYLIECTBJSIONIEr0 TOA00He, U3BECTEH, HAllle YTBEPXKAEHHE SBJSETCS
HOBBIM, TTOCKOJIbKY Mbl pabGoTaeM ¢ Ko3((dUIHeHTaMU-pacnpeneeHUsiMU. B TpeTbeMm paszmese mMbl BBO-
nuMm orepatop Jlupaka ¢ CyMMHpPyeMbIM [OTEHLHMANOM, U NOKa3blBaeM, KaK MOXKHO MepedTH K caydaro
BHeJMaroHasbHOH MaTpulibl P. UeTBepTblil M MATHIH pasfesibl MOCBSLIEHbl H3yYeHHI0 HEBO3MYILLEHHbBIX
onepatopoB UItypma—JInyBunns u Hupaka (korna ¢ = P = 0). PesysbTaThl 3TUX IBYX pa3jeJsioB, B
OCHOBHOM, XOpOLIO U3BECTHHl. TeM He MeHee, HAM NMPUXOAUTCS BBIBOAUTB OLIEHKH HAa HOPMY Pe30JIbBEHThI

!dyuknus f ynosnersopsier ycnosuio Kosmoroposa—Cenusepcropa—Ilnecchepa, ecau ee kosdduuuentsr ®ypoe {f,}

CyMMHpyeMbl ¢ Jorapudmuueckum secoM: . | fn|? In(|n| + 1) < oco.
nez
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(Lpy — M) 7|1, —L,, TOCKOJBKY B cayuae p, g # 2 Mbl 3aTPyIHsEMCs 4aTh CCBUIKY Ha KJIaCCHUYECKHe
MOHOTpaduu.

KitoueBbIM n/s1 nasibHEHILIMX MCCAENOBAHUH $IBJSIETCS IIECTOH pasfesn paboThl, Ie MBI HaXOOUM
aCUMITOTHYECKOE MOBeneHHe (DyHIAMeHTaJ bHOH MaTpHlbl perieHu# cucteMsl (1.4) mpu GoJsbIIMX 3HA-
YeHHUsIX KOMIIJIEKCHOTO CIIEKTPaJbHOTO TapaMeTrpa \. ¥YxKe Oersblid B3rasin Ha cuctemy (1.4) mosBossier
cliesiaTb BBIBOJ, UTO [VIABHBIMH YJIeHAMH aCHMIITOTHKH HOJXKHBI ObITh (DYHKIMH BUAA exp{iAx}, acumm-
TOTHUYECKOE TOBeleHHe KOTOPbIX (POCT, yObIBaHME WM OCLMJISLHS) ONpPeNessieTcss 3HAKOM BeJUYHHBI
Re(iA). Orciona BUAMM, YTO aCHUMNTOTHKY (MYHKUHMH Y (x, \) Hago HCKATh B MOJYMJIOCKOCTAX Im A > 0
u ImA < 0 B koMmmekcHo# mockocTd. [lpu 3Tom B mosymsockocTu OyneT Hadmomatbes JUOO0 3KC-
MOHEHIIMANBHBIH POCT, MO0 3KCIMOHEeHIHa bHOe yObiBaHHe perieHHH. OcUU/NALNA BO3HUKAET JIHIIb B
TOPU30HTANbHON MOJIOCE KOMIIEKCHOH MJIOCKOCTH. fICHO, 4TO 3amaun 06 acCHMIOTOTHYECKOM MOBeIeHHUH
COOCTBEHHBIX 3Ha4eHHWH, COOCTBEHHBIX (YHKUMH M T. 4. onepatopoB L,y M Lpy TpeOylOT 3HAHHA
ACHMNTOTHKH Y (x, \) UMEHHO B 3THX MoJocaxX. B cuay 3THX MPUYMH Mbl He MOXEM HCI0JIb30BaTh pe-
3yJabTaThl HenaBHel pabotel M. M. Manamyna u JI. JI. Opunoporu [149], B KoTopo# H3ydanch CUCTEMBI
Bunga (1.4) ¢ C(x,\) = 0, HO aCUMNTOTHUECKHE TPEACTAaBJAEHHUS OBbLIU TOJYUYEHbl B «CYKEHHBIX» CeK-
Topax |argA| € (e,m —¢), € > 0. Takne ceKTOpbl He MOKPHIBAIOT BCIO KOMIUIEKCHYIO IJIOCKOCTb, U
MOJYYUTh UH(OPMALHIO O NOBEJeHHH pellleHHH B KPUTHYECKHX MOJyNoJocax U3 pedynbTatoB [149] He
ynaercsi. Peaynpratsl padotsl [160], B KoTOpo# HaiiieHO acHMITOTHUEeCKOe roBeieHHe QyHKUUU Y (z, A)
B 3aMKHYTBIX MOJYIJIOCKOCTX |arg A| € [0, 7], Tak»Ke OKasa/juCh HEIOCTATOYHBIMH /s HAIIMX HYXI.
Me1 pa6otaeM B pacwupernoix noayniockocmax Im A > —r v Im A < r g4as npousBoJgbHoro r > 0, 4To
T03BOJISIET 3aTeM JIETKO MepeiTH K u3ydeHHio noBefeHusi Y (z, A) B nosocax |[Im A| < r.

Kpaiine Ba)KHBIMU SIBJSIFOTCS U pe3ysbTaThl padnena 7. CyTb 3akiwouaercss B BoiGope (GyHKUUH Y (),
KOTOpble OLIEHMBAIOT OCTATOUHblE UJjI€Hbl B ACHMITOTHYECKHUX TMpeACTaBaeHUsIX mjsi Y(z,\), U B Tex
OLleHKaX, KOTOpble MOXKHO MOJIy4UTh Ha Y(\) B 3aBUCHUMOCTH OT IVIaZAKOCTH 3/JI€MEHTOB MaTpulbl A(z).
Hcnonb3yss TOHKHe pesy/bTaThl THIA TeopeMbl KapsiecoHa—XaHTa 00 OorpaHHUYeHHOCTH MaKCHMMaJbHOTO
oneparopa Kapsecona B mpocTpaHcTBax L, U B BECOBBIX NPOCTpaHCTBaxX L,(w) ¢ BecoM M3 KJIaccoB
Makenxaynra, HaM yaeTcsl HCCe0BATh Pas3JHuHbIe MIKAJIbl MPOCTPAHCTB. MBI paccmaTpuBaeM ciaydau
aij € Ly, p € [1,2]; a5 € Bf’oo, 0 €(0,1]; v a;5 € Bf;p,, p€[1,2], 6 € (0,1/p) (npocrpancta Becora).
OueHb BaXKHO ellle U TO, UTO KOHCTaHTbl B HALIMX OLEHKaxX OKa3blBAIOTCS PaBHOMEPHBIMH Ha Ilapax
llaijllp < R u ||aijllpe < R (3a uckaodeHrneM mpefesbHOro ciydas p = 1, 6 = 0).

OueHkH pasnena 7 fBJASIOTCS aGCOMOTHO HOBBIMU U N03BOJISIIOT HaM CYLIECTBEHHO YCHJIUTh pe3yJ/ibTa-
Tbl 00 aCUMIITOTHKE COOCTBEHHBIX 3HAYeHHH U COOCTBEHHBIX (DYHKUHH (B CHUJIBHO PETYJISPHOM CJydae).
OTH pe3y/bTaThl Mbl IPUBOAMM B pasnene 8 (mas omepartopa UItypma—Jluysuans) u pasmene 9 (mnis
cucrembl Jlnpaka).

Jlanee Mbl HameyaeM CJEAYIOULYIO LieJb — T€OpPeMbl 0 0a3HCHOCTH CHCTeMbl COOCTBEHHBIX W IIPHUCO-
eIMHeHHBbIX QYHKLUHH U PABHOCXOAMMOCTH CIEKTPasbHBIX pasdsokeHUH. [lockosbKy CyTh Hallero MeTona
3aKJ/l04eHa B HHTEIPUPOBAHHHM Pe30JIbBEHTbl, HAM HEOOXOAMMbI OLEHKH ee HOpMbl. Mbl mosyyaem 3TH
oueHkd B pasgmese 10 (mns cuctembl upaka) u 11 (mas onepatopa Ultypma—JIuysuias). Teopembl
pasnena 10 noBropsitoT paboTy [73], HO C OTHUM BaXKHBIM yCHJIEHHEM: HAM ylaeTcsl 10Ka3aTb paBHOMeEp-
HOCTb KOHCTAHT H LIMPUHBI Mosockl | Im A| < 7 oT HOpMBbI MoTeHIHaMa. B 9THX e pasfesax Mbl BBOIUM
pe3ysnbTaThl 06 aCHMNTOTHYECKOM MOBeJeHHH JBYMEpPHBIX CIEKTPaJjbHbIX MPOEKTOPOB AJS caydas cJja-
60 peryJsipHBIX KpaeBbIX YCJOBUH. Kak U B CHJIBHO perysspHOM cjyudae, HaM YAaeTcsl 10KasaThb, UTO
KOHCTAHTBl B 3THX OLIEHKaX 3aBUCAT TOJIbKO OT KPaeBBIX YCJOBHH W HOPMBI TIOTEHIHAA.

B paspesne 12 mMbl nokaseiBaeM 6a3ncHOCTb Prcca (B CHIBHO pery/sipHOM ciydae) u 6a3ucHOCTb Pucca
M3 TIOANPOCTPAHCTB (B cabo pery/spHOM caydae). DTU pe3y/bTaThl yxKe ObLIM HAMH MPeNCcTaBJeHbl B
paborax [63,161].

Pasnen 13 mocsiieH BompocaM paBHOMEPHOCTH KOHCTAHTHI Pucca 6asnca M3 KOPHEBBIX (PYHKLHH
oneparopa upaka Lp 7. Mbl paccMaTprBaeM JiBa c/ydast M JIOKa3blBaeM PaBHOMEDHOCTb MO KOMIIAKTaM
B L1[0,7] u paBHOMepHOCTb O wwapam B L, [0, 7] opu > > 1. DTH pe3ysbTaTbl 4aCTHYHO MOBTOPSIOT
pa6otsl [60, 64].

Bonpocel paBHOCXOIMMOCTH CIEKTPaNbHBIX Pa3JioKeHUH AJsi onepatopa Jlupaka Mbl M3ydaem B pas-
nene 14. Mpl ctaBuM Bonpoc B oOlleM BHIe, M3yyas TPOMKM npocTpaHcts f € L, (mpocTpaHCTBO
pack/ianbiBaeMblX (yHKUHMH), P € L,, (MpocTpaHCTBO MoTeHUMasnoB) U S, — SY — 0 B Hopme L,. B
M3JI0XKEHUH Mbl cjiefiyeM padote [73].
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3aBepiuaet paboTy pasfes, rie Mbl 10Ka3biBaeM 0a3HCHOCTb CHCTEMbl KOPHEBBIX (DYHKIMH omepaTopa
Jlupaka B pasiMuHBIX MpOCTpaHCTBaX, oTaM4HbX oT H = (L3[0,7])?. 3mech Mbl MMeeM [ejo CO IIKa-
Jnoit mpoctpancts Cobonena HY,, 0 € (0,1], wkano#t L,, p # 2, u wKanoil npocrpaHcts Becosa ng,
0 € (0,1), p € (1,00), ¢ € [1,00). das oneparopa LUItypma—JIlnyBunisi B 310#i paboTe Mbl He IOKa-
3bIBae€M pe3yJIbTaThl O PAaBHOCXOAMMOCTH H, COOTBETCTBEHHO, 0 GA3MCHOCTH B JPYTHX MPOCTPAHCTBAX.
YacTHYHO 3TH pe3y/bTaThl y»Ke MojydeHbl aBTopaMu (cM. [74,75]), HO OHU TPeGYIOT NOMOJHUTEbHBIX
paccykaeHHi U OyAyT MpeACTaBjeHbl B OTAebHOM pabote. OTMETHUM JHIlb, YTO ellle B [72] Oblia moKa-
3aHa paBHOMepHas PAaBHOCXOAMMOCTb B cayuae f € Lo[0,7] u ¢ € W5 [0, 7], HO TobKO m/Is KpaeBbIX
ycaoBuil Jupuxie.

B npunoxeHnus BbIHeceHb HeOOXOAMMBIE HaM (DAKTBl, KOTOpPbE He SBJSIOTCS OOLIeN3BECTHBIMH. B
OCHOBHOM OHHU CBfI3aHBI C TEOpHUEH MHTEPNOJALUU. TaM e MOMelleHbl HEKOTOpble TEOpeMBbl 0 6asucax
Pucca.

B uesom pa6ora HocuT 0030pHBIH XapakTep. B ToMm uucse, B HeHl mpencTaBJieHbl pPe3y/bTaThl, MOJY-
yeHHble aBTOpaMu coBMecTHO ¢ A. A. IllkanukoBbiM B pabotax [68,70,71].

2.  ONPEIEJEHUE OINEPATOPA IIITYPMA—JINYBUIIISA C KO3PPULIMEHTAMU-PACIIPENEJEHUIMHA

HauGosee o6LikM BUIOM JHHEHHOrO AH(QepeHIIHaNbHONO BbIPAKEeHHs! BTOPOTO MOPsiKa SIBJSETCS
ly) = 1029" + (T11y") + (T209)” + 7019’ + (T10Y)" + Tooy- (2.1)
DYHKUHUH Tj), 31€Ch MPEATNONAraloTes PeryaspHEIMA HAH 0606IIEHHBIMU (YHKLHSMU — TOUHbIE yCJIOBHS

Ha Ko3(p(ULHUeHTHl nosBsiTcs HUxkKe. Cpasy Ke 3aMeTHM, YTO, PacKpbiBas HaiJjexalluM o6pa3oM CKOOKH,
3T0 AH((depeHMaNbHOe BblpaXkKeHHe MOXKHO NPHUBECTH K BUIY

"N/ - / - /
Uy) = —(ny) +iloy) +ioy + 7oy, (2.2)

€CJIH TO0JIOXKHUTD

71 = —T02 — T11 — 720,

2i0 = Thy — T)y + To1 + Ti0,

" 1/ / /

270 = Ty + To2 + T10 — To1 + 2700
(Bce mpou3BonHbIE TIOHUMAITCS B CMBIC/e pacrpenesneHuit). [lanee mbl OyneMm padoTath ¢ nuddepen-
LIMAJbHBIMU BBIPaXKEHHSIMU, 3alMCAHHBIMA HMEHHO B TakoM Bupe. [IpHUMHBI TaKOro BbIGOpa COCTOST B
cnenytoieM. [Ipexne Bcero, BbipaxkeHue (2.2) omHO3HAUHO ompenessieTcs GyHKUUSIMU T1, 0 U Tp. [Ipe-
MMYIIECTBO 3anucu (2.2) mepen TakMMH, HanpuMmep, Kak poy” + p1y’ + pay, B TOM, 4TO Hallle BhIpaxKeHHe
siBJIsieTCsl (POPMasbHO CUMMETPHUUECKUM B Lo MPH BELECTBEHHBIX T1, 0 U Ty.

B atoit pa6oTe Mbl OyeM HMETb [eJI0 TOJNbKO C KOHEUHbIM OTPe3KoM [a, b] S x. UTo KacaeTcs yCaoBHH
Ha K03((ULHEHTB, TO Mbl TOTpebyeM

m € H'a,b], o€ Lofa,b) = H[a,b], 10 € H [a,b], (2.3)

T1 (QJ) > 0,
rne H'[a,b] — xnaccuyeckoe npoctpancTBo CoGoseBa (yHKLME ¢ KBaipaTHUHO CyMMMPyeMOH MpOM3-
BonHo#, a H'[a,b] — cummerpuuHoe Kk H'[a,b] otHocuTebHO Lo[a, b] mpocTpanctBo. Bosiee TouHO, Mb

npenamnoaraem, uto 7o = 7', rie T € Lola,b], T. e. 4To 7y ecTb GyHKIMOHA HA H'[a,b], onpeneneHHbIH
paBEHCTBOM

b
(0. ) = — / T(@)g(z)dr, € H'a,b]

Bri6op mpocTpaHCcTB B ycaoBHSX (2.3) MPOAMKTOBAH HALIMM JKeJAaHHEM MOCTPOUTh KOPPEKTHO OIpefe-
nenHbiit onepatop £ us H' 8 H~!. Cyxas ero 3aTem Ha 06aactb D = L1 (H), Mbl IOJyYUM KOPPEKTHO
ompefesieHHbI HeorpaHWueHHbIH onepatop B H = La|a,b]. YuuTeiBasi, 4To

/ !/ /
(nf.9)=—(T,(f9)) n ((¢f),9) = —{o.fg),
BEIOpaHHBIM HaMHU Kjacc (GYHKUHH MJS To U 0 SBJSETCS «MaKCUMaJsbHO CHHIYJSPHBIM», TOCKOJbKY AJIs1
f, g € H' umeem: (fg)', fg € H.
Yenosus 7y € HY, 7(x) > 0 MOryT noxasaTbcsi MPH TakoM MOAXOAe Yepecuyp OrpaHHUYUTe/bHBIMH:
LIS KOPPEKTHOH omnpeneseHHocTH onepatopa £ us H' B H~' pocratouHo motpe6oBaTh 71 € Loo|a,b].
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OxasblBaeTcsl, OIHAKO, YTO OTKa3 OT TpeGoBaHusi 7 € H'! npuBoaMT K onepaTtopy, creKTpasbHble CBOM-

CTBa KOTOPOTO BeCbMa JaJieKH OT CBOKCTB omeparopa —y’ .

[TockosibKy Liesb HacTosALeH pabOThl — MepeHeCcTH OCHOBHbIE CTEeKTPaJ/bHble CBOHCTBA (aCHMMTOTHKA
COOCTBEHHbIX 3HaueHHH, 6asucHocTb Pucca cucteMbl cOOCTBEHHBIX W NPHUCOEAMHEHHBIX (DYHKLHH, paB-
HOCXOIHUMOCTb CIEKTPaJbHBIX Pa3J/ioKeHHH W T. 1.) Ha BeChb KJacC OMepaTopoB, TO MBI OrPaHUYMMCS
pacCMOTPeHHeM MOJOXKHUTebHbIX DyHKUHE 71 € H'. OTMetuM eme, uto nockoabky H'[a,b] C Cla,b],
T0 ycsoBue 71 > 0 (paKTHUeCKH 03HauaeT 71(x) = T > 0.

3ameTuM, 4TO /51 BhIpaxkeHUH obuiero Buaa (2.1) ycaoBus Ha K03(D(DUIHEHTH BUIA

ik e H71+mln{j,k}’ T02 > 0
NPUBOASIT K TOMY Ke KJaccy Ax((hepeHIHaNbHbIX BblpaKeHHH.
Omnpenenenue 2.1. Onpenenum maxcumarorolil onepamop Ly, NOPOXKIEHHBIH TU(PPepeHHaTbHBIM
BblpaxkeHHeM [(z) Ha 00J1aCTH OMpeeseHus]
1 1
D(Lu) = {z |z, 21 € Wa,b], I(2) € Lafa, b]},
ic—T 1] 0'2 + T2
— -
1 1

1(z) = — (Y +

)

rie
M — - ;
2 =7 — (T +io0)z
— nepBast KBa3unpoussoaHast, 7' = 7g. Munumarvrnoiii onepamop L, ONpeIesrM Kak CyXeHHe orepa-
Topa Ljs Ha 00JacThb

D(Ly) = {z]z, 2N e W} a,b], I(z) € Lyfa,b], z(a) = 21 (a) = z(b) = 211 (b) = 0}.
3ameuanue 2.1. [Tockosbky 2z € Wi[a,b], To Gpyukuus (T +ic)z nonamaet B npocTpancTso Lo|a, b],

a snauut, yeaosue 21 € Wil a,b] Breuer 712 € Lola,b]. YuutsiBas, uTo (yHKuMs 1/7) orpaHuyeHa,
nosnyuaem z' € La[a,b], 1. e. z € Wila,b].

Omnpenenenue 2.2. HasoBeMm BbIpaxkeHue
0*(2) = —(712') +i(c2) +iv + 7oz
popmarvro conpaxcerHvim K BbipakeHHI0 ¢. COOTBETCTBYIOLIME MAaKCUMaJbHBIH U MUHUMAJbHBIH Orle-
paropbl 0603HauUM Ly pr U Ly s

YrBepxkaenue 2.1 (popmyna Jlarpanxka). [as awboix gyukyuti f € D(Ly), g € D(Ly ) cnpa-
8e04U80 moxcdecmso

(Lo f,g) = (f, Lunrg) + (£, 915, (2.4)
ede , ,
£ 90 = 1 (f7' = £'9)], + 2i0 f]..
Hoxkazameavcmso. PaBeHcTBo (2.4) mosydaercsi HHTETPUPOBAHHUEM T10 YACTSIM
b

(C(f).g) = (=rif' + (T +io) g + / (rof" = (T +i0)f)g + (ic = T) f'gdx,

b
(f, () = (=g + (T —io)g) f|. + / (r1g' + (ioc = T)g)f' — (ic + T)g f dx.

OcTaeTcs BbIUECTh U3 [I€PBOro paBeHCTBa BTOPOE. O

B YaCTHOCTH, OTCIOOa CJieAyeT PaBeHCTBO
<'CMfag> = <fa£*,mg>) \V/f ED(LM)¢ g € D(L*,m)

Tenepb JNOKaxkeM TeopeMy CYyLIeCTBOBaHUA WU €MIUHCTBEHHOCTH OJA CUCTEMBI N X 1
/
y' = T(z)y +f(z)



CINEKTPAJIbHBIM AHAJIU3 OJHOMEPHONM CHUCTEMBI JWPAKA W OIEPATOPA LITYPMA—JINYBUJJIA 383

¢ HauyasbHbIM yciaoBueM y (&) = y? u cymmupyembiMu BekTOp-(yHKuMeld f(z) ¥ MaTpuuei-QyHKuHKeN
T(x). dra Teopema, KOHEUHO, XOPOLIO H3BeCcTHA (XOTs 0ObIUHO TpebyrT HempepbiBHOCTD f(z) U T(x)).

Ham 3pech OynyT Hy»KHbI, B IEPBYIO 04Yepe/lb, OLEHKH HAa HOPMY PeLIeHHsI U HOPMY Pa3HOCTH pelleHUH
npu BapbupoBanuu &, f u T. [as yno6erBa Gynem paccmaTpuBath oTpesdok [0, 1]. [Tomoxum

n 1
Iylac = / @)+ @ldz, lvle =Y ) + [ Wl
=1 3

Jj= 10
1 1/p
_ — P
Wle = Ivlie = max @ Iyl = (3 [ @
me[01] J=ly

M cpasy ke 3ameTuM, 4To |ly||ac < 2||y|l¢ mas mo6oro & € [0,1] u ||yllc < |lyllac.
Jlnisi (hPUKCHPOBAHHOTO BEKTOPA y MOJIOKHM

] := max ly;].

Beenem o6o3HaueHus

()] := max |fj(z)|

1<j<n
IJ1s1 IPOM3BOJIbHOH BeKTOp-pyHKIMHK f(x) 1

| | - 1I£1]a<xnZ |t]k

/IS TIPOU3BOJIbHOM MaTpHLbl-QyHKIMK T'(x).
Jlnst kpatkocTu Gynem nucath f € L1]0,1] nin T € L41[0,1] B Tom cmeicste, uto Bee fj(x) € Lq[0, 1]
niu tjp(x) € L1]0,1]. Onpenenym TakKe MaTPUUHBIE HOPMBI

1

P

@)z, = Z / @l | L IT@le = max i)
IT@)lac = 1T(@)]L, + 1T ()L, -
Teopema 2.1. [lycmo mampuya T cucmemoi
z = T(z)z + f(z), rel0,1], =z(¢) =2 feL0,1] (2.5)

pasmepa nxn aexum 6 L1[0,1]. Toeda cucmema (2.5) umeem edurncmsenroe pewenue z(x) € AC[0, 1].
[Ipu amom

z][ac < (1 +47e™)[|gllac, 2(z)] < e |g|lc, (2.6)
ede

z€[0,1]

= /\T(t)\dt , T = max 7(x), g(z) —zo—i—/f(t) dt.
£ 3

Hokazameavcmso. 3anuiieM cucteMmy (2.5) B HHTerpaJbHOM BHIE

T

2(a) = g(o) + (T2)(0). mre (T2)(2) = [ T(O)a(t)

3
U, TIPEXKJIe BCEro, MOKaXKeM OLIEHKY

WV

ll'
(T2)e) < el 121, 2.7

Jlerko BUOETH, UTO
|(Tz)(z)| < 7(z)|zllc-
Janee mpoBemem 10Ka3aTesbCTBO MO0 UHAYKIHUH. [lycTh olleHKa yxe mosydeHa ajs [ — 1, Torna
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_ T
()| < | [ 110]- ()0l < lale]| [ 1101
3 3
0 ()
= dr(t)| =
Hﬂc!a_m!ﬂ) e,
" onleHka (2.7) mokasana. OTciofa cjaeayeT Apyras OlleHKa:
1
-1 !
7 (x) 4T
IT'allac < 20T < /|T (T2)(a) | do < 2lalle [ 17T do < el
D N ]
B yacrHocTH,
47!
ITlac < =7 (2.8)
Tenepb pelenue ypaBHeHHus (2.5) Mbl MOXeM 3amucaThb B BUJE Psila
z(z) = ) (T'g)(x), (2.9)

=0

npuuem B cuay (2.7) u (2.8) aToT psim cXoAMTCS U B KaxKaod Touke z € [0, 1], ¥ Mo HOpMe MPOCTPaHCTBA
ACJ0,1]. IIpu sTom

o o Tl T o
<T@ < e > T < @glc,

=0 =0
o l
Izlac < IT'gllac < lgllac (1 + 42 ) Igllac(l +4re™).
=0

E[LI/IHCTBeHHOCTb pelieHusd JOKa3biBA€TCA KJaAAaCCHUECKH: €CJIh Z U Z— ABa pelleHHs CUCTEMBI (2.5), TO
2-72=T(@z-2)=-=T (z-12),

oTKyna z —z = 0, MOCKOJIbKY OIepaTop T! gBasieTcs cxKaTHEM B npoctpanctee AC[0, 1] mpu poctaTouHo
6oJblIOM [. O

3ameuanue 2.2. Ilpu dukcuposannbix &, z° u f € L1[0,1] pewenue ypasHenus (2.5) HempepbiBHO
3aBUCHT OT Matpuubl T € L;[0,1] B cenyioliemM cMbICTe.
Eciu Z — perenne HauanpHOH 3agaun (2.5) ¢ Temu xe &, z° u £, Ho ¢ npyro#i marpuuedt T, To

|1z — Zl|ac < 2I|T = Tl|z, (1 + 47eT)e |[gllac- (2.10)

[fokazamenvcmeso. TlonoxuM u(x) = z(x) — z(xr). dta GyHKUUS aOCOTIOTHO HENpepbIBHA, PaBHA HYJIIO
B TOUKe U Y/OBJETBOPSIET YPABHEHHIO

u =T(z)u+ (T(z) — T(z))z(z).
Coratacto (2.6),

fullac < (L +are) | [ (20 - Tz | <
13
1

< 2(1 + 4re7) / (T(t) = T2t dt]| = 2(1 + 4re7) / (D) — T(a))a(a)| do <
0

¢
¢
2(1+47e")|T = T|lr, Zllc < 2/T = Tz, (1 + 47eT)eTgllac:
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0

3ameuanne 2.3. [lycts matpuua T, dyHkuus f u HadabHOEe 3HAUEHHWe Z~ 3aBUCAT OT MapameTpa A,

MeHstrouerocs B obsactu D C C.
0

[pennonoxum, 4to pyHKUKHK 27 (A) 1 OTOGpAKEHHS

A= fi(A), A= tip(- )
u3 D B L1[0,1], 1 < j, k < n, rosomMopeHbl M0 .
Torna u perenne (2.5), orobpaxenue A — z(-, A) u3 D B (AC[0, 1])", rosomopdro mo A\ € D.

[fokazameavcmso. TonomopdHocTs yHKIMH g(-,A) B (AC[0,1])" cenyet U3 npeacTaB/eHHs

BN) =200 + [ €6,

TonomopHocts dynkuuu (Tg)(-, \) cnenyer us onpeneseHus omneparopa 7.

TonomopHocts dyukuuit (T™g)(-, A) ycraHaBauBaeTcss no MHAYKUUH. [Tockoabky ¢GyHKIus 7(\)
HempepelBHA MO A € D, TO OHa orpaHW4yeHa Ha KaxaoM Kommakre. Torma oueHkd (2.8) rapaHTupy-
IOT PAaBHOMEpHYIO Ha 3TOM KOMMakTe cxoguMmocThb psifa (2.9). Tenepb rosomopdhHOCTb HYHKUHH Z(-, \)
clefyeT U3 TeopeMbl Befiepmrpaccal. O

BepHemcs K omnepatopy BTOpPOro nopsiika. 3aMeTHM, 4YTO yYpaBHeHHe

Uz)=Az=f
JIETKO CBOIMTCS K CHCTEMe [BYX YPaBHEHUU MEPBOrO MOpsiIKa
T +io 1
, - —
<1 1 T1 21 0
= +
29 A 0'2 + T2 ic—T V) —f
1 T1

3aMeHol 21 = z, z = z[1). BaxHo To, uTO Bce 3/7eMEHTE MATPHIL CYMMHpPYeMBl Ha [a,b], a 3HauuT, K
3TOH CHUCTeMe MpUMeHHMa Teopema 2.1.

Hanomuuwm, uto omepatop F, neHCTBYIOIIMH B ruabOepToBoM (MM GaHAXOBOM) NpocTpaHcTBe H,
HasblBaeTcs Gpedeosbmo8bim, €U ero 001acTb ONpeseseHns mIoTHa B H, 06pa3 3aMKHYT, a neeKTHble
yucna {a, [}, paBHble Pa3MepHOCTSIM siApa U KOsIApPA, KOHEUHBI.

YrBepkaenune 2.2. [Ipu awbom A € C oba onepamopa Ly — N u L., — A ¢ppedeorvmosol ¢
depexmuoimu uucaamu {2,0} u {0,2} coomeemcmesento.

Hoxazameavcmso. CorsacHo popmyJe JlarpaH:xa, 10CTaTOUHO MPOBECTH NOKA3aTebCTBO IJIsI OMepaTo-
pa Lyr. U3 teopemb 2.1 ciienyert, uto ero o6pas paseH Lsla, b, a sinpo aBymepHo. /st 10Ka3aTesbCTBa
naoTHOCTH D(L)s) NpoBeaeM clenyloliee paccyKaeHHe.

BosbmeM mpousBosibHyo (yHKUHIO f € Lola,b], mpuOGMU3UM ee ¢ TOYHOCTBIO & (QyHKUHeH f; €
Wila,b]. Boiuncaum KBasunpou3BoaHyIO

g1 = fl[l] S Ll[a7 b]a
npubnusum ee Gpynkuueid go € Wila,b] tak, uro
lg2 — g1llz, <.

Tosbaysick Teopemoit 2.1, naiinem dyukuuio fo € Wila,b] Takyo, uto fz[l] =go u fa(a) = fi(a).
Ywmenbiuas 9, no6beMcst
1f2 = fillws <e.
Teneps npumeHuM K fo BbIpaxkeHue ¢ — \ U 0003HAYUM
U(f2)Af2 = ha € Li[a, b].
[Tpubausum hy dynkuueit hy € Lala,b] Tak, uro
th — hg”Ll < 6.

'Mer naem 3pech KpaTKOe [0Ka3aTelbCTBO, MOAPOGHOCTH CM., Hampumep, B [5, rmasa 12].
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[Tosib3ysick Teopemoit 2.1, Haitnem ¢ynkuuwo fs € D(Lys) Takyo, uto (L, —Al) fz = hs u f3(a) = fa(a),
f3'(@) = £ (@),
Ymerbiwas 0, no6bemcst || f3 — follya <. Torna
”fS - fHL2 < 3e.
U

M3 nokasannoro yTBepxKIeHUs caefnyeT, uTo JobOoi onmeparop L, mias kotoporo L, C L C Ly, ¢
HeMYCTBbIM Pe30JIbBEHTHBIM MHOXKECTBOM, 00513aH MUMeTb 006/1acTh ONpeje/ieHus]

D(L) = {2z, 2V € Wl[a,0], U(2) € Laa,b], Ur(2) = Us(2) = 0}, (2.11)
rne Uj, j = 1, 2, — mapa JuHeiHO He3aBUCUMBIX JuHEHHBIX hopM ot 2(a), z(b), 21 (a) u 2M(b), . e.
Ui(z) = ajiz(a) + ajozY(a) + bj12(b) + bjzlV(b), =1, 2.
PaccmoTpuM matpuuly pasmepa 2 X 4 KpaeBblX YyCJOBUH
u=am= (o pe).
Crenysi knaccuyeckuM padoTaM, BbIIEJIUM KJacC PerynsipHbX 1no Bupkrody kpaeBbix yCl0BHH.
Omnpenenenne 2.3. O603HaunM yepes J,3 ONpeNeIUTe/b, COCTABJICHHBIH U3 CTONOLOB MaTpHLbl U ¢

HoMepaMH « U [3. KpaeBrie ycsoBust U HasblBatoTCs pecyaspHoimu no bupxkeogy, ecay BEIIIOJIHEHO OLHO
U3 CJelyIOLIHX YCJAOBUM:

1) Joy #0;

2) Joy =0, HO \/Tl(b)JM + \/Tl(a)Jgg £ 0;

3) alg = 512 = a2 = b22 = 0, a a11b21 — bnagl 7& 0 (yCJIOBI/IH ﬂI/IpI/IXJIe).

EcrecTBeHHO, J1HelHble NPeoOpa3oBaHUsl CTPOK MAaTPHULbl I/ He MEHSIOT KpaeBblX ycaoBuH. [lonb3ysch
3TUM, BHJ MaTPULBl MOKHO YNPOCTHUTb — 3TO NPUTOAMUTCS HaM B JajbHeHLIEeM.

YrBepxkaenue 2.3. B cayuae 1) mampuya kpaesoix ycrosuii npusooumcs Kk 8udy

ail 1 bll 0
<a21 0 by 1> . (2.12)
B cayuae 2) mampuya npusodumcs K 00HOMY U3 credyrouux 8udos
ann a2 bip 1 air 1 bir bio
< 10 by 0> wa <a21 0 1 0 > ! 213)
b
ede 8 nepsom sapuarme aisba # — m(b) , @ 80 BMOPOM a91b1s # — I (a).
71(a) 1(b)
B cayuae 3) mampuya npusodumcs k sudy
1 000
(to0n), 218

Hokxazameavcmso. PaccMOTpUM MaTpHILY

(a2 b2
J = .
azx  bao
B nepsom c/yuae ee paHr paBeH ABYM, a B TpeTheM Hy/i0. Toraa Bo BTOPOM C/ydae ee paHI PaBeH

envnuie. Ec/u paHr pased AByM, TO A0MHOXas matpuuy U Ha J !, npumem k Buay (2.12). B Tpetbem

air by
a1 boy
Tak Kakx 31ech paHr MaTpHlbl J paBeH OAHOMY, TO JUHEHHBLIM PeoOpPa30OBaHHEM MOXKEeM MOJYyUYHUTh

u_<6111 aiz b bu)_

cay4yae OOMHOXHUM U Ha < > u noayunm Bup (2.14). Ocraetcst pazobpaTbesi co cayudaem 2).

a1 0 by O
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BoamoxHbl Ba caydasi: big # 0 uan bjo = 0. B nepBoM ciyuae momesuM MepBylO CTPOKY Ha bio.
Bo3MoxXHBEI BHOBb J1Ba noAcayyasi: ag; # 0 WM az; = 0. B nepBoM noacsayyae mnopeuMM BTOPYIO CTPOKY
Ha ag] W TOJNy4YuM TepBblil BapuaHT B (2.13). Ilpu stom

71(a) 71(a)
1 (b) 1 (b)

Ecnu ke ag; = 0, To by # 0. [logennm BTOpyI0 CTPOKY Ha by U MOJYUHM
_f(ann a2 bip 1
U= < 0 0 1 O> ’

Js2 # 0, To BUANUM, uTO a1 # 0. Torma mesneHWe TepBOH CTPOKH HA a9

Jia +

J3g = —1—

ai2ba1 # 0.

7'1((1)

Tl(b)

[Tockosbky Ji4 +

Tl(a)

MPUBOIUT MATPHILY K YacTHOMY caydaro Broporo Buna B (2.13). Ilpu atom ag1bio = 0 # — o)
1

Hepaso6paHHbIM ocTadcs elle caydail bjg = 0, T. e.

_(ain a2 b O
u<6121 0 by 0>'

Jia+ 4/ %(Z))Jsz = =4/ %(Z))aubzl # 0,

T. €. 00a 4ucia aj2 U by OTJIWYHBI OT HYJs. Torna neseHue mepBod CTPOKMU HA a1g, & BTOPOH Ha bog

[IPUBOAUT MATPULy K BULOY
. all 1 b11 0
u o (CL21 0 1 0) ’

31ech

4TO SIBJISETCS YAaCTHBIM C/aydaeM BToporo Bapuanta B (2.13). Ilpu atom ag1b12 = 0 # — i ((Z; O
1
YrBepiknenue 2.4. Onepamop L nopoxcdaem na D(L) buruneiinyro gopmy
b b b
.ol = [n@)g desi [o@)r's~ 1) ds = [ T@)Fe) do+1lf.g),

ede 8ud mepmurasvHol gopmel t 3asucum om Kpaesovlx ycaosuil. A umenwno, 8 cayuae 1)

tlf, 9] = hif(b)g(b) + haf(a)g(b) + hsf(b)g(a) + haf(a)g(a)

ors Hekomopoix h; € C, a 6 cayuae 3) t[f,g] = 0.
B cayuae 2) so3moxcHbl 08a 8apuanma:

t[f, 9] = hof(a)g(b) + h1 f(b)g(b) + haf(a)g(b)
uiru
t1f, g = hofM(b)g(a) + haf(b)g(a) + haf(a)g(a).

Mokasameavcmso. B Boipaxenuu (I(f),g) npoBeneM HHTerpupoBaHUe Mo yactsiMm. [Tosyuum

b b b
' . / T +0°
gl = [ 100 do— 9]} + [0~ Tofgdo+ [ T2 gy
b 9 7_2 b b b
+ !/ . / / / /
~ [T o= [nrdae— Mgl i [otrg - so)do— [T+ 19 o

Bun dopwmel ¢[f, g] mosmydaercsi HemoCpeACTBEHHO U3 BUAA KpaeBbiX ycaoBuid (2.12), (2.13) uau (2.14). O
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3ameuanne 2.4. Tlpu BoiGope QYyHKUHOHANBHOTO KJacca Ty Mbl OTPAHHYUJIUCH NPOCTPAHCTBOM (hyHK-
uuii us H~'[a, b], koTopble ABAAIOTCA 06061IEHHBIMH TPOU3BONHBIMU (YHKLME U3 Lola, b]. Bee npoctpaH-
ctBo H~'[a, b] npu 9TOM IIMpe: Mbl MOXKEM PacCMOTPeTh B KauecTBe Ty MPOM3BOJbHBIA (BYHKIMOHAJ BHAA

b
mﬁmz—/T@Um%HwaM®+%ﬂWM)

OxkasblBaeTcsi, OIHAKO, UTO Takoe 0600IeHre He MeHsieT Kjaacca onepatopoB. JleficTBUTeNbHO, no6GaBe-
Hue B ¢opmy [[f, g] IBYX HOBBIX cJlaraeMblX MPUBOIHUT MPOCTO K H3MEHEHUIO MATPULBI KPaeBbIX YCJIOBHH.
B cayyae 1) HoBas maTpula MPUMET BUL

U — all—ha 1 bll 0
as 0 boy+hy 1)°

B nByx moxcsiyuasix B 2), COOTBETCTBEHHO,

Y — aiy + hy + b3 he a1z by 1 i U = ay +he +a3;hy 1 by bio ‘
1 0 bgl 0 a1 0 1 0

Hakonen, B ciydae 3) HOBble 106aBKH BooOIlle He MeHSIOT (OpMbl ¢, OcTaBJsisg ee HyJeBoH. Bo Bcex
TPexX c/Jaydasix Mbl HE BBIXONHM 3a Tpefesibl Kjacca pery/spHbX no bupkrogy omnepatopos.

OcTraercsi 3aMeTHTh, UTO CBf3b Mexay omnepatopoM L W ero OHIWHEHHOH (OPMOH B3aWMHO OJHO-
3HauHa. [lepBasi yacTb 3Toro yTBepxkzaeHus (omepatop £ OfHO3HAUHO MOpoxkAaeT (opmy [) oyeBHIHA,
a BTOpasi CJelyeT U3 MepBOi TeopeMbl O MpeacTaBieHUd (cM., Hampumep, [27]). Heob6xonumo, npasna,
TMPOBEPHUTH NIPUMEHHUMOCTb 3TOH TEOpPEMBI, T. €. HaJl0 N0Ka3aTb, YTO BCe peryJ/spHble no bupkrody ome-
paropnl £ Buna (2.11) naoTHO ompenesieHbl, 3aMKHYTBI B 1M-CEKTOPHAJbHBEL. DTO OyIeT NPOeaHo fajee,
4TO W JACT MOJIHOE ONpaBIaHKe Hallero BeIOOpa (DYHKIIMOHAJNBHOTO KJjacca I/ Kod(ppHULUEHTa Tp.

Hanomuunm, uto ecsn 1Ba onepartopa A; u Ay B rHbOEPTOBOM MPOCTPAHCTBE C TJIOTHBIMU 00/1aCTSMH
ornpenesieHUsl MOAOOHBI, T. €. CYL1eCTByeT TAKOH OrpaHWYeHHBbId U OrpaHUYeHHO 00paTUMBIH onepatop 7
4To

Ay = TflAlT, a D(AQ) = T71D(A1),

TO M3 3aMKHYTOCTH OJHOTO OMepaTopa CjaefyeT 3aMKHYTOCTb Apyroro. I[lomoGHble ormepaTopsl HMEKT
OMHAKOBBIH CIEKTP, B YACTHOCTH, €CJM CIIeKTp omepatopa Aj COCTOUT M3 COOCTBEHHBIX 3HAUEHHH
o(A1) = {\}, 0 u 0(A2) = {\,}, IpUUeM KPATHOCTH 3THX COOCTBEHHBIX 3HaueHHH s A; U Ao
COBMafAIOT.

Ecnu {e,} — cuctema coGCTBEHHBIX W MPUCOEIMHEHHbIX BEKTOPoB omepatopa Aj, To {1 le,} — cu-
cTeMa COOCTBEHHBIX W INPUCOEIMHEHHBIX BEKTOPOB omeparopa As. OTciofa cienyer, 4TO 3TH CHCTEMBI
00/1a1al0T OAMHAKOBBIMH IeOMETPHYECKUMHU CBOMCTBAaMHU (IOJIHOTA, MHHUMa/bHOCTh, 6a3ucHOCTb PHcca,
fasucHocTh PHcca co ckoOKaMu U T. 1.).

Yreepxaenne 2.5. Onepamop L, onpedenennoul 6 (2.11) na pynxyusx z(§) nepemennotl § € la, b,
nodobern onepamopy L, noposxdenrnomy 8 npocmparcmee Lo|0, c| dupdepenyuarvioim soiparceruem

(y) = —y"(z) + q(x)y(z) == —(y"(@)) — ul@)y!(2) — v*(2)y(z)

u kpaesoimu ycrosuamu U = (A, B). 30eco x — HOBas He3a8UCUMAS NEPEeMEeHHAs, C8A3AHHAS C &
3amMeHoll

3
pmw@ = [P0 e=w), @) =y @) - u@y(a),

d? d 2
o denl@) Gn©) o2

Iooobue L = W LLW ocyujecmeasemcs. 02panudentbim U 02paHULeHHO 06pAMUMbIM ONepamopoM

z =Wy, W : L]0, c] — Lola,b],
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628(5) olt
(O = ywle) “—. s = [ Zda (2.16)
71(t)
Mpu smom ycaosus 7 € H'a,b], 71(£) > 0, 0 € Lsfa,b], 7o € H '[a,b] erexym q¢ € H10,c].
Mampuuya HOBbLX KpaesbLx YCAOBULL paBHA

i — (ﬁé) A — (Hro0a11 + x0ke0a12 k10012 5 _ (Fotbit +sakoibiz Ki1ar
’ Koo@21 + #0kKooa22  K10G21) ko1ba1 + s1ko1b2e  K11G21 )

ede
1/4 —-1/4 1/4 —is(b -1/4 —is(b
Koo =7, (a), Kio=1 ' (a), ko1 =1, (b)e ( ), ki1 =1 ' (be ( ),
a uucaa x; 00HO3HAUHO onpedeastomcs Qynkyusmu 11 u o. [Ipu amom Hosvie kpaesvie ycrosus U

peeyrapHsl moeda U moabko moeda, Koeda peeyasprot ycrosus U. Onepamop L umeem obiacmo
onpedenenus

D(z) = Wﬁl’D(L) = {y| Y, y[l] € Wll[oa C]a l~(y) € LZ[Oa C]a ﬁl(y) = ﬁ2(y) = 0}'

Hoxasameavcmso. 3aMeTUM, uTo onepaTop W orpaHnyeH U orpaHuyeHHO oOpaTHM. JleHCTBUTENBHO,

b c
) B ) e2 Im s(w™1(z))
JECRS 0/ )y

rie pyHKUHH
1

1
) T

orpaHuyensl. [IpoBepka paBeHcTBa

Wili(y) =1(z), rme z=Wy,
MIEHHO TPUBHAJbHA, XOTS TEXHHUYECKH AOCTATOYHO rpomosiaka. OmuiieM ocHOBHble wiaru. JledcTBys B
MPOCTPAHCTBE pacrpelesieHn#, Beiparkerue £(z) 3amnuilemM B BHIE

U(2) = —12" — 712 + 2ic2 + 0’z + 792

Huddepenunpys (2.16), noayunm
#16) = (V@€ - PR ©7 O + vl (@) ) .

[Ipomosxast meficTBOBaTh TaK ke, HabineM z”(§) ¥ moc/e MOACTAHOBKM M COKPALIEHHS YACTH C/araeMblx
NOJIy4HUM BblpakKeHHe

(y) = —y"(2) + q(=)y(x).
3amertuM, uTo GyHKUMA ¢(z), onpenenennas B (2.15), nexxutr B H'[a,b]. JleficTBUTe/IbHO, IPOM3BONHAS
7/ mo mepemeHHo# ¢ KBagpaThuHo cymmupyema. Torna 7' € H'[a,b]. Cama (yHKUMA 7| HempepbiBHA
U oTneseHa ot Hynas. Otcrona
/\2
() € Li[a,b] ¢ H '[a,b].
1

[To Tem ke mpuurHam
2

7€ Li[a,b).
T1

Haxownen, 79 € H '[a,b] B cuny (2.3).

Ocraetcs cKasaTh, uTo GyHKUMs f nepemenHoll ¢ npunaniexur H '[a,b] B TouHocTH Toraa, Korna
f(w™(z)) npunannexur H 1[0, c]. Uro6bl npoBepuTh 3TO, MOKaXKeM BHauaje, 4TO /15 NPOM3BOJIbHOM
TecToBoil g € H'[0, c] komnosuuus g(w(€)) € H'[a,b]. Umeem

[ d > o] T d
gw 1002 x
o) d = [|T2D) ae = [ig@Pr————,
a/‘df ARRY m1(§) J

VTi(w ! (z))
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a KOMIIO3HIIHA 1

T (w™ ()

JIByX OrpaHHYeHHbIX (QYHKIHH TakxKe orpanudeHa. J{is npousBoabHbIX Gynkuuil f € H 'a,bl u g €

H'a, b
w_l x x)dxr = w d§
0/ fo M (@))g(z) d / FO(O) 7=

a

e g(w(€)) € H'[a,b], a

1

71(8)
WUrak, mbl iposepusu, uto q(-) € H~1[0,c]. Tlokaxem Teneps, uto D(L) = WD(L). Ipexne Bcero,
3aMeTHM, 4TOo 00e (hyHKIUH

€ Lla, b].

£is(6)
V11(8)

a6CoOJIIOTHO HempephiBHbI, TaK uTo 2z(¢) € H'la,b] Torna u TobKo Toraa, Koraa y(w(€)) € H'[a,b]. To,
uto yenosue y(z) € HY[0,c] Baeuer y(w(€)) € H'la,b], mbl yke mokasanu Bwiue. O6paTHOe Takke

HpOBepHeTCH JIETKO:
c b
2 5. o d§
0/ y(@)]? de = / WO o

O6paTtuMest K KBa3UNTPOU3BOIHOH:
() = 71(6)2/ (&) — (o (&) + T(€))2(€) =
- <y'<x>ﬁ/‘*<&> ~ L@@ ©) + iy@)e©m VA (E) - (io(e) + T(&))y(fv)fll/4(£)> eo(©) =

a O Yr(E)

= (z/(x) n/€) - @) ©mn ) - ’r(g))y(x)ﬁl/‘*(g)) ¢,

[Tonb3ysicb TeM, 4YTO NOMHOXKeHHe Ha (DYHKIIHIO ei5(5)711/4(§) He MensieT yenosusi 21 € Wil a, b], mony-
qaem

q© |, T
1/n© " Vn©

3ameTHM, UTO [106aB.HeHI/Ie K q)yHKLu/m u ( ) cyMMHpyeMbix ciaraeMbix f(z) He mensert yeaosust yll(z) €
W0, ], mockonbky y(z) - [ f(x) € WL[0,c] aBTomarnueckn, 3a cuer yeaosus y(z) € Wi[0,c]. dro
03Hauaet, YTO HEOOXOAMMO M JOCTATOUHO NMPOBEPUTH YCJIOBHE

/(@) - () / (F2+ (@) e e wip,al
0

(&) € Wila,b] <= y/(z) - ( ) y(z) € Wi[0,d].

4

m1(§) N 7€)
4/nE)  Vn©)
)? T ()
£) 21 (§)

C npyro#t cTopoHHl, A (hepeHIUpys M0 & BbpaxKeHHe

[oJiydyaem

T{,f) +70(§) —

BI/II[I/IM, 4YTO pasJ/uryre COCTOUT B ABYX CJlaraeMbIX

(r1(8)* _ T
1671(¢)  2m(§)

KaXI0€e U3 KOTOPBIX CYMMHUPYEMO, U MOTOMY MOXKET OBbITb OTOPOLLIEHO.
Mbl npoBepu/in 1Be 9KBHUBAJEHTHOCTH

zeWia, b < ye Wo,d, 2z ewlab] =y ewlo,d.

( 1(€
871 (
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Yenosusi 1(2) € Lofa,b] u I(y) € Ls[0,c] sxBuBanentnbl, notomy uto l(y) = W~tl(z), a onepatop
W orpaHuueH M orpaHudeHHo o6patuM. OcraeTcsi HalTH MaTpuuy U KpaeBblX yc/oBHE. [last aToro
3aMeTHM, YTO

AmnaJjioruuno,

M(q) = y!1(0) — %oy(o)’ A1) = y!W(c) — say(c)
K10 R11
AJIsT HEKOTOPbIX HEHYJIEBbIX K‘ij W HEKOTOPLIX 7. TeHepb BUO MaTpPHULbI ﬁ roJiydyaeTcs Halpsamylo.
O6CynuM peryiipHOCTb HOBBIX KPaeBbIX yc/10BUH. Ecam yesoBust U peryasipHbl U BBIONHEH caydai 1),
TO, B CHJIy PaBEHCTBA

Ja2 = K1ok11Ja2,
BBIMOJIHEHO ycjioBHe 1) st U. O6paTHOe, eCTeCTBEHHO, TOXKE BEPHO.
B cayyae 2) umeem
Jip =0 = Jgp = 0,
a Torma N N
J14 = K11kooJ1a ¥ J32 = Ki1gko1J32-
Bunum, uto ycioBue

Jia + 3o #0
9KBHUBAJIEHTHO YCJIOBUIO
T1(a
Ji4 + £Jsz # 0.
71(b)
Tperuit caiyual oueBUzeH. U

3. ONPEIEJEHUE OIEPATOPA JIMPAKA C CYMMUPYEMBIM MOTEHLIMAJIOM

SaMeTI/IM, 4YTO CYLIeCTBYET ABa aJbTE€PHATUBHLIX BHJA 3allUCU CUCTEMBI I[HpaKa. Ml 6y,ILeM paccmar-
puBaThb CUCTEMY BHUA

(p(y) = By’ + Py, rne (3.1)
—i 0 p1(z) pz@)) (lﬂ(@)
B - . 5 P €Tr) = , ) =
<0 Z> ) (P?»(fﬂ) pa(z) Y@ = gata)
B IIPOCTPAHCTBE
H = Lg[o,ﬂ'] S5, Lg[o,ﬂ'] oy.
®ynkunu pj, j = 1,2, 3,4, npeanosararTcs CyMMHPYeMbIMH Ha oTpeske [0, 7] ¥ KOMIJIEKCHO3HAUYHBIMH.

KpaeBbie yci0Busi U 06s1acThb onpenesneHus onepatopa 6yayT obcyxnaTbes Huxe. I pyroi hopmon 3anucu
(cm., Hanpumep, [40]) sBasercs

lo(u) = Bu' + Qu, rze (3.2)
o= (0 9) ew=( 56 wo- ()

ATt hopMbl 3aNKCH SKBUBaJNEHTHB. Tak, 3aMeHa

1 7
w == +y2), u2==(1—y2)

2 2
cBomuT cuctemy (3.2) x Bumy (3.1). [Hanee Mbl mokakeMm, 4TO HOCTAaTOYHO M3YUHUThb CJaydad, Koraa
py = p1 = 0 (o9 cUcTeMbl, 3amucaHHOH B Qopme (3.2), 3TO 3KBHUBAaJE€HTHO paBeHCTBAM ¢1 = —(qy,
42 = q3).

Yepes y(z) = (y1(z), y2(z))! Gynem o6osHauaTh BeKTOp-DyHKUMK Ha oTpeske [0, 7], a uepes

T

(£, g) = / (F1(@)7(@) + fo(2)ga(x)) de

0
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— cKaJspHoe npoussefeHue B npoctpancTse H. UTo6bl He yc/10XKHATE 3anuch, Mbl OyaeM nucath £ € Ly,
umest B Buny, uto f € L,[0,7] x L,[0, 7], umu P € L,, uMest B BULY, YTO BCE KOMIIOHEHTBHI MaTpPHIbl
nexar B L,. Hopmy no nepemennoit z € [0,7w] B mpoctpanctse L, uiu B L, x L, GyneM HHorua
0603Ha4aTh || - ||p.

[Tepeiinem K onpenesneHuto oneparopa Lp, KOTOPbIH Mbl CBSI2KEM C AU((epeHLHaNbHbIM BblpaKeHHEM
Cp. Tlpexne Bcero, onpenennM MakKCUMaJbHBIH OMEpaTop

ERMy:: ﬁp(y), 'D(ERM) :{yEAC[O,Tr] :Ep(y) EH},
¥ MMHHMMaJ/bHBEIA onepatop Lp,,, ABIAIOLMNACA CyKeHHeM oneparopa Lp s Ha 00/1acTb
D(Lpm) ={y € D(Lpm) : y(0) = y(m) = O}.
3necb AC[0, 7] = W0, 7] — mpocTpaHCcTBO aBCOMOTHO HenpepbiBHbIX (YHKIHME. [T0CKOIBKY 3/1eMeHThI
MaTpulibl P — cymMupyeMble (QyHKIMH, 06a ciaraeMbix AU(QepeHHasbHOr0 BeipaxeHusi £p(y) Kop-
PeKTHO ompejeseHbl Kak GyHKuud u3 Lq[0,7]. [Ipu atom B obsacTh ompenesieHUs: omepaTopa BXOAST
TOJIBKO Te (DYHKLUHH y, OJ51 KOTOPBIX CyMMa 3THX cJjaraeMmblx npuHamgexut H.

Yepes Lp« ar v Lp,y, OyleM 0003Ha4aTh MaKCMMaJ/IbHBIF ¥ MUHHMaJbHBIHA ONepaTopbl, MOPOXKAEHHbIE
COMpsI>KeHHBIM AH(QepeHIHa bHbIM BbIpaKeHHEM

(p-(y) = By + P* eP*zzf@).
p(y) =By + Py, m <p2 -

YrBepxkaenue 3.1 (popmyna Jlarpauxa). Jas awboix ¢ynkyuil £ € D(Lpar), g € D(Lp+ ) cnpa-
8e04U80 moxcdecmso

(Lpuf,g) = (£, Lp- mg) + [f, g]7, (3.3)
eoe
[f,gl0 = —i fi(@)gr(z)|g +i fo(x)G2 ()] -
Jlokasameavcmeo. PapercTso (3.3) Mosy4aeTcss MHTErPHPOBAHHEM TI0 YACTSIM. 0

W3 3T0# hopMyisibl, B YaCTHOCTH, MOJNyYaeM
(Lpuf,g) = (£, Lp+ m8), feD(Lpm), g8 €D(Lpm).
M3 TeopeMbl CyleCTBOBAHHSI U €IMHCTBEHHOCTH 2.1 BbITEKaeT cpasy, 4To CHCTeMa
lp(y) =y +f c ycnoBuem y(c)=¢
MMeeT eJMHCTBEHHOE pellleHMe B npocTpaHcTse y € (AC[0, 7])2.

W3 yrBepxknenus 3.1 cpasy ciaenyer

Yreepxpenue 3.2. [Ipu arobom A € C onepamopor Lp s — Mt Lp+m — N hpedeoromoso., 1645
HOMCS 83AUMHO conpaxcerHbimu, a ux degekmuoie yucaa pasuor {2,0} u {0,2}, coomsemcmaerro.

[Tepefinem K onucanuio pacmupeHuil £ onepatopa Lpy,, A1 KOTOPeIX Lpy, C L C Lp . 3aMeTuM,
4To J1000H TaKOH omepatop UMeeT 06J1acThb ONpefe/eH s

D(L) ={y € D(Lpm) : Uj(y) = 0,1 <j < v,

rae U; — nuHefinpie GopMel 0T BeKTopoB y(0) u y(7). T HOpPMbI MOKHO CUMTATh JHHEHHO HE3aBHCH-
MBIMH M TOTAA MX YHUCJIO v 3aK/aodeHo Mexay O u 2. Eciiu Mbl X0THUM, 4TOOB! onepatop £ UMeJ HelycToe
pe30/bBEHTHOE MHOXKECTBO, T. €. Ajs HekoToporo A € C unHmekcel onepatopa £ — Al OblIK HYJEBBIMH,
TO, COMJIaCHO YTBepxKaeHHI 3.2, v = 1.

Takum o6pasom, oneparop £ = Lpy uMeeT 06/1aCTb ONpeeIeHHs

D(Lpy) ={y € D(Lpm) :U(y) =0}, rme
_ (unn u y1(0) uz U ya(m)
v =ovoeove = () (0) < (o ) (). o9

IPUYEM CTPOKH MaTpHULbI

3

U= (C, D) — (ull U2 U113 ’LL14>

U2l U2 U3 U4
JHHelHOo HesaBucHMbl. OG03HauuMM uyepes J;; ONpe/esMTeNb, COCTaBJEHHBIH M3 i-r0 W j-ro CTOJ0La
MaTpuLbl .
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Onpenenenue 3.1. KpaeBoe ycsioBue, onpenenerHoe gpopmoit U, Ha3biBaeTcst peeyasipHoim (o bupk-
rody), ecau

Jia - Jaz # 0.
Onepatop lupaka, MopoxKaAeHHbIH pery/spHbIM KpaeBbiM ycjaoBueM U (T. e. onepatop Lpy ¢ 06JaCTbiO
onpenenenus (3.4)), 6yneM Ha3bIBaTb PecYAApPHLIM.

Hanee B paboTe Mbl OyieM paccMaTpUBATh TOJNBKO peryJisipHble KpaeBble YCJAOBHUS, TaK KaK AJsl JaHHOH
3324y peryJ/sipHble ONMepaTopbl COXPAHSAIT KJacCHUeCKHe aCUMIITOTHKH AJs COOCTBEHHBIX 3HAYEHUH U
COOCTBEHHbBIX (DYHKLHH.

Bes orpanuueHuss o6LIHOCTH MOXKHO CUMTATh (PYHKLUHUHU p; U py HyJeBbIMH. CHopMysHpyeM COOTBET-
CTBYIOLllee YTBEPKIEHHE.

Yreepxaenue 3.3. [lycmo P(x) — npoussosvras mampuya pasmepa 2 X 2 ¢ aNeMeHmamnu p; €
L0, 7], j =1, 2, 3, 4, a mampuya U 3adaem peeyasprole kpaesvie ycrosus. Toeda onepamop Lp
nodoben onepamopy Lp i + I, e0e

Pa(z) = py(x)e! W@ —¢@) Pa(z) = p3(z)elP@ @) (3.5)

u

I
Q
S
Q
I
Q
-
i
@
i
o]

5 [ @) = puo)ie | 0. .6
0

Hokasameavcmso. PacemoTpuM B npoctpaHcTBe H onepatop ymHOXKeHHs1 HAa Matpuuy W (z):

ele(x) 0 T
WwH<O éWO@%D. (3.7)

3amMeTHM, YTO 3TOT OMEPATOP OrpaHUYeH, MOCKONbKY (DYHKIHU @ U 1 abCOJIOTHO HEMPEPBIBHBI, U Orpa-
HU4YeHHO oOpaTtuM. Torma

W lp(WE) =W 'BWE + (W 'PW + W 'BW') f =

(=i 0\ D1 poe’¥=¢) ¢ 0 _ /-
- <0 Z> £+ <p3ei(80—w) P4 f+ 0 — f= gp(f) +f.

Ocraetcst HaiiTh 06JacTb onpenesenus oneparopa W —1Lp W, 3ametum, uTo
y € AC[0,7] <= W'y € AC|0, ] 1 lp(y) e H<=(z(Wly) = W p(y) € H,

TaK UTO JAJs MaKCHMaJbHOrO ollepaTopa W*I’D(ﬁpM) =D(L . JIerko BUIeTh, YTO

ﬁ,M)

™

i
WO =1, & W =ew | 5 [0 -mo) ) 1
0
Ecnn z € D(Lp ), 102 = W=ly, tne y € D(Lpy). Torna kpaeBbie yc/0BHS IPHHHMAIOT BHJ
Cy(0) + Dy(n) =0 <= CW(0)z(0) + DW (m)z(r) =0 <=
< Cz(0) + exp %/(pl (t) — pa(t))dt | Dz(rw) =0,
0
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T

T.e.UU=(C,D), e C=C, aD=exp %/(pl(t) — pa(t))dt | D. O
0

Bciony nasee B aToii pa6ore (ecau He OroBopeHoO 00paTHOE) Mbl GyleM CUUTATh, YTO MPeoOpa3oBaHHUs
y2Ke TpOBe/eHbl (PH 3TOM CIEKTPaJbHBIA MapaMeTp A Mbl 3aMeHsieM Ha A + ). Takum o6pasom, MbI
OylneM paccMaTpHBaTb OMepaTop, MOPOXKIeHHBIH nuddepeHLIHAIbHBIM BeIpazkeHHeM (3.1), roe maTpuua
P(x) umeer BUn

P = (ol V)0 o) ) € Lo 39)

M PeryJsiPHBIMU KpaeBbIMH YCI0BHSAMH (3.4). Mbl TakxkKe BBIIENHUM CHJIBHO pery/sipHble onepaTopsl u-
paka.

Onpenenenne 3.2. Oneparop Jlupaka Lpy Ha3bIBAETCs CUALHO PECYAAPHbIM, ECIIH OH PETYJSIPeH U
K Tomy ke (Ji2 + J34)? + 414023 # 0.

OTmMeTuM, UTO NaBaTh OMNpe/ie/ieHHe CHJIbHO PeryJsipHOTO KPaeBOro YCJOBHS KOPPEKTHO MMEHHO B
caydae p; = pg = 0. MHavye npu ogHUX W TeX Ke KpaeBbIX yCJOBHUSIX omepatop Jupaka MoxKeT ynoBJie-
TBOPSITb WJIK HE YIOBJETBOPSITH YCJOBHIO CHUJIbHOH PEry/NsipHOCTH B 3aBUCUMOCTH OT NOTEHLHaJa.

4. HEBO3MYILEHHKIN OIMEPATOP JIMPAKA

Mbl 6yneM cpaBHUBaTb aCHMITOTHUECKOE TOBeleHHe COOCTBEHHBIX 3HaYeHHH U COOCTBEHHBIX (yHK-
uMi onepatopa Lp; v oneparopa Lo 7. Pacemorpum oneparop Lo 7, NOPOKAECHHBIH AU HepeHIHaNbHbIM
BbIpaKeHHEM

lo(y) = By’
1 peryssipHbIMH KpaeBbiMu ycsoBusivu U(y) = 0 Buga (3.4).

YrBepkaenue 4.1. Cnexkmp onepamopa Loy cocmoum us cobCmeenHblX 3Ha4eHULl, KOmopbLe MOXc-

i
HO 3anucamb 08yms cepusamu »y + 2n u » +2n, n € Z, ede »x; = ——1In(y, a (o U (1 — KopHu
s
K8AOpAmH020 ypasHeHus.
2
Jo3(” = [J12 + J34]C — J1a = 0. (4.1)

B cayuae, ecau duckpumunanm keadpamuoeco ypasrenus (4.1) pasen Hyato, ece cobcmserHbvle 3HA-
wenus onepamopa Loy 08yKpammoL.

B nanbHefiiem Mbl 6yeM HyMepPOBaTh 3TH COOCTBEHHBIE 3HAUEHHUSI OHUM UHIEKCOM n € Z, 00beUHSS
IBe cepuH B onHy. Hymepauuio npoBenem cienyoimum o6pa3om. 3apUKCUPyeM MHOXKECTBO

M={0<ReA <2, ImA>0}U{0<ReA <2, ImA<0}.
1
3aMeTnM, 4TO B 9TO MHOXKECTBO IOMafaeT POBHO OfHA TOYKA U3 Cepur —— In 29+ 2n U POBHO OJHA TOYKA
m

i
us cepud —— In z;+2n. O603Haunm yepes A Ty U3 3THX ToUeK, KOTOPAs MMEeT MeHbIIYIO BelleCTBEHHY IO
s

yacThb, U 4yepes A BTOPYI M3 mapbl Touek. Ec/iu BellecTBeHHble 4acTH TOYeK COBMAAAKT, TO depe3 )
0003HAYUM Ty TOUKY, KOTOpasi HMeeT OOJIbLIYI0 MHUMYIO 4acTh.
HakoHel, ecqiu TOUKH COBNAJIM, TO IOJy4YHMBIIeeCs OBYKpPaTHOe COOCTBEHHOE 3HAUEHHE 3aHyMepyeM
0 _ )0 0 0 0
Al = Aj. 3aTeM BCe TOYKH CepUH Aj + 2n 3aHyMepyeM Aj, o, H, COOTBETCTBEHHO, A; + 2n 3aHyMepyeM

0
)‘2+2n‘

1 0
Hokazameavcmso. PewenusiMu ypaBHeHusi £o(y) = Ay ¢ HadaJbHBIMH YCJIOBHUSMU 0) # ;) ABaa

den= (%) w e =(, )

COOTBETCTBEHHO, a oblee peluieHrne uMeeT BUIA

10TCSl (DYHKI MU

y= w(l)e? + wgeg.
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[TopcraBasisi 31O BbIpak€HHe B KpaeBble YCJOBUA, INOJydHaeM CHCTEMY

[u11 + u13e™ W + [ur2 + urge W = 0,

. . (4.2)
[U21 + ugge”)‘]w? + [U22 + u24e’”r)‘]w8 =0.

O603HaunM Mmatpuuy 31o# cuctembl uepe3d Mp(A). Uneno A € C sBasiercst cOOCTBEHHBIM 3HaYeHHEM
omeparopa Loy TOTAA U TOJNBKO TOrAa, Korza ompenesuteab Ag(A) := det My(\) obpauiaercs B HyJb.
HenocpencTBeHHBIMU BEIUHCJEHUSIMU T10Jy4aeM

Ao()\) = [J12 + J34] — Jggem)‘ + J146_m>\. (4.3)

OcraeTcs clesaTh B 5TOM ypPaBHEHHH MOACTAHOBKY €™ = z. U

Yreepxnaenue 4.2. Hopmuposarnsie cobecmeennoie pynkuyuu yo, n € Z CUALHO pecyripHO20 one-

pamopa Lo umerom 6ud
Xz 0

0

ede j = 0 npu uemrnom n u j = 1 npu nHewemuom n. Yucara Wi j» edei=1,2,aj=0,1, onpedersromcs

mampuyeti U.

ﬂOK@SClme./leﬂ’lBO. Cob6cTBEHHBIE q)YHKU,I/II/I, BBEJIEHHbIE B JOKa3aTeJIbCTBE MPEAbIAYLIEero YTBEepKAECHH S,
HMEIOT BHU]

0 .0 0 0 .0 0
wl,nel ($a )‘n) + w2,ne2 ($a )‘n)

[Tpu sTOM uHcaa w),, U wj,, — pelienus cucteMbl (4.2), B KOTOpoi A = AJ.

s 0
[Tockosbky Matpuila 3TOH CHCTEMbl 2-TIEPUOAMYHA 110 MapaMeTpy A, a A, o — A
M WY, 3aBHCAT JIMIIb OT YETHOCTH MHAeKca n. OGOsHAYMM HX W) ;
7 =1 npu HeyeTHOM n.

Octaetcsi HOpMHUPOBATb COOCTBEHHBIE (DYHKIHMU. TakK Kak

0 0 eiAnT 0 0 0
el(x’ An) = 0 U 82(1', An) = e—i)\%x ;

0 _—
n=

0

2, To 4yHca wy ,

0 -
MWy, e J = 0 mpu 4eTHOM 1 U

TO

m m
2 .\ 0 20
o8 b A2) + e N = [y [l o+ P fle o o =
0 0

™ ™
=l 2 [ 164 R o+ P [ e da.
0 0

[TocnenHee BblpaxKeHHe 3aBHUCHUT TOJIBKO OT UYETHOCTH 7, a 3HAUUT, MOCJ€ HOPMHPOBKU MosnyunM (4.4) ¢
HEKOTOPBIMH HOBBIMU ng, ¢ =1, 2, KoTOpble NO-TIpeXKHEMY 3aBHUCSAT TONBKO OT YETHOCTH 7. O

3ameuanue 4.1. Ecau onepatop Loy CHIBHO peryJjspeH, TO AMCKPHMHHAHT KBaJpPaTHOIO ypaBHe-
Hus (4.1) oTaMYeH OT HYJsl, U KOPHHU 20, 2] Pa3indHbl. KopHeBble MOAMPOCTPAHCTBA PETYJSIPHOTO, HO
He CHJIBHO peryasipHoro omeparopa Lo 7, OTBedalollkie KaxKJI0My COOCTBEHHOMY 3HAYeHHIO, 1BYMEDHBI.
[Tpu 3TOM BO3MOXKHBI ABa c/aydas: JuO0 B KaxKIOM IOANPOCTPAHCTBE eCTb 0a3uUC M3 OBYX COOCTBEH-
HbIX QyHKUUH onepartopa Lo 7, TMO0 KaxJ0e MOANPOCTPAHCTBO CONEPAKHUT POBHO OAHH (C TOUHOCTBIO 10
MHOKHTEJIS) COOCTBEHHBIH BEKTOP.

3ameuanue 4.2. Eciu KpaeBoe ycJ/OBHe He SIBJSIETCSl Pery/sipHBIM (Hampumep, ecau Ko3(h(UIHEHT
npu e B (4.3) paBeH HYMO), TO B C/lydae HepaBeHCTBA HY/0 KodbduuueHTa Tpu e ™ crmekTp
oneparopa Loy 6yIeT cOCTOATb U3 OJHOH CEPUHM MPOCThIX COOCTBEHHBIX 3HauYeHHi \) = » + 2n, n € Z.
Ecsn nepBbifl ¥ TpeTHH K03(p(ULHEHTH paBHBEI HYJI0 002, TO

Ao(X) = Jio + Jaa.
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Torna nu6o cobcTBeHHBIX 3HAueHHH HeT (ecau Jig + J3g # 0), JUG0 CreKTp — BCSI KOMIJIEKCHAsT MJI0C-
KocThb (ecnu Jig + J3g = 0). Jlerko BHIETb, UTO BCe TPU CHTyalUuu peannsyembl. Hampumep, Ag(A) =0,

eCcJivd
1 1 -1 -1
U= , 0 e C.
<B 8 B —5) 70
[TepefinemM K M3ydeHHIO Pe30JIbBEHTHl HEBO3MYILEHHOTO OMepaTopa.

Teopema 4.1. Pesoivsenma Ro(\) = (Lo — M)~ peeyasproeo onepamopa Loy sersemcs un-
meepasbHbLM Onepamopom

Ro(\)f = / Go(z, t, VE(t)dt. (4.5)
0

Gynkuyus Go(z,t,\) nenpepoiena na keadpame (x,t) € [0,7]? sa uckaouenuem duazonaiu x =t u
umeem 6uo

i ei)\(mft) [J12 + J14efi7r)\] —J24ei)‘($+t*7r)
b ) — A | 4 4,
GO( y Ly )‘) AO()\) < _Jlsez)\(w—:c—t) ezA(t—:c) [_J12 + J23€7,7r)\]> ( 6)
nput<xzu
i ei)\(mft) [—J34 + J23€i7r)\] —J24ei)‘($+t*7r)
) = A | | 4.7
GO( » Ly )‘) AO()\) < _Jlsez)\(w—:c—t) eiA(t—z) [J34 + J14€—z7r)\]> ( )

nput > x.
Bre 6-kpyackos ¢ yenmpamu 6 nyasx N onpedeaumeas Ao()\) (6 uacmuocmu, eéne nexomopotl
noaocel |Im | > r) ¢ynkuus Go(z,t,\) ydosremsopsem oyerke

|G0(‘Tat7 )‘)| < M

¢ Hekomopolil koncmanmotl M, 3asucsueil om kpaesolx ycaosuil u uucia d (Uau r), HO He 3asucsauell
omx,tu A

Hokaszamenvcmso. YpaBuenue y(y) = Ay + f pemaercs siBHO:

n (.’L‘) _ ,Ylei)\:c + / ei)\(x—t)fl (t)dt,
0 (4.8)

x
ya(z) = ype T 4 /ei)‘("’”t)fg(t)dt.
0
[ToncTaBrB 9TO pelueHKe B KpaeBble YCJIOBHS, MOJYYHM CHCTEMY M3 ABYX YPaBHEHHH 1JIsi OMpele/eHHs

UMCes Y1 U Yo! ‘
T emr)\,yl R
C +p( €, +DF(N) =0,
(2) +p () + piwy
rae

T T

f\) = <Jf1“>>, fi\) = / AT @) dt,  fo(N) = / e AT £ (4)dt.

0 0
Takum obpasom,

my_ 1 —ugy — ugae ™ w1y + urge” ™ SEECERRCER NN,

Y2 Ao()\) u91 + U23€“T>\ —uil — ulge“”‘ U3 U4 ’
otkyna caenyiot (4.5), (4.6) u (4.7) (Bblunc/aeHuss Mbl onyckaeM). M3 mpencrasienus (4.3), o4eBUIHO,
c/ielyeT OlleHKa

AQ()\) > Ce|7rlm>\\

BHe §-KPY»KKOB C LEHTpaMu B HyJasx A ¢ KoHcTautoil C, 3aBHCAIIlell TOJBKO OT & M YHces J;ij. Bee
ciaraemble B npenactaBiaeHusix (4.6) u (4.7), o4eBUIHO, OLIEHHBAIOTCS CBEPXY TaKOH Ke BeJUYHHOU (HO
C IPYTOH KOHCTAHTOH). DTO N0Ka3bIBAET TEOPEMY. O
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3ameuanue 4.3. ConpsxenHbl#i K Lo onepatop Lf ;; = Lo,y+ NOPOxKIeH TeM xke AudpdepeHunanb-
HbIM BbIpa’K€HHEM M KPaeBbIM YCJIOBHEM

U*(y) = Cy(0) + Dy(w) =0,

rae C, D — HekoTOpble MaTPHILbl pa3Mepa 2 X 2. DTH MaTPULLbl ONpeaesioTcss HeoqHo3HayHo. Hanpumep,

MOXHO TIOJIOXKHTh __ .
U = (J23 Jis iz i)
0 —Jsu  Jog  Jo3

YrBepxkaenue 4.3. Ecau kpaesoe ycarosue U(y) = 0 sgasemcs pecyispHoim, mo mem e C80U-
cmeom obaadaem conpsxcernoe kpaesoe ycrosue U*(y) = 0. Takum obpasom, conpsxcermoili onepa-
mop Lo+ pecyraper o0nospemeno ¢ Lo .

Jlokasameavcmeo. CoOCTBEHHble 3HAUEHHS A, U A, ONepPaTOPOB Loy u Lo+ B3aUMHO COMNPSIKEHH,
MpUUeM MX KpaTHOCTH coBnanawT. Eciu kpaeBoe ycioBue U*(y) = 0 He siBJIsieTCsl pery/sipHbIM, TO pea-
JIU3yeTCs OJlHA M3 BO3MOXKHOCTeH, omUcaHHbIX B 3aMedaHuu 4.2. Ho 3To He coryacyeTrcsl ¢ paBeHCTBaMH
An = A, C COXpaHEHHeM KPaTHOCTeH. O

SaMe’I‘I/IM, HakKOHeLl, YTO pe30JIbBEHTAa

Ro,u+(N) = (Lo — A)

COBMANaeT ¢ OMepaTOpoM, COMPsKeHHbIM K Fo(\), a 3HAUMT, ABJSETCA MHTErPaJbHBIM OMEPaTOPOM C
anpoMm G*(t,x, \) = G(z,t, \).

Canencreue 4.1. Cucmema cobcmsennolx Qyrkyuii pecyrsiproeo onepamopa Loy A6A51emcs ROAHOL
8 npocmparcmee H.

Hoxasameavcmeo. Ecnn Haiinetcs Bektop f € H, oproroHa/bHEId BceM COOCTBEHHBIM (PYHKLHUSIM OIle-
patopa Lo 7, TO BEKTOP-(DYHKLHS
F(A) = R (Mf

sIBJISIeTCs 11eJI0H (yCJIOBHe OpPTOTrOHAMbHOCTH f coOCTBEHHBIM (DYHKLHUSIM 0OecrieyrBaeT PaBeHCTBO HYJIIO
BCEX BBIUETOB B IOJIIOCAX PE30JIbBEHTHI COIPSIKEHHOTO OIMepaTopa).

BHe §-KpY»KKOB C LIeHTpaMH B COOCTBEHHbIX 3HAYeHHSX \, COMPSKEHHOro ornepartopa dyHkuus F(\)
oueHuBaeTcsl KoHcTaHTOH. [Ipu mocratouno masom d > 0 3TH KPYKKH He nepecekaiorcsi. M3 npuHuuna
MaKCUMyMa U TeopeMbl JInyBu/Ist Torna caenyert, uto F(\) = g — nocrosiHbI# BekTop. Ho cripaBeningo
pPaBeHCTBO

(L5~ NE =&
[IpaBast yacTb oT A\ He 3aBUCHUT, mostomy f = 0. O

Omnpenenenue 4.1. Cucrema BeKTOPOB B rHibOepToBOM npocTpaHcTBe H HasbiBaetcs 6asucom Pucca
(nnu 6esycrosHoim 6a3ucom), eciv CylIeCTBYeT OrpaHHUEHHBIH U 0OpaTUMBIH onepatop B H, KOTOpbIH
MepPeBOJUT 3TY CUCTEMY B OPTOHOPMHPOBAHHbIH Oasuc.

Teopema 4.2. HopmuposarHnas cucmema cobcmsenHblx QYHKYUL CULLHO PecyAipHOEO ONepamopa
Lo,y obpasyem 6asuc Pucca 6 npocmpancmse H.

Joxasameavcmeo. Bernomunm, uto coGCTBeHHble (QyHKUMM yO omepatopa Loy MMEIT MpeicTaBJe-
Hue (4.4). Tak xak omepatop Lo+ TOXKe CHJIbHO PeryisipeH, TO ero cCUcTeMa COOCTBEHHBIX (DYHKIHH,
COTJIACHO YTBEPXKIeHHUI0 4.2, nMeeT aHAJOTHUHOE MPeACTaBJIeHHe

0 0 30 t 0 30 t
2, (2, \) =710 (e’ nt O) + 720 (0, e”" n"") , €CJH 1 YEeTHO,
0 0 (qixy o o)
Zp, (T,A) =714 (e’ n®, O) + 731 (0, e’ n"") , €CJIM 1 HeUeTHO.
Tak Kak Bce co6CcTBEHHble 3HAaYeHHUs onepatopa Lo 7 NPOCThIE, TO CIPABENJIMBBl COOTHOLIEHHS

<Y9w Z?> = O‘nénja
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rle YMcsa ov, 3aBUCAT OT HOPMHPOBKHM cucTeM GyHKuuE yO 1 z0. Ho us Buna y" u 2z u us yTeepxje-

Hus 4.2 Cpagy cJjenyeT, 4To 4ucia o, 3aBUCAT TOJBKO OT YETHOCTHU N, T. €.

Qop = Qp, Qopq1 =1, nEZL.
0 1
IIOMHO)KI/IB BeKTOpr CUCTEMBbI {Zn} C YeTHbIMU HOMepaMH Ha KOHCTaHTy —, a BeKTOpr C HEeYeTHbBIMU
Qg

1
HOMepaMi — Ha KOHCTaHTy —, MOJy4uM, 4To cucTeMbl {y9} u {z0} B3aMHO GHOPTOrOHAJLHbI.
aq

O6e oHH, ouyeBHIHO, GeccesieBbl, U 00e MoJaHbl B H cornacHo ciencteuio 4.1. Torna B cUJy TeopeMbl
Bapu—Dboaca 18.11 o6e cucremsl o6pasyior 6asuc Pucca B H. O

[TosicHuM Temepb, YTO MPOUCXOAUT B CJydyae PEryjasipHbIX, HO He CHJIbHO PEeryJspHBIX KpaeBbIX YCJIO-
Buil. Ilosie3Ho paccmoTpeth oneparop [upaka ¢ Hy/neBbIM MOTEHLHANOM U KPaeBbIMH YCJOBHSMH

y1(0) + y2(0) = a(y1(m) + y2(7)),
y1(0) — 32(0) = y1(m) — y2(m).

Ipu m060om « € C\ {—1} cnektp 3Toro onepaTopa cOCTOMT M3 COOCTBEHHBIX 3HaueHHH \) = 2n (mpu
a = —1 omepartop TepsieT PeryasipHOCTb, TaK Kak Ji4 = Jo3 = 0). Kaxknoe takoe co6cTBeHHOe 3HaYeHHe
MMeeT anre6panuecKyro KpaTHOCTh 2.

[Tpu o = 1 reomerpuueckas KpaTHOCTb KaxKIOro COOCTBEHHOrO 3HAYeHMSs TaKxKe paBHA IBYM: eCTb
JBe OpPTOTOHAJIbHBEIE APYT NPYTy COOCTBEHHBlE (DYHKLHH

1 ei)\%:c 1 ei)\%:c
0 0 0 0
C ((If,)\n) = 5 <ei)‘%$> H S (a?, )\n) = Z <_ei)‘%$ .

[Ipu o # 1 reomerpuueckas KpaTHOCTb paBHa efMHMLE: COOCTBEHHOH (DYHKLHEH SBJsETCS TOJbKO
s9(z,\0), ¥ K Hell WMeeTcsl MpHUCOeNMHEeHHas. DTO TUIMUYHBIH NPUMeEp, Y4TO CJefyeT M3 CJelyIoLIero
TpeaJoXKeHHUs.

Jlemma 4.1. [Tycmo onepamop [upaxa Loy crabo peeyrapen. Toeda aubo sce e2o cobcmsenrole
3HaUeHUs.

N =20 +

UMEIOM 2e0MEeMPUUECKY0 KPDAMHOCMb 2, U 8 3MOM CAYHAe UM Omeeuarom 08e AUHelHO He3a8UCUMble
cobcmeentole PynKuuu, AUO0 8cem e2o cobCMBEeHHbIM SHAYEHUAM OMBeuarom *HopOaHOBbL UEeNnouKuU,
m. e. moAbKO 00Ha cobcmeerHas QyHKyus suda

Yn(@) = el (A7) +72e2 (z, A7)
u npucoedurennas K Heltl QyHKyua suda

yi(z) = iywed (2, \0) — ivexe? (2, \0) + By1e% (z, A%) + By2e’ (z,A0), (4.9)

Xz 0
= (7)) = ()

30eco uucaa y1,v2 om n He 3a8UCAM.
Yucao B mosxcro nodobpams mak, umo Gynkyuu yO u yL 6ydym esaummno opmozornansroimu. lpu
amom uucao (3 u nopmol ||y0|, |yL| makoce ne sasucam om n.

ede

Hoxasameavcmso. CornacHo ONpefesieHHI0, B YCJOBHSX JeMMbl MMeeM, UTO COOCTBEHHble 3HauyeHMs
onepatopa Lo,y UMEIOT BH]L

N =20+ ncZ.

Hasnure u/u oTCyTCTBHE BTOPOrO COGCTBEHHOTrO BEKTOPA, OTBEYAIOIero COOCTBEHHOMY 3HAUeHHI A
ompefesisieTcss KpaeBbIMU YCJIOBUSIMH, a TouHee — Matpuleil My(\), BBeneHHO# B (4.2).
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dTa MaTpuLa 2-MepuogryHa, M03TOMY COOCTBEHHbIE (DYHKLMHU SIBJASIOTCS JUHEHHBIMU KOMOUHALUSMU
el (z,\)) n e’ (z,\)) ¢ nocTosHHBIMK 71, Y2, He 3aBUCAWKMMU OT n. 1o onpenesneHuio, IpUcoefHHeHHAsI
¢yskuus y'(x) n0aKHa yIOBAETBOPSATL CUCTEMe

.y ‘)\0
—iy] — ADyy = yetn®,

.y 0 _ —i\0
iy — AplY2 = y2e” nT.

n

OO6muM perieHUeM 3TOH CHUCTEMBI IBJsSETCS QPYHKLHS
imwel (v, X,) — inpwel (z, A7) + Fref (2, A7) + Bael (z, A7)

C MPOU3BOJIbHBIMU MOCTOSIHHBIMU 1, 2. [logctaBasis 3Ty QyHKOHUIO B KpaeBoe yCJOBHE, HAWAEM COOT-
HolleHue Mexay (31 U 2. [IpoBepka He3aBUCHMOCTH HOpM (GyHKUME yO U y. oT m ocyliecTBJsercs
3JIeMeHTapHbIM BBIUHCJEHHEM. O

Hanomunm, 4to cucrema o B H HasbiBaeTcs beccenegoll CUCTEMOH, ecyd s 1io6oro BekTopa f € H

pan Y- [(f, ¢x)|? cxonures.
Cucremsl {py} 1 {1} HasbIBAIOTCS OUOPMOLOHAALHBLMU, ECIH

(@, ) = Okjs

rae dy; — cuMBoa Kponekepa.
3amMeTHM, 4TO ec/M COGCTBEHHBIM 3HaueHHsM A orepatopa Loy OTBEYAIT XKOPHAHOBHI LENOYKH
<0
y2,yL, To cOBCTBEHHBIM 3HAYeHMSIM ), COMPSKEHHOTO OMepaTopa L 7 TakxkKe OTBEYaloT KOPAAHOBBI

LIEITIOYKH z%, z}L Toro ke Buaa. M3 o61IMX COOTHOIIIEHHH GHOPTOrOHAJNBHOCTH JIJIsT B3AUMHO COMPSI2KEHHBIX

onepatopos (cM., Harnpumep, [31]) caemyer
(Zn,yn) =0, (zpyp)=an=a#0, (z,y))=a,=d #0.
1

[TpoBoxst, ecau Hamo, MEPEHOPMUPOBKY, MOXKEM CUMTATH, UTO o = = 1. 3aMeHsisi, €C/IH HYXKHO, Z,, Ha
z. + Bz (Takas QyHKUHs 0CTaeTcsl NPUCOENMHEHHOH K Z0), MOXKHO JOOMTbCS paBeHCTBa

11
<yn7 Zn> = O'
Torna MoxHO cumTaTh, uto cucmemvr {yo,yi} u {2z0,zl} seraromes 6saumno 6uopmoeonarvromu.
Ho u3 Buaa satux cucrem cjenyet, uto oHH OeccesieBbl. O6e cucteMmbl noqusl B H, a motomy Kaxknas us
HUX obpasyer 6asuc Pucca.
Tem camblM 10Ka3aH c/lenyoLui (akr.

Teopema 4.3. Cobcmeennbie u npucoedurernvie Qyrukyuu crabo peeyiaproeo onepamopa Lo
MOXMCHO BblOpamb makx, umobs. oHu obpasosvisasu 6asuc Pucca 6 H.

CBo#icTBO 6€3yCc/I0BHOH 6a3MCHOCTH JIEFrKO MOXKHO PaclpoCTPAHUTh Ha IIKaJy MPOCTPAHCTB
Hy = (Wiy[o,w])®, 0<6<1
(cm. ompenenenue 17.8).

Teopema 4.4. [lepenopmuposannasn cucmema coOOCMBEHHbLX U NPUCOEOUHEHHbIX QYHKULL 11006020
peeyaaprozo onepamopa Lo
{02+ 1725}

obpasyem 6asuc Pucca 6 npocmparncmee HY,.

neL

Hoxasameavcmso. 3arUKcUpyeM NPOU3BOJNBHYIO TOYKY Ao, He NPUHAJJEXKallylo CIIeKTpPYy oreparopa
Lo,y. Torna oneparop Ro(Ng) sBasiercss usomopdusmom us H B H%]

JeficTBuTe 1bHO, onepaTop Lo 7 — Aol OrpaHHYEHHO IeHCTBYeT M3 H(lj B H. OH GHeKTHBEH, TOCKONBKY
n7s jwoodoro £ € H cymecTByeT pelieHde ypaBHeHHUs

Louvy — Aoy =f,

nexaiee B W0, 7] 1 yrosaeTBopsiioliee KpaeBbIM yc/a0BHAM. Ternepb orpaHMueHHOCTh 06PATHOTO Ofle-
paropa cnenyet u3 TeopeMbl baHaxa 06 obpaTHOM omepaTope.



400 A.M. CABUVYK, U.B. CAIOBHNYAY]

[To Teopeme 18.1V 6a3ucHocTh Pucca coxpansiercs npu uzomopdrame, TO €CTb CUCTEMA
0 1,0
{(An - >‘0) Yn}nEZ
1
obpasyer Gasuc Pucca B Hj;. Tenepb 3ameTuM, 4TO MoC/e10BaTeNbHOCTD
2 -1/2
(A = Xo)(n® + 1)~V

oTHeseHa OT HyJs U oT GeckoHeuHOCTH (Teopema 4.1). DTo 03HauaeT, UTO MEPEHOPMHPOBKA SIBJISETCS
usomopdusmom B H};, 1 yTBeprKjeHHe TeopeMbl 10Ka3aHo A5 caydas f = 1.
Hnst mokazaTesbcTBa 061IET0 caydyasi OCTaeTcsi MpUuMeHUTh Teopemy 18.VI. O

Yreepxnaenue 4.4. [Tycmo {y%},cz — cucmema cobcmeennuix t npucoedunennslx GyrKyuLl peay-
aaproeo onepamopa Loy, a {29 }nez — coomeememeyrouan 6uopmoeonarvras cucmema. [as 41060t
abcorromno nenpepoigroilt gynxyuu £, ydosremeopsroueii kpaesowm ycaosuan U(f) = 0, psd

o0

> (. 20)yn

n=—oo

cxodumcs k f pasnomepro na ompeske [0, 7].

Hokazameavcmso. V3 knaccudeckodt TeopeMbl BioxkeHHs1 CobosieBa C/enyeT, UTO WllU C ]HI@U C Leo-
PackJsianpiBast Tenepb NpousBosbHylo dyHkuuio f € Wl B psaa no cucreme
LU

2 —-1/2_0
{(TL + 1) / n}HEZ
1
MoJiy4aeM ero CXOAMMOCTb B HU/Z, a 3HAYUT, U B Loo[0, 7). O

YCI/I0BHIO 9TOTO yTBEPKAEHHUS YIOBIETBOPSIET, B YaCTHOCTH, Ji00asi aGCo/I0OTHO HempepbiBHAs Ha [0, 7]
¢yHkuus f ¢ HocuTesleM, KOMIAKTHO JiexKalluM B HHTepBase (0, ).

[Tocko/bKYy MHOXeCTBO TaKHUX (PYHKLHH MJIOTHO B KaXKIOM M3 MpocTpaHcTB Ly [0, 7], a € [1,00), MBI
MPUXOAUM K CJIeYIOLIEMY YTBEPXKAEHHIO.

Yreepxknaenue 4.5. Cucmema {y°},cz cobecmeennsix u npucoedurennolx Gynkyuii 1106020 pezy-
asproeo onepamopa Lo noana 6 aobom npocmparncmse L]0, 7], o € [1,00).

HakoHel noka)eM BaxKHYI0 B Ja/jibHeHIleM OLEHKY pe3osbBeHTH Ro(A\) Kak omeparopa, AeHCTBYIO-
1mero B mpoctpaHcTBax L,[0, 7.

Teopema 4.5. [Tycmo Ro(\) — pesosvsenma peeyraprozo onepamopa Lo . [Toroxcum X = o + it.
Toeda 0ra mekomopoeo uucia ag > 1, 3a8ucaueeo moibKo Om KpaesovlX YCA08UL, Npu 8cex A\ 8He
noaocoet 11,y u npu ecex undexcax 1 < p < g < 0o cnpasediusa ouernka

”%0()\)“111)_)[/(1 g Cp,q‘7|_1+1/p_l/q (410)
¢ Koncmanmoii Cp, 4, 3a8ucaujeli moibKo Om p U q, HO He Om .

Hokazameavcmso. Bocrosnbdyemesi siBHBIM BHIOM GyHKUMH Go(t,x,\), nonydeHHbiM B Teopeme 4.1.
JlokaxkeMm, 4TO NpH HajJexalleM BbIOOpe YHC/Ia o Mbl MOXKeM J0OMThCS OLEHKH

|Ao(AN)| 7" < Coe Il (4.11)

BHe rnoJiochl 11, ¢ koHcTaHToH C), 3aBUCALLEH TOBKO OT KpaeBblX ycaoBui. Pazbepem cayyad Im A > 0.
[lonbepem ag > 1 Tak, urto

I T
| J12| + |J34] + |J32]e” ™ < §|J14|€ a0,

Torma npu Im A > ag nonyuum

—in i 1 in
1A0(N)| = |J1ae ™ — | J1g + J34 + J326™| > §|J146 A

a 3HAYuT,
|Ag(N)] 7 < 2] Jpg| eI ImAL
Cayya#t Im A\ < 0 aHajoruueH, u onenka (4.11) noxasana.

! Tpe6oBanue aGCOIOTHO!N HENPEPLIBHOCTH MOXKHO OC/IaGMTh, B3AB (DYHKUIHIO f HempepeBHOH M MMelollell OrpaHHueHHYIO
Bapuauuio Ha [0, 7] (cm. [112, Teopema 22]).
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BHauaJsie Mbl padbepem cayuail p =1, ¢ = oo. B atom cayuae

Ro(\ = O (t,z,\
1930 (M) [l1-00 | fnax tgg[gfﬂlggk(,w, ),

1 oueHka ||MRo(N)|[1500 < Cp caenyer us npencranieHusi (4.5) pe3o/bBEHTH KaK HHTErPaJbHOTO Ollepa-
TOpa U PaBHOMEPHOH OlLeHKH B HOpMe Lo, [0, 7] ¢pyHkuuu ['puna (cm Teopemy 4.1).
Tenepb paccMoTpUM ciydad p = ¢ = 0o. 3aMeTHM, 4TO

DWMMHm—mwlmx(/Wﬁwﬁwﬁﬁ/WﬂwMWﬁ
j=1,2 z€[0,7] J J
0 0

YuuteiBas (4.11), umeem

tﬂﬁm%ww—/ww%nw+/wwm»w<
0 0 x

| Jiz| + [ Jrafe™ ™ etm) |, |l + [ Jaglem A (r—z)tmA) _ €0
< .
< Ao L) P e (e )<

OcranbHble 3/1eMeHTbl MaTpULbl Go(t, , \) OLEHHBAIOTCS aHAJOTHUYHO:

N
|

y
>

0 < ﬁ (mr—z) Im A —zlm\) @
/|.912(t7x>)‘)|dt X |>\||A0()\)| (6 +e >
0

0 < ‘J13| (z—7) Im A zImA) ~ @
/|921(t,33,)\)|dt = ‘)\HAO()\” <6 te > = .
0

Hakouner,

Lﬂ%@%W£‘/@N%MW+/@N%MW<
0 0 x

—mImA 7 Im A
|Ji2| + [Jas|e <1+61’Im)\> o Jsal + | Juale <1+e(1’—7r)1m)\> e

S AW Al Ao(A)] AP
rage CO 3aBHUCHUT TOJIBKO OT KpaeBbIX YCHOBHﬁ. I/ITaK, Mbl HOKa3aJiu, 4TO
Co
Ro(A < .

Pasbepem Tenepn cayyail p =g = 1. 31ech

1Ro(M)l1-1 = max Jnax /\g?j(t,x,A)\der/\ggj(m, Aldz o,
0 0

U JO0Ka3aTeJIbCTBO OJHOCTbIO aHAJOTUYHO.
Tenepp MBI MOKaxkeM, 4TO C TOMOLLBIO TeOpeMbl 06 MHTEPIOJSALUN Hallle YTBEPXKAEHHE epeHOCUTCS

Ha cJydad Npou3BOJbHBIX HHAEKCOB 1 < p < ¢ < oo. [lpexne Bcero, paccMoTpuM cayudait ¢ = 0o, p —

MPOM3BOJIbHOE YKCI0 MexAay 1 u oo. [asi mpousBosbHoro 6 € (0, 1) mosoxum

1 1

a=——— n B=
1-0 [ 1-0
E = T

8|§

B cuny Teopembl 16.11 06 WHTepNONSAIUH, OLIEHKH
190N [cosoo < Col Im A ™ 1 [|90(A)[l1500 < Co

BJIEKYT
190\ |lass < Co| Tm A7~
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Tenepp mosoxuM 6 = 1/p 1 MOTYUHUM OLEHKY
IR0 (M llp—so0 < Col Im A ™2, p € [1,00]. (4.12)

Ilanee, paccMOTpPUM caydai p = 1, ¢ — Npou3BoJIbHOE ukcso Mexkay 1 u co. Toraa A/t MpoU3BOJNBLHOTO
6 € (0,1) oueHku
180N [[1500 < Co 1 [[Ro(N)[[151 < ColImA|™!

BJIEKYT
190 (M) lass < ColTm A| 7,
rie
1 1
10 6’ 19 0
T T = T1
[Tonoxkum 6 = 1/q, nosydaem OLEHKY
1%0(M)l1g < ColIm A9, g € [1,00]. (4.13)
PaccmoTpuM Temnepb caydyai MpoH3BOJIBbHBIX HHAEKCOB 1 < p < ¢ < 00. 3aMeTHUM BHayaJle, uTo
1 1 1
-——-< =<1,
p q p
a 3HAUUT
S Sy (1, 00] ns=—24L ¢ [1,00).
q—p Pqg+p—q

Torna ¢ yuetom (4.12) u (4.13) u3 oueHOK
[Bo(N) l1s < Col AT~/ 4 Ry (A) [ so0 < Co| Tm A ~H1/7=1/a

BBITEKAET, UTO
1980 (M llasp < Col Im A~ HH1/2=1/4,

rae
1 5 1
o= ——- =
1-9 | 0(g=p)’ (1-0)(pgtp—q) |, 6
T T Pq Pq T3
Haxkonewn, Bribupas
0 = _pa—q € (0,1),
pg+p—q
nosyuyaem oueHky (4.10). O

5. HEBO3MYLIEHHBIN ONEPATOP LIITYPMA—JINYBUIIL

Tak ke Kak u B ciayudae onepartopa Jlupaka, nprBeneM OCHOBHble (DAaKThl O HEBO3MYILEHHOM OIlepaTope
HItypma—JlnyBuaas. [IpakTryecku Bce (akTbl 3TOro pasaesa o6l1eU3BeCTHbl, U Mbl IPUBOAUM UX 3/1€Ch,
npexxje Bcero, AJs yno6cTBa yutatess. Kpome Toro, 31ech Mbl BBOAUM HECKOJIBKO ONpeesNeHHH, BaXKHbIX
IJ1s1 JajibHEeHIIero U3J/0KeHHs.

Hesosmyujennoim onepamopom Lllmypma—Jluysurrs HazoBeM onepaTop

Lowy=-y",  D(Lov)={yeW30,7], Ui(y) = Ua(y) = 0}, (5.1)

rae Uj, j =1, 2, — nBe JMHEHHO He3aBUCHMble (POPMbI BH/A

/ /
Uj(y) = uj1y(0) + oy (0) + ujsy(m) + wjay (7).

[Tpu aTomM MBI OymeMm cuMTaTh KpaeBble YCJOBHUSI Pery/sipHeiMH 1o Bbupkrody, T. e. Oynem CUHUTaTb Bbl-
NOJTHEHHBIM OIHO M3 YCJIOBHH

1) Jag # 0;

2) Jag =0, HO Joz — J1a # 0;

3) w12 = u14 = uge = ugq = 0, HO J13 # 0.

3nech yepes J;; Mbl, KaK U paHee, 0003HauaeM ONpee/UTe/1b MaTPHIbl KPaeBblX YCJIOBUH U, cOCTaB-
JIEHHBIH M3 COOTBETCTBYIOLIUX CTOJOLOB.
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Onpenenenue 5.1. B cayuae 2), ecau
Jiz2 + Jz4 = £(Jag — J14),

TO KpaeBble yCJOBHS HA3bIBAOTCS €Aab0 peeyasiproimu. PerynspHele, HO He cabo peryssipHble YCIOBHUS
Ha3bIBAIOT CUALHO peeYAAPHbIMU.

YrBepaenue 5.1. Cnexmp aoboco pecyarsprozo onepamopa Loy cocmoum us cobcmeennbLy 3Ha-
yerHutl

z0 = (\0)% n € N.
Jonoanum nocaedosamensrocmo {235 moukamu X%, = -\, n € N.
Toeda nocaedosamenvrocmo {A\0} ez, (30eco u daree Zg = 7\ {0}) ¢ mourocmoro do O(n~!)

umeem my e CMPYKMmMypy, 4mo u nocaedo8amesbHOCMb COOCMBeHHbLY Yuces onepamopa Jlupaka.
A umenro,

1
)‘2 = )‘20 + pn, 20e pp, =0 <E> ;n[ = oo,

a uucaa N\

n

n € Zg, MOXHO 3anucamo 08Yms cepuamu »xy + 2n u »1 + 2n. lpu amom
00 _ _ 400
AL, ==, n € N.

Hymepauuio uncen A2

ns M € Zy, MBI IPOBOAMM TaK »Ke, Kak U B cjayudae onepatopa [upaka. 3aduk-
cUpyeM MHOKEeCTBO

M={0<ReA<2 ImA>0}U{0<ReA <2 ImA\ <0}

3aMeTHM, YTO B 3TO MHOXKECTBO MOMajaeT POBHO ONHA TOUKA M3 CepPUH »p + 2n M POBHO OfHA TOYKa
u3 cepuu s + 2n. O6o3Haunm yepes A\’ Ty U3 3TUX Touek, KOTOpasi HMeeT MeHbIIYIO BelleCTBeHHYIO
yacTh, 1 yepe3 A9 BTOpyIo M3 napbl Touyek. EC/M BelllecTBeHHble YaCTH TOYEK COBMAAaoT, To uepes AJ°
0603HaUMM Ty TOUKY, KOTOPasi MMeeT GOJIbIIYI0 MHUMYIO 4acTb.

HakoHell, ec/ii TOUKM COBMaJH, TO MOJyuMBIIeecs ABYKPaTHOE COBCTBEHHOE 3HaueHHe 3aHyMepyem
AP = A0 3arem Bee Touku cepun A{°+2n sanymepyem A9, u, cootercTBeHHO, A3’ +2n 3aHymMepyem

)‘(2)3—2n

Yucna sy U 7] MOXKHO BbIUCcaTh siBHO. B caydae 1) (korma Jog # 0) umeeM sg = —1/2, s = 1/2.
B cayuae 3) s = 1, s = 2. B cayuae 2) s = —ilngj, rae (o U (1 = 1/{p — KOPHH KBaapaTHOTO
ypaBHEHHSsI T

(Jog — J14)¢* — 2(Jha + J34)¢ + (Joz — J14) = 0.

B caydae, Korga JIMCKpUMHHAHT 3TOTI'O0 YpaBHEHUsA paBeH HYJIO, BCe YHCJ/a )\QL ACUMIITOTUYECKH ABYKpaT-
Hbl. IMeHHO B 3TOM cjay4dae KpaeBble YCJIOBUA PeryadpHbl JUIIb cnabo.

Hokasameavcmeo. Tlonoxum A = /z, IpuueM BeTBb KOPHS 3a(UKCHpPyeM, BHIOpPAB apryMeHT 4Yncsa z B
nuanasone (—m,m|. OT ypaBuenus —y” = A%y nepefiiem K cucTeMe, CleJiaB 3aMeHy

Ay iy Ay iy
== - = = =4 =. 2
== 5 2T + 5 (5.2)
O6paTHasi 3aMeHa UMeeT BUJ i = # npu A # 0. B cayuae A = 0 ¢pyHKIHIO y MO’KHO BOCCTAHOBUTD
KaK i [(y1 — y2). YpaBHeHHe Ha COGCTBEHHble 3HAUEHHsI PHHHMAET BUJ
, y1(0)
Y1 i 0 (wn 2(0)
=A . , U =0, 5.3
<y2> (0 —Z> <y2> ) yi(m) ©.3)
ya()

rae mMatpuua U(\) paBHa

L fugg +dduiy uip —dduig iz +4iduig w3 —idugg
A \u21 + i uga U2l — tAuge U2z + iAuUs U2z — AU )
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, 1 0
Pemenusimu [MOJIy4Y€HHOU CUCTEMbI C Ha4aJbHBIMH YyCJOBHUAMHU (0 H 1

den=(%) n den=( %)

COOTBETCTBEHHO, a ob1ee pelieHrne uMeeT BUIL

> SBJISIIOTCS (PYHKLHH

y= w(l)e? + wgeg.

[ToncraBasisi 3T0 BEIpaXKeHHE B KpaeBble YCJOBUS, I0JydaeM CHUCTEMY

[u11 + iAute + (w13 + i ugg)e™Nw? + [urg — iduge + (u1g — idugg)e ™™ wl = 0, 64
[ug1 + idugg + (ugg + iAugg)e™ Wl + [ugr — idugg + (ugs — idugs)e ™ wd = 0. .
HeHOCpenCTBeHHbIMI/I BbIYUCJAEHHUAMU HaXOOUM OIpeneauTe b Ao()\) 9TOU CUCTEMBbI:
in(mA
Bo(A) = 2AJag cos(mA) — 2i(J12 + J34) — 2i(J14 — Jas) cos(mA) — 2iJ13%'

Orciona BuauM, npexnie Bcero, 4to |Ag(\)| sKCIOHeHIHaNbHO pacTeT NMpH yBesaudeHuu | Im A|, Tak 4To
BCe ero KOpPHH pacroJiokeHbl B HekoTopoi mosoce IT, = {A: [ImA| < a}, @ > 0, re o 3aBUCHT TOJIBKO
OT KpaeBhlX ycs0Bui U.

BuyTpu moJiochl MOXKeM BblIEJNUTb «CTaplide Mo MOpsiAKy» caaraeMble. O603Ha4UM

Ao(A) = Aoo(A) + do(A).

3nech
2\ Jay cos(m) B caydae 1),
Aoo()\) = —2i(J12 + J34 + (J14 — J23) COS(TF)\)) B cJaydae 2),
—2iJ13sin(mA) /A B ciIydae 3),

a GyHKuus do(\) MMeeT B JI06OM M3 CAydaeB Ha eIMHHUIY MeHbIIHH Mopsfok pocta. OTCiofa BbITEKaeT
(mpumensiem Teopemy Pyiie), uto kopHu dyHKLIHE Ag(A) U Ago()), KoTopbie Mbl 0603HaukM A0 u A9
COOTBETCTBEHHO, CBSI3aHbl COOTHOIIEHHEM
)\0 _ )\00 -0 l
n n - n :

Ilpu 3ToM HyMepauuio unces A0’ Mbl yXe ONMMCAJH Bbillle, a HyMepalHio duces ) BeieM Tak, 4ToGbl
ObLIO BLIMIOJHEHO 3TO aCHMITOTHYecKoe cooTHolueHHe. IIpu sToM aedexT Hymepauuu uucen \) pasen
HyJt0. /151 m0Ka3aTesbCTBa JOCTATOYHO NPUMEHUTh TeopeMy Pyllle Ha MpsMOyroJibHUKE C BepLIMHAMU
40 + i pu gocTaTtouHo 6oJbLIOM [3. O

3ameuanue 5.1. Hymepauus umcen A2 sadukcupoaHa Hamu ofHO3HauHO. IIpu 3TOM HyMepalus
uncen A\ noka HeonHosHauHa. TouyHee, oHa (DMKCHpOBaHa, HauMHas ¢ HekoToporo Homepa N = N (U).
Uucna A0 ¢ Homepamu n € [—N, N| Mbl MOKeM NepeHyMepOoBbIBaTh — 3TO He MeHseT aCHMITOTHUEeCKOro

COOTHOLLIEHUdA
1
0 00
A0 =204 0 <g> .

B nasnpHeiilieM Mpu 10Ka3aTeJqbCTBE PAaBHOMEPHBIX OLEHOK B aCHMIITOTHKE COOCTBEHHBIX 3HAUE€HUH HaM
MPUETCs 3Ty HyMepaluio yTouHHThb. [loka e moroBopumcsi, uto uucyao O (OHO Bcerza siBAsieTCs c00-
CTBeHHBIM 3HaueHueM 3anadu (5.3)) MMeeT HOMep Hyab, Bce uucaa A)| Jexallue B MOJYIIOCKOCTH
arg A € (—m/2,7/2|, umeroT HoMepa n € N, a yucsa ¢ OTPULATENBHBIMU HHIEKCAMH 3aHYMEPOBAHBI 110
cummerpuu: X0 = —\0.

J171s1 KOpPEKTHOCTH MOCJEHEr0 3aMETHM, UTO €CJIH TOUKa A SIBJsieTCs COOCTBEHHBIM 3HaueHHeM 3a-

aadyu (53) ¢ COOCTBEHHBIM BEKTOPOM <§jl> , TO TOUKa — A Takxe sIBJseTCsl COOCTBEHHBIM 3HAYEHHEM C
2

BEKTOPOM <y2> .
1
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YrBepxaenue 5.2. Cobcmeerroie 3HAUEHUS CUALHO peeyaapHo2o onepamopa Llmypma—Jluysuiis
Lo,y 00nokpamubl, Hauunas ¢ Hekomopozo Homepa N = N(U). Coomsemcmeyroujue HOpMUPOBAHHbLE
cobcmeennvie yrKkyu 4O umerom 6uo

X004, N0, 1
Rl) = 2(e) +2a), e ) = e 4 e P r@)lonm =0 (1) 655)

0

7 =0 npu yemrnom n u j =1 npu nHeuwemuom n. Yucra W s

mampuyet U.

edei=1,2,a 35 =0,1, onpedearsromcs

Hokazameavcmso. Co6CTBeHHble PYHKUUH (10 HOPMHUPOBKH) UMEIOT BUJL
0_,0 0
Yn = yl,n + yZ,n'
0

B cBoio ouepenb, GyHKuuu yf, pasHbl w?vnei’\gm v wgme*i’\%m. Ocraercs onpesesuTh yucaa wf, s
cuctembl (5.4). IIpn 5TOM HaM HYXKHO JIMIIb [0Ka3aTh, YTO OHH 2-MIEPUOAMYHbI M0 7 ¢ TOYHOCTBIO JI0
C/IeyIoWKX 10 TIOPSIKY TOMPaBOK.

Janee caenyer nepe6op caydaes. Ecan, HanpuMep, OTJIMUEH OT HYJISl ONPEENUTENb Joq, TO MATPULLY

KPaeBbIX YCJOBUH MOXHO NMPUBECTH K BULY

U1l 1 uis 0
u21 0 u923 1/

Torna u3 mepBoro ypaBHeHHUSI CUCTEMbl HMEEM

iMNw] —wd) +0(1) =0,

T. . MOXHO B3aTh wi =1, w§ =1+4+0(n"1).
Tax e JIerko pasGupaercst TpeTHi ciydaii, rie noaydaem wf | =1, wd, = -1+ 0(n').

Bropo#l cayyait yyTe Gosiee cjloKeH. 3/1eCh BCerja MOXKHO NPHUBECTH MaTpuly U K BULY
U1l U2 U113 U4
ugr 0 weg 0 )7
3aTeM MOXKHO 3aMeTHTh, UTO UNCJA Ug] U Ugz HE MOTYT OOHY/ATbCS OIHOBPEMEHHO, HE MOTYT OBITb PaBHBbI
M He MOTYT OTJHUYAThCs JHILIb 3HAKOM (YCJIOBHE CHJIBHOH PETYJSPHOCTH). 3HAUUT, 3[€Ch AOCTATOYHO
pasobparb TpH moacayyas: ug; = 0 U ugg = 1, 160 HAOO0POT, JAUOO0 ugy = a # £1 U ugz = 1.
Ilns nmpumepa pasbepem TpeTtuil (oH Gosee caoxeH). M3 Broporo ypaBHeHusi cucteMsl (5.4) nmeem
i A%0 -1 —imA90 -1
(a+e™ (1400 ))wl, + (ate ™ (1+0n )b, =0,

OTKYyZa U CJefyeT 2-TepUOANYHOCTb PeLIeHUH C MaJbIMH MONPaBKaMH.
. s 0
HopmupoBka coOCTBeHHBIX (DYHKLHI He HapyllaeT YTBEPKAEHHUsI, IOCKOJIbKY HOPMbl (DYHKUUH ¥y, TaK-
JKe 00pasyloT 2-nepruoguyecKyio Moc/el0BaTeNbHOCTb C TOUHOCTBIO 10 MONPABOK HA €AWHHULY MEHbLIEro
nopsiaKa. O

1+ Y2
JlokazaTeibCTBO TMOCJENHEr0 YTBEPKIEHHS MOKA3bIBAET, YTO C TOYHOCTBIO JIO 3aMeHHl y = yrye

co6cTBeHHble (yHKUMU oneparopa Utypma—JInyBunnas coBnagaiT ¢ COOCTBEHHBIMU (PYHKLHUSIMH OIle-
paropa Jlupaka ¢ TOYHOCTBIO 10 ompaBok nopsinka O (A71).
BBeneMm cienytoumye o6o3Hauenns. bynem nucate, yto GpyHkuus a(A) paBHa |b(\) ]|, ecan

a()) = b(N) + O G) .
AmnaJjioruuso,

a(xz,\) = [b(z,\)|, ecmn a(x, ) = b(x,\) +r(z,\), rae sup |r(z,\)| =0 (l> )
z€[0,7]

an(x) = |bp(x)], ecmut an(z) = by(x) + ry(x), toe sup |rp(x)] =0 <l> :
z€[0,7] n

B TaKUX O603HaquI/IHX npenbmymee YTBep}K,ZLeHI/Ie HpI/IHI/IMaeT BUL
0 _ 00
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O6cynuM BUA pe30sbBEeHTHI HeBo3MylleHHoro omnepatopa ltypma—Jluysunns. B cienyromem yTBep-

XKIEHHH MBI [OKaXKeM, KaK 10 npaBoil yactu f € Lo[0, 7] BoccTaHaB/MBaeTCs napa <§/,> .

Teopema 5.1. Pezonvsenma Ro(\) = (Lo — M)~ peeyasprozo onepamopa lImypma—Jluysuirs
Lo,y ABAAEMCS UHMESPALbHBLI ONEPAMOPOM C HenpepuLeHblM UHMeSPaLbHbLM S0POM

1
GO(ta$a>‘) = _(9?1 +g(1)2 +g(2)1 + 982)(t,33, )‘)7

2\
ede pynkyuu g% (t,z,\) obpasyrom mampuyy Go(t,z, \), npuuem
LD A T
(;j) -1 ( Z. _Z.) [ ottt (5.6)
0

ede f = (;)

Gyukuyus Go(t,r,)\) Henpepoiena na keadpame (x,t) € [0,7]? sa uckarouenuem duaeonaru v = t
u umeem 6u0

iN ei)\(x—t) (|5]12J + LJ14J e—i7r)\) _ LJ24J 6i>\(:c+t—7r) >
Go(t,z,\) = ot S . 5.7
0( € ) A(]()\) < —{Jng ez)\(w x—t) ez)\(t x) (_ LJ12J + I_JZSJ em)\) ( )
nput<xzu
i\ eiz—1) (_ |.J34J + {J23J ez‘wA) B £J24J eiM(@+t—m) )
Go(t,z,A) = (i (L » 5.8
0( € ) AO()‘) < —{Jng AT —2—t) eiAt—z) (£J34J + LJ14J€ Mr)\) ( )
npu t > x. 3deco
sin(m\)

Ag(N) = 2XJag cos(mA) — 2i(Ji2 + J34) — 2i(J14 — J23) cos(mA) — 2iJ13 o

a cmenens j pasna 1, 0 uau —1 8 cayuasx peeyarsprocmu 1), 2) u 3) coomsemcmesenHo.
Bre 6-kpyackos ¢ yenmpamu 6 nyasx N\ onpedeaumeas Ao(N\) (8 uacmuocmu, eéne nexomopotl
noaocel |Im | > r) ¢ynkuus Go(t,x, \) ydosremsopsiem ouerke

‘GO(t7x7 )‘)| <M

¢ Hekomopou koncmanmoti M, 3asucauieti om Kpaesolx ycaosuii u uucaia § (uau r), Ho He 3a8ucsujell
omx,tu A

Jlokazameavcmseo. OueBUIHO, UTO

La] f(A) - [b]g(A) = [ab]f(A)g(N).
TOI‘LLa AOCTAaTOYHO [NOBTOPUTDL A0Ka3aTEJbCTBO TEOPEMbI 41, MEHAA 3JIEMEHTbl MAaTPULLbI KpaeBbIX YC.HOBI/Iﬁ
Z/[()\) _ ull)\il + 212 )\7111,11 — U192 )\71'&13 + U4 )\71'&13 — U714
UQl)\il + 299 UQl)\*l — U9 UQg)\*l + tu9q U23)\71 — U9y
wji Ha |uji]. JelicTBUTENBHO, B c/lydae 1) U3 omnpelesieHHst PETYJNSPHBIX KPaeBbIX YCJIOBHH HMeeM
U = lu2] —|ui2) |u1a) —[u14]
luga] —luoz) |uoa] —|uod]
[Ipx 3TOM yC/IOBHSI PEryJsiPHOCTH IJIABHOM YacTH KPaeBbIX YCJIOBMH BBITNOJIHEHbI, TOCKOJIbKY OMPeAeH-

TeJIM, COCTaBJIeHHbIe U3 [1€PBOr0-UeTBEPTOr0 U BTOPOrO-TPETHErO CTO/OLOB, OTJIUYHBI OT HYJIS.
B ciyuae 2) Bcerna MOXXHO JMHEHHBIM NpeoOpa3oBaHUEM OOHYJIHUTb Uge M Uz, YMHOXKHUTb BTOPYIO

CTPOKY Ha A, Tak 4To
U = luiz]  —|wi2] |wia) —|ui4]
u21 U21 Uu23 u23
31ech ycJ0BHE PETYJSPHOCTH [VIaBHOH 4acTH MaTpHUILbl U UMeeT BHJ
U2U23 + Ug1u14 7# 0

(ycnoBue Joz — J1g # 0). Cyuait 3) oueBuzeH. O
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SIBHBIN BUA Pe30JibBEHTH M ee OYeBHIHAS CBf3b C PE30JbBEHTOH COOTBETCTBYOLIEro oneparopa Ju-
paka M03BOJISIeT HaM JIEKO IMepPeHeCTH Pe3y/bTaTbl, JA0Ka3aHHble B MpeAblAyLleM pasfefe, Ha cjaydah
oneparopa Lo 7. B gacTHoCTH, MOTyyaeM KJIacCHYeCKHH pe3yJbTaT 0 6a3UCHOCTH CHCTEMbl COOCTBEHHBIX
¥ NpUcoeIvHeHHBIX QyHKIME onepaTopa Lo 7. MBI IPUBOAMM TOJBKO CXEMY JOKa3aTe/bCTBA, HOCKOIBbKY
3TOT (haKT Xopollo u3BecTeH (cM., Hanpumep, [20]).

Teopema 5.2. Cucmemy cobcmsernolx u npucoedurerHolx QyHKyuti 1106020 pecyiipHoeo onepa-
mopa Loy MOxHHO 8bL6pame mak, umo oxa obpasyem 6asuc Pucca & npocmpancmee Lo[0, 7).

1 -1
Jlokasameabcmso. Matpulia 3aMeHbl ( ; z) 3a7laeT HeBbIpOKAeHHOe mnpeobpa3oBanue B H. Ilo-

3TOMY JI0CTAaTOYHO 10Ka3aTh 6asucHocTb B H cuctembl {yV}, rme y9 = <z(1)”> :
2n
ToiHOTa 3TO# CHCTEMBI BBIBOLMTCS MOBTOPEHUEM N10Ka3aTesbcTBa caenctsus 4.1. BasucHocTb cienyer
us Teopembl 4.3 u Teopembl Bapu—Boaca B cuiy KBampaTHuHOH Gan30CTH cucTeMbl {yD} K cucTeme
{y%} (nocnennior cucteMy Mbl onpefesisieM Kak CHCTEMY COOCTBEHHBIX H MPUCOEIMHEHHbIX (DyHKIHMH

onepatopbl Jlupaka ¢ MaTpuLell KpaeBbiX YCIOBUN — [VIaBHOH YacTbio MaTpuibl U (N)). O

6. ACHUMITOTHUYECKUE ®OPMYJIbl g PCP

31ech MBI IOJYYUM Pe3y/nbTaTbl 00 aCHMIITOTHYECKOM TOBeIeHHH (DyHIAMeHTaJbHONU CHCTEMBI pelle-
HUH ypaBHeHusi £(y) = Ay npu GOJBIIKUX 3HAUEHHUSIX KOMIJIEKCHOTO napametpa A. [Ipu 3ToM Mbl poBenem
paccyxeHHs1 OLHOBpeMeHHO W AJs 3anaud Llrypma—JIuysuans, u ansa ypaBHenus Hupaka. s satoro
Mbl 3anuiieM o0e 3TH 3afadyu B oOLIeM BUIe, CBeAs K CHCTEMe ypaBHEHHUH THIla

y' = ABy + A(x)y + C(z,\)y

Pesyibrarel 3TOr0 pasmena BJASIOTCS KJAIOUYEBBIMU B HalleM HCCAELO0BAHUM.
BHauasie mokakem, Kak CBECTH ypaBHEHHE

" _ 12
—y" +q(z)y =Ny
K cucteme Thna Jlupaka. Jlis enMHOOGpasusi Mbl MeHseM 3/lech cleKTpaJbHbIi napameTp Ha A2. Kpowme

TOr0, 3aMeTHM, 4TO JIHHeHHBIM Mpeobpa3oBaHueM oTpe3ok [0, c| mepeBomutcsi B oTpe3ok [0,7], U B
fanpHellleM OyneM BCIOLY NosaraTb ¢ = 7. Mrak, cienaeMm 3ameHy

_ @) _y@)
rie yM(z) = o/ (z) —u(x)y(z), ¢ = u'. Tlonyunum cucTeMy OTHOCHTEJBHO BeKTOpa y(x) = (y1(x), y2(x))t:

=y D )= (28 )t

O603HauMM TpU MaTpHLBl B IPaBO yacT 3ToH cucteMsl yepe3 B, A(x) u C(z, \) COOTBETCTBEHHO, T. €.
3alulleM CHUCTeMY B BHJE

y'(z) = ABy(z) + A(2)y(z) + C(z, N)y(@). (6.1)
OrtmetuM, uyto ssnementsl Matpul A(z) u C(z, \) cymmupyemsl Ha x € [0, 7], a
1C(z, N[z, =01 mpu A — oo
Hnst cucremsr [lupaka, 04eBHIHO,
A(z) = (Z;Eg Z;igg) = —BP(z) = (Z-p;)@) ng(x)> ;
aC(z,\)=0

[TonyueHHasi enuHas 3amuchb MO3BOJISIET HAM Jajiee B 3TOM pasnese pabdortaTb ¢ cucremod (6.1). Ha-
Ia 1eJb — MOJMYYHTb aCUMOTOTUYeCKHe (DOPMYJbl A/ (PyHAaMEHTaJbHOH MATPUIBI PEIIeHHH CHCTEMBI
Y(z,A),

Y = (AB+ A(z) + C(z,\)Y,
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npu A — oo. MBI IpoBeieM pacCyKAeHUst OTAEJbHO /sl BepXHEH U HUKHeH moJynaockocTu. O603HauUM
Gir={AeC:ImA>—r},
roe r > 0. AHaJIOrHYHO,
—r={AeC:ImA <}
O603HauuM elie
II, ={AeC: |[Im\| <r}.

J17s1 OLleHKH 0CTaTKOB BBeleM (DYHKIHHU (Be3/e MoJsiaraeM HHTerpas paBHbIM HYJII0, €C/IH HHXKHUU Tpejies
GoJiblile BEPXHETO)

ven(sad) = [an@N 0 dt vina == [ a0 a,
5 max{z,s}
z min{z,s}
Ut 21(8, @, \) = /alg(t)e%)‘(mt) dt, vyo(s,z,\)=— / alg(t)e%)‘(s*t) dt, \e Gy,
s 0
v_q1(s, @, \) = /alg(t)e%)‘(ts) dt, wv_i2(s,z,\) = — / arp(t)e”2AE2) gy
s max{z,s}
T min{z,s}
v_21(s,x, \) = /agl(t)e_QM(x_t) dt, v_ (s, z,\) = — / an (t)e 2 D gt Ae G,
s 0
Hnsa A € G4, MOI0KHM
Ti(N) = max lut jk(s, 2, ). (6.2)

s,2€[0,7], ,k=1,2
B noJqoce II, 3 A psis oLleHOK yn0OGHO HUCIOJb30BaTh (DYHKIHIO
To(A) =TL(N)+T_(N). (6.3)
Hanomuum, uto
a=A@)L = Y llag@)L-
J, ke{1,2}
O603HaunM elie

I

nasi ypaBHenusi Ultypma—JInysunas u y(A) = 0 pas cucremsl Jnpaka — ouerka matpuusl C(z, A).
[Tos02xuM

G:I:,T’,O = {)\ S Giﬂn : ‘)\‘ > A()},
Hno = {)\ eIl, : |)\| > Ao},

= max A).
v |A\>A0M )l

B cayuae cucremer Jupaka Bo3bMeM Ay = 1, a nasi oneparopa Lrypma—JIlnyBusias nonoxum

2 2
TR T
2 Al

(mpu w = 0 cuuraeMm u 3gecb Ag = 1). dror BbIGOp uHcaa Ag obecriedrBaeT HaM OLEHKH |A| > 1
u v(\) < a. B mpouecce nokaszatesbcTBa OCHOBHOH TeOpeMbl Mbl, BO3MOXKHO, YBEJHYHUM 4HCI0 Ay
HeoOXOAUMBbIM HaM 00pa3oM.

Jlemma 6.1. [Ipu |\ — oo, A € G4, sonoaneno Y(X) — 0. Ecau |A| — oo, X € Il o, mo
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Hoxasameavcmso. IlpoBeneM paccyklIeHHsl 1/ BepxHeH nosymnaockocTd. PakThyeckH, Hallia JemMma
ecTb BapuaHT JeMMbl Pumana—JlebGera. 3aduxcupyem majoe £ u npubausuM B Lq[0, 7] OYHKUHH Gy,
IJaAKAMH QYHKLUUSMH Ppy, C TOYHOCTBIO 10 €. Torma

T\ apm) — T (N pim)| < 2ee™.

[loncraBnsisi py,, B MHTErpanel Ans vy ji(S,Z,\) BMECTO aj, W NPOBOAA B HHUX HHTErpPHPOBAHHE IO

qacTdaM, IMoJYyYHUM
r

4e
Ty (A pim) < 7 Pl -
A !
Yerpemasisi |A\| — oo, nonydaem oueHky Y4 (A) < Ce. O

[1aBHBIM uJIEHOM aCHMITOTHKH GYHKUHMH Y (z, A) OKaxKkeTcs MaTpuLa

ei)\z 0
8(3’}7 )\) - ( 0 e—i)\a:> ) (64)
petenue cuctemsl npu A = C = 0.

Teopema 6.1. B obracmu Gy .o cucmema (6.1) umeem ¢ynoamenmanvryo mampuyy peuleHuts
Y (x,\) suoa
Y+(‘T’ )‘) = (I + A+(Q?, )‘)) 8(.%‘, )‘)7 A+({L‘, )‘) = (O“r,jk(x7 )‘))7 ede
mas oy (- Mllcios] < COL+(N) +7(N). @ €= Clarr). (6.5)

Boaee moeo, 8 G o mampuya A (x,\) donyckaem oyeHKy
max ey i Ml 0. < Cla,7,7) AL (6.6)

)

B obracmu G_ ;o umeem mecmo anaroeuuroe npedcmasnerue ¢ 3amenoti Yo (xz,\) Ha Y_(z,N), a
Y na Y_.

Jlokasameavcmso. Ilpoenem paccyxpaenus nas obnactv G4 .o. Bynem nckath pemenue B Bune Y =
le({L‘) 212(33)
221 (.’L‘) 222(33)
z91(m) = 0, 292(0) = 1. Torna cucrema (6.1) npumer BUJI

7' = N(BZ — Z.B) + (A + C)Z. (6.7)

ZE, roe s 3J1eMEHTOB MaTPULBl Z = < ) 3atukcupyem ycaous z11(0) = 1, 212(0) =0,

_ [~ _ [#12 s :
O6o03HauuM z) = )= U nepeiliieM K HHTerpajbHbeIM ypaBHeHHsAM. [Tonyuum:
22

21
1 0
zZ| = <O> + Vizq, Zy = <1> + Vaz,

(011 (t, )\)211 (t) + (alg(t) + Clg(t, )\))2’21 (t)) dt

rae

; (6.8)

,_.
N
N W
N =
—= =
&8 8
==
~_
Il
C—x5

((ag1(t) + ca1(t, X)) 211 (£) + coa(t, N)zo1 (£)) €2 E=2) gy

xT

[ (e11(t, M) z12(t) + (a12(t) + cra(t, X)) z02(t)) e2X =Dt
) - - . (6.9)

({ ((a21 (t) + C21 (t, )\))Zlg(t) + Co29 (t, )\)2’22 (t)) dt

TlokaxkeM, 4To MHTerpaibHble onepatopsl Vi () u Vo()\) orpannyenb kak onepaTopbl U3 (Loo[0,7])? B
(Loo[0,7])? BeuunHamu, He 3aBUcAWUME OT A € G4 ;0.
JleficTBUTENIbHO, U3 MpencTaBieHui (6.8)-(6.9) cpasy cienyet, uto

WVilbwosie <€ (@+7), j=1,2
2

rie a = ||Al|L,. Bosee Toro, kBagpatsl onepatopoB Vi(A) u Va(A), mefictBytomux u3 (Loo[0,7])° B
(Lool0,7])?, ABASAIOTCA CKMMAIOLIMMH NP GOMBIIMX 3HAYEHHSAX |A|.

z12(x, \)
v (22
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PaCCMO’I‘pI/IM CHaydaJia ornepartop Vl. HeHOCpeﬂCTBeHHbIMI/I BbIYHCJIEHUAMH Y6e)K,U,aEMCH B TOM, 4YTO

Vi(Va(za (2, \)) = wa(z, A) = (“’“W)) ,

w1 ($, )\)
rue
T t
wn(x, )\) = / Cll(t, )\) /(611(8, )\)211 (S) + (alg(s) + 012(87 )\))221 (s))ds —
0 0
— (a12(t) 4+ c12(t, ) / a21(8) + c21(8,A))z11(s )+022(s,)\)221(s))62i>‘(3t)ds} dt =
t
r 1
= /Ku(s,x)zn(s)ds + 0 <X> , G032 A — 00,
npuyem
min{s,z}
Ki1(s,z) = —a91(s) / alg(t)egik(s_t)dt = a21(5)v4 22(8, , \);
0
s t
w1 (.’L‘, )\) = —/ (CLgl (t) + Cll(t, )\))62i)‘(t_x) /(611(8, )\)211(8) + (alg(s) + 012(87 )\))221 (s))ds —
T 0
— coa(t, N)ePAE) / ((ag1(s) + c21(s, X)) 211 (s) + caa(s, A)zzl(s))GZi)‘(St)ds} dt =
t
7 1
= /Kg(s,x)221(s)ds +0 (X) , Gir02 A — 00,
0
npuyem
Ko (s,x) = a1a(s) / az ()P M0 ds = a19(s)vy 12(s, , N).
max{s,z}
AmnaJjioruuso,

fagl 'U+ 21 S, T )\)212( )d
212 _ l
w((2) (3)
falg 'U+ 11 S, T )\)222( )d

Tenepp 3ameTum, uTO
1 K11 Lo < [nax /|K11(s,a:)|ds < Jlag1 || n, max |vg 22(s, z, A)| < aX L (A).
<o S, T

Takue ke oLeHKH crpaBefIMBbl A/ APYTHX HHTerpanbHbiX aaep K. Otciona u us nemMmbl 6.1 caenyer,
uTo

(Vi) llze < 4la+7)e*™ (T4 (N) +7(A) =0, [\l =00, j=1,2.

3uauut, onepatopsl (V1(A))? u (Va()))? neficTBUTENbHO ABIAIOTCA CKUMAIOWMMH B Loo[0, 7] ipu 60.1b-
IIHMX 3HAUeHUsX |A|, A € G4 .
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Bepremcs k cucreme (6.7). O6o3naunm z! = z1(0) = <1> , 29 = 75(0) = (?) . IIpencraBum perieHue

cucTeMbl B Buje (moka (opMasbHOro) psina

o0

zr =7 + Vi(N) Y (Vi(V)"zg, k=1,2.
v=0

M3 sT0i1 3anucH U U3 orpaHUdYeHHOCTH omepartopa Vi (), nefictBytomero U3 Lo [0, 7] B Loo[0, 7], BUAHO,
4TO JIOCTATOYHO JI0KA3aTh CXOAMMOCTb psiia Mo HOpMe Lo [0, 7]. Ilis 3TOro mepenuiieM ero B BHAE

2k = 7 + Vi(N)Z) + Y (Ve(W))> (Vi(V)’2] + (Vi(V)’2)) -
v=0

YBenmuuM, ecnu Hajo, 4uciao Ag Tak, 4ToObl Npu BceX A € G4 .o ObLIO BEIIOJHEHO HePaBeHCTBO
(Vi) [l < 1/2.
DTO rapaHTHPYeT CXOAUMOCTb psia B HOpMe Loo[0, 7| U 1aeT oLeHKY
1z — 23 = Vi(NZg 1o < 2[[(Vi(N))?2) + (VeV) 22|, (6.10)
Yenoumest panblue o6osnadats zy = (Vi) zy. U3 orpanuuenHoctd ||Vg||r.o .. CleiyeT oleHka
24| Lo < €™ (a+ 7).

Beenem ¢pyHKUINM

~1 - 0 ~1 fa12 (t)62i)‘(x_t) dt
Z = _fa21(t)€2i)\(t—:c) dt | Z3=1o0 0

— OHH TOMy4alOTCst W3 PYHKLUKA z] U z) 0TOpachiBaHHEM BCEX C/laraeMbiX, COAEPKALMX QYHKLHH Cj.
Jlerko BuzmeTh, uTO

lzx — Zi ]| Lo < (7 +1)X (M)

/i% _ 0 Azfl _ U+,21(07 z, )‘)
U+712(0, Z, )\) ’ 2 0 ’

TaK uto ||Zi||r.. < T4(\). U3 3TUX ABYX HEpaBeHCTB CJEAYET, UTO

3aMeTUM ellle, 4To

1251 Lo < (m+ D)™ (T (A) +v(N). (6.11)
TaJjee,
122 e < Vil oo Lo 1201 Lo < (74 1) (@ 4+ 7)™ (T4 (A) +v(N)),
123 ]| Lo < IVl oo Loo 1Zi] Lo < (74 1) (@ 4+ 7)€" (T(A) + 7(N)).

Wrak, coraacuo (6.10),
1z — 23 — 24l Lo <207 + 1)(a+7)(a+7 + D™ (T (A) + (V).
YuutbiBas (6.11), mosyyaem
12 = 2R/l < C(LL(A) +7(N),

roe BenrdnHa C' 3aBUCHT TOJIBKO OT a, y ¥ r. MBI 10Ka3a/i nepBoe yTBEPKAEHHE TEOPEMBI.
Bropoe HepaBeHCTBO mosydyaercst U3 nepsoro. 3ametuM, 4to Yy (A) +v(A) < C(a,~,r), a 3HauurT, U
|z L. < Cla,v,r). Hockonbky zy = 2y + Vizg, TO

1z — 2R llwy < IVill i l2ellLa < Cla,y,m)IAL
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3ameuanue 6.1. M3 nokasarenbcTBa TeOpeMbl BUAHO, UYTO YHUC/IO A MOJHOCTbIO ONpeessercs Ia-
pameTpaMH a, Y U r W XapakTepoMm yObiBaHHs K Hy/10 (yHKuud Y (A). A uMeHHO, Ham TpebyeTcs
BBITOJIHEHHE HEPaBEHCTBA

Lo+ 1)) +90)) < 5.

YuuteiBasi, uto v < a (MBI TaK BBeJH YUCIO Ag), 1OCTATOYHO 0OECNeYUTh HEPABEHCTBO
6—27r7’

T +7() € o

B ciyuae cucrembl [dupaka ciaraemoe y(\) paBHo 0, ¥ MosydyaeM OKOHYaTeJbHO
€

Ay = max < 1,inf TN < VA€ Gipy |A > }}
0 { {“ N < il + Tpale) o A=

JLnst cucTeMBbl, BO3HUKAIOIIEH NpH HccaenoBaHuu omnepatopa Ltypma—JInyBuiis, onpesneseHue uuca
Ay 4yTh caoxHee:

—27r

—27r

<X WeG,,, M>upll (612
520l o A “}} (6.12)

JanbHelmas KOHKpeTH3alKs ynucsa Ay B o0L1ell cutyanun HeBodMoxHa. XoTa Y (A\) — 0 pu |A| — oo,
HO yOBIBAaTb K HYJIO 3Ta BeJMYHHA MOXKET «KakK YrOAHO MeJJIeHHO». 3aMeTHUM, BIIPOUYEM, YTO 3[€Ch MBI
BCerJa MOXeM IN0’KepPTBOBATb SBHBIM BHUAOM 00sacT Gy 4, U CIHTATDH, YTO

Ao::nunc{l,32e%”nu|LJhﬁ|Ll,inf{;L:'r+<A>

6—27r7’
Go4r = {)\ €Gir: A>1, TL(A) < }
16(|lp2llz, + [Ipsllz,)

B cjydae onepatopa [lupaka u
e—27rr
Go4,r = {)\ €GN >1, A > 64 |ullr, v, Yo\ < 7}
32|ul L,
B cay4ae oneparopa lrypma—Jluysuans.
OtmetuM, 4TO noaxonsilled A/d Hac acUMOTOTHKOH B G4, U G_, 006/1a1al0T HeKkomopbi.e MaTpu-

ubl GyHIaMeHTa bHBIX pewieHu# Y (z,A). B mosoce II, cuTyauusi ynpouiaeTcsi, B UaCTHOCTH, MOXKHO
3aukcuposath ycaoBue Y(0,A) =L

Canencreue 6.1. B obracmu 11, o pyndamenmarvras mampuya peuernuii cucmemol (6.1) ¢ nauare-
Hotm yeaosuem Y (0,\) =1 umeem acumnmomuxry

Y(z,A) = ([ + Az, \)E(x,A) = E(x, A) + R(z, A), R(z,A) = (rju(z, ), Az, A) = (i, N)),
ede mf]iCX Hrjk('a )‘)”C[O,w] < C(TO()‘) + ’Y()‘))’ a C= C(a/%?a)' (613)

Kpome moeo, 6 11, o mampuya A(x, ) donyckaem ouyenky
mase i (- A) o, < Cla.7.7). (6.14)

Hokazameavcmeso. OTMeTuM mpexje Bcero, 4to B moJjoce II, snementsl matpuu E(x,\) u Yy (x,\)
paBHOMepHO 10 z € [0, 7] orpaHuuensl BeanunHoit C(a,~,r). [Tycts Y4 (z, \) — MaTpuua, nocrpoeHHas
B Teopeme B o6aactu G ;.o O Il . 3ametum, 4to

Y+(0> )‘) =1+ .A+(O, >‘)a

rae saeMeHTbl MaTpuubl A (0, ) gonyckaioT oueHky BeauduHoid C(a,~y,r) (T (N) + v(N)).
YBesnuKBast pH HEOOXOAUMOCTH Ao, MOJYYHM MpelcTaBleHHe

YH0,0) =T+ AL (N),

rae 3JIeMeHThl MaTPHULbL fl+ ()\) JIOMYCKAIOT TAaKYIO XKe OLIEHKY B Hn(]. Jlyist moKa3aTeJbCTBa OLIEHKHU (6.13)
AJOCTATOYHO 3aME€TUTb, YTO
Y(2,A\) = YN0, )Y (2, ),
OTKyza
R(z,\) = Ay (z, ) E(z,\) + AN Y, (z, ).
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Has nokasatesberBa (6.14) 3ameTuMm, UTO
Az, A) = Ay (2, A) + AN) + AN AL (2, ).

Bce ssemenTsl MaTpuubl A, (7, \) orpanuyensl no Hopme npoctpanctsa Wi[0, 7] senuuunnoit C(a,y,r),

a sneMeHTbl Matpuubl I + A(\) He 3aBUCST OT & M JOMYCKAKT aHAJOTHYHYIO OLEHKY, OTKy[Aa BbiTeKa-
et (6.14). O

7. OUEHKM ®YHKUMIA Y (A) U Yo(N)

Tenepb Haiia Le/b — MOKa3aTb, YTO MPU JIOMOJHUTEbHBIX YCJIOBHSIX Ha MOTeHUHan ¢(x) omepatopa
[Irypma—JluyBunas uiau P(z) omepatopa [lupaka MOXKHO TPOSICHSITh XapakTep yOBbIBAHHS K HYJIIO
dysxuni Yo (N).

Mtui 6ynem pabotaTs ¢ pyHKIHeH Y4 (\) B BepxHell nosmyniockoctd Gy , — pacCyKAeHHUs 1JIs HUKHeH
NOJyNJA0CKOCTH (G, TMOJIHOCTBIO aHA/JOTHUHbl (MeHseTcsl JHILIb 3HaK B I[10Ka3aTe/gX 3IKCIIOHEHT), a
nosoca II, sBaserca nogmuoxecTBoM G4 .

[IpuBenem onpeneseHue NpocTpaHCTBa XapAH, HeOOXOAHMOe HaM /IS fajbHeHIINX pacCyKAeHHH.

Onpenenenne 7.1. [Ipocmparncmsom Xapou H® B momymmockoctd Gy, = {z =x +iy: y > —r},
r > 0, Ha3piBaeTcsl 6AaHAXOBO MPOCTPAHCTBO AHAJIUTHUECKUX (YHKUHE ¢(z), O/ KOTOPBIX KOHEYHa
BeJIMYMHA

1/s
sup <f lp(z + iy)|5d$> , ecad s € [1,00),
lpllms = q v>r \R

sup sup |p(z + iy)|, eciu s = +00.
y>r zeR

Ipocmparcmeom Xapou H?® B monoce I, = {z: |Im z| < r}, r > 0, Ha3biBaeTCcss 6GaHAXOBO MPOCTPAH-
cTBO rosioMopdHeix B II, pyHKUHE ¢ KOHEUHOU HOPMOH
1/s

l¢llgs = sup /|cp(a:+iy)\s dx , 1<s<oo
yl<r \%

(mpu s = 0o MHTerpa/ 3aMeHsieM Ha CYNpeMyM).

Mbi yxe 3HaeM, 4TO
Ti(A)—=0 mpu G4, — occ.

Teopema IIsnu—Bunepa yTBep:KaaeT, UTo OLHOCTOpPOHHee NpeodpazoBaHue Pypbe

o0

fo) = / e F (1) dt

0

mo6oit pyuknmu f € Ly(R), p € [1,2], ectb yHKuMs npoctpancTBa Xapau HP' ¢ cONpsyKeHHBIM HH-

nekcoMm p’ = Ll (mJ1sl KPaTKOCTH JNaJbHEHITHX (OPMYJUPOBOK JOTOBOPUMCS Besfie najee 0003HAYaTh
p —

IITPUXOM COTIPS2KEHHBIH HHJEKC).

OxasbiBaetcst, uto GyHKuus Y (A) o6nagaerT aHaJOTHUHBIMU cBoicTBaMu. KoHeuHo, 3ta (yHKUUS
He MOXKeT JIeXKaTb B NPOCTPAHCTBe XapaH, MOCKOJbKY OHa He aHaJWTHYHA IO nepeMeHHOH A € Gy .,
HO CBOWCTBAa AHAJUTHYHOCTH M MMAAKOCTH (DYHKUHMH Yo(\) Hac He HHTEPECYIOT, HAM HHTepeceH ee
«Xapakrep yObIBaHHUsI» TIPU || — 00.

B naHHOM pasnese Mbl MOKa)keM, 4TO B 3TOM OTHOLIEHHH CBOHcTBA (YHKUHUH Yy (\) MOJHOCTBIO
MOBTOPSIOT CBOHACTBA (hyHKLMH mpocTpancTa Xapau HP' (Cy).

[Ipexxae Bcero, Mbl nepenuumeM QYHKUMH U4 ji B CIeLYIOIEM BHJE:

2x—2s

1

vp1(s, 2, A) = 3 / ag1(1/2 + s)eP dr, (7.1)
0
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2m—2x
1 .
vy 12(8, @, ) = —3 / as (1/2 4+ a:)eZ)‘T dr,
max{0,2s—2zx}

2x—2s
1 .
U4 21(s, 2, ) = -3 / ara(x — T/Q)GMT dr,

0
2s
1 .
vy 22(8, 2, \) = 3 / ai2(s — 7/2) e dr,
max{0,2s—2zx}

rae A € G4, a napaMeTps s, x € [0, 7] cuuTaeM (PUKCHPOBAHHBIMH.

Mbl GyneM paccMaTpUBaTh LIKasdbl NMPOCTPaHCTB L,[0, 7] u Bg7q[0,7r] s GyHKuuid u(x) (mepso-
oOpasHasi nmoteHuuana g anas oneparopa rypma—Jluysuans) u peo(x), ps(x) (3/71€MeHTb MaTpPHUIIbI-
norenunana P(x) mas cuctemsl [dupaka). Onpenesnenue mpoctpaHcTB bBecoBa c¢M. B MpujoxeHuu B,
ompenenenve 17.6 u teopema 17.IX. Bepremcsa x (yHKUMAM v4 ji(s,x,A). IlockonpKy omepatop Jn-
neiinoii samensl T : f — f(w(-)) orpannuen B mpoctpanctsax Ly[0,7] u B npocrpanctsax BY [0, 7],
LOCTATOYHO GyleT pacCMOTPeTh (PYHKIHIO

2z
v(z,A) = /f(t/2)ei)‘tdt, T(A) = sup |v(z,N)|. (7.2)
9 z€[0,n]
[Ipexxae Bcero 3amMeTHM, UTO B BepXHEH MOJYMJIOCKOCTH
2 p /ox 1/p'
to+in < | [lrapa) | [erma)  <coifl, (73)
0 0

(o6blyHaAst oleHKa Aas npeobpasoBanus Jlansmaca ¢yHkuumu u3 Lp). Bosnee Tounas undopmanus o6
yObIBaHUH (YHKUHMH Y COLEp:KUTCS B Ciaelylolled TeopeMe.

Teopema 7.1. s awboil f € Ly0, 7], p € (1,2] cnpasedrusa oyenka ¢yrkyuu Y (N)
1/p'

sw | [ inydr | <, (7.4)

TZ>—T
R

ede sesuuvuna C 3a8ucCUm MOALKO OM T U p.

Jlokasameavcmeso. Tlonoxum \ = o + iT, 3apukcupyeM 7 > —r 1 0603HaduM h(t) = f(t/2)e” ™ (nanee
cuuTaeM (YHKLHIO h MPOLOJIKEHHOU HysneM 3a mpenesbl otpe3ka [0, 27]). Jlerko BUmeTh, 4TO

T(o +ir) = [C(h)] (o),
rae C — HesMHeHHbIH onepatop Kapsecona

()] (0) = sup / ft)edt|,

>0

a h — obpartHoe mpeoGpazoBane Dypbe ¢yHkuuu h. Tenepb Bocrosmb3yeMcs TeopeMoil Kapsiecona—
Xanra (cM. Teopemy 17.V npunoxenus B). B cuny sto#t Teopemsr u Teopembl Xaycnopda—IOnra

T+ i), ®) < C(p)”h”Lp/(R) < ORIz 02m < C®eE™NfL,0m
[lepexonst K CynpeMyMy Mo 7 > —7, M0Jy4aeM YTBEPXKIEHHE TeOPEMBbI. O

st hopMyTMPOBKH Aa/bHEHIINX Pe3yJabTaTOB HAM MOTPeOYIOTCS HEKOTOpble CBOHCTBA Mephl Kap.e-
coHa (cM. mpusoxenue B, onpenenenue 17.3).



CINEKTPAJIbHBIM AHAJIU3 OJHOMEPHONM CHUCTEMBI JWPAKA W OIEPATOPA LITYPMA—JINYBUJJIA 415

Teopema 7.2. [aa awboii f € Ly0,7], p € [1,2], u das aroboii mepo. Kaparecona pn 8 G4, cnpa-
sedausa oyenka pynrkyuu Y(A), seedennou 6 (7.

):
TNz, ) < Cllfllz,,
ede seaununa C 3asucum moavko om |du| u uucaa r.

Jlokaszameavcmeo. Mbl yxe nokasanu, yrto GyHkuus Y (M) nHTErpupyema B cTemeHH p’ M0 Kaxao#
rOPU3OHTA/ILHON NPSIMOH, Jexalled B 3aMKHYTOH mosymiaockoctd G .. 3aMeTuM Temepb, uto T(\)
cyOrapMOHHYHA B OTKPBITOH MOJYNJIOCKOCTH Gy ;.

JleficTBUTE/IBHO, TyCTh TOYKa A JeKHUT B G4 , BMeCTe CO CBOeH OKPeCTHOCTBbIO pazuyca d. 3ahHKCH-
pyem x € [0, 7] 1 3anuuieM GopMyJy CpelIHEro 3HaueHHUs [J/isi TOMOMOP(HON (HYHKLHH MepeMeHHOH A:

2
1 A
v(@,A) = %/U(a:,)\—i—ée’e)d&
0
Torna
1 2 . o
[o(z, M)l < 2_/|U(x7)\+5ei9)|d0 < —/T()\Jréew)dﬁ
™ T
0 0

1 octaercs nepeitu K cynpemymy no z € [0, 7|. [Tockoabky dynkuus Y(t —ir), t € R, cymmupyema B
crernenu p’, To unterpan Ilyaccona

1 a

U()\)—/PT+r(o—t)T(t—ir)dt, A=orin PO = raro

R

KOPPEKTHO OIpeje/isieT rapMoHHdecKyo B G4, dyHkuuio U(X). dta ¢yHKuus HerpepbiBHA B Gy, U
coBrnagaet ¢ Y(A) mpu A € 0G4 -, a 3HAUUT, SIBJISETCS FaPMOHUUECKOH MaXKOPaHTOI:

TA) <[UM)
aas Beex A € G . Hockonmeky Y(t —ir) € Ly(R), To U(X) € HP' (cm. [17, teopema 1.3.5]), otkyna
U € Ly(dp) (em. [17, Teopema 11.3.9]), a snaunt, u T(A) € Ly (du) ¢ cooTBeTCTBYIOIIEH OLEHKOH Ha
HOPMY
Yl ) < CITCE = i), 8y < CITON s
rae BenudnHa C' 3aBUCHT TOJIBKO OT XapaKTEPUCTHKU Mepbl |d. O
Jnisi pUJIOXKEHHH MOJyUeHHOTO pe3y/ibTaTa OTMETHM CJeyIOIHH YacTHbIf caydail. Hasosem nocse-

JIOBaTeNbHOCTb Ap, n € N, Touek mojochl o < Im A < ag IJd HEKOTOPHIX a1 U e, 0 < a1 < ag,
Heceywarowetics, ecau Halnetcs yucao B > 0 Takoe, 4TO B JIOOOM TPSIMOYTOJNbHUKE

Rel € [z,z+1], ImA € o, ]
3aKJI04YeHO He OoJsiee [ 3JIeMEHTOB IMOCJEJ0BATEbHOCTH.

Cnencteue 7.1. [lycmo {\,} — Heceywjaroujancs nocie0o8amesbHOCMb MOUEK MNOAOCHL v <
Im A < ay. Toeda das awboii gpyukyuu f € L0, 7], p € [1,2], cnpasedrusa oyernka

KT}, < CllFL,,

ede geauuuna C 3a8ucum moavKo om xapakmepucmuk Heceyujaroujetics nocaedosamenorocmu { A, }.
B cayuae p =1 mosro dobasume, umo Y (A,) — 0 npu n — oo.

Hokaszamenrvcmso. JlocTaToOuHO 3aMeTHTh, uTO Mepa du = Y. d(\ — \,) sBasiercss mepoit Kapasecona.
JleACTBUTEIBHO, 18 KaXXKA0TO NPSAMOYTOJIbHUKA )y, HMEeM

ﬁ(y+1)a eCJH/Iy>O[1a

<
M Qzy) 0, ecan y € (0,a1).

OcraeTcst Bocnosib3oBaThest TeopeMoit 7.2. TlocienHee yTBepxkaeHue o ctpemyaeHud Y (A,) K HYJ0 ObLIO
JIOKa3aHO BbILIE. O
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[lepefinem Kk wikasne npoctpaHcTB Hecosa B{’m[o,w]. O6osnauum uepes LI (G ), 0 € [0,1], npo-
CTPAHCTBO OTPAHMUEHHBIX U3MePUMbIX Ha G, QYHKUME f(z), 1/ KOTOPbIX KOHEUHa HOpMa

1 fllze, = Sup [FIL+12))°

DTO NPOCTPAHCTBO, KaK JIErKO BUAETh, COCTOMT M3 dyHkuuit f(z) = O(|z|~%) npu z — oo. [ToxnpocTpan-
ctBo B LY (G ), cocrosimiee us gynkumii f(2) = o(|2|=%) npu 2 — oo, 06o3naunm uepes quo(GH).

Teopema 7.3. Ecau ¢yukyus f aexwum 8 npocmparcmee B{’m[o,w], 0 € (0,1), mo T(\) €
L2 (G ), npuvem
TN, < Ol gy
ede seauuuna C 3asucum moavko om r. Ecau ¢yukyus f abcoaromno nenpepuvisra, mo Y(N\) €
Ll (Gy,), npuuem
TNy, < Cllfllwa-
IIpu 3amene npocmparcmea Bfoo[o,w] Ha Bf’oo70[0,7r] noayuum Y(A) € quo[o,w] ¢ coxpareruem
OUEHKU Ha HOPpMY.

Hokazameavcmso. st cnydast f € L1[0, 7] yxke mokaszaHo B jemme 6.1, 4to
T(A) € Looo(G+,r)), mpuaem  [[TY(N)|[z., < C|fllL,-

B cayuae f € W0, 7] yTBepxaeHue BbiTeKaeT U3 JeMMbl 6.1 U MHTErpUPOBaHHUS MO YaCTAM:

e (t/2)

2x
1 . 171w
T < 0 [ f(t/2)eMat| | <
MWz < s | ——+ 575 0/ F(t/2)e

2x
0 1 2rr
o (1 + 2e ) .

[Tycts Teneps f € B{{OO[O,W]. 3nech yTBepXKIeHHe N0Ka3blBaeTCsl MPU MOMOILM TeopeMbl 06 UHTEepIOJs-
uun (cM. npunoxenue A, teopema 16.11 u npusoxenue B, teopema 17.X). ITonoxum

T, : f() = U(l’, ')a
XO = Ll[oa 7T]7 }/0 = LOO(G-I—,T’)a Xl = Wll[oa 7T]7 }/1 = Léo(G-l—,T’)a
X = (X07X1)9700 = B?,oo[oa ﬂ]a Y = (%7}/1)9700 = LZO(G'FJ")

(3meck Mbl mosib3yemest Teopemoii CreiiHa—Beiica, cm. mpusoxenue B, teopema 17.11).
Mu1 yxe noxkasanu, 4To

| T || x0—v, = Co < 00, 1T x>y, = C1 < o0,
C KOHCTAHTaMH, He 3aBUCALIUMH OT . DTO 3HAYMT, UTO
sup || T: [l x—y < Cy?CY.

z€[0,27]
Torna
ITMlze. = sup (1+[A)? sup |u(z, A= sup |v(z,-)|pe <
Im A>0 z€[0,27] z€(0,27]
< swp [ Tallps _po - Iflpe_ < Clfllpo_-
z€[0,27] o0 e 0

Cayuaii f € Bf7oo70[0,71'] BBIBOIUTCS M3 NOKAa3aHHOTO CTaHIAPTHBIM IpueMoM. BHauase 3ameTum, 4TO
sup [u(a, A f1) = o(@, A )l < sup | Tallpe S I = follge | < Cllfs = fellgg - (75)
z€[0,27] z€[0,27] 0 e >
0

1,00 ¥ TIOLGEPEM a0COJIOTHO HENPEPLIBHYIO (YHKLUHIO f, 1/ KOTOPOH

Sadukcupyem pyHkuuwo f € B
Hf - 'ﬂ’Bf,oo,O[Ovl} < e.
Torna
L+ W) fo(e XNl = 0+ )o@ D]+ oA f) = ol X Dl < G+ Ce,
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rae C' He 3aBUCHT OT x. Bribupas A € G, 10CTaTOUHO GOJBLIKMM 10 MOAYJIO, TOJyUHM
(1Al + 1) oz, X; f)] < Ce.
O

[lepeiinem k cayyato f € ng,[o,w], p € (1,2], § < 1/p. 3amerum, 4TO NpU p = 2 3TH NPOCTpPaH-
CTBa COBMAjAOT C TMPOCTPAHCTBAMU GeccesieBhIX MoTeHiuanos HY[0,x] (cM. ompenenenue 17.9) u c
npoctpancteamu Cobosiesa WY |0, 7).

Teopema 7.4. Ecau ¢pynkuus f € Bg,p’ [0,7], p € (1,2], 6 € (0,1/p), mo

1/p'

sup /(T(A))p’ (1 +lo) do | <Clflgo . A=o+in (7.6)

T=>—T

R

ede seauuuna C 3asucum moavko om r. Kpome moeo, 041 210601l Heceyuiarowelics nociedosamens-
nocmu {\,}5° 8 G 6vinoaneno {n°Y(\,)} € Ly, npuuem

Hn Xl < Sl 77

ede seaununa C 3a8UCUM MOALKO OM T U XAPAKMEPUCMUK a1, (o, 3 nocaedosamenrviocmu { A, }.

Hokazameavcmso. PaccmoTpum BHauamne caydad p = 2. [lyere F'— oneparop npeo6pasoBanus Pypbe.
CornacHo nemme 17.1, pyHKUKS
h = F[hl(o) =v(1l,0 +iT)

(3necb 7 > —r (uKcUpOBaHO) JexkuT B mpocTpancTse LY(R), npruem

Iy < Clihllpg,. (7.8)
roe C' 3aBUCUT TOJbKO OT (hyHKUHMH r. Kak U B IoKasaTesnbCcTBe TeopeMbl 7.1 3ameTuM, uTO

T(o +ir) = [C(h)] (o),
rie C — HesMHeliHBI onepatop Kapsecona, a h — o6patHoe npeoGpasopanue Dypve dpyHKuuu h. Jlerko
nposeputhb, uto Bec w(\) = (1 + |A|)?? npunamnexur knaccy Makenxaynra Ag, a Lo(w) = L§(R). B
cuny teopembl 17.V u (7.8),
1Tz 11220y < CllRI Ly agp)20) < C)l sy 10,7
[Tepexonst K MakCUMyMy 1O T > —r, MOJy4aeM
1/2

ow | [P AHIo? o) <Clilyy,  A=otim

R

Mbl noxkasanu nepBoe yTBepxKIeHHe TeopeMbl A5 ciayyas p = 2. OOWHKH cayyall nosydyaeTcs Tenepb ¢
MOMOLILbI0O HHTEPIIONSALHUN 10 UHIEKCY p € [1,2] (cayua#t p = 1 pasoGpan B Teopeme 7.3). 3adukcupyem
NepeMeHHYI0 T > —7; PacCCMOTPHUM 0TOOpakeHHe

2x
T (o) Tlo+ir) = sup | [ f(t/2)e™ di].
z€[0,7]
0
rae A = o + i7. Mbl yxe NpoBepusd, 4TO
T: B3hlo,a] = L3(R), 0<s1 <1/2, [T/l < Callfllg,
Kpowme Toro

T: Byol0,7] = LE(R), 0 <s2 <1, [Tfllpzz < Collflipe2_-
[Ipu stom xoHctautel C u Co 3aBUCSIT OT © U WHIEKCOB S, So, HO He 3aBUCAT OT 7 U f. MBI mosioxum
Al = B;}Z[O,ﬂ], Ay = Bffoo [0, 7],

npuueM BeibepeM S < S3.
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Hanee, nyctb
By =L3'(R),  By=L3(R).
CornacHo Teopemam 17.XIV u 17.111, umeem
[A1, Aslg = B;p, [0, 7], [B1, Balg = LZ,(}R),

rue
2
=(1-6 0 =—.

[Tosyyaem nmepBoe yTBepxKAeHHE TEOPEMBI.
[lepefinem K 10Ka3aTeqbCTBY BTOPOro yTBepxkKaeHHs. Tak e, KaK MPH N0Ka3aTeJbCTBE TEOPEMBI 7.2,
npoBepsietcsi, 4to GpyHKuusi Y (A) cyorapmonuuna B C,. Torna npu so6om 1ocTaTouHO MajsoMm 6 > 0

2T
TOW) < o / T (A, + 0ei?) db. (7.9)
0

[Tonoxxum R = min{ay,1/2}, roe o) BBeIEeHO B ONpelesieHHH HeCryLAoNeHdcs M0C/e10BaTeNbHOCTH.
YmHoXuM HepaBeHcTBO (7.9) Ha § u mpouHTerpupyem 1o 6 € [0, R]:

2

R
2 1 1
iy —//T)\ + de'?) do ds = // T(\) do dr.
2 S oor 2w
0 0

[A=An|<R

T(An)|An|9<WLR2 // T+ ) do dr.

IA—An|<R

Torma

[Tpumensisi HepaBeHcTBO ['esbiepa, mosyunm
T () AP < C / / TP (A (1 + [N do dr.
IA—An|<R
HenocpencTBeHHO U3 onpele/ieHUs] HeCryllaloleics Moc/e10BaTeNbHOCTH ClellyeT OlleHKa

Cin < |\| < Con, n € N.

Orciona
ZTP Pl < CZ // TP (A1 + AP do dr.
“h-Al<r

Kaxnbiit u3 kpyro U, = {\: |A — A\,| < R} MoxeT mepecekarbcsi ¢ He GoJiee, 4eM [ APYyTHUMH TaKUMU
KpPyraMH, a 3HauMT, CyMMa MHTErpaJsoB B MPaBOH 4acTH He MPEBOCXOAUT

az+1

8 / /T”'(A)(l + AN do dr.

0 R

YuuteiBas (7.6), umeem
1/p’
(T, <€ (sup [P7ON0+ N e | < Clslge
R

O

B 3aksoueHue sToro pasgesa emie pa3 OTMETHM, YTO B CUJY TpenctaBiaeHui (7.1) 1 orpaHUYeHHOCTH
omeparopa JuHe#HoH 3amenbl 1" : f — f(w(-)) B npoctpaHcTBax L,[0, 7] U B mpocTpaHCTBaX Bg7q[0,7r]
BCe J0KAa3aHHbIE BBIIIE Pe3y/bTAThl CIPABEAJNUBBl I/ (YHKIMHA Y4 B COOTBETCTBYIOLIMX IMOJYIIJIOCKO-
cTaX U nasi pyHkuud Y B moJsoce.
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8. ACHMIITOTUYECKHWE ®OPMYJIbI JJisl COBCTBEHHBIX 3HAUEHWUI M COBCTBEHHBIX ®YHKLINUH
OMEPATOPA IIITYPMA—JINYBUJLJIS B CUJIbHO PETYJIIPHOM CJIYUAE

BHauaJie Mbl TOIyduM aCUMIOTOTHYECKHE (DOPMYJIbl AJ151 COOCTBEHHBIX 3HAYEHUH U COOCTBEHHBIX (PYHK-
LM onpeJiesieHHOr0 B yTBepxkKJAeHUH 2.5 AuddepeHLHanbHoro onepatopa L4 7, NopoxaeHHOro nudde-
peHLUaNbHBIM BbIpaKeHHEM

!
(y) =—y" +alx)y
U perynspHbIMU KpPaeBbIMH YCJOBUSIMH

Uj(y) = a;1y(0) + ajoy™(0) + bj1y(m) + bjny(m),  j=1,2. (8.1)

O60snauum uepes J;; onpene/uTe b, COCTABACHHBIH U3 4-T0 U j-ro cTo/N0Ua MaTPHUILbI

ai1 aiz bir bio
a1 a2 bar ba)’
Hanomuum, uto onepatop L,y HasbiBaetcs pezyaspHoim (mo Bupkrody), eciu BbIIOJIHEHO OLHO M3
CJIeYIOLIMX YCIOBHH:
1) Juo # 0;
2) Jip =0, Jiga + J32 #0;
3) Jag =Jia=J32 =0, Jig+ J3s =0, Ji3 # 0.
[Ipu 3ToM B cayuasx 1) u 3), a Takxke B ciaydae 2) MpH IONOJHUTENBHOM YCJIOBHH

Jia + 32 # £(Ji2 + J34),

ornepaTop Ha3blBaeTCsl CUNbHO peeyrsipHuim. B NpoTUBHOM caydae OyneM Has3blBaTb ero caabo peeyarap-
HOLM.
Jlanee Mbl 6yneM NPOBOAWTbL OLEHKH B KOMIIJIEKCHOH z-MJIOCKOCTH BHYTPH oOsacTeil, orpaHHYeHHbIX
napa6osaMu
P.={zeC: |Imyz| <r},
a B A-1iockocTH (A = /z) BHYTpPH MOJIOC
I, ={AeC: |Im)\| <r}.

M3 pesynbraToB 3TOr0 pasaesna OyaeT BUAHO, YTO HA CAMOM JeJIe YUCIA Ny = 4/Zy, DA€ Z;, — COOCTBEHHbIE
3HaueHus oneparopa L, 7, cocpegoTodeHsl B nojymnosocax {A € I, : Re A > R} nnis nekoroporo R € R.

Takum o6pazom, Hac OyAyT HHTepecoBaTh AaCUMITOTHUECKHE OLleHKM MMEHHO B TaKMX IOJyIoJocaXx,
HO AJ151 yao6cTBa U3n0xxeHUs1 Mbl O6yaem nucatbh A € II,., monumas, utro Re A — +oo. Beiony nasnee, pac-
cMaTpuBasi PyHKLHIO A = 4/z, I0pa3yMeBaeM BbIOOD ee rJIaBHOH BETBH, IPUHHUMAIOLLEH MTOJ0KUTENbHbIE
3HaueHus npu z > 0.

Onpenenenne mkanst WY u W¢ = W29’U, rre U(y) = (y(0),y(m)), cm. B npusnokernu B. OtmeTnm
(cm. Teopemy 17.XVII), uto

WQG:I/T/QG mpu 0< 0 <1/2.

Uepes lg 0603HaUUM MPOCTPAHCTBA NOCAe0BaTeNbHOCTEH (CM. omnpenesenue 17.1).

HanomuuM, 4To mocsenoBaTesbHOCTb Touek {\,} moJjockl II, HasbiBaeTcsi Heceyuiaroujeticsi, eciu
Halnercs Takoe 5 > (0, UTO KOJIMUECTBO UJIEHOB MOCJE0BATEbHOCTH, MONAJAIOLIUX B NPSIMOYTOJbHUK

Qo ={ReX € [a,a+1], |ImA <7},

He MPeBOCXOAUT [3.
Mbl Gyzem NpoOBOAUTH OLIEHKH B MOJYTJIOCKOCTSIX

Gir={A:ImA>—r} u G_,={):Im\<r},

rae r > 0 — MpoM3BOJIbHO, a Takxke B moJjocax 1I,.

JIns oueHKH OCTaTKOB MbI GyleM HcmoJsb3oBaTh GyHkuuu Y4 U Y, onpenenenuse B (6.2) u (6.3).
EcrecTBeHHO, neppas (pyHKLHS OyleT MCIOJAb30BaThCA AJ151 IPOBEJEHHS OLEHOK B MOJNYNIOCKOCTH Gy o,
a Bropasi — B noaynsnockocti G_ ;.. B nosocax II, yno6HO A4 OLEHOK HCNO/Nb30BaTh (yHKUHIO Y.

Yepes ¢(x,A\) u ¥(x, \) nanee o6o3HayaeM (pyHIaMEHTaNbHYIO CUCTEMY peLIeHHH ypaBHEHHS

—y" +q(z)y = Ny
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C HaYaJbHBIMH yCJOBUSIMH
00,0 =1, o030 =0, 0,1 =0 310N =1 (8.2)
Hanomuum, uto ¢ = ', u € Lo[0, 7.

YrBepknenue 8.1. /a5 aw060z0 seujecmaennozo r Haildemes makoe ko = ko(r, ||ul|r,), umo 0as
8cex mouek MHOMCECMsa

ANEGoy,={A: TmA>—r, YO\) + |\ < ko},
cnpasediusol npedcmasienus

vl ) = 20D e N, el A) = cos(a) £ o N, 5.9

w[l] (x,X) = cos(Azx) +ro1(z, N), cp[l] (x,\) = =Asin(Az) + r1(x, A),

ede ynkyuu rM(x, )\) yoosaemaeopaom oueHKe
> ikl Mlicom < COX() + A1, (8.4)
j, ke{0,1}

a koncmanma C 3asucum moavko om ||u||L, u r. Aas noaynarockocmu G_ , cnpagediuso mo e
ymsepacdenue (¢ 3amenoti T na YT_).

Jlokazameavcmeso. IlpoBeneM nokasaresbctBo 175 Go 4. CornacHo Teopeme 6.1, 1715 Bcex A u3 Go 4 r,
rae ko 3aBUCHUT TOJIBKO OT ||u|/r, ¥ 7, Ha#eTcs (yHIaMeHTaNbHAs CHCTEMa pellleHuH

yi(z,X) = N 14 Co(m, V)], gl (@, A) = 2™ 14 o (2, V)]
rgie oCtaTku C:I: U C:I:,l INOAYHUHEHBbI OLIEHKaM

I6C Mo < C (TN + A7)

(3mece C' BHOBb 3aBHUCHT TOJIBKO OT |||/, U T).

YMeHbLINM, ec/IM Halo, YUCI0 Ky TakK, 4TOOBI NpaBasi 4YacTb B MOCJENHHUX OLEHKAaX He MPEBOCXOAHJA
1/2 (nmpu 3TOM 4YHCHIO kp MO-NPeXKHEMY 3aBHUCHT TONBKO OT |lu|l, ¥ 7). Torma mpsMbIM moagcueToM
noJiy4aem

V) = (e ) v ) <—11t2(10(0A)A) 11++ CC ,A ) <

0
72
Pz, ) = (yﬁ] N y(a, /\)> (_11412(?(0)\&) 11:5,1( (0, ) ) <

Sln
> 740,0(377 )‘)7
0
72

) os(Az) + ro,1(z, ).
Ananoruyso,
o) = (g4 (2 ) y_(2,)) <_11j C&(?(,O% 1 —:_Cc—_l(?’,)\)?)> <(1)> = cos(Az) + r0(z, N),
Al (g 2) = (y[j}(% N o A)> <_11t2(10(0A)A> 11 jggf?,’x)o <(1)> = = —Xsin(Az)+r11 (2, N).
3nech octaTKy OyAyT MomuMHeHb oueHke (8.4). O

CnencrBue 8.1. /15 2106020 seujecmsentoco o Haiidemes maxoe ko = ko(c, ||u||,), umo 0asa ecex
mouex obaacmu

ANETl, ={\: [TmA <a, To(\) + A < ko}
cnpasedausel npedcmasrerus (8.3) ¢ ouenkamu (8.4) (¢ 3amenoil Y na Yy).
[Tycts Lo 7 — omepartop ¢ Hy/IeBBIM MOTEHIMAIOM H T€MH 2Ke KPaeBBIMH YCJIOBHSMHU (HMeeTcs B BHLY,

YTO MaTpHlla KPaeBHIX YCJOBHI OCTaeTcsi HeM3MeHHoH, a kBasunpoussoansle ylU(0) u y!(7) mensores
Ha y'(0) u y/(7) cooTBeTcTBeHHO). Temepb Mbl FOTOBBI 10Ka3aTh CAEAYIOLIME Pe3yJbTar.
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YrBepxknenue 8.2. [Tycmo A(N\) — xapakmepucmuueckuti onpedesumens pecyiapHoco onepamopa
Lo, a Ao(N) — xapakmepucmuueckuii onpedeaumenrs onepamopa Lo . Toeda 6 npoussosvroi o6-
racmu g . cnpasedauso npedcmasirenue

AA) = Ag(A) + (V). [6(N)] < MIAF(To(N) + A7), (8.5)

ede k=1, 0 uau —1 npu peeyrsapHocmu KpaesvLx YcA08ULl Nep8oco, 8Mopo2o Ulu mpemveeo 8uoa,
coomsemcmeenro, a M 3asucum moavko om |ul|p, u r.

Kpome moeo, naiidemcs maxkas noaoca 1l,,, ede ry onpedeasemcs morvko nopmoil |ul||L, u kpae-
goimu ycaosusmu U, umo 8re 3moti noiocsl. Chpaseoiuso acumMnmomuieckoe npedcmasienue

AQ) = 2oL +p(N), e < M(TL(A) + AT, (8.6)
¢ koncmanmoti M, 3asucsaueil moavko om |ul|r, u kpaesvix ycarosuil.

Jlokasameavcmeo. Tlyctb p(x, \), 1(x,\) — pemenus ypaHenus [(y) = Ay, onpene/eHHble BbILle.
CorsiacHo teopeme 2.1, nast w060l pyHkuun f € Lof0, 7] cyiiecTByeT peleHue 7(x, A) ypaBHeHHs

l(y) - )‘Qy = f7
noguunenHoe yeaosuio 7(0,A) = n(0,\) = 0. O6wee pewrenne 3T0ro ypaBHeHMs HMEET BUJ

Yy =cip+cop+m,

TJie ¢1, Co — TOCTOSIHHBIE.
Yenoeue y € D(L) Breder Uj(y) =0, j = 1,2. [loatomy pelenre y HAXOIUTCS OJHO3HAYHO, €CJH He
paBeH HYJII0 XapaKTEPUCTHUECKHH OMpeneUTe b

Uilp) Ui (¢)‘ _Jaan + bie(m, A) + b1a@l(m, A) - arz + biah(m, A) + by (m, )\)‘
Ua(p) U2(¥)]  fazr + bargp(m, A) + baa el (m, A)  aga + banh(m, A) + baop (m, N) |

HpHMbIe BbIUUCJIEHUSA HpI/IBOIIHT K paBeHCTBy
AN) = Jig + Jsg + Jig(m, A) + JuapN (1, N) + Jsap(m, A) + Juael (7, N). (8.7)

[TopcraBss acumnToTHueckue dopmydsl (8.3), noayunm B Go 4 r

AN =

AW = Ao()] < MAFOCL ) + A (e 4+ ™) (5.9)

rae M = M(||lu||z,, 7). ITockonbky Iy, C G 4, TO IEPBOE YTBEPKIEHHE NOKA3AHO.
Hokaxkem BTopoe yTBepKaeHue. Pazbepem cayuait Im A > 0. [lycts, nanpumep, Jogq # 0. Hanmomuuwm,
4TO B 3TOM CJIydae Mbl BBeJHU 0003HAUEHUS

Aoo()\) = 2)\J24 COS(TI’)\) H (50()\) = Ao()\) — AOQ()\).

1
[TonGepem r = r(U) > 0 Tak, uto |dp(A)| < §\A00()\)|. Torna npu Im A > g

B0 2 5100(N)] > sl - Ae ™,
a 3HA4uHuT A
A7 (e + 7)) < C().
Hrak, npu Im A > rq
A = 20(A) + (AN) = Ao(N) = 2oL+ p(N),  tae p(A) < C(llull,r, U (T4 (A) + A7),

31ech Mbl BOCIOJ/Ib30BaINCh OLeHKOH (8.8) B obsactu G 1 . Temepb Mbl mon6epeM 4UCJIO 7o TaK, YTOObI
mHOKecTBO {Im A > 7} momemmanocs B Gy 4 . Torna uucsio ry nproGpeTaeT 3aBUCHMOCTb OT BEJHUHHbI
A, onpenenennoii B (6.12). OnHako B cusy oueHKH (7.3) HepaBeHCTBO

—27r

&
TN < o
! 32]lullz,

u3 (6.12) 3aBe1OMO BBITIOJIHEHO TIPH

Im X > 7o = (Caps|ull, [z, €*™).
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Takum 06pasom, ry 3aBHCHT TOJIBKO OT ||ul|f, U r, a 3Ta BeJUYHHA, B CBOIO Ouepelb, 3aBUCHT TOJBKO OT
KPaeBbIX YCJIOBUH.
Hpyrue caydan perynsipHOCTH KpaeBbIX ycaoBUH M cayuad Im A < 0 pasbupaiorcs aHajsornyHo. [

3ameuanmne 8.1. [lockosbky
Ao(N) = Ago(A) = O(IAI*),

rie k = 1, 0 unu —1 mpu pery/sipHOCTH KpaeBbIX YCJIOBHEl NePBOro, BTOPOTO HMJIM TPETbero BHAA,
COOTBETCTBEHHO, TO B npencraBiaeHusx (8.5) u (8.6) onpenenntens Ag(A) MOKHO 3aMeHHTb Ha Agg(N).

Teopema 8.1. Jlioboii peeyrspnoii onepamop Llmypma—Jluysuris ¢ nomenyuarom q = u',

u € Lol0, 7], umeem Henycmoe pe3orv8enmHoe MHOMECMBO, CReKmp eco OUCKpemer U Aexum 8
Hekomopoti noaoce 11, 8 naockocmu X\ = +/z. [Ipu amom uucio « 3asucum moavko om ||ullL, u
kpaesoix ycarosuil U.

Hokazameavcmso. V3 npencrasienus (8.5) u siBHOro Buaa GyHKUMH Ago(A) HEMOCPEACTBEHHO CJIEAYeT,
uto A(A) # 0 BHYTpH J10608 nosockl IT,., ec/in BBINOJIHEHO OQHO U3 ycaoBUi 1)-3).

Tak xak A(X) ectb rosomMopeHas GyHKUHST OT A Bo Bcell KoMmiekcHOi mimockoctu C, To Hymu A(N)
00pasyioT MOCJeN0BaTeNbHOCTb, He HMEIOLIYI0 KOHEUHBIX mNpenebHbiXx TodeK. Ecau A(Xg) # 0, To B
cuny ouerku (2.6) omepatop (L, — A3I)™! orobpaxkaer enuHMuHbI wWwap npoctpaHcTBa L0, 7] B
OrpaHMYeHHOe MHOXKeCTBO mpoctpanctBa Wi. Caenoatenbho, (L4 — A3I)™! kommakren. Ho Torma
L, U UMeeT NHUCKPETHBIH CIEeKTP, KOTOPBIH COBMAjaeT ¢ KBaApaTaMH Hysel onpefesautens A(N).

Octaercsi moKasaTb yTBep:KAeHHE O JOKAJM3aLUHU ClEKTpa B HEKOTOPOH mosoce II, B A-miockocTH.
CornacHo 3aMeuanuio 8.1, 3anuieM npeacTaBaeHne

AQ) = AooN)(L+p(N), I < M(TL(A) + AT

¢ koHcrauto#t M = M(||lul|z,,U) BHe nonocs! I1,,, ro = ro(||ul|z,, U).

Hynu ¢ynxkunu Agp JexkaT B HEKOTOPOH MoJioce, [IMPHHA KOTOPOH OMpeessieTcsl TObKO KPaeBbIMHU
ycaoBusiMu. COMHOXKHTeNb 1 + p(\) TakKe He MOXKeT 0OpPaTHUTbCS B HyJb BHe HEKOTOPOH mosockl. [1pu
5TOM OLeHKa (7.3) MokasblBaeT, YTO LIHPHHA TOM MOJNOCH 3aBUCHT TOJBKO OT ||u||f, U KPaeBbIX yCI0BHH.
Orcrona cienyet, 4yTo Bee Hyau GyHkunu A(N) nexar B Hekotopo#t nosoce I1,, rae o = af||u||z,,U). O

Ilepeiinem K BBIBOLY aCHMITOTHYECKHX (POPMYJ AJIsi COGCTBEHHBIX 4ncel1 omeparopa L4 . [lycTh
g=1', uweWio,x], 6€[0,1/2).

B yTBepkaeHuH 5.2 Mbl yKe mpoBesiu Hymepauuio ynces A). Co6cTBeHHble 3Hadenus z0 = (A\0)2, n € N,
onepatopa Lo 7, TAaKUM 00pa3oM, yxKe OnpejeJeHbl.
[Ipu stom
D= (-0,
B CHUJIy PaBEHCTB
PN N neN.

—n = —
Crenyrolee He0OXOMMMOE HaM yTBep:KIeHHE Cpasy C/elyeT U3 TeopeMbl 7.4, MOCKOJbKY B32[0,7r] =
wolo, x].

Jlemma 8.1. Ecau {\,}22 | — neceywarowancs nociedosamesvrhocme uuces 8 nosoce Il,, a ¢ynx-
yus u € WE[0, 7] npu nexomopom 0 < 0 < 1/2, mo nocaedosamensrnocmo {Yo(\,)}2, € 15.

Teopema 8.2. [lycmo u € WQ(’ [0, 7] npu nexomopom 0 < 0 < 1/2, a q =1 8 cmoicae meopuu pac-
npedeneruil. [Tycmo L4 — onepamop, noposcdennoiii Oupgeperyuarvrom soipanceruem —y" +q(x)y
u peeyrsproimu kpaesovimu ycaosusmu U. Toeda keadpamrosie KOpHU e20 cOOCMBeHHbLX 3HAUEHUL Ay,
n € N, MoxcHo 3anymeposame max, 4mo

A=A 45, =2015 n=12.... (8.9)

B cayuae curvroll peeyasprocmu kpaesolx ycaosut {s,}°%, € 1§ u {3,}5° € 15, a 6 cayuae caabol
peeyasprocmu {|sn* Yo, € 1§ u {|5a*}52, € 15.
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Hokasamenvcmso. JIns onpeneseHHOCTH PacCMOTPHUM TOJbKO CJydyad, KOT/a BBIIOJHEHO YCJOBHE 2)
peryJisipHOCTH KpaeBbIX YCJOBHH (Ipyrue ciaydau Jjerde).

3agukcupyem mnapabony P,, comepxallyio Bce coOCTBeHHBIe 3HaueHHsi (Teopema 8.1). B cuny teo-
pembl 8.1 u caenctBus 8.1, co6cTBeHHble 3HauyeHMs onepaTopa L, B obaacTu P, ompeiensitoTcs U3
ypaBHeHHSs

J J.
AN =cosmz 2+ Jo + 0(z"3) =0, Jo= M,
Jia — Jag
rae z = \2,
eV < M(To(N) + ™), Red> Ao,
[Tepefinem B A-IJIOCKOCTb U IMEPEMUILEM 3TO YpaBHEHHE B BHIE
A(N) =cosTA + Jo + 0o(A) = 0.
Toukn {\2}°° | cyTb KopHHM ypaBHeHHS
Ago(A) = cosTA+ Jy =0

3 npasoil nosynaockoctu. Ouesuano, z0 = (A2)2.

YBenuuuM yuca0 « Tak, 4To6bl B nosoce II, Kpome umcea N, nomemanuch ce {A’} co coumu
1-oxkpectHocTsimMu. Ecu Jy # 41 (cunbuas peryssipHocts), o Bee Hymu {A%} dyukuun Agg npoctsie
1 Ha#nytes yueaa § € (0,1), € > 0 Takue, UTO KPyTH

Kp={\: [ A=2% <6}

He repeceKkaroTcsd, npuyeM
|A00()\)| > TIIpu A€ 0K,

(sTO yTBEp:KIEHHE JIETKO CJeNyeT U3 MepHOAUYHOCTH pPaccMaTpHBaeMOH (DYHKLHH).

Tak xak |o(A)] — 0 npu A — oo, A € I, To B cusy Teopembl Pyliie npu Bcex A0CTaTOUHO GOJBLINX
n > N ¢yHxuus A(X) HMeeT POBHO OfMH HYJb A, B Kpyre K. Koneuno, nocienoBatenbHoctb { A, }2°
aBaseTcs Hecrymaiometics. [Tostomy u3 nemmbl 8.1 umeem {o(\,)} € 1§, a Torna

{cos A, — cos TALL® € 1§,
Yucno § MOXKHO CUMTATh BBIOPAHHBIM CTOJIb MaJbIM, 4TO ](cos(ﬂ)\))" >e1 >0 npu z € K,,. Ho torna
An — AP < M| cos A, — cos AL, (8.10)

rje nocrosiHHas M He 3aBUCHT OT n. TeM caMbIM, aCUMNTOTHYeCKHe paBeHCTBa (8.9) mokasaHbl (TouHee,
JI0Ka3aHbl BTOPblE U3 3TUX PAaBEHCTB; MEPBble CAENYIOT Telepb U3 yTBepKAeHHs O.1).

B cayuae Jy = +1 kopuu A2 umeroT kpatHocTb 2. Toraa MOXKHO MOBTOPHTH MPOBENEHHbIE paccyxkie-
HHU$1, HO BMecTO HepaBeHcTBa (8.10) BoCmosb30BaThCsl HEPABEHCTBOM

A — 222 < M| cos A, — cos A, (8.11)

u3 KoToporo nosydaem {52} € 1.

Ocraercsl 10Ka3aTh, YTO MOCTPOEHHAs HaMH HyMepauus yucesa A,, n € N, uMeeT Hy/neBoH ne(dexT.
Ins aToro mpuMeHUM TeopeMmy Pylie K mpsAMOYrosibHUKY ¢ BepluMHaMu +a £ ib. Uuncno b Boibepem
HACTOJIbKO OOJBILKM, UTO, BO-TIEPBHIX, b > «, a, BO BTOPbIX, Ha MpAMBIX Im A = +b crnpaBen/nBa oueHKa
|p(A)] < 1, roe p ompenenero B (8.6).

Uucesio a BbIGEpeM HaCcTOJIbKO GOJbIINM, UToObl Bee ducaa A, A0 u A% ¢ nomepamu n € [N, N]
JieXKasld B HalleM mpsimoyroJibHuKe. CABHHEM, €C/Id Halo, OTPe3oK [a — ib, a + ib] Tak, 4ToObl Agy(A) Ha
3TOM OTpe3Ke He oOpalllanach B HyJb, U 0003HAUUM

= i Aogo(N)].
= ein Ly 1Rl

Tenepr yBesn4uM, pU HEOOXOAUMOCTH, UYHCJIO a A0 a + 2m, m € N, Tak, uTo

max M| <e.
A€E[a—ib,a+ib] [P(A)]

3HaueHust PyHKUUH Agy MPU 3TOM He MOMEHSIIOTCS B CUJY ee 2-mepuoanuHocTH. OcTaeTcs NPUMEHHUTD
teopeMy Pyie k pyHkuusam A(A) u Agp(A) Ha MOCTPOEHHOM MPSIMOYTOJIbHHUKE. O
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O6cynuM BaKHBIE BOIPOC O PAaBHOMEPHOCTH IOJYUEHHBIX aCUMITOTHUYECKHX MNpenctaBjeHuid. OTme-
THM, 4To caydail u € WY[0, 7] ¢ nokasatesnem @ cTporo GoJblle HYJs CYLIECTBEHHO MpOIe CJydas
0 = 0, nockosbKy ckopocTb yObiBaHusi pyHKUM#E Y, T u Yo K Hyso0 0pu |A\| — 0o MOXKHO B ciydae
6 > 0 oueHuTsb Beauuunoi C|\|~7.

Jlanee o6o3Hauaem || - HWQF;[OJ} uepes || - [|o-

Teopema 8.3. B ycaosusx meopemor 8.2, npu 6 € [0,1/2) 8 donoanenue K acumnmomuuecKkum
coomrouteruam (8.9) nymepayuro cobcmaenrbvlx 3HAUEHUL Z, MOICHO nposecmu max, umo 6ydym
BbLNOAHEHbL OYEHKU

{sn}llig < C(llullo, U) (8.12)
8 CAyUAe CUNbHOU pe2yispHOCMU KPAesblX YCA08ULL U
{Isal*}lg < Cllullo, U) (8.13)

8 cayuae caaboll pecyiapHOCmU.

Hokazameavcmso. Kak u npu nokaszaTeqbCTBe TeopeMbl 8.2 pacCMOTPUM TOJBKO Caydad 2) B ompene-
JIEHUU KPaeBbIX YCJIOBHH. PaccyKaeHHsi B OCTaNbHBIX ABYX CJydasiX aHaJOTHUYHBI.

[Tycts II, —mosoca, comepxkaias Bce TOUKH A,, n € N. M3 yrBepxknenus 8.1 craemyer, 4To
a = of||ullp,U). PacunpumM ee mpu HeOOXOAMMOCTH TaK, KaK 3TO ObJIO CHEJaHO B N0Ka3aTe/bCTBe
TeopeMbl 8.2.

Cayuati 6 > 0. Tockonsky WE[0, 7] C Bfoo[o,ﬂ], T0 Yo(\) € LY (T1,) (teopema 7.3) u

sup To(A)(1 + [A)? < Cllullg
AEIly

¢ KoHcTaHTOH C, 3aBUCSLIEH TOJMBKO OT v, @ 3HAUHUT, TONBKO OT ||ullg. Torma masi oboro k Hailmercs
Takoe uncao R = R(k, |lulls), uto HepasenctBo Yo(A) + |A|~! < k BeImo/MHeHO Beioay B o6s1acTu

o r:={X el : [\ > R}

[lycts ko = ko(a, ||lullg) = ko(||ullg) — Benunna us ycnoBusi yrBepxkpuenuss 8.1. Torma coorHorue-
nus (8.3) u ouenku (8.4) cmpaBemnusbl Bciony B II, p. TloncTa/isis 3TH COOTHOILIEHHS B XapaKTepH-
CTHYECKHH ONpe/iesIUTe b, I0JyYUM /s Hero mpencrasienue B 1, g

AN = Bog(A) +o(N), o] < C(To(A) + A7),
rie C' = C(||ullg,U). B Haweit curyanuu
Ao(A) = (J14 + J32) COS(TF)\) + J12 + J34.

Pasbepem BHauaJjle ciy4yal CHJIbHO PerynasipHbIX KpaeBhlX YCJIOBUH. 31ech Bce HYJIU (PYHKLUHUH Ay IPOCTHI
¥ 00pasyloT [Be MepuojuuecKHe MoC/ef0BaTebHOCTH

A =n+ x5, j=n(mod2).

Bbi6epeM 4Mc/I0 § HACTONBKO MaJsibiM, 4To6b Kpyru K, = {\ : [A— 0| < 0} ne nepecexasnuch u nexaiu
I1,. Uncsno o mpu 3TOM, BO3MOXKHO, MPUAETCS YBEJUYUTb, TaK YTO Telepb OHO 3aBHCHT HE TOJNBKO OT
||ullg, HO 1 OT KpaeBbix ycaoBuil: o = «(||ullg,U). Ilpu 9TOM § 3aBHUCHT TOJNBKO OT KPAeBBIX YCJOBHH.

JlanbHellllMe pacCyKIeHHs NOBTOPSIOT 10Ka3aTesabcTBO TeopeMbl 8.2. Hano TosbKO OTMETHTH, BO-
NepBBIX, YTO BO3MOKHOCTb NIPUMeHeHHUs TeopeMbl Pylile onpeneisieTcss AByMs yCAOBUSIMH:

)‘EHa,Ra
A < inf  [Ag(N)].
JSup eVl < dnf [A0(Y)

B nocnenHem HepaBeHCTBe NpaBasi YacTb ONpefesIsieTCsl TOJIbKO KPaeBbIMH YCJOBHSIMH, a JIEBYIO UacTb
MOXHO oueHuTb Besuurnoit C(To(\) + A1), C = C(||ullg, U).
Torna 3To HepaBeHCTBO 3aBesOMO BbiNoJMHeHO B I, g (pH 3TOM BenM4YHHY R, BO3MOXKHO, oTpedyeTcs
YBEJMYHTb, TAK UTO TENEPb OHA 3aBUCHUT He TOJIBKO OT ||ul|g, HO ¥ OT KpaeBbix ycioBuil: R = R(||u|lg, U)).
BTopoe, uTO HY»HO OTMETHTb, 3TO TO, 4TO BesuunHa M B (8.10) 3aBHCHT TOJBKO OT §, a 3HAYMT,
TOJIBKO OT KpaeBbIX ycJoBUE. B cayuae cnaboit perynsproctu oueHkH (8.10) mensitores Ha (8.11).
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Takum o6pasom, mbl nokasanu (8.12) u (8.13), Ho He 1151 Beed MOC/IEI0BATENBHOCTH { Sy, }I°, @ TOBKO
1151 {55, }5° . [1pu 3TOM uncsio N onpeneasiercs yeaosueM K, C I, g, a 3nauut, N = N(||ullg, U). ¥YBe-
JIMUUM elle OfuH (mocjenHuii) pa3 uucao R (4, cooTBeTcTBEHHO, HHAEKC V). A nMeHHO, 3aUKCHpyeM
BesnunHy 6 = 0(U) Tak, 4ToObl Kpyru K, He mepeceKasuchb. Tenepb MOJOKUM

£ = inf{|A00()\) s Aell, \ UneNKn}-
dyukunsg Agy NepHofHYHA 10 A, TaK YTO BeJHYHHA £ 3aBHCHT TOJNBKO OT o M 0, T. e. € = £(|ullgp, U).
Teneps yBennuum R Tak, uto6sl B 1, p BbIMOMHSMOCE HepaBeHCTBO |o(A)| < €. [Tockombky
o] < C(To(N) + N7,  C=C(|lulle, V),
TO no-npexkHeMy uMeeM R = R(||ullg, U).

o0
Torna ¢ynkuns A(\) He MoxeT o6paTHTbCs B HY/1b Ha MHOxecTBe A € I, p\ |J K. D10 03HAUaeT,
n=1
4TO BCe ee KOPHU A, ¢ HoMepamu n € [1, N — 1] jiexkaT B NpsiMOyToJIbHUKe

{|Im\| < a, 0 < Re )\ < R}.

Torna ouenku (8.12) u (8.13) nepeHocsATcs Ha Noc/e0BATENBHOCTH {55, }5° U {|5,]2}5°, cooTBeTCTBEHHO.
Cayuaii 6 = 0. BHauase pazbepeM CHIBHO Pery/sipHBIHE caydad. 3a(UKCHPYeM UHCIO0 € U PACCMOTPUM
HemepeceKalolyecs Kpyry K, ¢ nentpamu A2 n € Zg, Takue, uto |Agg(A)| > ¢ Ha okpyxHocTaAX I,
u |(cos )| > e1 > 0 na K.
HasoBeM peeyaspHoimu Te UHAEKCH 1, AJIsT KOTOPBIX

A)| <e.
s lel <

OcranbHble HHIEKCHl 1 HA30BEM UPPeCYASPHbIMU.
I[TycTb p,, — TOUKH Ha O, rae |o(A\)| mocTHraeT cBoero MakcMMaJsbHOro 3HaueHus. [TocienoBarelinb-
HOCTb { i, } HeCrylamliascs, a 3Ha4ur,

{TO (Mn) }nEZo € lg

(reopema 7.4). Bosee Toro, xapakTepucTUKH « ¥ [ TOCJIEIOBATEJIbHOCTH OINPENESIOTCS TONBKO Kpae-
BBIMM YCJIOBUSIMH M IIHMPUHOH nosochl o = a(||ul|z,, U), T. €.

{To(kn) } i, < C(l[ullzy, U).

M3 3T0él OLeHKH cienyeT, 4TO uuca0 N HPPerynsipHbIX HHAEKCOB 3aBHCHT TOXe JHLIb OT ||ul|r, H
KpaeBbix ycqoBuit U.

Jlnst pery/sipHbIX MHAEKCOB 71 TIOBTOPUM PacCyKIeHHs U3 J0Ka3aTesbCTBa TeopeMbl 8.2 U MOJYYHM,
uto A(A) uMeeT B Kpyre K,, pOBHO OIMH KOP€Hb, KOTOPLIH Mbl 0603HAYaeM A, MPHYEM

| cos A, — cos TAY| = [o(An)| < M(JJullLy, U)(To(An) + [Aal 7).
XapakTepuCTUKH HeCryIIalleNcs Mocaef10BaTeNbHOCTH { A, } (n mpoberaeT Bce peryssipHble HHIEKCHI)
3aBHCSIT TOJIBKO OT |lu||L, U KpaeBbIX yCJOBHH, a 3HAUHT,
[{eos mn — cos TA i, < C([lullz,, U).
[Tosb3ysich oueHKOH
A — A2 < Myl cos T, — cos mAL),
nepeHeceM MOJyYeHHYIO OLEHKY HOPMbI Ha [OC/e[0BaTebHOCTb {Sy,}, [Ie m Mo-mpexHeMy npoberaer
BCe peryJ/sipHble HHIEKChI:
{An = A e < C(llullz,, U)- (8.14)
B c/yuae c1a60 peryaspHbIX KpaeBbiX ycoBui KopHu A2 nmeroT KpaTHOCTb 2. Torna MOKHO MOBTOPHTh
NPOBeJleHHble PACCYXKAEHHUS C TOH JIMIIb pasHUlleH, 4yTo
A — 222 < M| cos A, — cos A,
OTKyJa ToJlyyaem
002
{1An = A’ ["Hl < Cllullz,, U)-
Hrak, perysnsipHble cOOCTBEHHBlEe 3HAU€HHsl 3aHyMepoBaHbl. [lepefiieM K Mppery/sipHbIM HOMepam n
(HamoOMHHM, 4TO MX 4HCJIO N KOHEUHO M 3aBHUCHT TOJBKO OT ||ul/z, u U).



426 A.M. CABUVK, U.B. CAIOBHNYAY]

[Ipoeenem B mosoce II, KpuBble 7,, n € Zg. Jns noctpoenus kpuBoi 7i(t), t € [—1,1], npoBenem
BHavasie otpe3ok [—ic + Re A’ i + Re A\YY], opuenTupoBanublii cHu3y BBepX. Termepb 3aMeHHM Ty ero
4acTb, KOTopasi nonaJja B Kpyr Kp, Ha NIpaBylO MOJYOKPY2KHOCTb.

Ecnu mosyueHHBIH MyTb nepecekaeT Kpyr Ky, TO 3aMEHHUM Ty 4acTb OTpPe3Ka, KOTopas MornaJa BHYTpPb
Ko, Ha JeBy10 YTy OKpy:KHOCTH OKo. Ecsu mosnyueHHbIH MyTh mepecekaeTt Kpyr K_j, ToO 3aMeHUM Ty
4acTh OTpe3Ka, KoTopas momaja BHyTpb K_j, Ha MpaBylo AYTy OKpyxKHOCTH OK_1.

B cuny onenku

AW = A| = 2(jm —n| 1)
LpYyTHe KPYTH NMyTb Nepeceyb He MOXKeT. B pe3ysbTare nosyyum MyTh 71, KOTOPbIH BCe KPYyTH C HOMepaMH
n > 2 oCTaBJsIeT CIpaBa, a BCe KPYrM ¢ HOMepaMu n < 1 cjeBa. AHajoOrM4HbIM 00pa3oM IMpOBeLEM
nyTb 2. OcTasibHBle MYTH NOJYUYHUM NapaJjebHbIM 1€PeHOCOM

Yiton = 71 + 21, Yot+2n = Y2 + 2n, n =0,

U CUMMeTpHUei
Vn(t) = = (=1).
Tenepp mocTpouM 3aMkHyTble KOHTYPH Cl, ., M < n, LONOJHHUB KPUBHE Yy,(t) U 7,(t) oTpeskamu
npsaMbeix ImA =a u Im A\ = —a.
[To moctpoenuto, Kaxablit KOHTYp Cp, , COLEPKUT BHYTPU POBHO 71 — m TOUYEK MOC/EI0BATEIbHOCTH
00 -
{)\j }jez,- 3ametnm emte (3T0 moTpebyeTcs B HajpHEHIIEM), YTO

diam Cyy,, < |ReA —Re A?| +2+2a < n—m + 3+ 2a.

[TocTpoeHHbBle KOHTYPEI, TI0 aHAJNOTHH C YHCJAAMH N\, Pa306beM Ha JBe KaTeropuH — MOAXOoAsimue (a/s
npuMeHeHus: TeopeMbl Pyiie) u Hemonxoasimue. [1yTe v, HazoBeM nodxodsawjum, ecau

max [o(A)] < min|Ago(A)],

u Henodxodsujum B NpoTUBHOM caydae. Koutyp C,, Ha3oBeM NMOAXOAAILIUM, eCld 00a NyTH Y, U Yim
nopxozsmuye (Ha npsmMblx Im A = +« HepaBeHcTBO max |o(A)| < min |Agg(\)| BbIIOMHEHO).

[ToBTOPHM paccyKIeHHsi, KOTOPbIe Mbl yKe NMPUMEHHJIH K OKpyKHOCTAM OKC,. IlycTh v, — TOUKH Ha
Y, THE |0(A)| mOCTHraeT cBOEro MakcHMMaJsbHOTrO 3HaueHusi. [locsenoBatenbHOCTD {1, } Hecryuaomascs,
a 3HAUMT,

{TO(Vn)}nEZO € lg

(reopema 7.4). Bosee Toro, xapakTepuCTUKH « ¥ [ TOCJAENOBATEJIbHOCTH OINPENESIOTCS TONBKO Kpae-
BBIMM YCJIOBUSIMH M IIMPUHOH nosochl o = a(||ul|z,,U), T. €.

{To(vn) g < Cllullz,, U)-

M3 3Toil OLEeHKH cjlefyeT, 4To Yuc/10 N HEeMoAXOSIIUX KOHTYPOB 7, 3aBUCHUT TOXKe JHMb OT |lu|L, U
KpaeBblX ycqaoBui U.

Tenepr pazo6beM Bce MHAEKCH N € Zg Ha «NadKU» CJAeIyIOLIUM 00pasoM.

s kaxporo yucna k HaineMm HauMeHblllee m > k Takoe, UTO NYyTb 7y, SIBJSETCS MOLXOASIIHM.
AnanoruuHo, HaiiieM HauGoJbllee m < k Takoe 4TO NMOAXOASILIUM SIBJSETCS MYTb Yy,. ECTecTBEHHO,
n<k+N—1,am=>=k— N;.

[Ipumenum teopemy Pyme k koHTYpPY Cyy, , ¥ IOTYYHM, YTO OH OFPAHUYHBAET OJHHAKOBOE YHCJIO N—1m
Touek Ha6opos {\;} u {A)’}. Muoxectso unnexcos uuces A\, nonasuux B int Cp,,, 0GbeIUHUM B
OfIHY «Mauky». Toukam )\?0 € int Cy, 5, C perynsipHEIMH HOMepaMH Yy2Ke OTBEeYaloT TOUKH Aj.

Tenepp Kaxa0OMy HUppETY/ISPHOMY YHCTY )\90 u3 int Cy, , comoctaBUM OfHO (IIPOM3BOJIBHOE ellle He
3aHymepoBaHHoe) {)\;}, nexautee B int Cy,,,. B pesynbrate Mbl MOJyuMM HEKOTOPYIO HyMepaLHIO T10-
CJIe/I0BAaTeNbHOCTH A; MPH KOTOPOH

\)\j—)\?o\ <diamCp,,, < —m+ 34 2a < 2N, 4+ 2a+ 4.

Torna (nHpekc n HUXe mpoberaer Bce HPPETYJSIPHBIE HHIEKCHI)

1/2
100 = A%, < (@M + 20 +412) " = NY2(20, + 20+ 4).
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BesuunHa B npaBoil 4acTH 3aBUCHT TOJBKO OT |lu|r, u U, 4To nosBossieT nepeHectu oueHky (8.14) Ha
BCe UHIEKCHI. O

OTMeTHM, 4TO COrIaCHO TeopeMe 8.2 yCI0BHe CHIIbHON PETyJ/ISIPHOCTH KPAeBbIX YCIOBHI BJI€UET aCHMII-
TOTUYECKYI0 OIHOKPATHOCTb COOCTBEHHbIX 3HAUYeHHH z, (T. €. Bce COOCTBEHHblEe YHUC/A Z,, HauHHas C
HEKOTOPOro HoMepa, OnHOKpaTHb). lasee uepes y, Mbl OyaeM 0603HauaTh COOCTBeHHbIe (DYHKLIHH, OTBe-
Yalolire YUcaaM z,, ¢ Homepamu n € N\ J. I[Ipy 3ToM MBI OyeM HOPMHUPOBATb UX yCJIOBHEM ||y, |/, = 1.

Teopema 8.4. [Tycmo svinosrersl ycaosus u coxpamerov. 0603nauequs meopemol 8.2, npuuem Kpa-
egble ycro6us cuabho peeyraprol. O603nauum uepes {yn(x)}tnem 7 1 {yn () hem s HOpmuposanmbLe
8 npocmparcmee Lo[0, 7] cobcmsennoie gpynkyuu onepamopos Ly u Loy, omeewaroujue cobcmser-
HolM SHAUHUAM {Zn tnen\ 7 U {20 tnenyg coomeememeento. Tozda

gn(@) =10@) + @), ull(@) = (B0@) +nrk(@), (8.15)
ede
> 1 (Ira(@) 200 + I @) [B0.0)) < C (8.16)
n=1

npuuem C 3asucum moavko om ||lu||L, u kpaesoix ycaosuii U.

Hokaszamenvcmso. CHOBa paccMOTpUM HauboJiee TPYAHBIH Caydail, KOraa BBIOJHEHO YCJIOBHe 2) Teo-
pembl 8.2. B aTom ciyyae mocsie HOPMHPOBKH OIHO M3 KpaeBBIX yCJOBHH (OyneM CUMTaTh, YTO BTOPOE)
MMeeT HyJIeBOH MOPSNOK, T. €.

Ua(y) = By(0) + ~vy(m), 8]+ |y >0.

Torna co6cTBeHHBIE (DYHKIHMH ONPeNessIoTCs PaBeHCTBOM Yy () = y(x, 2y,), THE

’ Ua(e)  Ua(y) B+re(mvz) v, vz)| '

dTo TaK, NOCKOJbKY y(z,z) — pereHue ypaBHenus [(y) = zy u U;(y(z,2zy,)) = 0, j = 1, 2. Hcnoabsys
0603HaYeHUSA /Z;, = Ap, /20 = A2 nosiyuaem

Y2 (x) = y(sin A7) cos Ao + (B + v cos Ao) sin A0z,
Hetpyano Bumetsh, uto 4O () NOYTH HOPMUPOBAHEI, T. €. CYIIECTBYIOT TaKHe MOCTOsiHHbe M7 u Ma, 4o
My < lyplle, < My, My = M;(U).
B cuny Teopembl 8.2 nmMeem
A = Aol < MTo(An), M = M([lullL,, U).
Bocnonb3oBaBmuch ciencrteuem 8.1, u3 npencrasienus (8.17) nerko nosyduTb OLEHKH
[Yn(2) = yn ()] < MYTo(Na), M = M(||u]r,, V).

OueBM/IHO, TAKOE 3Ke HePaBeHCTBO COXPaHseTcs moc/ae HopMUPOBKU GyHKIMi {y,} u {y0). YrBepxaenue
TeopeMbl Terepb cjeayeT U3 jeMmbl 8.1. O

3ameuanne 8.2. HyxxHO 0oroBopuThb, 4TO B cjydae cjabod peryasipHOCTH GeCKOHeYHO MHOro cob-
CTBEHHBIX 3HAYeHHWH MOT'YT 0Ka3aThCsl IBYKPAaTHBIMH, H UM MOXKeT OTBe4aTb Mapa COOCTBEHHBIX (DYHKLHH
WJIM OflHa COOCTBEHHasl W OflHA NpHcOoefHHeHHas QyHKUMU. B 3TOM cayyae BbIOOp COOCTBEHHBIX W MPH-
COeIMHEHHBIX (DYHKIHUH MOXKHO NPOBECTH CIlellhajbHbIM 00pa3oM Tak, 4TO yTBepxKleHHe TeopeMbl 8.4
COXPaHMTCSl, HO BMeCTO BesqHUMH Yo(\,) B OLEeHKaxX OyayT ydacTBoBaTb BeJW4HHBI \/ YLo(A,). Takoi
BbIOOP BO3MOXKEH, HO MOAPOOHOE J0Ka3aTeJNbCTBO U3-32 €ro IPOMO3JKOCTH 3/1€Ch OMYIIEHO.

B nefcTBUTE/NBHOCTH NPU HAJHMUHWH KPAaTHBIX COOCTBEHHBIX 3HaYeHHWH y HEBO3MYLLEHHOro oreparopa
6oJiee BaXKHOMH siBJIsieTCs He 3amada 06 OLeHKaX pPasHOCTH COOCTBEHHBIX WJM NPUCOEIUHEHHBIX (PYHKIHUH
BO3MYLLEHHOTO U HEBO3MYLIEHHOTO ONEePaTopoB, a 3ajadya 00 OLEeHKe HOPM PasHOCTH MpoekTopoB Pucca
P, u PO Ha cOOTBeTCTBYIOLIME JBYMepPHble MOANPOCTPAHCTBA.
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9. ACHMITOTUYECKHME ®OPMYJIbI JJIsi COBCTBEHHBIX 3HAUEHMI Y COBCTBEHHBIX ®YHKLINUH
OIEPATOPA [IMPAKA B CUJIbHO PETYJISPHOM CJIYUAE

3nech Mbl MOJYYUM aCHMITOTHYECKHE TIPeNCTaBJeHUs [/ COOCTBEHHBIX 3HaYeHHH W COOCTBEHHBIX
(PYHKIMH CUJIBHO perysasipHoro oneparopa [dupaka. O6o3HauuM depes

611(.%', )\) 612(33, )\)
E(x,)\) = 9.1
(z,A) <621(a?, A en(z, )’ 9.1
o 611($,)\) o 612(1’, )\)
el(x7 )‘) = (621($,)\)> ) 92('7;’)‘) = <€22(l’, )\) ) (92)
MaTpuly (yHIaMeHTaJlbHOH CHCTeMbl pelleHH# ypaBHeHHsi {p(y) = Ay C HadaJbHBIMHU YCJOBHSIMH
E(0,\) =1. Jlerko BHzaeTb, uTo B caydyae P =0
0 0 AT
_ 10 _ (@A) ela(x A _ _ (€ 0
E(z,A\) = E°(z,\) = <681($, NS\ E(x,\) = 0 e—ire - (9.3)

YrBepxkpenue 9.1. [Tycmo 11, = {\: |ImA| < r}, r > 0. Toeda oan scex mouex X\ € Il cnpaseod-
AUBbL NPe0cmasieHis,

enn(z, ) = (1 + ni(z, \), ea1(z, \) = ey (2, \),

€12 ($a )‘) = ei)\x7712(x7 A)) €22 ($a )‘) = e_i)\x(l + 122 (l’, )‘))a (94)
ede

i e Vo < YoOICUP o) 9.5)

Kpome amoeo, noumu ectody na [0, 1] soinosnens. oyenku

sup |(m1(z,\)),| < Mpa(z)], sup |(ma(2,N)),| < Mpa(z)],

A€l Y

sup |(n21 (2, \)),,| < M|ps(z)|, sup | (n22(, A)),,| < Mps(x)], (9.6)

A€l Y

ede M = exp (2r +ae*) , a = ||p2||L, + [|psllL, -

Hoxasameavcmeo. Ilyctb

er(a, ) = <611(x, A)) _ <(1 + ml@’)\_)i)ffx) |

€21 (l’, A 721 ('Ia )\)6
Ouenk# (9.5) cpasy BhiTeKaloT U3 npencrasiaennit (6.13). Hanee,
14+m ! _ 0 A —ipg(a:)e*%)‘m 1+ m11 9.7)
M21 ipg(x)e? 0 121 ' :

B cuny teopemsr 2.1 mocnennss cuctemMa HMeeT eIMHCTBEHHOE pellieHHe, MPHUeM oleHkKa (2.6) naet Ham

masc{| L+ nua(, V)], e (2, M)} < exp (ae™).

[TopcraBiisist 3TH oleHKH B cucteMy (9.7), mosyuaem pesysbrat AJsi nepBoro crosnbua matpuusl E(z, A).
OueHKH 17151 BTOPOTo CTOJ0OLA BBIBOASATCS aHAJOTHUHO. O

Omnpenenenue 9.1. Ilycts norenuuan P € Lq[0, 7], KpaeBble yCa0BHsI 3afaHbl MaTpulei U, a QpyHK-
uud eq(z,\) u ey(x,\) onpenenennl B (9.1). Xapakxmepucmuueckum onpedesumenrem A(\) onepatopa
Lp Ha3bIBaeTCs JeTePMHHAHT MaTPHULBI

M) = w11 + wizern (m, A) + urgear (m, A)  uig + uigern(m, A) + urgen(m, A) (9.8)
ug1 + ugzerr (m, A) + ugaear (m, N)  uge + ugzern(m, A) + uggexa(m, ) ) '

YrBepxpaenue 9.2. [lycmo nomenyuar P umeem sud (3.8), a kpaesvie ycrosus U peeyrspro.
Iycmov A(X) — xapakmepucmuueckuii onpedeaumenv onepamopa Lpy, a Ao(N\) — xapakmepucmuue-
ckuti onpedeaumens onepamopa Lo . Toeda 8 npoussovror obracmu 1l . cnpasediuso npedcmas-
AeHue

A) = Ao(A) +6(A),  [0(N)] < MTo(N), (9.9)
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ede M sasucum moavko om ||P||r, u r. Kpome moeo, Haiidemcs makasa noasoca II,,, ede ry onpede-
ASIemcs MoAbKo Kpaesvimu ycaosusmu U, umo 8He 3moii noAocul cnpagediuso npedcmasienue

A =8N A+pN), V] < MTL(), (9.10)
¢ Koncmanmoti M, sasucsaujeti moavko om || P, u kpaesvix ycaosuil.

[flokazameavcmso. Onpenenutens Matpuubl M(\) uMeeT BUI

AX) = Jiz + Jigera(m, A) + Jiseaa(m, A) + Jsaeq1(m, A) + Jugear (m, A)+
+ Jza(err(m, Aeaz(m, A) — erz(m, Aear(m, A)).  (9.11)

3amMeTnM, uTo BeIpaxkeHue e11(x, A)ega(r, \)—e12(x, A)egy (z, A) siBisIeTCs onpefennTeeM MaTPHLbI HYH-
JlaMeHTa/bHOM chcTeMbl pelieHuit B Touke x € [0, 7). ITockoabky caen matpuubl B~ (Al — P(x)) pasen
HYyJI0, TO coriacHo TeopeMme JIuyBuans (cm., Hanpumep, [33, ri. III, §1]) 3To BeIpakeHHe He 3aBUCHUT
oT z, a mpu & = 0 OHO PaBHO eIMHHIE MO omnpeneneHu0 GyHKuUi ej(z,A) u ex(x, \). [logcraBasis
acuMnToTHyeckue opmysbl (6.13) B cootHowenue (9.11), moayuum

AQ) = Ao < CTo(N) (e +[e7 ™),

U TepBOe yTBepxkKIeHHe fokazaHo. JlokaxeM BTopoe yTBepxaeHue. Pasbepem cayyait Im A > 0. [TonGe-
peM rg > 0 Tak, 4To

Tro

5

e

| J12] + | 34| + | Ja2|le” ™ < |J14]

Torma mpu Im A > rg

i i 1 —iT
1Ag(N)| = | J1ae™™| — | J1g + J3a + J30e™| > §|J14e Al (9.12)

a 3HAUYUT
1Ao(N)| ! (|em| n |e*m|) <2 (1 |e720]) < 4|

Jlanee, paccykaast aHa/JOTHUHO J0Ka3aTe/bCTBY yTBepxKaeHUs 8.2, moayuaeM oueHky (9.10) ¢ KoHcTaH-
Toit M, 3aBucsiiedl ToabKo oT ||P||n, ¥ KpaeBbix ycsoBuil. Cayuail Im A < 0 pasGupaeTcsi aHa/JOrHY-
HO. O

Mbl nepexofuM K BbINOJHEHHIO Halllell OCHOBHOH 3aaud B JaHHOM pasfieJsie — BbIBOAY acCHMITOTHYE-
CKHX (hopMyJ1 1151 COOCTBEHHbIX 3Ha4eHHH U co6CTBeHHBIX PyHKIMH onepatopa Lpgr. [Ipu sToM MaTpuiy
P MBI MOXeM CUMTaTh BHeAMaroHasbHOH (cM. yTBepxkaeHue 3.3). Mbl HauHeM ¢ HauboJjee OOIIEH CH-
tyauun P € L1[0,7]. B 3Tom ciyyae Haul pe3ysbTaT 3aKJIOUaeTCsi B TOM, UTO COOCTBEHHbIE 3HAYEHMUsI
oneparopa Lpy aCUMITOTHYECKH COMMKAIOTCS ¢ COOCTBEHHBIMH 3HAUEHHSMH HEBO3MYILEHHOro orepa-
Topa Lo,u-

Teopema 9.1. [Tycmo nomenyuar P € L]0, 7] umeem eud (3.8) u Lpy — peeyrapHolii onepamop
[luparxa. O6osnauum uepes N cobemeennvie snawenus onepamopa Loy u 4epes A, — cobcmeennsie
sHauenus onepamopa Lpy ¢ yuemom arzebpaudeckoti kpamrnocmu. Toeda npu nodxodaueli nymepa-
yuu nocaedosamenvrocmu {\, tnez (U makas nHymepayus 803mMoHHQ)

A =2 +0(1) npu |n| — occ.

B uwacmunocmu, { A, }nez C I, 025 nekomopoeo o > 0.
Ecau P € Lyl0,7], p> 1, uau P € Bfoo[o,w], 0 > 0, mo wupura ry NOAOCHL 3ABUCUM MOALKO OM
Hopmol nomenyuara ||P|| 6 coomsemcmeyrowem npocmparncmse u kpaesolx ycarosuii U.

[flokazameavcmso. PaccmorpuM BHauase ciaydadh P € Li[0,7]. O6o3nauum f(A) := A(X) — Ag(N). B
cusy yTBepxkAeHHs 9.2 Ha#nmeTcs rg Takoe, UTO

%%O npu A — oo, A ¢IL,.
0

BriGepem uucsio 7 > 1 Tak, 4ToObl Ha MpsMbIX | Im A\| = 7 GbLIO BBIOJHEHO HEPABEHCTBO

[F] < [Ao(N)]-
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Hanee, 3adukcupyeMm npousBosbHoe uncao p € (0,2), njas kotoporo Ha npsiMoil Re A\ = p Her Hyne#
byHxund Ag(A) 1 0603HaUUM
m = min{|Ag(A\)| : Re X = pu}.

BHoBb o6paruasich K yTBepakaeHu0 9.2, Buanum, uto |f(A)| — 0 npu A — oo BHyTpH nosocsl I1,.

Torna HaiineTcss Takoe HaTypasnbHoe Ni, 4to mpu Beex A € II., |[Re\| > u + 2Ni, BHOMHEHO
[fN)] < m.

3ameruM, uto GyHKUUST Ag(A) MepHoguyHa C TMEPUOIOM 2, a 3HAYMT, HAa BePTHKAJbHBIX OTpe3Kax
Re A = pu=£2n, n > Ny, BHyTpH noJiocel 11, BeIMOJIHEHO

min [Ag(A)[ = m > [f(A)].

[Tpumenum Teopemy Pylie K npsiMOyrofbHHKY, OrpaHUYeHHOMY OpsSMBIMH Im A = +r, Re A = p &£ 2n,
rae n > Ny, U noaydum, 4to GyHKIuu A(N) U Ag(\) UMeT oarHaKOBOe (C y4eTOM KPaTHOCTH) YHCJIO
HyJIeHd B JI0O0OM TAKOM TNPSIMOYTOJIbHUKE.

[lepeitneM K usydenuto Hyned GpyHkuuu A(M) npu A — oo BHyTpu nosocsl II,.. 3apuxcupyem uncao
€ TaK, 4ToOBl KPYyru

U-(A) = (A: A =Xl <e), nez,
He TepeceKasuch U Jexasnd B nojoce II,.. O6o3naunm
my, = min{|Ag(A\)] : |A = A\| =€}

[Tockonbky QyHKIHS Ag(A) nepuoguuna, To m, > M s Hekoroporo M > 0. Torma cyiecTByeT Takoe
HatypanbHoe Ny, uto npy |Re A| > p 4 2Ny Ha okpyxkHOCTAX |A — A)| = ¢ BbIMO/IHEHO:

[F] < [Ao(N)]-

Ilo Teopeme Pyme koauuectso Hynei gpyukuuii A(X) u Ag(\) B kaxaom kpyre U-(\2), [n]| = 2Ns + 2,
COBIAJaeT.

Tenepb Mbl 3aHymMepyem Hyau GyHKUHH A(M) B Ka)XIOM TaKOM Kpyre Tak, 4ToObl KX HOMepa COB-
nagasd ¢ HoMepaMu HyJed GyHkUMH Ag(A) B 3TOM ke Kpyre. M3 paccyxueHui, npuBeIeHHbIX BBILIE,
cenyet, 4To KoaudectBo Hysned (yHkuuid A(AN) u Ag(A\), He monaBLIMX B OObeIMHEHHe 3THUX KpYy-
roB, KOHEYHO M OfiMHaKoBo. [IpoBemeM HyMmepaluio ocTaBIUXcs Hy/ed GyHKUHH A(A) B MPOU3BOJIbHOM
MOPSsIIKE.

Hynu ¢ynxunu A(\) — co6cTBeHHble 3HAaYeHUs onepaTopa Lp 7 — Mbl 0003HaUUM { )\, }pez. Ocraercs
3aMeTUTh, UTO YHCJO € Mbl MOXKEM YMEHbLIATh ¥ BBIOUPATb CKOJIb YTOAHO MasbiM. [Ljsi 1060r0 Takoro
¢ Ha#znercs Homep N(g) Takoil, 4To mpH BcexX |n| > N (&) BbIIONHEHO

Ao — A <.

NupiMu cioBamy,
A=A 4 0(1), [n| — oo.

Ocraercst 10Ka3aTh yTBep:KIeHHEe 00 OLEHKe LIMPHHBI TOPU3OHTANBHOH MOJIOCH], COlEpIKALeH YUCIA A,,.

Ecmn P € L,0,7], p> 1, mm P € Bf’oo[O,w], # > 0, To, cornacHo oneHke (7.3) uau Teopeme 7.3,
COOTBETCTBEHHO, BBIIOJHEHO

Yo(o +i1) < C||PJ||r|*

(3mecb a > 0 u paBuo 1/p’ unu 6, a Benuurna C' 3aBUCHT TOJBKO OT p HJH ).

DTo o3Hayaer, 4To oueHKa |p(A)| < 1 ¢pynxkuuu p(A) us (9.10) BeimosiHeHa 1pu Beex |Im A| > «, e «
3aBHCHT TONBKO OT || P||. [TockoabKy Hyau GyHKUHH Ag(A) JekaT B 1oJjoce, MLUPHHA KOTOPOH 3aBUCHUT
TOJIBKO OT KPaeBbIX yCJOBHH, npeacrasienne (9.10) mpuBomuT K oueHke noJgocsl o = ro(||P|,U). O

PesynbraThl pasgesa 6 M0o3BOMSIOT YTOUHSTH OLEHKHU OCTATKOB B MOJNYYEHHBIX aCHMIITOTHUECKUX (op-
MyJ1ax TpH AOMOJHUTENbHBIX MPENOJNOKEHUsIX Ha MOTeHUHas P. DTH OLEHKH pas3/iHyaioTcs B ciaydae
CHJIBHOH W cs1aGoll PeryJ/sipHOCTH HEBO3MYILIEHHOro oneparopa Lo 1.

Mycts {A2},,cz — cnektp oneparopa Lo . BeiGepem uncso € Tak, 4To B Kpyrax

Ky={\: A= \0| < 3¢} (9.13)

JIEKUT POBHO OHO (IJIS1 CHJIBHO PeryJ/sipHOTO Cjydyasi — OMHOKpaTHOe, a AJs ca1abo peryJsipHOTO CJy-
Yasi — IBYKPaTHOe) COOCTBEHHOE 3HAueHHe.
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3aMeTHM, UTO MOCTPOEHHBIE KPYTH He NepeceKaloTcsi, a Uucso € > () KOpPeKTHO orpejiesieHO, T0CKOJb-
Ky mocJsiefioBateibHocTh { A0} mepuonuuna. 3aduKcupyeM ropH3oOHTalbHYI0 nojocy Il,, comepxkallyio
BCE 3TH KPYTH, U 3aMeTHUM, YTO (¢ 3aBUCHUT TOJIBKO OT KpaeBbiX ycjoBuil U. Onpenenum 4ucsia
sp(r) = max YTo(A), 0<r<e. (9.14)
IA=ARI<r
Onpegenurens Ag(\) pasen Hymo npu A = A2, Eciu KpaeBble yc/10BHS CHJIBHO Pery/spHbl, TO BCe ero
HYJM TIPOCTHI, U Toraa B Kpyre |A — A)| < ¢, rne uncsio € onpese/sieHo Bbillle, BBIMOJIHEHA OLEHKA

|Ag(N)] > er|A =AY

[Ipu atom, nockosbKy (yHKuust Ag(A) meproguyHa, YUCAO ¢; MOXKHO BbIOpaTh HE 3aBHUCSIIUM OT 7.
OueBuaHO, uTO (YHKLHUS Sy, (7) HempepbiBHA ¥ MOHOTOHHO Bo3pacraert 1o r € [0, &].
3aMeTHM, UTO sp(€) — 0 mpH |n| — oo cornacHo JemMe 6.1. DTo 03HAYaeT, YTO HEPABEHCTBA Sp(€) <

% (ancmo M = M(||P||L,,) = M(||P||z,,U) onpeneneno B (9.9)) BbImoOJHEHBl 151 BCex n € Z,

KpOMe HEKOTOpPOro KOHeyHoro Habopa uHAeKcoB. Mbl 0003HAUMM 3TO MHOXKECTBO MHIEKCOB Z M, KaK U
B caydae oneparopa lIrypma—JluyBunisi, HazoBeM n € Z \ Z pecyrsiproimu, a n € I uppecyriprolmu
MUHIEKCAMH.

EcrectBeHHoO, cyuiectByeT Takoi Homep N = N(P,U), uto Bce n perynspHbsl npu |n| > N. Urak,
car
T
[Ipu HeKOTOpBIX M 3TO ypaBHeHHEe MOXKeT UMeTb HeCKOJbKO pelleHHH — Mbl BblOepeM HaUMeHblllee U3
HHUX (OHO, BO3MOXKHO, PaBHO HYJ0). Takum o6pazom

To(A) = sp(rn) = 20
e 0(A) = sn(rn) = —7

IJIS KaXKAOTO PeryssipHOro m HaHIeTCs YUCIO 7 = 1y, SBJSAMOLEeCs KOPHEM YpaBHEHHS S,(r) =

C1Tn

Yucna s, (ry,) Mbl OyaeM 0603HaYaTb MPOCTO Sy,.

Ecu e KpaeBble yCJOBHs c1aBo pery/isipHbl, To Bee Hyad A) nBykpaTHbl, M B Kpyre |A — \0| < ¢
BBITIOJIHEHA OLIEHKA

[Ag(N)] > 2l A = A3,
rjie co BHOBb He 3aBHCHUT OT n. B 3TOM ciyyae Mbl Takxke pacCMOTPUM (DYHKLUHH S, (r), HO UHCIO T,
omnpenesUM KaK HaUMeHbLIMH KOpPeHb YpPaBHEHHS Sp(r) = %
6282

0<7r<e, ecm sy(e) < ST 3a(pUKCHUpyeM 3TO HepPaBeHCTBO B KayecTBe OMpeJie/IeHUs] PeryJ/IsipHOCTH
HHIEKCa n.

, 3aBegoMo CYLU.eCTByIOLU.I/Iﬁ Ha OTpe3kKe

Teopema 9.2. [lycmo P € L[0, 7| — nomenyuan suda (3.8) u Lpy — peeyasproii onepamop [u-
paka. O6osnauum wepes \) cobecmeennvie snaenus accoyuuposannozo onepamopa Loy, a 4epes
A\, — cobcmeennbie 3navenus onepamopa Lpr, 3aHYMEPOBArHbIe MAK, 4mo A, — A0 — 0 npu n — o0.
Toeda 6 cayuae curvroli peeyrsprocmu onepamopa Lpy cnpagediusa acumnmomura

M
|)\n - )\2| ST < asn(f)a M = M(”P”LUU)a C1 = Cl(U)a (915)

a 6 cayuae caaboli peeyarsprocmu

M

0

‘)\n - )‘n‘ < Tn < c_sn(g)a C2 = CQ(U)7 (9.16)
2

ede HepaseHcmaa cnpasediusol 045 8cex n € Z\T u, 8 wacmHOCmU, HAUUHAs C HeKomopozo Homepa N,

3agucauieco om nomenyuara P u Kpaesvix ycaosuti U.

Hokasameavcmeo. CHauasa pacCMOTPUM ciiydaid, Koraa KopHu ¢GyHKUHH Ag(A) npoctel. Ha oxkpyxHo-
CTAX Y, paauyca 7, C LeHTpaMH B Hy/sX A\J uMeeM oleHKH
|Ag(A)] > e1rn, [6(A)] < MYo(A) < ermn.

Torna Ha OKpYXKHOCTAX 7, OyneM uMeTb oueHKY |Ag(A)| > |§(N)|. CornacHo Teopeme Pyiue, BHyTpH
OKPY?KHOCTH Yy, HAXOAUTCSI POBHO ONMH HYJIb A, GYyHKUHH A(X), T. €. /15 PEry/ISPHBIX 71 BBIIOJHSIOTCS
ouenku |\, — AY| < r,. B ciyuae 1ByKpaTHBIX KOPHEH Ha OKPYXKHOCTSIX 7Y, CIIPABEIJUBbI OLEHKH

|A0(>\)| > CQT%, |5()\)| < MT(]()\) < CQT%,
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M U3 TeopeMbl Pylie cieayer, 4To BHYTPH KaXKIOH OKPYXKHOCTH 7y, JieKaT POBHO [ABa HYJsi (yHKLHH
A()). CornacoBanHOCTb HyMepaluil nocaenoateabtocteil {2}, cz 1 {\, }nez cenyer us Teopemsr 9.1.
U

Teopema 9.3. [Tycmov nomenyuar P umeem sud (3.8), a onepamop Hupaka Lpy CULbHO peeyas-
pen. Ecau P € L]0, 7], mo

A=A =0 npu n| =00 u max [\, — N < C|\P|L, - (9.17)
ne

Ecau P € L,[0, 7], p € (1,2], mo
1/p'
D= A} ez € Ly, % + % —1,u (X <P, (9.18)
nez
Ecau P € Bfoo[o,w] (npocmparncmso Becosa, cm. onpedenenue 8 npurosxcenuu B), 0 € (0,1), mo
{(n’ (A = AX)}nez €los sggnmn ~ Al <ClIPlgo (9.19)

npuuem amo ymeepacdenue npu O = 1 cnpasedauso daa nomenyuaros P € W0, ).
Ecau P € Bf7m70[0,w], 6 € (0,1), mo

n’An —A0) = 0 npu |n| = oo u supn?|\, — N < C’||P||B§; . (9.20)
nez e

Ecau P € sz,[O, 7], p € (1,2], 8 € (0,1/p), mo

1/p’
1 1 / /
0 0 0 0
(O =Xtz €l =+ 5 =1, u | D _nPr = A0 <C|P|go - (9.21)
p D p.p!
nez
Ecau nomenyuanr P umeem sud (3.8), a onepamop Lpy carabo peeyasper, mo sce oyernku (9.17)-
(9.21) coxpansromes ¢ samenoti pasnocmu Ny, — N2 na [N, — N0 |2
Bce xorncmanmor C' 6 ouernkax (9.17)-(9.21) 3asucam mosvko nomenyuara P, napamempos p uiu
0 u kpaesovix ycaosuii. I[lpu amom eesde, kpome oyenku (9.17), 3asucumocmo om nomenyuara pas-
Homepra, m. e. C sasucum om ||P|r,, ]PHBf u ||[P|[go , coomsemcmsenno (mounee, nymepayuro
e P,p

qucen Ay MONMCHO Nposecmu mak, 4mobbl 3a8UCUMOCTb KOHCMAHRM OM NOMeHUUaLa Obiaa pasHoMep-
HQ).

Ecau mampuya P umeem obwuti eud (3.1), mo ece ymesepsycdenus meopemvl COXPAHSIOMC C MOLL
auws pasruyeti, umo aucaa N seasromes cobecmeennbIMU SHAYEHUAMU ONepamopa L5, ede kpae-
sole ycaosus U onpedeserol 8 (3.6).

Hokazameavcmso. CornacHo Teopeme 9.2, noctatouHo nokasaTb oueHKH (9.17)—(9.21) mast uucen s, (e).
[lycThb fi,, — TOUKH, /151 KOTOPBIX
sp(e) = max Yo(A) = To(pn).
[A=A9 |<e
Tak Kak |pn, — pm| = €, To nocenoBaTebHOCTb { [y, tnez He crymaercs. Teneps ouenku (9.17)-(9.21)
BBITEKAIOT U3 caencTBUs 7.1 u Teopem 7.3 u 7.4.

Bce yTBepxaeHHs 04eBHAHBIM 00pa3oM MepeHOCATCs Ha cjaydaid noTeHuuasna P ofliero Buaa Npu
MOMOLIM yTBepKAeHHs 0 nono6uu 3.3. OcTaeTcst yCTaHOBUTh PABHOMEPHOCTD OLIEHOK, T. €. 0Ka3aTh, UYTO
KOHCTaHThl C' 3aBHUCST He OT CaMOTro MOTeHIHana P, a OT ero HOpMbl B COOTBETCTBYIOLEM TPOCTPAHCTBE.

XapakTepuCTHKH HeCTYIIaolleics M0CIe10BaTebHOCTH {[iy fnez — UHCIO € U LIMPHHA MOJOCH (v —
OTpefessiioTesi TOJbKO KpaeBbiMH ycsoBusmu U. Torma HopMa nocsemoBatesibHocTH {Yo(uy,)} B coot-
BETCTBYIOLIEM MPOCTPAHCTBE 3aBUCHUT TOJbKO OT COOTBETCTBYOLIeH HOPMbI ||P|| ¥ KpaeBbiX yCJOBHH.
3aBucHMOCTb KOHCTAHT M, ¢1 U co OT BenuuuH ||P||z, u U yke oTMedeHa BbILLE.

Takum o6pasoM, paBHOMepHOCTb Bcex oleHOK (9.17)—(9.21) mokasana, HO He AJsi Bcell mocsenoBa-
TeNbHOCTH { A, — A0 },c7, a JUIb A5 perynspHbiX n. Jla/ibHeiilke HallM pacCyAeHHUs PecaenyioT
IBe LeJH: 0KasaTb, UTO YUCJIO HPPETYJISPHBIX COOCTBEHHBIX 3HayeHWH |Z| 3aBUcHT He oT P, a ot || P|[;
OLIeHUTb Pa3HOCTb |\, — A| npu n € Z.
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Kak u B nokasaresnbctBe TeopeMsl 8.3, pasbepeM [Ba ciydasi.
Cayuati 6 > 0. Ilpennosoxum, uto P € ng,[O, 7] Aas Hekortoporo p € [1,2] u # > 0. B cuay

BJIOXKEHHUS Bg,p’ [0,7] C BﬁOO[O, 7] U TeopeMsl 7.3 UMeeM
To(A) <CA+AD?  Aelly, C=C(|Plgo ,q), a=a(l). (9.22)
p,p

YuureBas, uto [A)| > c3|n|, c3 = c3(U), Buanm, uto Bce n ¢ Homepamu |n| > Ny = No(||P|| o LU)
P

SBJISIIOTCS PeryJsipHbiMu. [lepBasi Lesb mocTUTHYTA.

JInsi OLeHKH BeJauuuHbl | A, — A0 |, n € T, npumenum teopemy Pyiue k dpynkuuu A(N) = Ag(A) +6(N)
Ha TPSMOYTOJIbHUKE C BepliwHamu +ia £+ . BHauasne yBesnuum, npu HeoOXOAUMOCTH, OMpeneeHHOe
HaMH BBbIlIE YHCJAO < TaK, 4TOObl Ha mpsAMbIX Im A = £« Oblya BbINOJHEHA OLEHKA

[AN)/Ao(A) — 1] < L.
B cuny (9.10) aTo HepaBeHCTBO 06ecreunBaeTcsi yCAOBHEM
MY ()] <1, M=M(|P|z,,U).
,U).

Tenepsb BbiGepeM uncso B Tak, YTOObI IPSIMOYTOJIBHUK C BeplIMHaMHU ticv £ 3 comepxkan Bce COOCTBEH-
Hble 3HaueHus \) ¢ Homepamu |n| < Np. [Tosnoxum

Ouenka (9.22) reneps moxassiaet, uto a = (|| P||ze
p,p

/

m = min |Ag(N)] > 0.
AE[—iatpB,iatp]

MBI XOTHM HOOWTbCS BBINOJHEHHS] OUeHKH |J(A)| < m Ha 3THX ABYX orpe3kax. B cuiy (9.9) sro
HepaBeHCTBO 00ecreyrBaeTcsi yCI0BHEM

MTo(A) <m, rae M= M(||P|L,,a), Oé:Oé(HPHng,,U), m = m(a,U).

Tenepnp u3 (9.22) cnenyer, uto yBesuueHHeM [ Mbl MOKEM NOOUTHCS KeJAeMOH OLIEHKH, IpUdYeM
B=B(IPllg ).

Octaercsi 3aMeTHTh, UTO /3 MBI BCETla MOXKEM yBeJIUYUBATh, HE MeHss m, T. K. QYHKIUS Ay NeprHogruyHa
¢ nepuonoM 2. I[Tpumensis Teopemy Pyliie K mocTpoeHHOMY NPSIMOYTOJNBHHKY, BUOUM, UTO BCE HPpery-
JISPHBIE \;, OCTAIOTCS BHYTPH Hero. ATO 0O3HauaeT, YTO BHE 3aBUCHMOCTH OT UX HyMepallUu ClpaBel/nBa
OLleHKa

An = Al < 2a+28, |n| < No, = a(||P|| g
p.p

/

U), 8= B(IPlg . U), No=No(IPlgs ).
Torma B (9.19) u (9.20) umeem
supn’| A, — AL < sup n?An — A0+ sup A, — A2 < C(|Pllgo ,U) +2(c + B)NG.
T PP

nez n€Z\Z ne
B (9.20)
1/p' 1/ 1/p'
(Z | Aﬁ\p'> o D DACYE L B (Z |~ A%lp/> )
nez neZ\Z nel

< O(IPllgo ,,U) +2(a + B)NG(2No + 1)V/7'.
D,p
Cayua#t # > 0 moJIHOCTbIO pa3obpaH.
Cayuaii 0 = 0. Ilyete P € L, nna Hekotoporo p > 1. HanomuuM, 4To
sp(e) = max Yo(A) = To(pn).

IA=Apl<e

[TockosbKY {fin }nez — HeCTyIIAOLIASICS TIOCAEA0BATENBHOCT € XapakTepuctukamu ¢ = e(U) U a =
a(U), To, B cuay caencraus 7.1

1/p
<Z<To<un>>p’> < C(U)|1Ps,

nel
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CcC1€
YcnoBue n € Z \ Z onpenensietcsi BbinoJiHeHHeM HepaBeHCTBAa Yo(py) < i JJIST CHJIBHO PEryJISIPHBIX

“ 6252
KpaeBbIX ycaoBud u Yo(uy) < S8 nJsi cnabo peryaspHbix. [lpu atom

€:€(U), C1 :Cl(U), CQZCQ(U), M:M(”P”LI,U).
ATO O3HadyaeT, UTO B JI0O0M ciaydae
1/p

COIPL, = | D (Tolun))” > Mi|Z|, My = M(p,||PL,.U),
nel

T. €. uuca0 Ny Uppery/sipHpIX MHIEKCOB OlleHMBaeTCsl BeJMUMHOM, 3aBucsllel Tobko oT ||P||L, u U.

Ocraercs OLeHUTb BeJUuUHY |\, — A2| nnis upperysipueix unaekcos. Buauane, Kak u B ciyuae 6 > 0,
YBEJUUUM LIHPUHY nosockl I, uToObl no6uThest oueHkH |p(A)| < 1 Ha mpsmbix Im A\ = +a QyHKUKH
u3 (9.10). dra oueHKa obecreyrnBaeTCs HEPaBEHCTBOM

Yo (o +ia) < M = M(||P||1,.U).

1
Ma
Hanomuum, uto

Yi(o+ir) <Cr V" e C=C(|P|rL,)
(nepaBenctBo (7.3)).

Hrak, uucno o = of||P||r,,U) sadukcupopano. Temepb, Kak W B J0KasaTelbCTBe TeopeMmbl 8.3,
NOCTPOUM CEMEHUCTBO KOHTYPOB Yy, N € Z.

Jlns moctpoenust kKpusoi 1 (t), t € [—1,1], npoenem BHauaste oTpe3ok [—ia + Re A, i + Re Y],
OpPHEHTHPOBAHHBIH CHU3Y BBepX. Termepb 3aMeHHM Ty ero 4acTb, KOTOpasi momaJja B Kpyr K, Ha MpaByio
MOJTyOKPY?KHOCTh. EC/I mosiydeHHBIH MyTh TepecekaeT KPyr Ko, To 3aMeHHM Ty 4acTb OTPe3Ka, KOoTopasi
nornaJsa BHYTPb Ko, Ha JIeByl0 AyTy OKpYyKHOCTH OK5. Ecnu mosmydyeHHBldl nyTh nepecekaet Kpyr Ky, TO
3aMeHHM Ty 4YacTb OTpe3Ka, KOTopasi momasna BHYTpb K, Ha MpaBylo AyTy OKpyKHocTH OKjy. B cuay
OLIEHKH

A = Al = 2(lm —n| = 1)
ApYyrue KPyru myTh Nepeceyb He MOXKeT.

B pesynbrare moJy4yuM NyTb Y1, KOTOPBIE BCe KPYyTH C HOMepaMM m > 2 OCTaBJjseT CIIpaBa, a Bce
KpyTH ¢ HoMepaMu n < 1 — cjieBa. AHAJIOrMYHBIM 00pa3oM MpoBesieM My Th 2. OcTabHblE TYTH MOJTYYHUM
napaJJjesbHbIM MepeHOCOM

Yi42n =71+ 20, Yoton =Yoo +2n, n€Z.

Tenepb MOCTPOMM 3aMKHYTble KOHTYPbl Cpypny, ™ < M, IONOJHHB KPHUBbIE 7Y, (t) U 7, (t) oTpeskamu
npsAMbIX ImA = u Im A = —a.

[To nocrpoenuio, Kax bl KOHTYP Cp,p, CONEPKHT BHYTPH POBHO M — 1 TOUYEK MOCJIE0BATENBHOCTH
{X)}jez. 3amernm, uto

diam Cp,, < [ReA —Re Al [ +2+2a <n—m+ 3+ 2a.

[TocTpoeHHbIe KOHTYPEI, TI0 aHAJNOTHH C YHCJAAMH N\, Pa306beM Ha JBe KaTerOopuH — MOAXOAsimne (15
npuMeHeHus: TeopeMbl Pyiie) u Henonxoasimue. [1yTe v, HazoBeM nodxodsaujum, ecau

max |[§(A)| < min [Ag(N)],
Tn Tn

U Henooxooaujum B IPOTUBHOM caydae. Koutyp C,,,, HaszoBeM nodxodsujum, eciu o0a MyTH Y, U Vi,
nopxozsmuye (Ha npsmMblx Im A = £« HepaBeHCTBO max |[0(A)| < min |Ag(A)| BEIIOJHEHO).

[ToBTOPHM paccy:KIeHHsl, KOTOPble MBI yKe NPUMEHUJIH K OKpyKHocTsIM OK,,. IlycTh v, — TOUKH Ha
Yn, TAE [0(N\)| mOoCTHraeT cBoero MakCcHMMaJbHOroO 3HaueHus1. [locsenoBarenbHOCTD {v, } Hecrylamoascs,
a 3HauuT, {Yo(vp)}nez € lg, (Teopema 7.4).

Bousee Toro, XapakTepuCTHKH v U [3 TOC/IE0BATENBHOCTH ONPEENSIOTCS TOJIbKO KPAeBEIMH YCJIOBUSIMH
W WHpUHOK nosiockl o = (|| Pz, ,U), T. e.

{To@)} s, < CUIPIL, V).
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V3 3Toll OleHKM c/lefyeT, uTo YMca0 Ni HeMoAXOASUIMX KOHTYPOB 7, 3aBHCHT TOXe JHUIIb OT ||P||z,
1 kpaeBbix ycaoBuil U. Ilpumenss Teopemy Pylie K KaKaoMy MOAXOASLIEMY KOHTYPY, MOJYUHM AJIs
KaKJIOTO UPPETYJSIPHOTO 1 OLEHKY

A — N| < diam Cp,_ vy iy < 2N7 + 3+ 20
Torma B (9.18)

1/p

1/p' 1/p
(Z A — A2|P’> < DD = + (Z An — A2|p’> <

nez n€Z\T nel
< C(IP|L,, U) + (2N1 + 3 + 20) N7
O

Tenepr nokaxem TeopeMy 00 acCHMOTOTHKe COOCTBEHHBIX (DYHKLHH CUJIBHO PETYJSPHOrO oneparopa.
B cnabo perynsipHoM ciydae cOOCTBEHHBIE 3HAYEHUS] aCUMITOTHYECKH NBYKpaTHbl. B aToM cayuae Mbl
M3y4YUM aCHMIITOTHUECKOE IOBE/IeHHe COOTBETCTBYIOIIMX JBYMEPHBIX CIIEKTPAJbHBEIX MPOEKTOPOB (CM.
teopemy 10.3 HuXKe).

Teopema 9.4. [Tycmo nomenyuar P € L[0, 7] umeem sud (3.8), a onepamop Lp cusvro pecyrs-
pen. Tozoa 0as ecex n € Z, Kpome KOHe4H020 MHONcecmea urndekcos' J, cobcmeentbie 3HAUEHUS \p
npocmeot. Obosrauum uepes {yn()},e\z HOpMUPOBaHHbIE COOGCMBEHHbLE PYHKYUL 9MO20 0onepamo-
pa, omseuwaroujue cobcmeennoim snavenusm {\,}, a uepes {y%(z)} — nopmuposarnoie cobcmesennole
pynkyuu onepamopa Loy, omseewarouue cobemeennvin snauenusn {\)}. Toeda

yo(z) = y2(2) + 1, (), ede |lrn|lc = 0 npu Z\ J 3 n — oc. (9.23)
Boaee moeo, cnpasediuso npedcmasgirerue
yl,n(x) = ei)\nITl,n(x); y2,n(x) = e_i)\nITZn(x)a (924)

npuuem
im0 <C, j=1,2, C=C(|P|L, V),
a npoussoonsie QYHKYUL T, (T) NOOUUHEHbL OUeHKe
|7jn (@) < C(Ip2()] + Ips(2)]) (9.25)

noumu 6ctody wa [0, 7] > x, ede nocmoannas C 3asucum mosvko om ||P|r, u U.
Ecau P € Ly[0,7], p € (1,2], mo

1/p
1 1 ,
{rnllctnenng €lys =+ =5=1, u > leal? < C(||P||L,, U). (9.26)
pp nEINT

Ecau P € Bfoo[(),w] (npocmparncmso Becosa, cm. onpedenenue 8 npurosxcenuu B), 0 € (0,1), mo

{n’ltallctneny €l u s;gjnf’urnuc <C(|Plge_,U), (9.27)
ne ’

npuuem amo ymeepacdenue npu 0 = 1 cnpasedauso das nomenyuaros P € W0, 7).
Ecau P € Bf,oo,m 0 € (0,1), mo

#lleallc =0 npu nf 00w sup nllenllc < C(IPgg _ V). (9.28)

neZ\J
Ecau P € BY [0,7], p € (1,2], 0 € (0,1/p), mo
1/p’

-1, u ST o, 12 <C(|Pllgo V). (9.29)
p;p
neZ\J

1 1
{neurn”C’}nEZ\J € lp’a 5 + 17

1HaH0MHI/IM, 4YTO 3TH UHAEKCBhI Mbl Bbllll€ Ha3BaJlkd UPPETryAsipHbBIMH.
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Hokasamenvcmso. Ilockonbky onepatop Lo CH/IBHO PeryJjsipeH, TO BCe ero COOCTBEHHble 3HaYeHHd
npocTbl. [IpoBenem Henepecekatouecst Kpyru K, onpenenenusie B (9.13). Torna B cuay teopemsi 9.1,
KaxKabli Kpyr K, njsi n € Z\ J COLep:KUT POBHO OfHO COOCTBEHHOE 3HaueHHe \,, oneparopa Lpy. ITH
Kpyrd nomectuM B nosocy Il,, roe a = a(U).

W3 onpenesenus coGcTBeHHbIX 3HaueHuil caenyet, uto Ag(A)) = 0, rme Ag(\) = det My()\),

M (A) M) uir 12 ury uig) (€] (m ) edy(m, A)
Mo(X) = = + :
M3 (N) M) ug U2 ugs uge) \€9i(mA) edy(m, A)
O6o3Hauum
My (A7)
wd =
— M (A)

Torna ¢pynKUIMS
() =i pel(@, A)) +wh €5z, A7)
sIBJISIeTCS] COOCTBEHHOH (HEHOPMUPOBAHHOM) (PyHKIMeH as onmepatopa Lo . Mg n € Z\ J aHaJIOrHUHO
omnpenes MM BEKTOP
MlQ()\n)
Wn = s
—My1(An)
Tak uTo (PyHKUHUSA
Vn(z) = winer(x, \n) + wanea(z, \y)
sIBJISIeTCS] COOCTBEHHOH /15 omeparopa Lp . M3 (9.5) caenyer, uto

ler (2, An) — €Y (@, An)lle + llea(a, An) — €§(a, An) e < CTo(An), (9.30)
anech C' = C(||P||z,,U). Us siBHOro BUaa Gpyukuuii ed(x,\) u eJ(z,\) caenyer ouenka
lef(z, An) — eb (@, A e + lle(ar, An) — €(a, A0) e < ClAn = A, (9.31)
rie C = C(U). IloxpcraBnss cioga @ = m, NOJYYUM, 9TO
lwn = wnll < C(To(An) + [Xa = A0l), O =C(|P|Ly, V). (9.32)

Pacnuiem pasHocTb

Yn(z) = yn(z) = wine1(x, \n) + wa nea(z, An) — wi ne1(3? )‘0) +wsy nez(ﬂf )‘0)
= (win — w(l),n)el (z, A\n) + (won — wgm)eg(a: ) + o n (e1 (z,\,) — (z ,)\n)) =
- wgm (eg(a;, An) — eg(x, )\n)) + w%n (e(l)(a;, An) — el(x )\0)) + wgm (eg(x, An) — eg(x, )\g)) .
B cuay (9.30), (9.31) u (9.32) nonyyaem
170 (2) = ya(@)llcpm < C(To(hn) + A = AaD),  C=C(|P|z,, V). (9.33)

[TockosmbKy {An }nez\ 7 — HeCryliaowascs mnocefoBaTeJbHOCTb, TO Tenepb npeiactasaenue (9.23) u
oteHKH (9.26)-(9.29) HemenseHHo cienytoT U3 TeopeMbl 9.3. ONHAKO 3TH OLEHKH MOJYUEHbl HA HEHOP-
MUposarHvie COOCTBEHHBIE (DYHKIHH.

Heo6xoa1uMo HOpMHpPOBaTh (GDYHKUHMH Y, U yO. 3aMeTHM, 4TO

1¥nlle = 170l < CapsllFn = Fnllc-

Janee, GYHKUMM YO 3aBUCAT TONBKO OT YETHOCTH HOMEpA 7, a 3HAYMT, MOC/EN0BATENbHOCTh HOPM
{511} nez\s (u B mpoctpanctse C, u B npoctpanctse H) oTieseHa OT Hy/st H OT GECKOHEYHOCTH
koHcTantaMu Cyp = C4(U). Torna tem xe cBOHCTBOM 06JanaeT W mnocjenoBarenbHocTb {||ynll}zy 7
(TOJIBKO KOHCTAHTHI 3aBUCAT elie u oT ||P||z,), oTkyna

<y ol 150 = Folle + 190lle - [Tl — 17||
[¥nlle - 1575 lex

yn(z)  yo(x)
Vola  790x]c

< C(Tohn) + |An — X0,
(9.34)

neZ\J,C=C(|P|l,,U) n npercranenue (9.23) nokasaHo.
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Jlnsi nokasartenbcTBa npenctabieHus (9.24) Bocnosbayemcsi cooTHolneHusiMu (9.4) u (9.6). [oayuum

Yin(z) = €27 (W1 5 + w11 (T, An) + wanmiz(z, An)), in| > N
Yon(z) = €T (wo py + W1 21 (T, An) + Wo M2 (T, An))

Bsenem o6Go3nauenus

~ —iAnT

Tl,n($) = gl,n(x)e u 7~'2,n($) = g2,n($)e

Torna
~ 0 0 .
T],n(o) = Wjn = Wjn + Wjn — Wins J = L, 2.

0 0 . ,0
HOCKOJ’Ibe qyHcJaa wlm H w27n 3aBUCAT TOJIBKO OT YETHOCTHU HOMepa N, a BEJHUYHUHDbI |w]7n wj,n\ yxKe

ouenensl B (9.32), To mocnenosatesbHoCTH {71,4,(0) }nez\ 7 U {72,1(0) }rnez\s OrpaHuUeHbI.
OcraeTcsi OLEHHUTb TPOU3BOAHBIE:
7~'J/,n(*73) = W1,n77§-1(3«“7 An) + w2,n77§'2(x7 An),
a 3Hauur, coryiacHo (9.6),
70 (@) < Mpa(2)|(jwrnl + lwanl),  [Fn(@)] < Mlps()|(Jwrn| + |w2nl),

rne M = M(||P||z,,U).
Orcropa cpazy caenyer oueHka (9.25) /s HeHOPMHDPOBAHHBIX (YHKUHE y,. Tak Kak HOPMbI
{HynHH}neZ\j OTIeJIeHbl OT HYJs, TO 3Ta OLEHKA COXPAHUTCS H MOCJE HOPMHPOBKH. O

10. PE3OJIbBEHTA OINEPATOPA JIMPAKA Lp s

Mbl nokakeM, 4To pesoJ/ibBeHTa onepatopa Lpy KOMNAKTHA, U U3YYHM aCUMOTOTHUYeCKOe MoBeJleHHe
npousBoasiued ¢pyHkuuu G(t,x, ) atoro KomnakTHoro oneparopa (pyHkuuu I'puna) mpu A — oo.

YrBepxkaenue 10.1. [Tycmo nomenyuar P umeem 6uod (3.8). Pesorvsernma
R\ = (Lpy — A

peeyasprozo onepamopa Lpy onpedesena npu scex X € C\ {\, }nez, ede N, — cobcmsenroie 3naue-
Hus onepamopa Lpy, u A6asemcs unmezpasvroim onepamopom 6 H:

ROE = / G(t, 2, NE(L)dL. (10.1)
0

Gynkuyus G(t,z,\) nenpepoisna na keadpame (t,x) € [0,7]? sa uckarouenuem duazonaru x = t.

Hokazameavcmeo. Martpuua E(x, \), onpenenentas B (9.1), ynoBjeTBopsieT ypaBHEHHIO
BE'(z,\) + P(z)E(z,\) = AE(z,\),

npudem E(0,\) = I. [IpuMeHUM MeTOl BapHalMH MOCTOSIHHBIX K ypaBHeHHi0 {p(y) = Ay + f. Torna
pellleHHe 3TOr0 ypaBHEHHsl NPUMET BH]L

y(z,\) = wiey(x, \) + waea(x, \) — /E(x, NE™L(t, )BT (t) dt, (10.2)
rgpe wi U wg — MNpOM3BOJIbHbIE HHC/A. Jlerko BUIETH, UTO
y(0,\) = w — /El(t, NB7H(t)dt, y(m ) =E(m,Nw, rrew= (w,ws).
0

Jlnst onpenesieHusi BeKTOpa w BocroJsbayeMcsi kKpaeBbiMU ycaoBusivd Cy(0) + Dy (m) = 0, BBeleHHbIMH
B (3.4). Torma

W= /Ml()\)CEl(t, N BT () dt,
0

roe
M(\) = C + DE(, ).
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Marpuua M ~!()\) onpeneseHa B TOYHOCTH TOTAA, KOTAA
A(X) = det M(X) #0,

T. . st Bcex A € C\ {\, }nez.
Oyukuys y(z, \) Tenepb NpUHAUMAET BHL
y@.N) = [ Gl
0

rae
E(x, YM~Y(\)CE~(t,\)B~! t
G(t,x,)\) — (x7 ) 71( ) ( ? Jl . HpH < x? (103)
E(z,\)(M~Y(\)C = )E-Y(t, \)B~! npu t > z,
4YTO [0Ka3biBaeT TpebyeMoe YTBEpPKAEHHE. O

Omnpenenenne 10.1. Oyukuus G(t,x,\) HaswBaercs Qyukyueil [purna oneparopa Lpy. Yepes
Go(t,z, \) Gynem o6o3HauaTh (GyHKIHIO [prHa HeBo3MyIIeHHOTro omeparopa Lo .

OTMeTHM, Y4TO M3 [OKa3aHHOIO yTBepXKIEHHs CJeLyeT KOMIAaKTHOCTh B mpoctpaHcte H omepaTopa
PR(A) mpu moboM A ¢ {\, }necz (0TCIONA, B YAaCTHOCTH, CJeLyeT 3aMKHYTOCTb onepatopa Lp ).

Haa Ginokafimast 1e/ib — MOJMyYUTb OUEHKH uisi PyHKUHH G(t,x, \). DTH OLEHKH SIBISIOTCS KJIHO-
UeBBIMU [JIs J0Ka3aTesbCTBa MOJHOTbl CHCTEMbl COOCTBEHHBIX M MPHUCOEIMHEHHBIX (DYHKLHH Oreparo-
pa Lpy.

Jlns1 ynpolieHust faibHeAIHX BbIKJIaI0K 0003HAYUM

Ela,z,\) = E(x, )\)Efl(a, A),

rie 0 < a, x <7, A € C, u HatigeM 3Ty PYHKUHIO B SBHOM BHJE.
Mpl yxKe oTMeYasd B 0Ka3aTesabCTBe yTBepxkaeHus1 9.2, uto det F(z, \) = 1. Torna

_ A —en(a, )
E 1 )\ — 622(@, )

(a7 ) <—621 (a, )\) ell(a, )\) ’
OTKYyIa

_ 511((1,(13,)\) 512(0”'7;’)‘)
g(a’$’>\)_<521(a,x,)\) 522(0,,33,)\) ’

rae
Eila,z, \) = eji(x, Neaa(a, N) — eja(x, Neai(a, A), (10.4)
Ejp(a,x, \) = ejo(x, Neri(a, N) — eji(z, Neia(a,A), j=1,2.
B ciyuae P(z) = 0 Gyzem ucrnonbsoath o6osnauenus %(a, x,\) = (E(a,2,N)), j, k=1, 2.
Jlemma 10.1. Mampuua E(a,x,\) ydosremsopsem ypasreHuro
BE'(z) + P(z)E(z) = N(z), = €]0,7] (10.5)

u nauaroromy ycrosuw E(a,a,\) = I.
Pynkyuu E;j(a,x, ) anarumuuro. no \ 60 6ceil KOMNAEKCHOU NAOCKOCMU, U NPU A — 0O 8EpHO
npedcmasrerue

¢ - (14 0(1)) + e - o(1) ¢ - o(1) + e - o(1) ) , (10.6)

c‘:(a,% A) = < eINE o(1) + e~ INE o(1) Y o(1) + e IAE . (14 0(1))
¢E=x—a, npu C> X\ — oo pasromepro no 0 < a, © < 7.

Hokasameavcmso. To, uto wmarpuua E(a,x,\) ynoemerBopsieT ypaBhenuto (10.5), cpasy caenyer
u3 (10.4). PasenctBo E(a,a,\) = I oueBumHo. Acumnroruueckoe mnpexactaBaenue (10.6) caenyer

u3 (9.5). O
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Teopema 10.1. /Iycmo Lpy peeyrapen u P € L1[0,7]. Toeda naiidemcs o > 1 makoe, umo npu
|Im A| > a pesosvsenma
R\ = (Lpy — AT~

cywecmsyem Kax onepamop u3 Ly, 6 Ly 023 a06bix 1 < p < g < 00, U BbIN0AHACMCSA OUeHKA
—1+1/p—1
IR £, 1, < C[Tm A1/ (10.7)
¢ nocmosunou C| 3asucsaweli om «, HO He 3asucawieli om \ erne nosocwt 11,.

Jlokazamenvcmso.
[llae 1. CorylacHo yTBepXKIeHHUIO 3.3, MOXeM CUUTaTh, uTo P umeet BUp (3.8). JlelcTBUTENbHO, MOCKOb-

Ky Lpy=W(Lp g+ )W, 10n
R = (Lpy — M) =W(Lpg— A=) "W = WRA — )WL

3nech KpaeBble ycjoBus U MO-TIpe:KHEMY peryJ/sipHbl, MaTpulla P BHeiuaroHajdbHa, a omepatop W u
YHUCJIO 7y (PUKCHPOBAHBI.

Kpome Toro, Mbl yxe nokasanu, 4to pesonbeenta R(Ag) = (Lpy — Ag) ™! cyuwecTsyer npu HekoTo-
poMm Ao € C, a 3Hauut, o6pas R(\g) coBmagaer ¢ obracTbio onpeneseHus: oneparopa Lpy, a NOTOMY
conepxkutcs B npoctpanctee W0, 7).

Ho Bnoxenne Wi[0, 7] < L0, 7] koMnakTHO, c/iefioBaTebHO, onepatop M(A\g) KOMIAKTeH, a ClIeKTp
Lpy OACKPETEH.

[lae 2. 3anuwem ans pesonbBentsl R(A) = (Lopy + P — M)~! dopmanbhbiii psin
RN = Ro(\) + Ro(N) PRo(N) + (FRo( M) P)*Ro(N\) + ... (10.8)

Bce 4sieHBl 9TOrO psiia KOPPEKTHO OmpefesieHbl, Tak Kak omnepatop Ro(A) : L1[0, 7] — Loo[0, 7] orpanu-
yeH. Haua uesib — nokasartb, 4To HOPMBI CJIaraeMbIX B 3TOM psifie yOBIBAIOT CO CKOPOCTBIO reoMeTpHye-
CKOH MPOrpPeccHu u psif cxonutcsi B Hopme H.

Dukcnpyem € > 0 (koTopoe BbibepeM MM03xkKe) U HaiileM orpaHHdyeHHy (QyHKLHIO V(x) Takyio, 4To

Pe(x) = P(z) = V(z), [Pz, <e.

O6osnaunm V = ||V||L,, ¥ 3ameTHM, 4yTO V 3aBHCHT TOJIBKO OT NOTeHUHana P u uucsa .
Torna (n + 1)-e canaraemoe
[Ro(A) (P + V)" Ro(N)
B psige (10.8) zanuiercs B Bume S, (A)Ro(A), rae Sp(N\) — cymMma, nosyueHHast IpH pacKpbITHH CKOGOK
B BBIPAXKEHHH
[PRo (P + V)"

drta cymma cocToHT M3 2" ciaraeMbeix (0603HaunM Hx uepes T, j, j = 1,...,2"), Kaxknoe U3 KOTOPHIX
SIBJISIETCS IPOU3BEIEHUEM N MHOXKHUTeJed Buna RoP: uau RgV.

[llaz 3. Ouenum Hopmy Kaxporo caaraemoro |7y, ;|| 1.1, s aToro Bocmonbsyemcs: Teopemoit 4.5,
COTJIACHO KOTOPOU HaMIeTcsi YUCIO o Takoe, uTo mpu 7 = | Im A| > oy crpaBeiuBbl OLEHKH

1RoMl 2110 < C, 9% (M| 24—z, < cr\/a
IR0\ |y s < CT Y2 [Ro(MN)|Lysr, < Cr Y211,
3[Ler BeJIMYHUHA C ABJIAETCHA eﬂHHOﬁ OJIs1 BCeX ‘{eTpreX OLIEHOK U OHpeL[e.HHeTCH TOJIBKO KpaeBbIMI/I

YCJIOBUSIMU U UHIEKCOM ¢, T. e. C'= C(U,q).
BriGepem Tenepb yHcs0 € Tak, 4ToObl § = C'e < 1/4, a ukcea0 o > g BeiGepeM Tak, YTOObI

cy
VT s, (10.9)
Va
Bcrony najiee oLeHKH MPOBOAMM MpH (hUKCHpoBaHHOM A U 7 = |Im A\| > «, roe « ynossetBopsiet (10.9).
C yuerom HepaBeHcTBa || P:||r, < € mosy4aem

[P\l poe 11 <&, VLo, < 7/
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W3 npuBeneHHbIX OLEHOK IJisi Pe30JibBeHThl Ro(\) CJeAyIOT HepaBeHCTBa
|R0PelLoe—sLoo S N Pellioe—r1 1RollLy L0 < Ce <6,
1R0P:Loe—Ly < 1P|l Los—ry [[PollLi—1, < Cer V1 L o771,
190V | Lo Loe < R0l oo Lo |V | ooz < CT7 V202V <6,
IR0V || Loy < [Roll oty IV | Lamss < CT727H R 2y L 577 Ha,

Tenepp Mbl MoxkeM oueHUTb |1}, j|lr. L, DTO MPOM3BENEHHE COCTABJIEHO M3 1 MHOXHUTesNeH T, ; =
PP ... P,, KaxXabli U3 KOTOPBEIX paBeH au6o RoFx, audo RyV. Torna
I T3 oLy < NP Lo Lol Poll Looms Lo - - - [ Pall g < 7719 6771 = g7 10,

llae 4. Cymma S,, cocraBjena u3 2" onepatopoB T, i, a 3HAUUT,
y Jo

10l Lo, < 2M8"T7 Y1 < 27714,
Torna xaxnoe caaraemoe psaa (10.8) oueHuBaeTcs cleAyIOUMM 06pPa3OM:
150 RN 2Ly < 1Snlloe—Ly1R0)lLymL0 < 27 7 VACT P = 97O =1/ 1/a,
Tem cambiv, psz (10.8) cxonutes u ouenuBaercsa Benuunnoit 207 11/P=1/4, Teopema nokasama. [

Yreepxaenue 10.2. [lycmo R(\) — pesosvsenma onepamopa HAupaka Lpyr ¢ pecyraprbimu Kpae-
sowmu ycarosusmu U u nomenyuarom P € L, [0, 7], » € (1,00], 6uda (3.8). [lycmov undexcol yu u v
C8A3AHbL COOMHOWEHUEM

I<pu<y oo
Toeda naiidemcs makoe uucao a > 0, 3asucauee moavko om ||Pl,, u kpaesoix ycaosuii U, umo npu
scex A € C\ II, onepamop R(\) oeparnuuenno deiicmsyem uz L,[0,7| 6 L,[0, 7] u npedcmasasemcs
padom (cxodawumcs no onepamopHoll Hopme || - || )

R(\) = Ro(A) — Ro(A)PRo(N) + - - - + (—=Ro(\) P)"Ro(\) + ..., (10.10)

20e Ro(\) = (Lo — AI)~L, a P — onepamop ymnosmenus na mampuuy P(z). lpu smom dasn caaea-
emblx pada cnpagediusa oueHKa

(R0 (A) P)"Ro(Mllymsr < CHbt - [|PI|Z - [ Tm APCHFPO= I 0= fy e NU {0}, A € C\ T, (10.11)

ede Cy,, — korncmanma us oyenku (4.10), sasucaujas mosvko om Kpaesolx YcAOBULl, @ CamMa pe3onb-
senma R(N) donyckaem oyeHKy

IR ||y < 2C,, | Tm A|"HYR=LV X e €\ TL,. (10.12)

Hokazameavcmso. BeibepeM BHauajie 4WCI0 a PaBHBIM UYHCIY ag U3 TeopeMbl 4.5. CxomuMmocTb psi-
na (10.10), a 3HaywT, 1 camo yTBepxkaeHHe, caenyeT u3 oueHok (10.11). [leficTBUTeIbHO, IPH BCEX

[Im Al > (2C,0 [ P]l) =T
u3 (10.11) caenyer, uto
(BN P) " Ro(N)llsr < 27" Clup| Im A|7HEZY e N,
D10 HepaBeHCTBO BJjedeT cxomxumocTb psiaa (10.10) u, ¢ yuerom (4.10), ouenky (10.12). [Ipu atom

a:= max{ao, (2C,. \PH%)ﬁ} > 1. (10.13)

Hrak, HaMm ocTaeTcsi MpoBepuTh crpaBenauBocTb HepaBeHeTB (10.11).
[Tockonbky MaTpuua P(x) mopoxnaet orpanuuenHsiit onepatop P : f(x) — P(z)f(x) us Loo[0,7] B
L.,.[0, 7] ¢ nopwmotit ||P|,., To mpu Bcex A € C\ II,

1o (AN P)Y" Ro(Mlluser < 1930 (A) s [P (180 (M) [0 [P110)" " 1980 (M) [0 <
< CZLLJISI . ”P”Z . ‘Im)\‘flerax{l/%fl/y, 0}+(n—1)(—14+1/3)—14+1/p <

< Cﬁ,tl . HPHZ . |Im>\|n(—1+1/%)—1+1/u—1/1/

(B mocsienHeM HepaBeHCTBe MBI yuuid, uto |ImA| > a > 1). O
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Janee uepes (Lpy)* o603HayaeM conpsizkeHHbIH onepartop. Kak yxe ofcyxaanoch Bblllle, OH MOPOXK-
JIeH COMpsi2KeHHbIM AH(depeHLHaIbHBIM BblpaXKeHHEeM

. « 0 p3(x)
K * = B ! P 9 e P - — bl
pe(y) =By + P*(x)y, e P*(z) <p2(x) 0
¥ CONPSI2KEeHHBIMH KPaeBbIMH YCJIOBUSMH
U (J_% iz —J i),
0 —Jsu Jou Jo3

Jluist 1I060r0 peryJisipHoro (CHJIBHO peryJsipHoro) omepatopa Lpy CONpsiKeHHbIH onepatop (Lpy)”™ =
L p+ y+ TaKxKe sIBJETCS PETYJIsPHbIM (CHIBHO PETYJISIPHBIM).
CoGcTBeHHbIe 3HAYeHHUS onepaTopa Lp« /+ COBNANAIOT (C y4eTOM KPAaTHOCTH) C UHCJAAMH Ay, THE Ay,
n € Z,— cobcTBeHHble 3HaueHus onepartopa Lp . [as Beskoro A ¢ {\, }nez onpenesneHa pe3onbBeHTa
-1
R N) = (Lpry= — M),

KOTOpaH HUMeeT BUL
R () = / G* (1,2, NE(L) .
0

Marpuua G*(t,z,A) = (g;,(t, 2, A)) cesizana ¢ pynkuneit G(t,z, A) = (gjk(t, z, A)), BBenenHoi s (10.1),
COOTHOIIEHUSMHU
Gt \) = Ty (@, t, ), G k=1,2 xz,t€0,7], A€ C\ {\}nez (10.14)
Jnst cokpaieHus sanucu panee OyneM o603Ha4aTh
Us(An) ={z€C:lz= M| <8}, Qs =C\ | Us(n),

nez
Qqs = I, N Qs, Qusr = {z € Qs e |Re z| > R}.

Jlemma 10.2. Jl1s 2106020 § > 0 cywecmsyem maxoe uucao M = M(P,U, ), umo npu écex X € Qs,
xapaxkmepucmuueckuii onpedesumeny pecyrsproeo onepamopa Lpyr yoosiemsopsem oueHKe

IAN)| = MemmAlL

Hoxasameavcmso. CornacHo teopeMe 9.1 u yTBepxKaeHuto 9.2, Halinercs Takoe yucao ag > 0, 4To Bce
kpyru Us(\y,) nexar B mosoce II,, u npu A — oo BHe Il,, cnpaBefnBO paBeHCTBO
AR
Ag(A)
YBesnuunBasi, eC/d HYKHO, UACJIO (v, MOXKHO CUHTaTh, YTO

[Ao (V)]
AN > —

=1+o(1).

nast Bcex A ¢ Il,,.

Torna us nepaBenctBa (9.12) cienyer nokaseiBaeMoe HepaBeHCTBO mpu Im A > ag. Cayuait Im A <
—Qq aHaJOTHYeH.

Jlist 3aBeplLueHHs] 10KA3aTeJbCTBA OCTAETCs [0Kas3aTb, YTO AU BCEX TOUEK A € gy, s ClpaBefnnBa
OLleHKa

AN = M

npu HekoTopoMm M > 0. CorsacHo TeopeMme 9.1, HaiineTcs Takoe umcsao R, uTo A/ BCeX COOCTBEHHBIX
3HauUeHHH A, |A,| > R, crpaBelMBbEl HepaBeHCTBA

0

5

B cuny nepuonuunoctr GyHKuuu Ag(A) cyiiectByet takoe m > 0, 4TO
[Ao(A)[ = m

A — AV <

B II,, BHe Kpyros U(;/Q()\QL).
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[lockonbky
A(A) = Ag(A) +o(1)
npu A — oo B nosoce A € Il,, (cm. yrBepxaenue 9.2), To, yBeJquuuBas, ecau HeoOXOAUMO, YHCI0 R,
MOXKHO CYHTaTh, 4To NpH |Re A\| > R BbinosiHeHa oleHKa

AN = m/2
B 11, BHe KpyroB Us/o(A9).
Tax kak npu |Re A| > R kpyr Uy 2(X)) conepxurcs B kpyre Us(Ay,), TO oleHKa
AR = m/2

BBINOJIHEHA TIPH BCeX A € Qg 5 R-
Haxkonel, Ha KoMnakTe

{A: | ImA| < ap, |[ReA| <R, A= \,| =26, neZ}
¢yukuusi A(\) He obpaliaercst B HyJb, a 3HAUHUT, OTAEJEHA OT HYJIS. O

Teopema 10.2. [lycmov Lp 1 — npoussonvrulii onepamop Jupaka ¢ nomenyuarom suda (3.8) u pe-
eyaspromu kpaesoimu ycaosusmu U. [as ar06oeo 6 > 0 cywecmsyem maxoe uucro M = M(P,U, ),
umo 6 Qs pynxyus G(t,z,\) = (g;x(t,x, \)) onepamopa Lpy ydosremsopsem oyerke

lgk(t,z, A)| < M.

Kpome moeo, 0ast at0bvix nosoxcumenvholx uuces o u 0 Haildemcs maxkoe R > 0, umo npu ecex
A€ Qqs5r uscex t,x € (0,7 soinosneno

|g]k(t,x,)\)—g§]k(t,x,)\)| <CT0()\)> C:C(P’ U)>
ede Go(t,z,\) = (g?k(t,x, N)) — pynkyua I'puna onepamopa Lo .

Jlokasameavcmeo. Marpuusl E(z,)\), M()\), C u E~1(t, \) siBHo Buinucansl B (9.1), (9.8), (3.4) u (10.4)
cootBercTBeHHO. Torna u3 (10.3) HemocpeaCTBEHHBIMU BBIYMCICHUSIMH MOJyYaeM, YTO

T Enlt,z, ) —&alt,z,\)
G(t,x,\) =1 <ﬁi) - Xt>m(t>x)> <S;(t,a:,)\) —Siz(t,a:,)\)> +
L <511(7r,a:,)\) —Slz(w,a:,A)>,<J14 J24>.<@22(t7A) 612(@”) (10.15)
AN \&au(m, x, A) —Exa(m,x, \) Jiz Jas —ea(t,A) —en(t,A))’ '

e Xt>o — XapaKTepUcTHUecKass pyHKIHs TpeyroibHUKa t > x, a A(\) — onpenesnuTe/b, BBeeHHbIH B
onpeneneHuu 9.1.
[Tyctb ap > 0 TakoBo, 4yto moJoca II,, conepxut Bce kKpyru Us(A,). Ilycts BHauase

| Im A| > ap.

[IpoBenem oueHky pyHkuuu G(t,x,\) Ha TpeyroabHuke 0 < ¢t < x < 7.
B cuny npeacrasaenuit (10.6) dpynxuun Ejx(t, x, ) yI0BITBOPSAIOT OLEHKAM

ity , )| < MemAE=t),

AmnaJjioruuso,
‘gjk(ﬂ-ﬂ Z, )‘)‘ g Mellmk‘(w_x)a

leji(t, )] < Mel™ A

rae M He 3aBucut oT t, x u \. [Ipumensia nemmy 10.2, Buaum, uto BHe nosocsl I,
g0t 2, N)| < M <e|lm)\\(:c—t—7r) i eumM(t—x)) <2M,

MOCKOJIBbKY 00a 4ucsa © —t — 7 U t — & HENOJIOKUTEJbHBL.
Insi ouenku ¢yHkuuu G(t,z,\) Ha TpeyrospHuke 0 < x < t < 7 BOCIOJIb3yeMCsl COOTHOLIEHH-
em (10.14), cornacHo KoTOpPOMY

|gjk(t7x’ )‘)‘ = ‘ng(x7t’X)|'
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TToCKOJIbKY KOOPAMHATBI TOUKH Z M t TIOMEHSJIMCh MECTaMU, @ A TO-TIPEXKHEMY JIEXKHT BHE MOJIoChl [y,
TO Mbl MOXeM NPUMEHHTb PAaCCYXkIEHHs, NPHUBEIEHHble Bbille, K (QYHKUUAM gp; W BHe mosochl Ila,.
Ouenka (yHKUMH G moJydeHa.

CornacHo acumnroTudyeckuM npeictasienuam (9.6) u (10.6), gynxkuuu ejp ¥ &j; orpaHuyeHbl B
npousBosibHOH mnosoce II,. Orciona u u3 Jemmbl 10.2 crenyer orpaHuueHHOCTb GyHKUMH G(t,z, \)
B an’g.

JlokakeM BTOpoe yTBepKIeHHe TeopeMbl. 3apukcupyeM uucaa « u d. M3 (9.5) caenyer, uto

lleji (@, A) = fe(z, Mlle < CTo(A)
TPU 0CTaTOYHO GosbKX o Monysio A € Il,. Ianee us (10.6) caenyer, 4To u
1€k(a, 2, X) — Ef(a, ,N)|lc < CLo(N)

NpH AOCTATOYHO OOMBLIMX MO Moy A € I1,.
Cornacto semme 10.2, HallayTcs Takue MOJIOXKHUTeJbHble uncaa R u M, uto mpu Beex A € Qu 4R
BbINOJIHEHB HePaBeHCTBA
ANIZM 1 [A(N)| = M.
Torna us yrBepxkaeHus 9.2 caenyet
IATYON) = ATV < CTo(\) mpu Qasr 3 A — oo

[loncraBasisi 5TH aCUMNTOTHUEeCKHe npejacTaBieHust B paBeHcTBO (10.15) (3amucanunoe mast G(t,z,\) u
Go(t,o,\)) ¥ yuuTbiBasi paBHOMEPHYIO OrpaHMUeHHOCTb (yHKuui A~L(N), e?k(x, A) u Sjok(t,x,)\) Ha
MHOXKecTBe A € 45 R, , t € [0, 7], HoTy4aeM HEOOXONUMYIO OLEHKY. O

[Tosyuennoe B teopeme 10.2 acumnroTHyeckoe mpefcraBjieHde st GyHKIMH [prHA 1m03BOJISIET HaM
MOJIYYUTb ACUMITOTHUYECKHE (DOPMYJIBI AJISI CMEKTPAJbHBIX MPOEKTOPOB B Cjydae CJaab0 peryJsipHbIX
KpaeBbIX YCJI0BHE. B 3ToM ciiydae Bce coOCTBeHHble 3HaueHust omneparopa Loy ABYKPAaTHBI (CM. yTBep-
x)aeHue 4.1), a UMeHHO

0 _ 0
Ao = Aoyt n € Z.
_ 0
[TockoabKy A, = A, + o(1), 1O
|>‘2n - >\2n+1| — 0, n — +oo.

Onpenenenne 10.2. BoiGepem uucao Ny Tak, uTobbl 1Js1 BcexX n, |n| = Ny, OblI0 BHIIOJHEHO

1 1
Ao = A,| < g ! Azns1 — A9, | < 3
O6o3HauuM )
Poim o / RN, 1= +No, £(Ng + 1), (10.16)

-G, =174
rie R(A\) = (Lpy — AL
W3 npencrasaenus (12.1) caenyer, uto P, ABJASETCS CIEKTPANbHBIM POEKTOPOM Ha KOPHEBOE MOATPO-
CTPaHCTBO, OTBeYalIlee COGCTBEHHBIM 3HAYEHHAM Aoy, M A2p 1, KOTOPOE Mbl 0603HauuM H,. Onpenenum
TakKe OMepaTopbl

1
PO= — / Ro(\)dA, n=+Ng, £(No+1),...

- 2mi
— CreKTpaJibHble TPOEKTOPbI Ha KOPHEBbIE TIOANPOCTPAHCTBA onepaTtopa Lo 7, OTBEYAMIIHe COOCTBEHHBIM
sHaueHusM AJ, = A, ;.

3aMeTHM, 4TO onepaTop
RO : £ o / Gt 2, NE()dt
0

KOPPEKTHO OIpeeseH MpU A # A, He TOJbKO Kak omeparop B mpoctpaHcTBe H, HO U Kak omeparop U3
L1[0,7] B C[0,7]. To e cnpaBeaJuBo u A5 onepaTopos P, u PY.
B cnenyroiieil TeopemMe Mbl OLIEHHM HOPMY HX PAa3HOCTH UMEHHO Kak omrepatopos u3 Li[0, 7| B C[0, 7.
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Teopema 10.3. [Tycmo Lp — caabo peeyasprolii. [Toroxcum

DPn = Hpn - PSHLl%C-

Ecau P € L1[0, 7], mo p, — 0 npu |n| — oc.
Ecau P € L,[0, 7], p € (1,2], mo

1/p
1 1 /
{pn}nEZ S lp’a 5 + 17 = 1a u (Z%) < C”P”Lp

nez
Ecau P € BfOO[O, n], 0 € (0,1), mo

{nepn}nez €lesc u supn pn X CHPHBfOO>
nez ’

npudem amo ymeepacdenue npu 0 = 1 cnpasedauso das nomenyuaros P € W0, 7).
Ecau P € Bﬁoo’o[o,ﬂ], 0 € (0,1), mo

n’pp = 0 npu n| =00 u supn’p, <C||Pl|gy
nez >

Ecau P € Bg’p,[(),w], p € (1,2], 6 € (0,1/p), mo

1/p'
]. / /

nez

{nepn}nEZ S lp’a

D=

Hokasameavcmao. Jlerko BUAETb, U4TO TpH |n| = Ny

1
=P, — P° < - X max su t,x, A O (t.z. N <
pu= P Phllie <3, mex s a(,8) - () <

<C max To(A) = Co(un),
A=AS,[=1/4

TJle TOUKH fi, JeXKaT Ha OKPYXKHOCTSX |A — A) | = 1/4. Torna mocsenoBaTesbHOCTD { /i, } He cryuiaercs

M yTBep:KAeHHEe TEOPEMBI C/IeAyeT U3 CaeACTBHS 7.1 U Teopem 7.3 u 7.4. O

Mpl 3aBepIIMM HM3yueHHe CBOHCTB Pe30JIbBEHTHI onepaTtopa Lpy yTBEPXKAEHHEM O HelpephiBHOH 3a-
BMCHMOCTH OIepaTop-QpyHKUHH Rpy OT noTeHuuana P.

Yreepxkaenue 10.3. [lycmo Lp — peeyraproiii onepamop Hupaka ¢ CYmMmupyemvim nomenuyua-
aom P obuezo suda. I[Mycmv mouxa \° aexcum 6 pesosveenmrom mMHO}ceCmee 3moeo onepamopa, a
¢ynkyuu P. cxooamcs k P 8 npocmpancmse Ly1[0, ] npu e — +0.

Toz0a naiidemcs uucio & maxoe, umo npu écex € < 6 mouka A\ aexcum 6 pesoLbeeHmHOM MHO-
scecmee onepamopa L. := Lp, y u

199\ — R\, 5c = 0 npu e — 0. (10.17)

Hokazameavcmso. Ilycts E(x,\) u E.(x,\) — dyHramMmeHTa bHble MAaTPULbl pelleHH# asi auddepeH-
LHaNbHBIX BbIpaxKeHUd £p U {p, ¢ HadasbHbIMK yeqoBusivd E(0,\) = E.(0,\) = I. CorsacHo 3ameua-
Huwo 2.2,
IE(,A°) = E.(-,A%)|lac — 0 npu e — 0.
Orciona, cornacHo (9.8), ciaenyeT cXoaMMOCThb
AN —A.(\) =0 mpue—0, (10.18)

T. e. Touka A\ JeHCTBUTENLHO JIeXKMT B Pe30JbBEHTHOM MHOXKECTBe orepaTopa L. MpH 10CTaTOUHO
majioM e. [danee, us 3amucu (10.4) matpuusl £(a,z, \) cienyeT CXOAUMOCTb

m%( | Eix(a,z,\0) — Ep c(a,z,\%)] = 0 (10.19)
a,xc|0,m
npu € — 0.
Ocrtaetcst Bocnosib3oBathbes npencrasiaenuem 10.15 nis gynxkuuu [prHa, cornacHo KOTOpOMY
max |g]k(t z, \° ) — Gk (t, x, )\0)| -0 (10.20)

t,z€(0,7]
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npu € — 0. U

3ameuanue 10.1. OueBuHo, uto B yTBepKAeHuH 10.3 HOpMY |||z, ¢ MOXKHO 3ameHuTb Ha ||-|| 1,1,
nast mo6eix 1 < p < g < oo. B uyactHocTH, mpu p = ¢ = 2 nosiydyaeM yTBepxKJeHHEe O HeNpepbIBHOH
3aBHCHUMOCTH oneparopa Rpy B mpoctpaHcTse H ot norenuuana P € L0, 7.

3ameuanue 10.2. Touky A\’ B ytBepxaenuu 10.3 MOXKHO 3aMEHHTb Ha NPOM3BOJLHBIH KOMMAkKT K,
JIeXKalllui B Pe30JbBEHTHOM MHOXKecCTBe onepatopa Lpy:

sup [R(A) = RVl »c = 0
AEK
npu € — 0.

Hokazameavcmso. 3ameTuM, 4to oneHka (2.10) rapaHTHpyeT HaM pPaBHOMEpHYIO Ha KoMmmakTe K cxXo-
IUMOCTb

IE(A) = E=(-, N)llac — 0.

Torna paBHoMepHbBIMU IO A € K siBasitotesi U cxonumocThb (10.18), u (10.19).
[TockonbKy ¢yHKuMs A(A) HempepbiBHA Ha K 1 He oOpalilaetcst B HYJ/b, TO

AYN) =AYV =0

)

npu € — 0 takxke paBHoMepHo Ha K. Tenepr HemocpenctBenHo u3 (10.15) BbIBOgMM paBHOMEpPHYIO MO
A € K cxonumocts B (10.20). O

W13 yreepxaenns 10.3 cienyer, uTo coOCTBeHHble 3HAueHMA onepatopa Lpy HENPepbIBHO 3aBHCAT
oT morteHuuana P, B Hopme npoctpaHctBa Li[0,7]. JlokasaTenbCcTBO cpady MOJydaeTcs ¢ MOMOLIBIO
CTaHJapTHOH TEXHUKH C HCIOJb30BaHHEM NpoekTopos Pucca.

Cnencreue 10.1. [Tycmo Lp — peeyraproil onepamop Hupaka ¢ cymmupyemoim nomenyuaion P
obuezo suda. Iycmo mouxa \° seasemcs npocmoim cobcmeennbim 3HaUEHLEM 3MO20 Onepamopa, a
Qyuryuu P. cxodames k P 6 npocmpancmee L1|0, 7] npu € — +0.

O6osnauum U (X°) = {\: 0 < |A — \°| < r} — npokoromeiii kpye c npoussosvHoLM docmamouro
MAAbIM PAOUYCOM T, LeAUKOM Aerauyull 8 pe3onrveenmHom muoxecmee onepamopa Lpy. Toeda
Hatidemcs uucao 6 makoe, umo npu ecex € € (0,9) 8 kpyee

UM\ ={\: X=X <7}

Aedxcum posro 00HO npocmoe cobcmeennoe snauenue A\, onepamopa L. := Lp,_ .

11.  PE3OJIbBEHTA OMNEPATOPA ITYPMA—JINYBUMIA L4 1/

[Nokaxem BHauane, 4T0 pesonbBenta R(z) = (L4 — zI) ™! oneparopa L,/ ABAsS€TCS KOMIAKTHBIM
MHTErpajbHbIM orepaTopoM B Ls[0, 7.

YrBepxkaenue 11.1. [Tycmo ¢pynkyus u € Lo[0, ], a kpaesvie ycrosus U peeyrapHol. Pezorveenma
R(z) = (Lqu — zI)~t onepamopa Ly, q¢ = u', onpedeaena npu ecex z € C\ {z,}nen, 20e z, —
cobcmeerHoie 3Hadenusn onepamopa Lqy, U A6A3eMCA urmeeparoHoim onepamopom & Lo[0, 7):

R(z)f = /G(t,x,)\)f(t)dt, z = \2. (11.1)
0

Gyukuua G(t,z,\) nenpepoisna na keadpame ([0, 7])?.
[flokazameavcmso. Kak u Bblllle, 3aMeHON
1 _ 1 .
m=500 -y, g = 0w+ iyt
nepeiinem K cucteme tvna Jupaka

By’ + P(z,\)y = \y +f,
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rie
u?(x) . u?(x)
—i 0 - iu(z) — 1/f
B = ). Pl@) = 2Au2x 2 sz , f== : (11.2)
() e Fo aE) 1)

HoBble KpaeBble ycioBHsi 0603HauuM uepes V(z).

IlycTs Tenepb Touka z = A? # ( JeXKUT B Pe30/bBEHTHOM MHOXkecTBe onepatopa L, p. Mbl yxe
3HaeMm, uto Torna ypasHenue —y”’ + q(z)y = zy + f ¥UMeeT eIHHCTBEHHOE pelleHHe, YIOBJIETBOPSIOIIEe
KpaeBbIM ycsoBusiM U(y) = 0 npu q1060# npaBoil yactu f € Lo[0, 7).

[TockosibKy Tepexon K CHCTeMe, ONHCAHHBIH BhIlIE, OblJT 9KBUBAJEHTHBIM Ipeofpa3oBaHHEM, TO Olle-
partop Hupaka Lpy(A) obpatum (mast nanHoro A). Ho rorna, corsacHo ytBepxkaenuto 10.1, peuenune
pe30JIbBEHTHOTO ypaBHeHHUs 3anuchiBaetcst B Buze (10.1):

_ [ - 911(t7x7)\) ng(taxa)‘)
y(x,)\)_/G(t,x,A)f(t,A)dt, e Gtz \) = <gm(mm) nath ).
0

OcraeTcst 3aMeTUTD, 4YTO

1

(. 3) = 301 N) + 12l X)) = o

/(911 + g12 + g21 + g22)(t, x, ) f(t) dt. (11.3)
0

O
Onpenenenue 11.1. OyHKuuA

1
G(t,z,\) = ﬁ(gn + g12 + g21 + g22)(t, 2, N)

HasblBaeTca Qyrnkyueil [purna onepatopa L4 p.
J1s cokpalleHus 3anucy gajnee 6yneM o603HauaTh

Us(zn) ={z €C:|z—z,| <38}, Qs=C\ | Us(zn),
neN
Qa5 = Po N Qs, Qas.r ={) € Qs :|Revz| > R}

Teopema 11.1. [lycmo L,y — npoussosvroiii onepamop Llmypma—Jluysuirs ¢ nomenyuaiom
q=1, u € L0, 7|, u peeyssiproimu kpaesoimu ycrosuamu U.

Jrs aroboix noroxcumenvHolx ducenr o U § Haildemcs makoe R > 0, umo npu ecex z € Qy5r U
scex t,x € [0, 7] sbinosnero

|G(t, 2, \) — G(t,2,\)| < CYo()), C=Cu,U), z=I.

Hoxazameavcmeo. @opmyna (11.3) nosBossier BeimMcaTh (yHkUUi0 [punHa onepatopa Llrypma—
Jluysunna £, ¢ nomoubio pyHkuun I'puna cooTBeTcTBylOIIEro oneparopa Jupaka.

Mbl He MOXXeM HampsIMylo BOCIMOJIb30BaTbCs pesy/bTaToM TeopeMbl 10.2, mockosbKy 3TOT onepaTop
Hupaka 3aBucut ot napamerpa A. OfHaKO 3Ta 3aBUCUMOCTb SBJISIETCS aCUMITOTHYECKH C1a00H — HMeeT
nopsinok O(A~1), 4To mosBosser, momb3ysich pesy/ibTaTaMu pasjiena 6, mepeHecTH 10Ka3aTelbCTBO Ha
JNAHHBIU Cay4ai.

[TpoiineM mo KJ/UeBHIM MOMEHTaM J0Ka3aTe/bCTBa, OMycKas oueBUAHbIe AeTaau. [IycTe maTpuna

€11 (l’, )\) 612(1’, )\)
E(x,\) =
(.Z‘, ) <621(l’, )\) 622(1’, )\)
— pelleHre MaTpPpUYHOI'o YpaBHEHHSA
BE'(z,\) + P(x, \)E(z,\) = AE(z, \)

¢ HavyasbHbeM yeaoBueM E(0,\) = 1. 3necy P(x, A) — maTpuua, onpesesenHas B (11.2).
Hanomuum, uto

E%z,\) = —

6?1 ($’ )‘) 692 ($a )‘) <ei)\x 0 >
681 ($a )‘) 682 ($a )‘)

0 efi)\:p
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CornacHo cnenctsuto 6.1, B nogoce I, HadimeTcs dhyHoaMeHTanbHAs CUCTeMa pelleHU
Y(x,\) =Yz, \) + Az, \),

npuyem

m[fgx]|ajk(x,)\)| <C(ToN) +IN™H,  ecam |A > Ao.
x€|0,m

Kak u nnis onepatopa Jupaka, nonydaem, 4to B Jito6oii moJoce I, npu 1ocTaTouHO GOJBIIMX 10 MOLYJIIO
A BBITNIOJIHEHO

Jmax [eji(@, A) - €9 (x, A)| < C(To(N) + A 7). (11.4)

Pasnuua co ciydaem ornepartopa JlMpaka COCTOUT JIMIIb B TOM, YTO B MPABOH YaCTH OLEHKHU MOSIBJSETCS
no6aeka |A|7L.
Marpuuy M (A) onpenenum dopmyJoi (9.8):

M) = v11 + vigenn (m, A) + vigear (m, X)) viz + vizer2(m, A) + vigen(m, A)
v21 + vagern (m, A) + vagear (m, X) v + vazera(m, A) + vageaa(m,A) )’

rae V(z) = (vjk(2)) — HOBble KpaeBble YC/IOBHUSI.

XapakTepucTuueckuit onpenenutesb A(N) mosoxum, Kak ¥ B onpenenerud 9.1, pasubim det M ().
Uepes Jj;, o603HauaeM onpeaesuTe/]H, COCTaBJIeHHbIe U3 j-T0 U k-ro cTon6U0B MaTpuubl V (oTaHuHe B
TOM, UTO 3TH OINpEJEeJUTENH Telepb 3aBUCAT OT A).

Octaetcsi Bocrosb3oBaTbest npenctasiaendeM (10.15) ¥ moBTOpUTH MOKa3aTeNbCTBO BTOPOTO YTBEP-
)nenus teopemsl 10.2. O

[Tonyuyennoe B Teopeme 10.2 acuMnTOTHUYECKOE MpEACTaBJAeHHe IS GYHKIKKM [prHA MO3BOJIsIET HAM
MOJIYYUTh ACHMIITOTHYECKHE (OPMYJIBI JJisi CIIEKTPAJbHBIX MMPOEKTOPOB B Clydyae cJgabo PeryJsipHbIX
KpaeBbIX YCJOBHH.

B stom ciyuae Bce cob6cTBeHHble 3HAaUeHHs onepaTtopa Loy aCHMITOTHYECKH IBYKPaTHHI (CM. Teope-
My 8.2), a UMeHHO

0 _ 10
Agn = Agnp1 +o(1), neN
(HanoMHUM, 4T0 A = /Z). [Tockonbky A, = A + o(1), T0
| A2n — A2ny1| = 0, n — 0.

Onpenenenue 11.2. Bribepem uncao Ny Tak, uTobbl AJs BceX n, n > Ny, ObIJIO BBITIOJHEHO

1 1
[Aan — A9n| < g 1 Peny1- Ao, < 3
O0603HayuM .
P, = — / R(z)dz, n= Ny, No+1,..., (11.5)
211

|A=X3,, |=1/4

nl=
rie R(z) = (Lquv —2zI)7 L.
Takum o6pasom, P, sIBJsIETCS CMEKTPaJbHBIM MPOEKTOPOM Ha KOpPHEBOE MOAMPOCTPAHCTBO, OTBEYAI0-
1ee COGCTBEHHBIM 3HAUEHHSIM Zoy, U Zo,11, KOTOPOE Mbl 0003HaYUM H.,.
OmnpenesvM Tak»Ke ornepaTophl
O 1
P, = o Ro(z)dz, n = No, No+1,...

|A=23, |=1/4

nl=

— CIIeKTpaJ/IbHble IPOEKTOPBI HAa KOPHEBbIe MOANPOCTPAHCTBA onepatopa Lo i, OTBedarlre COOCTBEHHBIM
0 _ 0

3HAUEHHUSIM Zy, = Zg, -

Teopema 11.2. [Iycmo onepamop L, crabo peeyaspen. [Toroxcum
Pn = [|Pn — P2HL2-
Ecau u € Lo[0, 7], mo
{pn}neN € l2>
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Ecau v € WH0, 7], 6 € (0,1/2), mo
{napn}neN S l2-

Hokazameavcmso. Jlerko BumeTh, 4To nmpu n = Ny

1
Pn = ||Pn — 732||L2 <<  max sup |G(t,x,\) — Go(t,x,)\)| <
41229, 1=1/4 tze[0,]

<C  max  (To(A) +[A7Y) = C(To(pn) + |pal ™),
A=AS,[=1/4
e ToukM pi, = O(n) nexar Ha okpyxHocTax |A — A) | = 1/4. Torna nocsnenoBaTenbHOCTb {1, } He
CTYIL1AeTCsl U YTBEPXKAEHHE TeOpeMbl cjaenyeT U3 ciaeacTBust 7.1 u Teopemsl 7.4. O

12. TIOJIHOTA M BABUCHOCTb PHCCA CHCTEMBI COBCTBEHHbBIX W MPMCOEJMHEHHBIX BEKTOPOB
PETYJIIPHBIX ONEPATOPOB L, U Lpy

Hawe#i nepBoii 3anaueél B 3ToM pasnese OyneT A0Ka3aTeJbCTBO MOJHOTE H MUHHMAJbHOCTH CUCTEMBI
COOCTBEHHBIX M NMPUCOCNHMHEHHbIX (DYHKUHMH peryaspHoro onepatopa Hdupaka Lpy. Mbl npoenem 3T0
JI0Ka3aTeNbCTBO KJIACCHUECKHUM CIIOCOO0M, MpUYeM KJIUeBYIO pPoJib OyIeT WrpaTh OLEHKA, MoJyueHHas
B Teopeme 10.2.

Hanomuum, uto cuctema {x,} BeKTOpoB 6aHaXxoBa MpocTpaHCTBa H Ha3bIBAETCS NOAHOL, €CIH ee JIH-
HeliHasi 060/104Ka noTHA B H. CrcTeMa Ha3blBaeTCs MUHUMANLHOL, €CIIU TIPH YIAJeHUH TIPOU3BOJBLHOTO
BEKTOpA X U3 CUCTEMbl CBOWCTBO IOJHOTH TEPSETCS.

Omnpenenenue 12.1. Cucrema hyHKIHUN
1 2 m
y©,oyt oy
Ha3bIBAETCS Uenoukol QynKuuil, npucoedunennolx Kk cobemeennoil ¢gynxyuu y’ oneparopa L = L,
i L = Lpy ¢ cOOCTBEHHBIM 3HAY€HHEM A, €CJIM BCE OHHM JlexkaT B 00JIACTH ONpeJe/ieHHs COOTBET-
CTBYIOLIErO OMepaTopa U YAOBJETBOPSIIOT CHCTEME ypaBHEHHH

Ly’ = \gy?? + yJ}q—l’ qg=1,...,m

(3mech u nanee y»¥ = yJ — co6eTBeHHBIe (DYHKIMM).

Bynem rosoputb, 4TO coOCTBeHHasi PyHKUUSA Yy’ umeem KkpamHocms mg, €CJAU CyLIeCTByeT LierovyKa
U3 TMPUCOEIUHEHHBIX K HEeW (DYHKUUU AJUHBI Mg — 1, HO He CylleCcTBYeT TaKOHU LIeMOYKHU AJUHBI M.

[Tyctb p — pasmepHOCTb COOCTBEHHOrO MOANPOCTPaHCTBa Hg, OTBeYawoLlero coOCTBEHHOMY 3Haye-
HUIO \g. O603HauuM uepes y! € Hy cOGCTBEHHYIO (YHKILHIO, MMEIOLLYI0 MAaKCHMaJbHYI KPaTHOCT,
uepes y2 € Ho— coO6CTBeHHYI0 (DYHKLHMIO MaKCHMaJbHOEH KPaTHOCTH, JIUHEHHO HEe3aBUCHMYIO C y', u
T. I. I[Iycte m; — KpaTHOCTbL COOCTBEHHOH (DyHKLUH Y/, a vk k=1,..., m; — 1 — COOTBETCTBYOILHME
npucoefrHeHHble (pyHKIHH. CHcTeMa

{y"*}, e 1<j<p, a 0<k<m;—1,

Ha3bIBAETCS KAHOHUYECKOU cucmemoti COOCTBEHHBIX U NMPUCOeIUHEHHbIX (DYHKUUH onepatopa L, oTBe-
yawolleld COOCTBEHHOMY 3HAYEHHIO Ag.

Jlerko BMAeTb, uTO Jio6as KaHOHHYeckasi cucTema {y?*} o6pasyioT Gasuc B COGCTBEHHOM MOAMPO-
CTPaHCTBe, OTBeuawlleM coOCTBEHHOMY 3HaueHHo \g. Ciaenys padote [31], o603HauuM uepe3 yz omnepa-
top B npoctpaHcTBe H, neiictByrouuii no npasuay f — (f,Z)y. B Toil e paGore nokasaH cieqyOLUH
(haxr.

Teopema 12.1. [lrs nw06020 cobcmsennozo 3uauenus Ag peeyaaproeo onepamopa Llmypma—
Jluysuara L = Ly uau Jupaka L = Lpy pasmeprocmo p cobcmeernHo20 noonpocmpancmea He
npegocxodum 2.

Kpamnocme nyss ¢pynkyuu A(N) 6 mouke Ao cosnadaem ¢ cymmoil my + mo (8 cayuwae p = 1
noaaeaem mo = 0). Ilpu smom ¢pynkyus [puna G(t,x,\) umeem noasroc nopsoka my 8 mouke Ag.

Hycmo {y?*} — npoussoavras kanonuueckas cucmema co6CMBEHHbLX U NPUCOCOUHEHHBLY (Y HKIULLL
onepamopa L, omeeuarouan cobcmeennomy snaweHuo \g. Toeda watidemcs makas KAHOHU4eCKas
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cucmena {z*} co6ecmeennsix u npucoedunennoLx gynkuuil conpasenrozo onepamopa L*, omeeuaro-
Uas COBCMBEHHOMY BHAUEHUIO Ng, ¥MO eAa8ras wacmy pada Jlopana pesoavsenmol R(N) = (L—\I)~t
8 mouke Ao 6ydem umems 8ud

yl’om ylyoﬁ + ylylm + + yl,Oszl—l + ... + yl,mlflzlﬁ +
()\ — )\Q)ml ()\ — )\o)ml_l A—Xo
+(A_A0)m2+ (ESwIT= ot e . (12.1)

Onpenenenue 12.2. [lng Ka)kaoro coOCTBEHHOrO 3HaueHHs Ag perynspHoro omneparopa Ultypma—
JIlnyeunng L = L4 i Jupaka L = Lpy BblOepeM NPOM3BOJBHYI0 KaHOHHYECKYI0 CHCTeMY {y7*}
COOCTBEHHBIX W NPHUCOEAMHEHHBIX (DYHKUHUH C TeM JIMLIb YCJIOBHEM, YTO COOCTBeHHble (DYHKLHH 3TOH
cHCTeMbl MMEIOT eJMHHUHYI0 HOpMy. B cuiy Teopembl 12.1 xosnuuecTBo BekTOpoB B cucteme {y?F}
COBMaJaeT ¢ MOPsSAKOM Hyssi Ao QyHKuuu A(N).

3aHyMepyeM BeKTOphl 3Toi cucTeMbl (B mopsake y!, ybl, ... ybmi—l 52 g2l y2ma—ly yy.
JIeKCaMU n € 7Z B COOTBETCTBUM C HyMepallMed cOOCTBeHHBIX 3HaueHUH. Cucmemoli cobcmeerHbix u
npucoedurenuolx Pynkyuti {y,}nez onepatopa L mbl GyaeM Has3biBaTh 00beiHHEHHe BCeX KaHOHHYE-
ckux cucreMm. Onepatop

L0 Tmi—1 Lmi—1.1.0 ma—1 -1720
Py, =¥ 0z1,ma Tp...pybm Z1,0+y270Z2,m2 1_|_,,,+y2,m2 22,0

Ha3blBaeTCS CNeKMPAAbHbIM NPOEKMOPOM HA KOPHEB0e NOONpOoCmparcmea0, 0TBeuallee COOCTBEHHOMY
3HAUEHHUIO Q.

Bepnewmcs x oneparopy Hupaxka Lp .

Teopema 12.1. [lycmo nomenyuas P umeem 6ud (3.8), a kpaesvie ycarosus (3.4) pecysaprol. To-
eda cucmema {yn}ncz cobcmeennvix u npucoedurernolx Qynxkyul onepamopa Lpy (cm. onpedere-
Hue 12.2) noana u murumarvra 8 npocmparcmese H.

Mokasameavcmeo. BHauasie 10KaxKeM MOJHOTY CUCTEMBI { Y, }nez. [IyeTh ¢yHkuus £ € H oproroHasnbHa
BCeM BEKTOpaM 3TOH CHCTeMBI. 3a(UKCHPYeM MPOU3BOJbHBEIN BeKTOp g € H 1 paccMOTpuUM (YHKIIHIO

o(A) == (R (Mf, g),

onpenenennyio B obnactu C\ {\, nez.
CornacHo (12.1), ata QyHKUHS MMeeT yCTpaHHMble OCOOEHHOCTH B TOUKAaX A,, T. €. MOCJe I00Mpe-

JlefleHUsl B HUX siBJsieTcs Lesod. B cuiy Teopemsl 10.2, mas mo6oro 6 > 0 B obmactu C\ | Us(\y)

neL
ClpaBenJiiBa OLEHKaA

(2N < M|f|lellg]]z,
rie M He 3aBUCHT OT A. 3aMeTHM, 4TO /s CJydas CUJIbHO PETYJSPHBIX KPAeBbIX YCJOBHH

inf (A0 — X0 | =d >0
n#m
(cm. ytBepxknenue 4.1).

. T o d

B cnabo peryasipHom caydae | 1nf| A — X0 | =d > 0. BribepeM 4nciio § paBHBIM 1 TOTJla KpPyTH
n—m|>=2

U(;(E) Ju60 He mepeceKkaroTcs, 100 pa3bUBAIOTCS HA Mapbl, He MepeceKarolecs Mexay co00#. dTHUM

JKe CBOHCTBOM, 0Y€BHIHO, 00safatoT u Kpyru Us(Ay,) AJs1 BCeX n TaKUX, 4TO
— — _d
0
|An, — A0| < T
B cuny teopembl 9.1 moc/enHee HepaBeHCTBO BbIMOJNHEHO MpH |n| = N mas Hekoroporo N. Takum
o6pa3om, BHe HekoToporo Kpyra {|z| < R} MHOXeCTBO TOYeK A, IJsi KOTOPbIX HEPABEHCTBO
[ @A) < MI|f|lez | gl

elle He 10Ka3aHO, NpeaCTaBJsieT co00i cyeTHOe 0ObeANHEHHE OrPAaHHYEHHBIX HelepeceKaomuxcs obJa-
creil. [lo npuHLKIy MakcUMyMa, 3TO HepaBeHCTBO OyleT CIpPaBeAHBO B KaXKAOH M3 NaHHBIX oOsacTeH,
3HAYMT, U BCloy B o6sacTv {|z| > R}, a c/jefoBaTe/IbHO, U BO BCEH KOMIIEKCHOH MJIOCKOCTH.
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W13 reopemsr JluyBuis caenyer, uto ¢yHkuus P(A) sBasercs nocrtosHHol. Torna dhyHKIHs
() = (R*(V)'f. ) = (R*(V)*f.g) = 0.

T[lockosbKy (hyHKLMS g BbiGMpaiach Npou3BoJbHOM, To (R*(N))2f = 0, otkyna f = 0. TlosHOTa cHcTeMBI
{¥n}nez nokasaHna.

It noKasaTesbCTBa MUHUMaJIbHOCTH CUCTEMBI {¥y, }nez AOCTATOUHO 10KA3aTh CylleCTBOBaHHE GHOP-
TOrOHA/JbHOH cHcTeMbl. Mbl MocTpouM ee Ha 6a3e CHUCTeMBbl {Z,}, MOJydeHHOH OObeIWHEHHEM BCeEX
KaHoHUYeckux cucteM {z/F}, onpenenennbix B pasnoxenuu (12.1) (1. e. cHCTeMBI COGCTBEHHbBIX M MpPH-
coefliHeHHbIX (yHKUHE onepatopa (Lpy)”).

PaccMoTpuM HekoTopoe (pMKCHPOBaHHOe COOCTBEHHOe 3HaudeHHe A oneparopa Lpy ajredpanyeckoi
KPaTHOCTH p U 0603HAYMM COOTBETCTBYIOLlee KOpHEeBOe MOANPOCTpaHCTBO uepe3 H . KopHeBoe noamnpo-

CTPaHCTBO, OTBevallee COGCTBEHHOMY 3HaueHHIO A oreparopa (Lpr)* 0603HauuM H.
[Ipexxne Bcero 3aaMeTuM, UTO €CJH

Lpuy = Ny, (Lpy)'z=pz

Hp#X 10y Lz, 1 e Hy LH, npu\#

Taxum o6pasom, A/ NOCTPOEHHs: GUOPTOrOHANbHOM CUCTEMBI OCTaTOUYHO B KaXKJ10M NPOCTPaHCTBe H 3
noctpouts 6asuc {w’*}, 6uoproronanbumii cucteme {y’*}. Ham He norpeGyercs sBHOe NpejcTaBIeHHe
BeKTOpOB W/, Tak 4TO MBI OrpaHHMUHMCH J0Ka3aTe/bCTBOM CYIIeCTBOBAHHS TaKOro 6asuca.

IlpenctaBum 3TOoT Gasuc B BHAe JMHEHHBIX KOMOMHAuMil cucTeMbl {zF}, ompenenmenmoit B (12.1).
3anucas ycjoBUsi GHOPTOTOHANBHOCTH, MONYUUM CHCTEMY JIMHEHHBIX ypaBHeHUH ¢ marpuued [pama

(<yj,k’zl,m>).

PaspemuMocTh CUCTEMBl PABHOCHJIbHA HEBLIPOXKAEHHOCTH JaHHOH MaTPHILHL.
Ecnu ke maTpuLia BbIPOXKIEHA, TO HAaHUIETCs HEHYJIEBOM BEKTO ¢; 1Z7F . opToroHasbHBIH BCeM
7,k ’
(DyHKIUSAM yf’k, a 3HAUMT, ¥ BooOIILe BCcel cucTeMe COOCTBEHHBIX U NPUCOEANHEHHBIX (PYHKLHH onlepaTopa
Lpy. DTO IPOTUBOPEYHUT IMOJHOTE JAHHOHM cucTeMbl. MHUHHMAaAbHOCTE CUCTEMBI {y,, tnez HOKaszaHa. [
b E

Onpenenenne 12.3. O6beaunenue Beex cucteM {w/*} 6ynem HasblBaTh 6LOPMO2OHANLHOL CUCme-
Mol U 0603Ha4aTb {Wy, }nez. [IpH 3TOM HyMepauHio Mbl BefleM TaK, UTO (Y, Wy,) = Opm.

Mbl nepexoauM K [10Ka3aTeJbCTBY 0a3HCHOCTH cHUCTeMbl {yj, }nez COOCTBEHHBIX M MPUCOEIMHEHHBIX
(bynkuuit onepatopa Lpy. Mbl 10KaxeM, 4To 1714 J1060r0 CHILHO Pery/spHoro oneparopa L£Lpy cucTeMa
{¥n}nez sBAsiercs 6asucom Pucca B H.

OTMeTuM, 4TO 3TOT (DAKT He sIBJsETCS NPoCThIM. Tak, HalpuMep, OH He cJelyeT U3 aCHMITOTHYECKHX
dopmya (9.23). Mbl npoBeneM 3[echb J0Ka3aTeJNbCTBO, OCHOBbIBasich Ha Teopeme bapu—Dboaca 18.11,
TpUYeM OCHOBHYIO poJib OyayT urpaTb npencranieHue (9.24) u nemma 12.1, npuBenennas Huxke. Ormpe-
LleJieHHe NPOCTpaHCTB Xapau CM. B NPUJIOKeHUH B.

Jlemma 12.1. [Tycmo {\, }nez — nocaedosamenvrocms cobecmeennolx 3naueruti onepamopa Lpy ¢
nomenyuarom P(-) € L1[0, 7] u peeyraprowmu kpaesoimu ycarosusmu U. Toeda drsn scex f € Lo[0, 7]
Cnpaseosu8a OueHKa

- 2
S| s@etedn| <ClflR,, ee ©=CRU),
nez 0

Hokasamenvcmeo. HanomuuM, 4To Bce cOOCTBeHHble 3HaueHMs omepartopa Lpy sexat B moJoce II,
naist Hekotoporo aw = a(P,U) > 0. PacemoTpum ey GpyHKUHIO

F(Z) — /f($)€(iz+a+1)x dr.
0

W3 Teopembl I1anu—Bunepa caeayer, uto GyHKuus F npuHaniexxuT npoctpaHctsy Xapau H2(C,) B
BepxHe# nosayniaockocTd, npudeM || F| gz < O flL,-
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[Tonoxum z, = A\, + ix + ¢ U 3aMeTUM, 4TO
™
F(zp,) = /f(a;)ei)‘"x dx.
0

ITyctb Tenepb 11(Qq,n) — KOMMYECTBO TOUYEK 2, (C yUeTOM KPaTHOCTH), JeXKalKX BHYTPH KBaapaTa
Qaon={2:Rez € (a,a+h), Imz e (0,h)}.
Jlerko BuzeTh, uTO [1(Qq ) = 0 mpu h < 1. TTockosbKy
A =n+ s, +0(1),
TJie ¢, 3aBUCAT TOJBKO OT YeTHOCTH HOMepa m, TO (PYHKLHS

s(h) = sup u(Qq,n)
acR

KOHeuHa 1Jsi jmoboro h U s(h) ~ h npu h — oo.
Torna naiimercs uucno v > 0 Takoe, uto s(h) < ~h npu Bcex h > 0. [Ipumenus teopemy 17.VI ¢
Mepo# o = Y J, , MOJyYHM OLEHKY
neL
IF )bzl < CO)IF e,

YTO W BJIeUET YTBEp2KIAEeHHE JIEMMBbI. O

HanomHumMm, 4To Bce COGCTBEHHbIE BEKTOPbI CHCTEMbl {Yyj }nez HOpMHpPOBaHBI. [l0oCKOJBKY BCe cO6-
CTBEHHble 3HAUeHHsl CHJBHO PEryJsIPHOro oneparopa Lpy IPOCTHl, HAYMHAs C HEKOTOPOro HoMepa N, TO
npH Beex |n| > N: |ly,|| = 1.

Cnextp omepatopa (Lp)* cOBNanaer ¢ MHOXKECTBOM {A,}ncz C COBNaJIeHHeM KpaTHOCTeH, a 3Ha-
quT, U |n| > N Bce BEKTOPHl W, OHOPTOrOHAJbHOH CHCTEMBl TaKXKe SBJSIOTCS COOCTBEHHBIMH JJIst
oneparopa (Lpr)*. OnHako, B OTIHYME OT Y, OHH YK€ MOT'YT UMeTb HeeIHHHUHYIO HOPMY.

Jlemma 12.2. [Tycmo Lpr — npoussosvrblii curbro peeyaaprolli onepamop HAupaka, a {wynez —
cucmema, 6uopmozonarvhas K {yn}necz (cm. onpedenrenue 12.3). Toecda nocaedosamervHocmo
{||Wn || }nez ocpanuuena.

Hoxazamenrvcmeo. O603HAYUM W,, = ——
[[wn |

1= <YmWn> = HWHH<Y7UVT/7L>’

K 3aMe€THUM, 4YTO

a 3HAYUT, (Yn, Wy) # 0, n € Z.
Kpome Toro, HepaBeHCTBO ||Wy,|| < C' paBHOCH/IBHO HepaBEHCTBY

- 1
<yn7 Wn> > 6

0

n

IycTs y" — HOpMHUpOBaHHble COOGCTBeHHbIE (DYyHKUMH omepatopa Loy, a W
CTBeHHble (yHKLHH onepaTtopa Lo +. Mcnoabsys (4.4), noayuum

HOPMUPOBaHHBIE COO-

0 X0\t i\0 —iX0 g\t
An e anp) ’ WO — (wij ezAn:p’ w; e anp)

x
) w2’-] n 7.]

yg = (wl,j ei

rie j = 0 npu 4eTHOM n U j = 1 npu HeyeTHOM n. Toraa

Y

(yo, Wi) = m(wi 0 ; + wa w3 ),

T. €. CKaJisIpHble TIPOU3BEAECHUS <y2,W%> 3aBUCAT TOJIBKO OT YETHOCTH HHIAEKCa M.

T[ockosbKy no onpenenenuto (y9 wo) = 0, To
[{yn, wa)| = C >0

npU BCex n € Z.
Bce BeKTOpHl y;, U W, MIpPH AOCTATOYHO GOJBIIUX |n| BJASIOTCS cOOCTBeHHBIMH. M3 Teopembl 9.4
MeeM
<yn7 V~Vn> = <y9w W707,> + 0(1)7
T. €. yucsa |[(yn, Wp)| OTOEJNEeHBl OT HYJS NIPH AOCTATOUHO GOJMBLIMX (2 3HAYMT, U NPU BCEX) N. O
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Hawm notpebyercs ele ofHO HecsoxkHOe yTBepxkaeHHe. OHO, OIHAKO, SABJISAETCS KJIOUeBbIM 115 J10Ka-
3aTesbCTBA TeopeMbl 12.2.

Jlemma 12.3. [Tycmo cucmema {p,(x)}° ssasemcs Gecceresoii & npocmparcmse Lsla,b], a
{mn(2)}5° — abcoaromrno nenpepoisrole Ha |a,b] Qyrkyuu, npuuem
|Tn(a)| < T, |7 (z)| < 7(x) € Li[a,b], n=1,2,..., (12.2)
ede uucao T u pymukyus T ne 3asucam om n. Toeda cucmema {py(x)7,(x)}° maxwe sersemcs
beccenesolil 8 npocmparcmse Lsla, b].

Hoxasameavcmeso. lockonbky

on ()T () = on(T)T0(a) + @n(2)(Tn(2) — Tn(a)),

a U3 oueHKH |m,(a)] < T cienyer GecceneBocTb cucteMbl {p,(x)m,(a)}, To nanee, 3ameHuB 7,(z) Ha
Tn(2) — T (a), MOXKHO cunTaTh, 4To T, (a) = 0. Torna

N b T b Y
= f@)g,(x) [ T (&) dede - [ F(y)en(y) [ 7(C)dC dy| =
>/ / [T50
N oo b b
=S| [rem@ | [1@eids [Fwpenw iy | i <
"=lla a 3 ¢
b b N
<//T(§)T(C)Z{(f><5b n)| [(@ns Fxie)| dEdC
a a n=1
bob
< [ [r©r@) - Ixeall 15 xicallde dc < / / Q) de dC - | £IP.
Yerpemus N — 0o, MOJy4aeM yTBEPKIEHHUE JIEMMBL. O

Teopema 12.2. /lns aw06020 curvro peeyraprozo onepamopa Lpy ¢ nomenyuarom P € Ly[0, 7]
suda (3.8) cucmema {y,}nez cobcmsennvix u npucoedurHerHvlx GyHKUUL, 6edenHas 8 onpedeie-
Huu 12.2, obpasyem 6asuc Pucca 8 npocmparcmse H.

Hokasameavcmso. Bocnonbdyemest Teopemoit 18.11. [losiHOTAa U MHHHUMAJIbHOCTD CHCTEMBI {Y, }nez YKe
J0Ka3aHel B Teopeme 12.1, Tak UTO OCTaeTcsi MPOBEPUTb GECCEEeBOCTb CUCTEM {Yptnez U {Wi}tnez.
Bhauasie Mbl 10KaxkeM GeccesieBOCTb CUCTEMBI {Yy, fnez-

[TockosbKy KpaeBble yC/JOBHSl CHJbHO PeryJsipHbl, TO Bce COOCTBEHHbIE 3Ha4eHHs A, oneparopa Lp
npoctel npH |n| > N ans nekortoporo N. Torna cucrema {yu }ip|>n COCTOMT TOJBKO U3 HOPMHPOBAHHBIX
cOoOCTBEHHBIX (DYHKLHH ornepatopa Lp 7, 1 Mbl MOXKEM BOCIOJb30BATbCS AaCHMITOTHYECKHUM MPeNCTaBIIe-

HueMm (9.24)

IART —iAn®

yl,n($) =e Tl,n(x)a y2,n(x) =€ 7—2,n(x)'
Torna us nemmer 12.1 1 nemmbl 12.3 cnenyet 6eccesieBOCTb CUCTEM {Y1 pn }nez U {Y2.n }nez B TPOCTPAHCTBE
L5[0, 7], uTo 1 03HauaeT GecceseBOCTb CUCTEMBI {y, }nez B H.

[lepeitneM K GUOpTOroHa/bHOU cUcTeMe {Wy, }nez. [lockoMbKy QyHKUMH Wy, TIpU |n| > N sBasiiOTCS
COOCTBEHHBIMM (DYHKLMSAMH CONPSIKEHHOTO onepatopa Lp« y+, TO K cucteme {wy/|[Wyl[},|>n npume-
HUMBbI T€ e PaCCyXXJEHHs, YTO U K CHCTeME { ¥y fin|>N-

It 3aBeplieHHst 10Ka3aTeJqbCTBA HOCTATOUHO BCIOMHHUTDL (nemma 12.2), uto ||wy,| < C Vn € N nas
HeKoTopou KoHcTaHThl C. U

Cnencteue 12.1. [[as 106020 curvHo peeyraproeo onepamopa Lpy ¢ nomenyuarom P € L0, 7
obweeo suda cucmema {yn, }nez cobcmeennolx U npucoedunerHolx QyrKyuL, ssedennas 8 onpedee-
nuu 12.2, obpasyem 6asuc Pucca 8 npocmparcmee H.
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Hoxasameavcmso. Bocnosbayemcst yTBepKAeHHeM 3.3, COIJIaCHO KOTOPOMY HaHieTcsl orneparop ﬁlgf] c
BHeIHaroHa/bHbIM TOTEHLMAJOM U CHJBbHO Pery/sipHBIMH KPaeBbIMH YCJOBHUSIMH, MOAOOHBIH OmepaTopy
Lpy. Ocraercs 3aMeTHTb, YTO IIPU IlepeXxofe K M0f00HOMY omnepaTopy cBOHcTBO 6asucHocTH Pucca
CUCTeMbl COOCTBEHHBIX M MPUCOENMHEHHbIX (PYHKLHH COXpaHSIeTCs. O

B ciyuae ciabo perynsipHbIX KpaeBbIX yCJOBHH cucTeMa {yy }nez COOCTBEHHBIX H MPHUCOEAHHEHHBIX
¢GyHKIMH onepaTopa Lpr yxKe He 00s3aHa 06pa3oBbiBaTh 6asuc Pucca (cm., Hanpumep, [10,114]). Mox-
HO, OHAKO, [10Ka3aTh, UTO B 3TOM CJydae Bcerga umeercs 6asucHocTh Pucca U3 moanpocTpaHCTB, MpUYeM
BCe MOAMPOCTPAHCTBA AByMepHbI. Mbl 10KaxeM 3TOT (akT, caefys Kiaaccuueckum padotam [30,45] u
onupasicb Ha TeopeMbl poH Hetimana u Kapnecona. Onpenenenvie 6asuca Pucca U3 mognpocTpaHCTB CM.
B npusoxeHuu C.

Haunem ¢ mokasaTesibCTBa CJAENYIOLUIETO MMOJE3HOTO YTBEPKIAEHHUS.

Jlemma 12.4. Jloboli (e obssamervro curvHo) pecysaproli onepamop Jupaka Lpr ¢ homenyu-
arom suda (3.8) npedcmasum 6 eude cymmol

£p7U :A+V,

oepanuuennoco 8 H onepamopa V u Heoepanuuernnoco 3amkrymoeo onepamopa A ¢ niomroti obaa-
cmoio onpedenenun D(A) C H u komnaxmroil pe3osrveenmotl.

[Ipu amom cnexmp o(A) pacnoroxen 6 Hekomopoti noaoce I, u cocmoum u3 cobcmsenHoLx 3Haue-
Huil {\p tnez. Hymepayuio amux cobemeennoix 3navenutl (¢ yuemom ux areebpauueckot KpamHocmu)
MOJNCHO nposecmu mak, umobvl BbLNOAHAAUCL ACUMNMOMULECKUE DABEHCMBA

An =n+ 3 +0(1) npu [n| — oo,

ede j =0, ecau n uemno u j = 1, ecau n HeuwemmHo, Npuuem ceomempuueckas u airzebpauieckas
KpamHrocmu Kando2o cobcmeenno2o shawenus cognadarom, m. e. onepamop A He umeem npucoedu-
HeHHblx yHKyuil. Cucmema HopmuposarnHolx cobcmeennolx PyrnKkyuti onepamopa A obpasyem 6asuc
Pucca 8 npocmparcmse H.

Joxkasamenavcmso. Paccmorpum oneparop Lp i + Vo, tae Vo & (y1,y2) — (ky1, —kyo).
Ecnu kpaeBble ycoBusi, 3afgaBaeMble Matpuleil U = (C, D), CUJIbHO PeryJsipHbl, TO MoJoXuM k = 0.
B nporusHOM caydae nonbepem k cienyromum o6pasom. Ilockonbky Lpy + Vo ectb onepatop Jupaka

Buaa (3.1) ¢ moTeHuMasOM
(o %)
ps(x) =k )’

TO K HeMy NpuUMeHUMO yTBepxkiaeHue 3.3. M3 (3.5) caenyert, uto v = 0, p2 = p2, p3 = p3, T. €.
Lpy+Vo=WLyzW

[Tpu 3TOM KpaeBble ycaoBHUS U sanatorcst MaTpHLed U = (C, €™ D). Tlo onpenenenuio 3.2, Kpaepbie
ycaoBust U CHJIBHO peryJ/isipHbl, €C/IH
(Jlg + €2i7rkJ34)2 + 4€2i7rkJ14J23 7é 0.

Taxum 06pa3oM, JOCTaTOYHO BLIOPATh k Tak, uToObl TouKa u = €2k

1* I3y + 2u(J12J34 + 2J14023) + 1o,

9TO BO3MOXKHO, MOCKOJIBKY 3Ta (DYHKIHS He paBHA HYJIO TOXKAECTBEHHO (3TO CJedyeT U3 PEryJspHOCTH
kpaeBbix ycaosuit U). Urak, Mbl mpefcraBu/n onepatop Lpyy B BUje

Lpy = WEP('jW*l - W,

He SBJISJACh HyJeM (PYHKLHUU

rie KpaeBble ycioBHs U CHIBHO peryssipHel. Torga JIMIIb KOHEYHOE UYHCIO COOCTBEHHBIX 3HAYEHHIl
omepatopa Lp, 5 MOTYT UMETb alreGpaudecKkyio KpaTHOCTb, GOIbIIYI0 e[HHHLIbI.

[Tyctb A\ — 0HO M3 TaKHX COOCTBEHHbIX 3HaueHHH, Hy — COOTBETCTBYIOLLee KOPHEBOE MOANPOCTPaH-
ctBo, {y’*} — npousso/bHas KaHOHWUYecKas CHCTeMa COOGCTBEHHBIX M MPHUCOeAMHeHHbIX QyHKUUE B H,
MOCTpOeHHass B omnpeneneHnu 12.2, a Py — crnekTpasbHbIE MpoekTop Ha Ho (cM. ompexeseHue 12.2).
Onpenenum onepatop Ky Ha MOANPOCTPAHCTBe H( paBeHCTBAMH

Koy" =0,  Koy"* = —y?*!
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n7s Bcex k # 0. Torna onepartop £P’[~] + KyPy nuaroHaJjeH Ha NOLNPOCTPAHCTBE H.

[Tyctb omepatop K paBeH cymMe onepaTopoB KgPy 0 BCeM KOpPHEBBIM MOANPOCTPAHCTBAM, OTBeYa-
IOIIMM KPATHBIM COOCTBEHHBIM 3HAUEHHSIM OINepaTopa Epﬁ (4rcso caraeMbelx B 3TOH CyMMe KOHEUHO,
Tak uto onepatop K orpanuueH). Onepartopsl Epﬁ +Kmnu £P’[~] UMEIOT OJMHAKOBbIH CHEKTP MU OfMHa-
KOBYI0 CHUCTeMY COOCTBEHHBIX W MPHUCOETUHEHHBIX (DYHKLHH, pUYeM Bce 3TH (DYHKLHUH SIBJSIOTCS JJIS
oreparopa EP,(? + K cob6ctBeHHBIME. OcCTaeTcs MOJOXKHTh

A=W(Lpg+ KW n Vi=-WEKW ' -1.
O

[Ipuctynum K nokasaresbCcTBY GasucHOCTH Pucca u3 mommpoctpaHcTB. Ham motpeGyercst Teopema
¢ou Heiimana (cm. [54, ro. XI]).

Teopema 12.1I1 (I:x. don He#iman). [Iycmo T — npoussosvroe cocamue 8 eurobepmosom npo-
cmpancmee, m. e. |T|| < 1, a ¢pynkyus f eoromoppua 8 kpyee |z| < r, r > 1, u oepanuuera 8
kpyee |z| < 1 koncmanmoii p. Toeda || f(T)| < u.

[Tyctb onepatop Lp cinabo perynspen. [lyets H,, = RnP,,, |n| > Ny, — KopHeBble NOANPOCTPAHCTBA
3TOro orneparopa, BBefleHHble B onpeneseHun 10.2.
OnpenesuM J0OMNOMHUTE/BHO NoAnpocTpaHcTBo Ho = Rn Sy, rae

1
Sy, = — | R(A\)d\
0 2mi (A)d,
5
a 3aMKHYTBIH KYCOYHO-T/IJKHF YKOPIAHOB KOHTYD <y OXBaThiBaeT BCe COOCTBEHHbIE 3HAYEHHS ), Orepa-

Topa Lpy ¢ HOMepaMu 1 : [n| < 2Ny, ¥ TOJBKO HX.

Teopema 12.3. Cucmema {Ho, Hu}jnj=n, 06pasyem 6asuc Pucca us nodnpocmparcme 6 npo-
cmparncmee H.

Lokazamenrvcmso. Ilpumenum teopemy 18.II1. M3 Teopemnl 12.1 cienyer, 4To 3aMblKaHWe JUHEHHOU
o6on10ukH cucteMbl {Ho, Hn}in|>N, COBNANaeT co BeceM npocTpaHcTBoM H, Tak 4To ocTaeTcs 10KasaTh
BhIMosiHeHHe cBoicTBa (18.1).

[Toabsysce jemmort 12.4, npencrasum onepatop Lpy B Buie cyMMmbl Lpy = A + V. Ilockosbky
cucremMa cobCcTBeHHbIX (DyHKIHH omeparopa A o6pasyer 6asuc Pucca B mpoctpanctBe H, To Hakingercs
TaKoe CKaJ/IsipHOe NPOU3BeaeHHe (-, -)1, TONOJOIHUECKH SKBHBAJEHTHOE HCXOTHOMY (T. e. ¢l |1 < |- || <
c2|| - |l1 ZIsT HEKOTOPBIX €1 M C2), OTHOCHTENBHO KOTOPOTO 3Ta CHCTEMA SIBJISIETCS OPTOHOPMHUPOBAHHBIM
6asucom (cm. 18.1).

B cuny oleHKH Ha HOpPMBI, CBOHCTBO GA3HCHOCTH CHUCTEMbI MOANPOCTPAHCTB {H,} He H3MeHHUTCS
Mpy Tepexole K HOBOMY CKaJISIPHOMY INPOU3BelNeHHI0. B HOBOM cKa/sipHOM MPOH3BeNEeHHH omepatop A
JIUaroHajeH B OPTOHOPMHPOBAHHOM 0a3uce W3 CBOUX COOCTBEHHBIX BEKTOPOB, T. €. HOpMasjeH. Torna
4UCJ0BOH 06pa3

(AR £)1 ¢ [f] = 1)
oneparopa A paBeH 3aMbIKAHHIO BBHIMYKJOH 000JIOUKH crieKTpa o(A), a 3HAUMT, JIeXKHUT B HEKOTOPOU
ropu3oHTa/ bHON mosoce. CienoBaTesbHO, YHCA0BOH 00pa3 onepatopa Lpy (OTHOCHTENbHO HOBOTO CKa-
JISPHOTO TIPOW3BENEHHUs) TaKKe JIeXKUT B HEKOTOpoH mnogsoce I1,,.

[TockosibKy cABHUI He MeHsieT CBOHCTB 0a3HMCHOCTH, TO jajee MOXKHO paboTaTh ¢ omnepatopom B =
Lpy +i(a+ 1), ukc/I0BOi 06pa3 U creKTp KoToporo Jexar B nosoce 1 < Imz < 2h, rne h = o + 1.

Touku {\, +i(a+1)},ez cnekrpa onepatopa B yooBJeTBOPSIIOT yeaoBUsiM yTBepxKaeHus 17.3. Ilyctb
ydena N ¥ p onpenesieHbl B (DOPMYJIHPOBKE 3TOrO YTBep:KIAeHHS (OHH 3aBHCAT TOJNBKO OT OllepaTopa
Lpy #, no nocrpoenuio, N > Ny), a

N-1
vim ISl + D2 1Pall

|n|=No

[lycts J C {n € Z : |n| > N} — npou3Bo/IbHOe KOHEUHOEe MOAMHOKEeCTBO, /{ — INPOU3BOJIbHBIN HOMED
takoit, uto K > max{|n|:n € J}, a fx — pauroHanbHas QyHKIHs, TOCTPOEHHAs] B yTBEPKAEHHH.
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W3 ob6uieit Teopun (pyHKIMOHAJBHOTO HCUHMC/IEHHS onepaTopoB (cM., Hampumep, [54, ra. IX, §151]) u
npencraeaenus (12.1) cienyer, uyto

f&(B) =" Pa.

neJ
[ycts T := (B — i)(B + i)~! — npeo6pasosanue Kaau onepatopa B. Jlerko BuaeTh, 4To

Vz e ®(B): ||(B+1i)z|? — (B —i)z|? = 4Im(Bz,z); > 0,
OTKyza
I(B—14)(B+14) 'zl < |||

Tax xak nopnpoctpaHcTBo D(B) = D(Lpy) mnotHo B H, To omeparop T' mpogosxaeTcss Ha Bce Mpo-
crpaHetBo ¥ || T|; < 1.

0O603HayuM
1241
g (2) = fx ( ) .

1—2

Torna, cornacHo teopeme 12.11, ||gx (T)|1 < p. Hanee, Vo € H,, |n| > N, BbIIOJHEHO
gk (T)z = fx(B)r mpu K >n.

[Tepexons x npenmeny npu K — oo, IOJy4YUM, 4TO

1D Pall < pllzlls
neJ
Ha noampoctpaHctee |J Hj,.
In|=N
Torna nna npoussosbHOro x € H:
N-1

YDoPux| =D Pule—| D PetSw ||| <pd+v)|al

neJ 1 neJ |k‘:No 1
Ecau tenepp J C {n € Z : |n| > Ny} U {0} — koHeuHOe NMOAMHOXKeCTBO, TO HOPMBI || Y Ppll1 orpaHu-

neJ

YeHBl YUCJOM f4 + v + [, He 3aBUCSILKM OT J. O

[Tepeiinem x omeparopy Irypma—Jlnysunna L4 .

Teopema 12.4. Cucmenma {y,}7° cobcmsennoix u npucoedurnennolx GynKyut 1106020 pecyripHo2o
onepamopa Lqy noana 8 npocmparncmse Li[0, ).

fokazameavcmeso. Ilyctb ¢yHkuus f € Lo[0,7] opToroHajbHa BceM BeKTOpaM cCHCTeMbl {yn}7°. 3a-
(HUKCHpPYyeM TPOU3BOJBHBIA BEKTOp g € Lo[0, 7] U paccMOTpUM (YHKIHIO

®(z) == (R*(Vz) [, 9),
onpezesnennyio B obnactu C\ {z, }nen.

dta (QyHKUHUS HMeeT YCTPaHHMble OCOOEHHOCTH B TOUKAaX Z,, T. €. IOCJe AOOTpeleseHHUs B HHUX

siBsieTcsi uesod. B cuay teopemsl 11.1, pas so6oro & > 0 B obnactu C\ |J Us(Z,) cnpaBensnusa

neN
OLl€eHKa

[@(2)] < M| fllz. gl 22

rae M He 3aBHUCHUT OT z. L

Beibepem umcsio § tak, utoonl kpyru Us(z%) nnbo He mepecekasuch, JuGo pa3bUBaiKCh Ha Maphi,
He repeceKkalolrecs Mex1y co0oi (B ca1a6o peryjasipHoM ciydae). DTHM Ke CBOHCTBOM OynyT o6/aanaTb
u kpyru Us(Z,) 07s BceX H0CTaTOYHO GoJblIKMX m. TakuM oOpasoM, BHe HekoToporo kpyra {|z| < R}
MHOXKECTBO TOYeK z, AJI KOTOPbIX HepaBeHCTBO

[@(2) < M|[f]lL, llgllz

elle He JI0Ka3aHo, MPeACTaBJsieT co00H cueTHOe 00beIHHEeHHe OrPaHUYEHHbIX HellepeceKaruuxcesi 0bma-
crefi. [lo mpUHUKIY MakCHMyMa 3TO HEPaBEHCTBO Oy/eT CIpaBelJMBO B KaXKIOH H3 JaHHBIX 00JacTed,
3HAYMT, U BCloy B o6sacTv {|z| > R}, a c/jefoBaTe/IbHO, U BO BCEH KOMIIEKCHOH MJIOCKOCTH.
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M3 reopemsr JluyBuis ciaenyer, uto ¢pyHkuus P(z) siasercst nocrosinyo#. Torna

¥'(z) = (R*(2))' f.9) = (R (2))*f.9) = 0.
T[lockosbKy (hyHKLMS g BeIGMpaach NPoM3BOJIbHOM, To (R*(z))2f = 0, otkyna f = 0. [losHOTa cucTeMBl
{Yn }nen HOKa3aHa. O

Hokaxkem Tenepb TeopeMy 0 6a3MCHOCTH Prcca co6CTBeHHBIX M NMPUCOEIUHEHHBIX (PYHKIHUH.

Teopema 12.5. [Tycmv q(x) € Wy ', a onepamop L,y onpederen coeaacno meopeme 8.2. Ecau
coomsemcmeyroujue Kpaesovie ycrosus U CULbHO pecyispHbl, MO CUCMeMa COOCMBEHHbLX U NPUCOeOU -
HenHbLx PyHKyul onepamopa Lqy obpasyem 6asuc Pucca 8 npocmparncmee Ls|0, 7.

Hokaszamenvcmso. B teopeme 5.2 Mbl yXKe [10Kaszasd, 4TO CHCTeMa COOCTBEHHBIX W MPHUCOEIHHEHHBIX
yHKUMH (uncao npucoenvHeHHbIX (GYHKUMH Koneuno) {yO(z)}SC, omepatopa Loy oGpasyer Gasuc
Pucca B L2[0, 7]. Cornacto teopeme 8.4, co6cTBenHble QYHKUNU {yy(2)}02, onmepaTopa L4 7 06pasyior

ACUMIITOTUYECKH KBAaAPaTHYHO 6JII/13Ky}O cUcTemy, T. €.
9
> llyn(@) = yp(@)||* < oo
n=1

B cuny teopemsl bapu (cm. [19, 1. 6]) cucrema {y,}>°,; Takxe ob6pasyer 6asuc Pucca B nmpocTpaHCTBe
L2 [O, 7T] . ]

B onpenenenuu 11.2 mMbl BBesM MoanpocTpaHcTBa H, TOJbKO NPH AOCTATOYHO 60JbLIMX 1 = Nj.
O603HauuM yepes Ho MOANPOCTPAHCTBO, NOPOKAEHHOE COOCTBEHHBIMU U NPUCOEANHEHHBIMHU (DYHKLHUSMU
yn oneparopa Lgy npu n < Np.

Teopema 12.6. [Iycmo q € WQ_l[O, ], a onepamop Lqr onpedenern coeaacHo meopeme 8.2 u peey-
asipen. Toeda cucmema noonpocmparcms {Ho, Hn};’o:No obpasyem 6asuc Pucca 8 L2|0, 7].

Hokasamenvcmso. V3sectHo (cMm. [90]), 4To B /t06OM peryssipHOM ciydyae cHcTeMa COOCTBEHHBIX (DYHK-
uuit {y2}2°, oneparopa £, ecTb Gasuc Pucca U3 MOANPOCTPAHCTB, IPHYEM B MOANPOCTPAHCTBA HYXKHO
00beUHATb He 6oJsiee OBYX (PYHKUHH.

B Teopeme 11.2 Mbl 10Ka3anu KBaApaTHYHYIO GIM30CTb CHCTeMbI PoekTopoB P, u PY. Tenepn Gasuc-
HocTb Pucca us nmoanpoctpaHcts cienyet u3 [19, ri. VI, teopema 5.2].

JlokasaresbCcTBO MOMHOTH M MUHUMaJbHOCTH cucTeMbl {Ho, Hp}po y, TMPOBOAMTCA Tak ke, Kak B
JI0Ka3aTesbCTBe TeopeMbl 12.5. O

13.  PABHOMEPHOCTb BA3WCHOCTH PUCCA 119 ONEPATOPA Lp i/

Hawm y»xe M3BecTHO, uTO AJIi KaXKJ0ro CHJbHO PeryJsipHoro onepatopa Lp ¢ BHeJHaroHalbHbLIM I10-
teHuuasnom P cucrema {y, }nez 00pasyer 6asuc Pucca, T. e. cyliecTByeT orpaHHYeHHBIH U 0OpATHMBIH
onepatop T, mepeBOASsILINE BEKTOPbl OPTOHOPMUPOBAHHOTO 6asuca {e, fnez B BEKTOPBI {yy, fnez, @ KOH-
craHTta Pucca s» (cM. onpenesenue 18.2) koHeyHa. MoxKHO JiM BBIOpaTbh UHCJIO ¢ €IUHBIM JJIsi JAHHOTO
ceMeHCTBa MOTEHI[HAJIOB?

Huxke Oyner mokasaHo, B KaKMX CJAydasX Ha 3TOT BONPOC MOXKHO AaTb MOJOKHUTeJNbHBIH OTBeT. BHa-
YaJjie Mbl U3yUHM Caydail, Korna P npoberaer HeKOTOpblH KoMnakT X B mpoctpaHcTBe Lq1[0, w]. K atomy
c/ay4aro, HarmpuMep, OTHOCSITCS TaKhe CeMelCTBa MOTEHIHUAJOB, KaK 3aMKHYTBIH 1Iap npoctpaHcTsa be-
coBa Bg77,[0,7r] npu Jo6sx 6 > 0, s, 7 € [1,00].

YrBepxkaenue 13.1. [lycmo P € X, 20e X — npoussosvrulii komnakm 8 L1[0, ], mampuya P ume-
em 6ud (3.8), a kpaesovie ycrosus U ¢ukrcuposansl u pecyrspuol. Toeda 6 meopeme 10.1 koncmarnmol
a u C 6 oyenke (10.7) moxcrHo svibpamos edunvimu na X, m. e. o = a(X,U,p,q), C = C(X,U,p,q).

Hokaszamenvcmso. Ananusupysi nokasatenabcTBo TeopeMbl 10.1, BuauM, uto yncia o 1 C' MOJHOCTBIO
onpepeJsitorest Beanundamu C (U, p,q), e(U,p,q) n C. = C.(P,U,p,q), TaKk 4TO 3aBUCHMOCTb OT MOTEH-
lMaJsa 3akJ/oueHa ToabKo B BesndyuHe Ck.
[Tyctb Py — HeKOTOpBI# (DUKCHPOBAHHBIN MOTeHLHAJ, a V, NPUOIHKAET €ro ¢ TOUHOCTbIO 10 £/2, T. €.
€

1Po — Vellr, < 3
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Torna V. npubankaer no6oil noreHuuan us wapa ||P — Fy|| < €/4 ¢ To4HOCTBIO £. DTO 03HAUYAET, YTO
uncaa a 1 C' B oueHke (10.7) MoXHO BbIOpaTh €IMHBIMH Ha JAHHOM LIape.

OcraeTcst MOKPBITh KOMMAKT X KOHEUYHBIM YHMC/IOM TAKHX IIapoB U BbIOpaThb o U C' MaKCHMaJbHBIMH
10 KOHEYHOMY Habopy. O

Jnst kpatkocTH 0603HAUUM
Oy ={A: |ImA| <, |[Re)| > S}
Haunem co crenyoueil jeMMEL.

Jlemma 13.1. [Tycmo nomenyuanr P umeem 6ud (3.8) u npurnadiexcum HeKOmopomy KOmMnaxkmy
X C L1[0,7]. Aas awoboix o > 0 u € > 0 natidemcs uucao = B(X,a,e) makoe, umo nepaseHcmso
To(P;A) <e

svinoaneno oas ecex \ € 1l 4.

Hoxasamenavcmso. 3adukcupyeM Npor3BoJbHBEIN noteHuuan P € X. CorsacHo Jemme 6.1,
To(A) =0 mpu II, >\ — oo.
Haiinem rakoe umncno fp, uto YTo(P,A) < /2 npu Becex A € 11, ,,. [TockoabKy
[To(Pr,A) = To(P2, M) < 4]|P1 = Py,

HepaBeHCTBO Yo(A) < £ COXpaHHUTCS AJsI BCeX MOTeHUMasoB U3 wapa B, (P,e/8). OcraeTcs MOKPBITH
KOMNAKT X KOHEUYHBIM YHCJIOM TAaKHX LIAPOB M MOJIOXKHUTE [ = max [Sp, Ile MaKCUMyM GepeTcs 1o BceM
LEeHTpPaM 3THUX LIAPOB. O

YrBepxkaenue 13.2. [Tycmo P € X, ede X — npoussonvroiil komnakm 6 L1[0,x], mampuua P
umeem sud (3.8), a kpaesovie ycrosus U puxcuposarsl u peeyispHot.
Toeda 0aa Kascdoeo onepamopa Lpy u 0as scakoeo € > 0 naibidemcs womep N = N(X,U,e)
makoil, umo npu cex n, |n| = N, goinoarnero
0
A — \n| <&,
20e {\ntnez t {2} nez — cobemeennvie snauenus onepamopos Lpy u Loy cOOMBEMCMEERHO.

Hoxkazameavcmso. U3 yrBepxaeHus 13.1 Mbl yKe 3HaeM, uTo BCe COOCTBEHHble 3HAueHHs JIOOOTO U3
oneparopos Lpy, P € X nexar B nosoce Il,, rie a = o(X,U).
CorsacHo Teopeme 9.1 1714 Kaxkaoro onepatopa Lp g BbINIOJHEHO
A=A 50 mpu |n| — occ.

OueBHIHO, YTO [0KA3aTeJbCTBO NOCTATOUHO MPOBOAWUTH JHIIb s Majbx £ € (0,e0]. Mbl BbiGepem
qucao €9 < 1 Tak, 4ToObl KPyTH
Up={N: A=) < g0}
He repeceKanuch (misi cmabo perynspHbIX KpaeBblX ycnoBuH Us, = Us,y1 He mepecekanuchb ¢ Usy, =
Usma1 TIpU N # m) W nexanu B nogoce I1,.
Hrak, 3adukcupyem uncio € € (0,ep] U n0Ja0KUM

n= min [Ag(N)].
mn = min [Ao(A)]

B cuny nepuomuuHocTH QyHKUHU Ag(A) uMeeM HliIZl my, = u > 0, npuuem p = pu(U, ). U3 yTBepxe-
ne

Husi 9.2 aHasornuHo cienctBuio 8.1 mosyuaewm, uyto Haigercs dncno ko = ko(«, || P||1,) Takoe, 4yTo ass
BCeX Touek 00/1acTH
Aellpo ={A: |[ImA| <a, To(A) < ko},
CripaBeiiBa OLEHKa
[AA) = Ao(A)] < MTo(N), (13.1)
rne M = M(a, ||P||z,). Takum obpasom, aJsi BceX MHIEKCOB n, AJsi KOTOPbIX 00a HepaBeHCTBa
To) <ko,  Yo(A) < u/M

BBITIONIHEHbI Belony Ha OU,,, 3 TeopeMbl Pyuie umeem |\, — \0| < e.



458 A.M. CABUVYK, U.B. CAIOBHNYAY]

[TosioxkuM yucso h MHHHMYMOM TIpaBbIX yacTed 3TUX HepaBeHCTB. TOI‘Ila
h = h(Oé, HPHL1 y My M) = h(X) U, HPHL1 ) 5) = h(X) U, 5)'

[Tonbaysich nemmoi 13.1, HaiineM taxoe uncio S = (X, h) = B(X,U,e), uto T(A) < h B I, .
Ocraetcst BCIIOMHHTD, YTO
n—2<Re)\9L<n+l,

1. e. kpyru Uy, comepxarcs B Il, g npu Beex |n| > [B] + 3. Tenepp N = N(X,U,¢) = [3] + 3. O

YrBepxknenue 13.3. [lycmov P € X, 2de X — npoussoavhoiii komnakm 8 Li[0,n], mampuua P
umeem sud (3.8), a kpaesvie ycrosua U ukcuposarvl u pecyripHo.

Toeda oas kancdoco onepamopa Lpy u 0as ecakoeo € > 0 Hatidemcs nomep N = N(X,U,¢)
makoii, umo npu cex n, |n| = N, gvoinoarero

Hyn - yg”o <é,
20e yn u yO — nopmuposarmbie cobcmeennsie Gynkyuu onepamopos Lpy u Loy, omseuaroujue
cobcmeennbim 3naderuan \, u N\ coomsemcmeenno.
Boaee moeo, cnpasedruso npedcmasienue (9.24) ¢ oyenkamu
175 (0)] + Jnax, |7jn(@)] < Clp2(@)] + [p3(2)]), (13.2)

ede C = C(||P||,, ) = C(X,U) (30eco 11, — nosroca, codeprawan cnekmp onepamopa Lpr).

Hoxasameavcmso. IlpoaHannarpyeM f0Ka3aTesbcTBO TeopeMbl 9.4. [lanee nosb3yemcst 0603HaYeHHIMH,
BBE/IEHHBIMH B 3TOM J0Ka3aTeJbCTBe.

[Ipexne Bcero 3ameTHM, YTO BCe TOUKH A, JexXaT B HEKOTOPOH TFOPU30HTAJbHOH MoJoCe, LIMpHHA
KOTOPOH 3aBHCHT TOJIbKO OT KpaeBbiX ycnoBuil U 1 komnakra X' (yTBepxkaenue 13.1). Yucno J, BBeneHHOe
B Hauaje J0Kas3aTeslbCTBa TeopeMbl 9.4, 3aBeOMO He NPEBOCXOAMUT 1, TaK UTO pacLIMpsis MOJOoCYy Tak,
4TOOBl TOUYKH A, Jiexasld B Hell BMecTe CO CBOMMH J-OKPECTHOCTSIMH, Mbl BCe PaBHO MOXK€M CUHMTAaTh,
4TO LIMPHHA MOJIOCHI 3aBUCHUT TOMBKO OT U U X.

Howmep Nj, HauMHas ¢ KOTOPOro BBINOJHEHA OLEHKa

An = A0| <6,

3aBUCHT, COIJIaCHO yTBepxkIeHUI0 13.2, Tonbko ot U n X. Homep Na, HaunHasi ¢ KOTOPOTO CIIPABEIJIHBO
HepaBeHcTBO (9.30), ompenensieTcs: ycaoBHEM

Yo(A) < ko.

[TockosbKy BBIOOpP KOHCTAHTBI ko 3aBHUCHUT TONBKO OT a = ||P||z, ¥ mupuHel nojocel a = a(U, X), To
(cornacHo nemme 13.1) HepaBencTBo Y((A) < ko BRIMOMHEHO npu Beex A € 11, g, rne B = B(U, X).

Yuutbigass Tenepb, uto ReA) € [n — 2,n + 1], Buaum, uto Homep Ny MOXHO TOJOXKHTb PaBHBIM
max{Ny, [B] + 3}. Haxonen, koncranta C, ¢urypupytomiass B npaBoit yactu (9.30), ompenessiercs
TOJIBKO BeJIMUMHAMU a = || P, 1 a = a(U, X).

Hrak, mMbl nokasanu, 4to oueHka (9.30) ¢ koncranroit C' = C(U, X') BbllOJNIHEHA TIPU BCeX n, |n| > N,
N = N(U,Xx). Torma to ke camoe BepHO u 1Jjs oueHok (9.32), (9.33) u (9.34). Takum oGpasowm,
ocTaeTcsi OleHuTb BeJuurHbl Y(\,) U |\, — A\)|. Ouenka nepsoii us Hux nposeneHa B Jemme 13.1, a
BTOPOH — B yTBep:KIeHHH 13.2.

Jlokaxxem BTOpyio 4acTh yTBepxkaeHus. M3 npencrasnenus (9.4) ¢ ouenkamu (9.6) niasi HeHOPMHUPO-
BaHHBIX COOCTBEHHbIX (PYHKIHMH HMeeM
AT (w1 + w11 (T, An) + we (T, M),
AT (wo W11 (T, An) + wonm2 (T, An))

Yin(z) =€
Yon(z) =€
IJ1s1 BceX n. BBeneM 0603HaueHUs

T w Tn(2) = Pan()e

7~—1,n($) = gl,n($)e
Torna
Tin(0) = wipn = w12 + wizern(m, Ay) + ur4€22(7, Ap),

Ton(0) = won = —ur1 — uizer (m, Ap) — urae21(m, Ay)
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— 110CJ/1e[I0BaTe/IbHOCTH, OTPaHUYEHHble BEJIHUMHOH, 3aBHCSALIEH TOJBKO OT ||P||r, W LIHPHUHBI MOJOCHI
|Im A| < « (cM. mokasaTesnbcTBO yTBepxaeHus 9.1). M3 aToro xe yTBepxIeHHs C/lelyeT OLEHKa Mpo-
M3BOJIHBIX

~/

Tin(T) = Wl,nné'l(% An) + W2,n77§'2(90> An)s

a 3HauuT, coraacHo (9.6),
T (@) < Mp2(2)|(Jwin] + |wonl)s  [0(@)] < Mps(@)|(Jwin] + |wa,nl),

M = M(||P||,,«). Otciona cpasy caenyer oueHka (9.25) n/s HeHOPMHPOBaHHBIX (DYHKUHH y,. Tak
KaK HOPMBI { ||y |[E }jn|>N OTAENEHBI OT HyJsl, TO 3Ta OLEHKA COXPAHUTCS U MOC/e HOPMHUPOBKH. O

[TepexomuM K OCHOBHOH LleJIM 3TOrO pasjesa — U3y4YUTb 3aBUCUMOCTb CBOHCTBA 0a3MCHOCTH CHCTe-
MBI {yn }nez OT MoTeHUMasna P npu (UKCHPOBAHHBIX CHJIbHO PETYJSPHBIX IPaHUYHBIX ycaoBusx U. B
KayecTBe XapaKTepUCTHKU 6as3nca {y, nez Mbl BbIOMpaeM KOHCTaHTy Pucca sToro 6asuca (cM. omnpese-
genue 18.2).

Cpasy ke SICHO, UTO MOJYYHUTb PaBHOMEpHble OLEHKH Ha BeJMYHMHY i HEBO3MOXKHO Jaxke NPH BapbH-
poBaHuu noTeHuuasna suna tP(z), t € [0,1]. Koneuno, cornacHo cieactsuio 10.1, co6cTBeHHbIe 3HAYEHHS
SIBJISIIOTCS] HENPePhIBHBIMU (PYHKUHUAMH NoTeHUMa a. OfHaKo cOOCTBEHHble 3HAU€HHsl MOTYT CTa/J]KHBaTh-
csl, 06pa3sys »KOpPAaHOBBI KJIeTKH. B 3ToM c/iyuae KoHcTaHTa Prcca HeorpaHH4eHHO pacTeT, MeHsACh MIPH
CTOJIKHOBEHHH COOCTBEHHBIX YHCeJ CKauKOM K KOHEYHOMY 3HaueHHIO.

Tem He MeHee, cuJbHasl PeryJsipHOCTb KpaeBblX YCJOBHH rapaHTHUpPyeT aCHMITOTHYECKYH NPOCTOTY
crektpa oneparopa Lpy. Torna, moanpaiss cucteMy {yn}necz Ha KOHEYHOMEPHOM IMOANPOCTPAHCTBE
(pa3MepHOCTb KOTOPOT'O PaBHOMEPHO OrpaHHueHa Mo X'), Mbl NMOJYYHM CJIELYIOUIHE Pe3yJ/bTar.

Teopema 13.1. [Iycme Lpy — cuarvno peeyraproil onepamop Hupaka ¢ nomenyuarom P € X 6u-
da (3.8), ede X — komnaxkm 8 L]0, 7. [lycmo
En = Lin{en}\n|>Na Ey = Lin{en}\nKNa
Hy = Lin{yn}in>n,  Ho = Lin{yn bjnj<n-
Toeoda natidemcs nomep N = N(X,U) € N u nocmoannas C = C(X,U) > 0 makue, umo
17wl TR < C,
ede onepamop T onpedesen kak cyxcenue onepamopa T Ha nodnpocmparncmeo Ep.

Ham notpebyeTcsi 1oKasaTb HECKOJbKO BCIIOMOTaTesbHbBIX YTBEPXKAEHHUH.

Jlemma 13.2. [Tycmo {y, }nez — cucmema cobecmaenrolx u npucoeouHer oL QYHKYUL CULLHO peey-
asproeo onepamopa Lpy, P € X umeem sud (3.8), X — komnaxm 6 L1[0, 7] (cobcmeennvie pyrkiyuu
HOPMUPOBAHDL).

Toeoa wnatidemcs Homep N = N(X,U) u nocmosnuas v1 = v1(X,U) > 0 makue, umo npu 8cex n,
In| > N, das awboti gynxyuu £ € (L]0, 7])? sbinoareno:

> E yn) P < nlfll7,. (13.3)

[n|>N

Hokazameavcmso. CormacHo ytBepxkaeHusim 13.2 u 13.3, cymecTByeT Takoe HartypasnbHoe N =
N(X,U), uto npu |n| > N Bce coOCTBEHHBle 3HAYeHHMS MPOCTHl, a COOCTBEHHble (YHKLUHH HMMEIOT
ACHMITOTHKY

IAnT —iAnT

yl,n(x) =€ Tl,n(x)a y2,n(x) =e€ TZ,n(x)7
npuueM |75,(0)] < C = C(X,U), j = 1,2, a npousBonHble PyHKUNH Tj, () MONYHHEHBI OLEHKE
|7jn(@)] < C(R,U)(Ip2(2)] + Ips(2)])

noutu Bcropy Ha [0,7] S x. Y3 atoro mpeactaBneHus u seMmbl 12.3 cpasy BbiTekaeT TpeGyemMoe yTBep-
XKJeHue. O
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Jlemma 13.3. [lycmo {y,}nez — cucmema cobecmaenHolx u npucoeOurernolx QYHKYUL CULbHO pe-
eyaaproeo onepamopa Lpy ¢ 6Heduaconasbrbin nomenyuarom P € X, coomsemcmsyrouux cob-
CMBEHHbIM 3HAUEHUAM N, (cOOCmBeHHble PYHKUUL HOPMUPOBAHDL).

[Tycmo, Oanee, {Wy}necz — cucmema cobcmeeHHblX U NPUCOEOUHEHHbLX (PYHKYUL onepamopa
(Lpy)* = Lp«y+, COOMBEMCMBYIOUUX COBCMBEHHbIM SHAYEHUAM N, NPpUuEM 6Ce COBCMBeHHble
pyrKkyuu makce Hopmuposarsl Ha edunuuy. Toeda naiidymcs maxou womep N = N(X,U) u no-
cmosnnas C = C(X,U) > 0, umo npu |n|,|m| > N:

0, n#m,

an, N =Mm,

<WnaYm> =

npuuem sup {1/|a,|} < C.
[n|>N

Hokasameavcmeo. CorsacHo yTBepxkiaeHHwo 13.2, HauuHas ¢ Hekotoporo Homepa N = N(X,U), Bce
coO6cTBeHHble 3HaueHus omepatopa Lpy (a sHauut, U (Lpy)*) npocTel, a GYHKUMU {yn}in>y H
{Zn}jn|>N ABAAIOTCA COOTBETCTBEHHO HOPMHPOBAHHBIMU COOCTBEHHBIMU (DYHKUHMAMH NaHHBIX OMeparo-
poB. Ilyctb cHavyana n # m. Torna

Xn(znaym> = <£*Zn7ym> - <zn7£ym> - X’r71<z'my7n>-

[TockoabKY Ay, # Ay, TO (2, Yim) = 0.
Pacemorpum caydait n = m. ITycets {y2} u {20} — HopMUpOBaHHbIE CHCTEMBI COBCTBEHHBIX (YHKIMH
oneparopos Loy 4 (Lo )* cooTBeTcTBeHHO. [Tos10:KMM

_ 0 0
vy = :}é% |<Z’myn>| > 0.
YBenuuuBast npu HeooxonumocT Homep N (X, U), u3 yrBep:xkaeHus 13.3 nonyuyaem, yto npu |n| > N:

lyn — y%” < 19/3 W, aHAJOTHYHO, ||z, — z%” < 1y/3.

Tornma

(Zn, yn)| = [{(zo + (20— 20), Yo + (Y — Y| = (20, Yo) | = (20 — 20, Yo — [(Z0r, Y — Yo} | = 10/3.
0

Hokasamearvcmso meopemot 13.1. Ilyctb uncno N = N(X,U) BeibpaHo B semme 13.3. 3adukcupyem
HEKOTOPBIH OPTOHOPMUPOBaHHbIN 6asuc {ey},cz B npocTpancte H.

[lycts x € E. Torna
X = Z <Xaen>ena

[n|>N
CJIel0BaTeJ/bHO,
Tvx = Z (X, €en)¥n-
[n|>N
Orciona B cuny jsemmbl 13.2 pns moboro y € H cripaBeuBo

(Tvx,y)| = | Y (xeadlyny)| < vallx] - [yl

[n|>N

rae y1 = (X, U). Orciona |Tn||py—my < 71
[Tyctb Tenepb y € Hp, {Zn}nez — cHcTeMa COOCTBEHHBIX W MPUCOEAHMHEHHBIX (DYHKLUHEH ormepatopa

(Lpy)*, BBeeHHast B jJeMMe 13.3.

Zn

[Tockonbky cucrema {y,} siBasiercs 6asucom Pucca, a cucrema {w,}, rie w,, = oy
Zna yn

, — buopTo-
roHa/jbHas K HeH, To

y = Z<Y7Wn>yn = Z (Y, Wn)yn = Z MYW

Z
neZ [n|>N |n|>N (zn, yn)
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3Hayur,

-1 2 : <y,zn>
TN y = a e'rLa
lnj>N "
CJIefl0BATENbHO, B CHJY JeMMbl 13.2, npuMeHeHHO#H K cucteMe {z,} W JemMmbl 13.3, HaiinyTcs Takue
nocrosiiHble v = Yo (X, U) u C' = C(X,U), 4to

2
_ Y, Z
ity = Y0 Wl < Sy ) < Oy
In|>N n In|>N

B cusy npousBosibHOCTH BbiGOpa y € H v, OTCIOAA CleAYeT YTBEP:KAEHHE TeOPEMBI. O

Teopema 13.2. [lycmo Lpy — curvno peeyasprsii onepamop [upaka c¢ nomenyuarom P € X
suda (3.8), ede X — komnaxkm 6 L1[0,7].

Ilycmo En, Eo, Hyn, Ho — nodnpocmparcmsa, sgedennvie 8 meopeme 13.1. Boibepem 6 npocmpan-
cmee Ho npouseorvroiil Opmoropmuposartsil 6asuc {en <N 4 onpedeaum onepamop S & npo-
cmparcmee H

Tf, feFEn,
SE=14 S (f.en)om, f e Ey.
[n|<N
Toeda ouenxa
ISl - s~ < ¢

no-npexcHemy 8viNoAHeHa ¢ Hekomopot Hosou Koncmarnmoii C' = C(X,U).

Jemma 13.4. [Tycmo R(\) = (Lpy — M) ™! — pesoavsenma cunvno peeyasprozo onepamopa Ju-
paka Lpy ¢ nomenyuarom P € X suda (3.8), X —komnaxkm & L1[0,7].

ITycmo Homep N = N(X,U) sagurcuposarn 8 semme 13.3. Toeda naiidymes makue o = a(X,U),
B = B(X,U), umo ece cobcmeernnoie 3nauenus X\, onepamopa Lpy npu |n| < N aexcam exympu
KOHmMYpa =y, COCMAB8AEHHO20 U3 OMpPe3Kos

ImA=+4a, —F<ReA<S u RedA==£, —a<ImA<aqa,
a npu |n| > N — sne amoeo konmypa. bosee moeo, ecau 0603Hauumo
1
= — [ R(\)dA
& 271'2'/ (M)A,
5
mo umeem oyenky ||P|| < C = C(X,U).
Hokasameavcmso. Ilyctb nocrosinHast o = a(X,U) BbiOpaHa B yTBepxkaeHud 13.1. O6o3Hauum dy =
inf [AY — A0 |.
n#m
Bosbmewm unciio 85 € (0,2) tak, uto6s

d
[ReA) = 5| > .

Torna Haiinercs natypasibHoe m = m(U) Takoe, 4To noctosuHas 3 = Y +2m ynosaeTsopsieT ycaoBUAM
CIefCTBHS M3 yTBepKAeHust 13.2, u Bce co6cTBeHHble 3HaueHnss A\ onepatopa Lo npu |n| < N jexar
BHYTPH KOHTYypa 7y, a 1npH |n| > N — BHe KOHTYypa.

B cuny yreepxaenus 13.2 06 acMMNTOTHKe COOCTBEHHBIX 3HaueHHH A, onepartopa Lp i HMeeM:

d
|Re A, — ] > EO

(moJ1oXKUIM B yTBepKAeHUU € = d/3). 3HAUUT, pe3osbBeHTa R(A) ompesesieHa Ha KOHTYpE 7.

[lycth Tenepp A € v — puxcupoBaHHas Touka. M3 yrBepxkaenus 13.1 cienyer paBHOMepHasi OrpaHu-
YeHHOCTb Pe30JibBeHTHl Ha oTpe3kax Im A = +«. Torma B cuay paBHOMEPHOH OTAEJNEHHOCTH COOCTBEH-
HBIX 3HaueHUH 0T oTpe3koB Re A = £3, HelpeprIBHOH 3aBUCUMOCTH OT MOTeHLHaJAa B IIPOCTpaHcTBe L
(cnenctBue 10.1) ¥ KOMNAKTHOCTH X WMeEM OIEHKY

IRV < C=C(x,0).
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,HeIL/'ICTBI/ITeJ'IbHO, [NyCTb OJIs HeKOTOpOﬁ [ocJe10BaTe/JIbHOCTH Pn MOTEHLIHA/0B U3 X BBIMOJHEHO:

sup |(Lp, v — M) 7' = 400 mpu 1 — +oo0.
AEY

B cuny komnakTHoCTH X' CyllecTByeT MOANOC/EN0BATENBHOCTb Py, TakKas, uTo
”Pkn—PHL1—>O, PeX.
Ho Ttorga
Sup I(Lp,u =AD"= (Lpy — A7 =0,
€y

4YTO NPOTUBOPEYUT HaALIEMy IMPEANOJI02KEHHIO. O’I‘CI-OILa BbITEKAET YTBEPKACHUE JIEMMBbI. O

Hokasamenvcmso meopemol 13.2. Tlo onpenenenuio onepatopa S nMeeM:
S =ToPo+Tn(I —Py),
rae Py — opronpoektop Ha Ey Brone En, Toe, = ¢n, |n| < N. Torma ||S|| < || Tn|| + 1.
Ilanee,
S =Ty P+ T - P),
CJIe[I0BaTeJIbHO, B CHJy MpPEeAbIAYILEH JeMMB,
~1 ~1
ISTHF < MIPI A+ 1T I+ 1P
Orciona u u3 teopeMsl 13.1 mosmyuaem TpeGyemoe yTBEpKAEHHE. O
Tenepsb usyuum cayuait ||P||z, < R, » > 1. [lorenuuan P BHOBb GyfeM CUHTATh BHEIHArOHAJbHBIM.
fcHo, uTO cUTyauuMsi 3[ech CJOXKHee — HampuMep, yTBepXKIeHHs Buaa 13.3 He MOryT MMeTb MecCTo,
MOCKOJIbKY PasHOCTH A, — A) HecTporo rosopsi, BenyT ce6si Kak KosdduuuenTsl Pypbe noteHuuana P,

a 3HAUMT, He MOTYT UMEeTb PaBHOMePHHIX Mo wapy B, (0, R) oLeHOK Ha yOblBaHHe K HYyJ0. TeM He MeHee,
yTBepxaeHue 13.1 coxpaHsercs.

Yreepxaenue 13.4. [lycmo P € B,(0,R), m. e. |P|1_jo.-] < R, ede s > 1, mampuya P umeem
sud (3.8), a kpaesvie ycaosun U pukcuposarsl u pecyrapo.

Toeda 8 meopeme 10.1 koncmanmor o u C 8 oyenke (10.7) mooxcrHo evibpame edunvimu Ha wape
B,(0,R), m. e. a = a(R,U,p,q,x), C = C(R,U,p,q, »).

[fokazameavcmso. B cuny Bnoxenus L, [0,7] C L2[0, 7] mpu s > 2 MOXHO CUHTaTh, 4TO 3 < 2.
3anuueM pe3obBeHTY Rp () BuLe GopManbHOrO psia

Rpu(X) = Rou(A) +Ro.u(XN)PRou(N) + Ro,u(A)PRo,u(A)PRou(A) +.... (13.4)

Tenepb ouenum Hopmy || - ||z,—r, Kaxkpaoro cnaraemoro. IIpy 3ToM Mbl GyfeM MO/Mb30BAaThCS OLEH-
Koi (4.10). [Tpexne Bcero,

) q)| Im )\|—1+1/p—1/q7

1900 (M), -1, < C(U,
C(U,p)| Im \|~1+1/7,
C
U

1980, (M Ly~ Lo
”mo,U()‘)”L,{—woo
||m0,U()\)||L%~>Lq C( ,%’q)|1m>\|—1+1/%—1/q

<
(HamomHuM, 4TO ¥ Hac 1 < 22 < 2, 1 < p < 2, 2 < ¢ < 00). O603HAUUM MAKCUMyM 3THX YeThipex
KoHcTaHT uepe3 M = M (U, ,p,q). Torna

90,0 PRo.vllz, 1, < [RoullLusrIPL1R0u |, 10 < MR[Tm A|[~2F/PH1/ =10,

<
< C(U, 5)|Im A| 711/,

190,60 (PRov)? L1, < R0 llL.sr, | PlLFoulL.—LollPlL.RoulL, L. <
< MPR?| Im \|3+Y/p+2/==1/a
[Tpomomxkas, yBuaum, uto HOpMa n-To caaraemoro psiga (13.4) oueHuBaercss BeJUYMHOH
Man—1| Im)\|—n+(n—1)/%+l/p—1/q‘

Torna psin cxomutes, ec/u
|Tm A| > o = (2M R)*/ = 1)
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U ero CyMMa IIOHyCKaeT OIleHKy
18P0 (ML, -, < 2M|[Im X~ YP=YVa 0 M = M(U, 5,p, q). (13.5)
]

Haunnas ¢ atoro momeHTa, Mbl 3apUKCHpyeM IIMPHUHY MOJOCBH ¢ Tak, 4ToObl OHA yOOBJIETBOPSJIA
ycaoBusM yTBepxkaeHus 13.4. Bosee Toro, yBesnunBasi mpu HEOOXOOMMOCTH UHCJO (v, MOXKHO CUHTATh,

yTo mosioca II, comepuT Bee ToukH {A)},cz ¢ ux d/4-okpecTHocTsaMu (HamomuuM, uTo d = inf [A0 —
n+=m

AY]). BakHO OTMETHTb, YTO BeJMYMHA (v 3aBUCHT TOJIbKO 0T R u U.

Onpenenenue mepsl Kapsecona cm. B npusoxennu B, onpenenenue 17.3. Insa nanbHeHIINX paccyx-
IeHuH HaM notpebyercs 3adukcHpoBaTh Mepy Kapisecona crenytomum o6pazom. Mbl yxke onpenessiiu
ceMeHCTBO KOHTYPOB 7y, U pasfesiyid cCOOCTBeHHble 3HaYeHHsl Ha peryJsipHble U upperyaspHble. Cefiuac
HaM OyzfeT yfL0oOHO BHECTH B 3TH ompejie/ieHUs] He6oJblMe KOPPEKTHUBBl, TaK YTO Mbl [IOBTOPUM Ipoliecc
noctpoenus. KMrak, mocTpoum cemeicTBO KOHTYPOB 7,, n € Z. BHauase onpenenuM KOHTYD 7y, Kak
00beHEeHUe OKPYKHOCTH

Cn = {IX = X3| = d/4}
U IBYX OTPE3KOB
LF = [\) +1id/4,Re \) +iag] n I, = [ReX) —iag, \) —id/4].

MoxeT CJyduTcst TaK, 4To oTpe3ok I,T mepecekaer okpyxHOCTb Cp 1. B aTOM cayuae Mbl 3aMeHUM
yacTb oTpeska I, smexainyio BHyTpH Cpy1, Ha 4e€8yto Oyry OKPyKHOCTH Cpi1. AHajoruuso, ecmau
oTpe3ok I, mepecekaeT oKpykHoCTb C),_1, TO 3aMEHHUM €ro 4acTh, [ONABIIYI0 BHYTPb OKPY2KHOCTH, Ha
npasyro nyry. OTMEeTHM, UTO B CHJIy IOCTPOeHHs (H pacnpefesieHust cO6CTBEHHBIX 3HadeHui A)) oTpesok
I7 He MOXeT mepeceubcsi HU ¢ KaKO#H OKPYXKHOCTbIO, Kpome Cy, 11, H, aHAJOTHUHO, I, MOXKeT nepecedb
ToJIbKO Cp—_1.

BaMe’I‘I/IM, uTOo OJid JI000H TOYKH \ € “Yn, BBIIIOJIHEHBI OTPAaHUYEHUSA
Re ) —d/4 <Rel < Re) +d/4.

[Tockosbky Re()\gJr2 — A =2 ad <1, To paccTosiHME MeXIy KOHTYPAMH Y, U 7Y,42 He MeHbIie, yeMm
2—4d/2 > 3/2.

Onpenenenue 13.1. Tlosoxum
In = Yo Uint Cy, Uint C,,

re int Cp, = {A: A — A\0| < d/4}, a int C% = {\: |\ — Ao| < d/4}. Tenepb onpereany MHoxectsa K
KaK 3aMKHYTble d/4 OKPeCTHOCTH MHOXECTB Jy,.

Otmetum, uto \) € K,,, a momanb MHoxecTBa K, He npeBocxonut 2rd + 7d?/2. O6o3HauuM nanee
K = |J K, u onpenenum Mepy p Kak 0ObIYHYIO MJIOCKYH Mepy JleGera ¢ Hocutesnem K.
nez
Jlemma 13.5. Mepa |1 aersemcs Kaprecoro80L, npudem 4ucio v, 3asucum moivko om R u U. [Ipu
amom 05 awboi pynkyuu f € L,(K) umeem mecmo oyenka

171, ey < S ey < 20615, (13.6)

nez
045 at06oeo v € [1,00).

Hoxasameavcmeso. IlepBoe yTBepKAeHHE JeMMbl C/IeLyeT HENOCPEeICTBEHHO U3 ONpeeseHHs U M0CTpo-
eHHMs MHoxecTBa K.

3amMeTHM Terepb, YTO BO3MOXKHBI TPH CHTyaLMH: MHOXecTBa K, NMonapHo He MepeceKaloTcs; Kaxjaoe
MHOXeCTBO Ko, UMeeT HelyCcToe fepeceyeHre ¢ MHOXKECTBOM Koy, 1, HO AIPYTUX MONAPHBIX NepeceueHui
HeT; KaxkJ0e MHOXecTBO Ko, UMeeT HelycToe nepeceyeHre ¢ MHOXKeCTBOM Ka,_1, a APYIUX MOMApHBIX
nepeceyeHui HeT.

B no6oM cnyyae paccrosHue Mexay K, u K,io paBHO, 10 MeHblled Mepe, 2 —d > 1, oTKyza
BbITeKaeT HepaBeHCTBO (13.6). O

Caenyoliee yTBEpKIEHHE Y»Ke HCIOJb30BaN0Ch HAaMH B pasziese 9, HO AJs ynoOCTBa YUTATeNs Mbl
0(pOpPMHUM €ero 3eChb OTAEJbHOH JeMMOH.
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Jlemma 13.6. /lycmo P € L,[0,7], > € (1,2], |P|l, < R, a uucao h > 0 npoussosvro. Tozda
Hepasexcmao

sup T(A) < h
AEYn

v )

BLINOAHEHO 0Nl BCEX MHONMECMS ¥y, 34 UCKAOUeHUuem Koneuroeo uucia N, npuvem N < C(R,U)h™* .
CornacHo Teopeme 9.2, Hymepauus Todek creKTpa onepatopa Lp gy NPOBOAUTCS TaK, U4TO

A = A2 +0(1) nmpu |n| — oc. (13.7)

HCHO, 4TO MocJjiegHee yC/oBHUE 3afdeT MHACKCALLUI0 TOYEK CIIEKTPa HEOAHO3HA4YHO, a JIMIb C TOYHOCTbIO
[0 MepeCTaHOBKHW KOHEYHOro yucja HOMEPOB. SIIECI: HaM HOTpe6yeTCH 3Ty HYMepalHulo YTOUHHUTD. ﬂ.ﬂﬂ
39TOro 0003HauYUM
p=pU):= _inf [Ag(A)]>0,
AEyoUm
rae Ag(\) — xapaKTepuCTHYECKUH OMpelesuTe/Nb 3ajadd C HYJEBbIM MOTeHUHasoM. B cumy 2-mepu-

onuuHOCTH (QYHKUHH Ag(A\) HepaBeHCTBO |Ag(\)| > p BbimosHEHO aJisi Beex Touek A € |J vy, CTpoku
neL
MaTpHIbl { BCerna MOXXHO JOMHOXKHTb Ha HeHy/leBble KO9(Q(®UIHUEHTH TaK, YUTOOB HepaBeHCTBO |Jo5| < 1

BBITNIOJHAJIOCE AJId BCE€X MHAEKCOB x U ,8 HaHOMHI/IM, YTO YHUCJO ko

6—27ra

~ 16([lp2llzy + llpsllz,)

¥ BeJMuMHa M — KoHctaHTa B HepaBeHcTBe (13.1), 3aBucAT Tos1bKO OT <@ ¥ ||P||L,. B cBolO 0uepensp, «
3aBUCHT TOJIBKO OT R u U.

ko

Omnpenenenue 13.2. HasoBem KOHTYD 7, pecyssipHoim, eCou

sup To(A) <ko u  sup To(A) < =
AETn Y 2M

B mpoTuBHOM ciydae +y,, Ha30BEM uUppeeyrsipHbiM.

B cuiy snemmbl 13.6, KOJHUYECTBO HPPEry/sipHBIX KOHTYPOB OlleHHBaeTcsi BeqnunHoil N = N(R,U).
Jist perynsipHeIX KOHTYPOB

|AA) = Ag(N)] < MTo(N) <

IS

IJIS1 BCeX A € 7y, OTKyHa |[A(N)| = p/2.
W3 teopemsr Pyiie pjsi ronomopdpubix GyHkuni Ag(A), A(N) — Ag(A) 1 KoHTypa

Cr = {IA = X = d/4}

CJIeflyeT, YTO BHYTPHU OKpyKHOCTH C),, OTBeYalolleHd peryjasipHOMY KOHTYPY 7Yp, JE€XKHT POBHO OIHO
coOCTBeHHOe 3HaueHHe onepaTopa Lpy. DTO COOCTBEHHOE 3HAUeHHe Mbl HHIEKCHPyeM HOMepoOM 7 H
Ha30BeM pecyAaspHuim COOCTBEHHBIM 3HaYeHHEM.

Hasnee, cyilecTByeT Takoe HaTypasjbHOE YHCIO N, UYTO BCE KOHTYPBI 7, HPU |n| = ng perynaspHsbl,
TaK UTO BBeJeHHas 3/leCb HyMepalusl CoryiacoBaHa ¢ cooTHouleHHeM (13.7), T. e. sABJIseTCs yTOUHEHHEM
npenbiaylied HyMmepauuu. OcraBluvecss cOOCTBeHHble 3HAUeHHUS] 3aHYMepyeM OCTaBLIMMMCS B HalleM
pacropsi2keHUH LeJbIMHA HHAEeKCaMH NPOH3BOJIbHBIM 00pa30M U HAa30BeM uppeyAspHoimu COOCTBEHHBIMU
3HaueHUsMU. [ledeKTa HyMepaLUHH MPH ITOM He BO3HHKAeT (MHOXKECTBO HPPETYJSPHBIX COOCTBEHHBIX
3HAUeHWH KOHEUHO W PaBHOMOIIHO MHOXKECTBY OCTABIIMXCS HHIEKCOB), TOCKOJBKY OH OTCYTCTBOBAaJ B
npenblayIield HyMepaLrH.

MHoOKeCTBO Lie/IbIX MHIEKCOB, OTBEUAIOLIUX PEeryJ/sipHbIM W UPPEeryJ/sipHbIM COOCTBEHHBIM 3HAu€HHS
0603HaunM uepe3 Zx U Zg COOTBETCTBEHHO. M3 sieMMbl 13.6 BhITEKAET C/enyollee BaxKHOE YTBEPKIEHHE.

CaencrBue 13.1. Yucao uppeeyrsaproix cobcmsenHvlx 3HaueHutl mesZg He MOAbKO KOHEUHO OAd
Kaxcdoeo @uKkcuposanrnoco nomenyuara P, Ho u paswomepHo ocpanuueHo no Arbomy wapy
IP|lL, < R, ecau s > 1.
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[TopuepkHem, uto yncao ng = no(P,U) := max{|n| : n € Zs} TakKe KOHEYHO, HO BeJHUHHA

sup  no(P,U)
IPllr, <R

MOXeT ObITh 6eCKOHEeYHOH (6oJiee TOTO, 3TO NEHUCTBUTENBHO TaK JJs1 OCTATOUHO GoabIIUX R).

Jlemma 13.7. [Iycmov Lp — cuarvro peeyraproiii onepamop Hupaka ¢ nomenyuarom P € L, su-
oa (3.8), npuuem ||P|L, < R, a s> 1.
Toeda na a06om pezyasprom Kormype ~y, pesoavsenma R(N) = (Lpy — N) ™! donyckaem oyenky
sup ROV < C(R, D). (13.8)
AEVR
Hokazameavcmso. CornacHo yTtBepxkpaeHuto 9.1, nas jwo6oro A € -+, CHOpaBeNMBO MPEeACTaBJIEHHE
ejp(x,\) = e?k(x, A) + njk(x, X). YunuTbiBas OLEHKY
Jnax, njn(z, \)| < C(R,U)YTo(N)

,TT
U SIBHBIH BUA (PYHKLHH egk(x, A), IPUXOIUM K HEPaBEHCTBY

sup ‘ejk(xa)‘)‘ < Cl(R7 U)7 j7 k= 17 2.
z€[0,7], \EYn

Torna, ¢ yuetom paBenctB (10.4) u oueHKH )\inf IAN)| = /2, tne p = p(U), u3 (10.15) noayuaem
(S

sup ‘g]k(é-axa)‘)‘ < C(R7 U)a ja k= 17 27
A€vn, 0<E, o<
rae Mel 0603Haunan G(&,x, A) = (9k(&, @, N));j, k=1,2. JloKasaHHas olLleHKa BJIeYeT yTBepKIeHHe JIeMMBI.
]

OG603HauMM uyepe3 7,” KOHTYp, MOJy4YEHHBIH U3 7, yHajJeHHeM JIeBOH MOJNOBMHBI OKpyxkHOCTH C) H
no6aBaenyeM 1ByX BepTHKanbHbIX aydeil (Re Al — ico, ReA) —ir] u [Re Al + ir, Re A2 + ico). Opwu-
eHTHpyeM ;" mo y6biBanuio Im \. AuasoruuHo, yepes 7, OynaeM 0603HAYaTb KOHTYP, MOJyUYEHHbIH W3
Yn LOOaBJIEHHEM TeX Ke JydeH, ynajeHHeM NpaBoi MOJOBHHBI OKPYKHOCTH C), U OPUEHTHUPOBAHHBIH MO
Bo3pacTaHuio Im A.

Jlemma 13.8. [lycmov Lpy — cuavno peeyaaproid onepamop [Qupaka ¢ nomenyuarom P € L, 6u-
oa (3.8), npuuem ||P||L, < R, a 3> 1. Toeda das ar060co n € Ly

/ R(\) dA|| < C(R, 1.

Hokasamenvcmso. Bocnosb3yemcs npencrasiendeM (13.4) nisi pe3osibBEHTH B BHJE ONEPaTOPHOrO Psi-
na. Bce ciaraemble 3TOro psina, KpoMe NepBOro, OLEHUBAIOTCS OIMHAKOBO.

[To ompenesieHuto, N/MHA KOHTYpa 7y, He npeBocxogut md + 2aq. Torna, B cusy HepaBeHctBa (13.8),
OCTaeTcs POBECTH OLIEHKY TOJbKO ABYyX HeCOGCTBEHHbIX MHTerpasos o ayuam (Re A —ioo, Re A) —ir]
u [Re \) +ir, Re A\ +iocc). Ouenum vHTerpas no BepXxHeMy Jiydy (paccyJaeHHs AJs APYroro WHTerpana
TOJIHOCTBIO aHAJIOTHYHBI):

o+1i00 0o
rd IOk+1 k
[ Copyonn| < [oramti i ¢ ZCLOM
T rk/x
o+ir ao
rne k > 1, a A = o+ir. [lonydeHHBIH psifi CXOOUTCS B CHJTy BBIOOpA UKCJA T, U €70 CyMMa He TIPEBOCXOIUT
2,/C(U).

Takum o6pasom, ocraercs oueHUTh ciaraemoe psiga (13.4) ¢ Homepom k = 0, T. e. 10Ka3aThb, 4TO Be-

auarHa || [ Ro(\) dA|| koHeuna. Bocrosb3yeMest pelCTaBIeHHEM Pe30JIbBEHTbl HEBO3MYILEHHOTO Olle-
+

Tn

paropa B Buje psila

g0
Ro(N) =) w

JEL N\ — /\9
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3nechb {y?}jeZ—CHCTema co6cTBeHHBIX (DYHKIHME omepatopa Loy € HyJeBbIM MOTeHIHAIOM (HaroM-
HHUM, YTO KpaeBble YCJIOBHSI CHJIBHO PEryJspHBl, @ 3HAYUT, BCe COOCTBEHHble 3HAYEHHS )\? OITHOKDATHBI),

{Z?}jeZ — O6uopToroHaJ/abHasi K Hel. Kaxknas u3 atux cucrem obpasyer 6asuc Pucca B npoctpanctse H,
crefoBatesibHO, A4 Ja06oi pyHkuuu f € H crnpaBepsuBa oleHka

> sl E:2)P < CILIP. (13.9)

HeHOCpe,U,CTBeHHbIM WHTErpupoBaHueM IMoJay4dyaeM, 4To

/9‘10 d\ = Zm ?— Ziﬂ(',zg)yg.

j<n j>n

Orciona u u3 (13.9) BbiTekaer orpaHuyeHHOCTb BeauurHbl || [ Ro(A) dA||. Ouenka aas uHTerpana mo
T
- O
Y, TI0JIy4aeTcst aHaJOTHUHO.

Jlnst mo6oro n € Zg cob6CcTBEHHOE 3HaYeHHe \,, oaHOKpaTHO. O603HaYUM Uepe3 y, COOTBETCTBYIOLLYIO
COOCTBEHHYI0 (DYHKIIMIO, HOPMUPOBAHHYIO ycaoBueM ||y, | = 1, a Takxe

Hyp = Lin{Yn}neZgg-

Hama Oauxxaifimas ue/nb — NOCTPOUTb CIEKTPasbHBIA MPOEKTOP Ha MOANPOCTPaHCTBO Hg. Il atoro
HeoOXOMMO IIOCTPOUTh KOHTYP, OXBaThIBAIOILIMH BCe perysspHble COOCTBEHHblE 3HAYeHUs M He cofep-
JKaLIMH HH OLHOTO HUPPEryJsPHOr0 COOCTBEHHOrO 3HaueHHsl. MBI MOCTPOHUM TaKOH KOHTYD CJeAYIOLIUM
00paszom.

Bynem roBoputb, 4TO ABa pery/sipHbIX HHAeKCA n < n' JexkaT B OIHOH KOMIIOHEHTE, eC/IH BCe LieJble
uncna k € (n,n’) Takxke perysspHbl. JIerko BUIETh, YTO MHOXKECTBO Zg COCTOMT u3 v < N + 1 kowmmo-
HeHT, rae N := mesZj = N(R,U). 3aHymepyeM 3TH KOMIIOHEHTHI 110 BO3PAaCTaHUIO U 0003HAUUM uepe3
n1 <ng < <Ny, UX KpaiHue TOUKH. TakuM 00pa3oM, MHOXKECTBO Zg Telepb 3allHCaHO B BHIE

Zy = (—oo,n1] U [ng,n3] U --- U [ng—1), +00).

BribepeM mpou3BOJIbHOE YKCJIO b > 7 U O/ KaXKA0Tr0 n € Z 00603HauuM 4epes %j;b 4acTb KOHTYpa .,
pacrosioxkeHHy10 B mojioce {|Im A| < b}. Tenepb paccMOTpHUM KOHTYP

v—1
I'y = |_| Lps
i=1

rge
Tip =", 1p U [Re Ana;y —ib,Re Ay, —ib] U Yoy b U [Re Ang; + b, Re A, +ib].

1

Jlemma 13.9. Konmyp 'y, oxsamoeieaem sce uppeeyrsiproie cobcmeerHble 3HAUEHUS ONepamopa
Lpy u e codepacum Hu 00H020 peeyraproco cobcmeennoeo 3navenus. Taxum obpasom, onepamop
P‘:R =1 - Pj, ede

1
Pyi=— [ KR\ dA
5 | B A,
Iy

ABAAEMCS CNEKMPALLHbIM NPOEKMOPOM Ha noonpocmparcmso Hay.

Hokasameavcmeo. o noctpoeHuto, KOHTYp I'y, HeHCTBUTEbHO HE OXBAThHIBAET HU OQHOTO PETyJSPHOTO
COOCTBEHHOTO 3HauyeHHs onepaTtopa Lp, TaK 4TO HaM OCTAaeTCs NPOCACNHTb 332 HUPPEryJsAPHBIMH Aj.
J171s1 3TOro MBI PpacCMOTPUM CeMeHCTBO noTeHuuanos P (x) = tP(x), t € [0,1], u 0603HauUM

ﬁt = ;CPhU, ﬂ%t()\) = (ﬁt — )\I)il U Pjt = —/

HeHOCpeIICTBeHHO U3 omnpeneseHUuss UMeeM:

T(tP; ) =tY(P;)\),
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a 3HAYMT, 110001 perynspHblil /s NOTeHLHa a P KOHTYP 7, OCTAaeTCsl PEryJsipHbIM U AJ5 NoTeHUHaa ¢ P.
Takum o6pasom, npoekTop P, KOPPEKTHO ompeneneH s moboro ¢ € [0,1].

Tenepn Bocnosnb3yemcsi yrBepxkaeHueM 10.3 u 3ameuanusmu 10.1 u 10.2 o HenpeprIBHOH 3aBUCUMOCTH
pe30JIbBEHTHl OT MOTeHIHasa. A MMeHHO, AJsi J000H (UKCHpoBaHHOU Touku ¢ € [0, 1], mas Jawboro
€ > 0, HaligeTcsl Takasi 0-OKPeCTHOCTb TOUKH ¢, UTO [/l JI0O0ro s U3 3TOH OKPECTHOCTH BbINOJHEHO

sup [|R:(A) — Rs(V)]| < e.
el

Torna cemeifictBo omepaTopos Pj; HenpepbiBHO M0 ¢ € [0, 1] B omepaTopHo# HopmMe. OcTaeTcs 3aMeTHTb,
uTo KoHTyp Iy comepkut Bee Touku \) crekTpa onepatopa Lo ¢ HOMepaMu 1 € Zj ¥ He COJEPKHT HH
OHOU TOUKU C HOMEpPOM N € Zg.

Takum ob6pasowm,

dim Pj o = mes Zj.
B cuny HenpepwiBHO# 3aBUcHMOCTH (cM. [27, ra. 1, semma 4.10]), Ty ke pa3MepHOCTb UMeET U MPOEK-
Top Ps. O

Ouenka (13.5) no3BoJsieT OCYLIECTBUTb MPeesbHbIH epexos

1
Pyim lim —— / R(N) dA / R(N) ),
Iy r

b—+oo 271

v—1

rnel'= || Tj,al'y = 7;[2],71 U - Crenytollee yTBepKaeHHe O pAaBHOMEPHOH OrPpaHUYEHHOCTH HOPMBbI
j=1

NPOEKTOPOB Py U Pg sIBJAsSETCA KJWOUYEBBIM JJ5 10Ka3aTeJbCTBa TeopeMbl 13.3.

Yreepxkaenue 13.5. [lycmv Lpy — curvro peeyasprslil onepamop Jlupaka ¢ 6He0ua20HAAbHbIM
nomenyuarom P € L, [0,x], 2 > 1, ||P||L, < R. Toeda

1Psl| + 1Pl < C(R, U).

Lokazamenrvcmso. B cuny nemmbl 13.8,

2v—2
1 v—1
\|7>g||<%z /%(A)d)\ <——C(RU).
=%
nj

Ocraercst 3amMeTuThb, 4yto ¥ < N + 1, rne N = mesZj; = N(R,U) cornacHo ciexncteuio 13.1. O

Hns kaxporo n € Zg QyHKUUS Y, fBJAsSeTcsS COOCTBeHHOH. B ciaydae n € Zg MOryT NOSIBUTbCS
npucoeiMHeHHble PYHKUHK (CM. ompenesenue 12.2).

Kak nokasano B Teopeme 12.2, cucrema {yy,}ncz siBAsieTcsi 6asucoMm Pucca misi Ji060ro CHJIBHO
peryaspHoro onepatopa Lpy ¢ noreHuuansom P € L]0, 7]. OnHako yTBep:KieHHe O paBHOMEPHOH 6a-
3UCHOCTH TAaKOW CHCTeMbl B 00lled cutyanuu HeBepHo. [losTomy B moampoctpaHctBe Hjy := RnPjg
Mbl (TIPOM3BOJILHBIM 00pa3oM) BbiGepeM OpPTOHOPMHPOBaHHBIN 6asuc {y, }nez,. lomyueHHyto cuctemy
{¥n}nezg U{¥nlnez, Oynem HasbiBaTh cHCTEMOl KOpHeBBIX (QYHKLHI omnepatopa Lp .

KoHeuHo, 3aMeHa iHelHOTO 6a3uca Ha KOHEUHOMEPHOM MOANPOCTPAHCTBe Hg He HapylliaeT CBOHCTBA
6asncHocTH Pucca cucrembl. Hama nesnb cefiuac — onucatb cucTeMy, OMOPTOTOHAJBHYIO K CUCTEME

{yn}nélgz U {yn}nEZg .

Yreepxaenune 13.6. Mnoocecmsa Zy, nocmpoennoie no onepamopam Lpy u (Lpy)™, cosnadarom.
Cnekmpanvrole npoeKmoposl, NOCMPOEHHbLE NO MHONMECMBY pecyriprolx (uppecyrsiprolx) cobcmeer-
Houx 3nauenuil onepamopa (Lpy)* paswot Pr* u Py* coomsemcmeenro.

Jlokazameavcmeo. JleficTBUTeNBHO, 1715 JI0OOT0 PeryasipHoro (CHJIbHO peryJspHoro) omeparopa Lp
conpsizkeHHbIi onepatop (Lpy)* = Lp» y+ TakxkKe SIBJASETCS PErYIsiPHBIM (CHIBHO PETYJISIPHBIM).
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Co6cTBeHHble 3HaUeHHs onepaTopa Lo+ COBNafaiT ¢ uucaamu A0, rae A — co6cTBeHHble 3HaUeHHS
onepatopa Lo . Takum 06pa3om, XoTs KOHTYDHI 7, OTBedamolue oneparopaM Loy ¥ Lo+, B 00uel
CUTYallUH OTJIMUHBI, HO MHOXECTBA 7, coBrnanaiT (cM. omnpexnesnenue 13.1). [TockonbKy

vo+ (P, \) = v3,¥(P;$,X) u vy(Pa,\) = U2’¥(P;$,X),

TO
Y(P* M) = T(P; ).

Torzna, coracHo ompegeseHnio 13.2, MHOXKecTBa Zg, NOCTPOeHHbIe 110 onepatopam Lpy U (Lpy)”, coB-

T\ K
nanaiot. [TockoibKy pesoiibBeHTa Rp- 7+ (\) COmpsiKeHHOro orepatopa paBHa (Rpy(A)) , TO mpoeKkTop
Pucca

1 . o~

Iy
MOCTPOEHHBIH 110 MHOXKECTBY HPPEryJ/ISIPHBIX COOCTBEHHbIX 3HaudeHHEt oneparopa (Lpy)* paBeH

*

7/9{P,U(ﬁ) dp | = (Pipu)”

Ty

3agukcupyeM Tenepb MPOU3BOJbHBIM HHIEKC N € Zg U PACCMOTPUM CIEKTPaJbHbBIH TPOEKTOP

1
n = — [ R(A) dA
P 271 ()
Chn

(okpyx)HocTb Cp, = {\ : [A=)\0| = d/4} Mbl OpHEHTHpYeM NPOTHB 4acoBoi cTpeakH). [locKONbKY BHYTpH
KOHTYpa JIEXKUT POBHO OJHO COOCTBEHHOE 3HaueHHe \,, oneparopa Lp, TO P,, — OIHOMEPHbIil IPOEKTOP
Buaa Py, = (-, 2, )yn. OueBunro, uto (Lpy)* zn = AnZn.

[Ipu atom HOpMa ||z, || MOXKeT He paBHsATbCs 1, XOTs

1< |zl = [IPnll <

>~
)

sup [ROV]| < C(R,U).
eCy,

H3BecTHO, UTO (Zp,Ym) = Onm (30€eChb N € Zg, a m € Z), TaK YTO MBIl B pe3ysbTarTe NMpeibsBUIN YaCTb
6MOPTOrOHANBHON CHCTEMBI K cHCTEME {Yy tnezy U {¥n tnez,-

YrBepxaenue 13.7. [lycmo {\,}nez, — nociedosamesvrocmo pecyraprolx co6CmeerHHblx 3Hade-
Hutl onepamopa Lpy ¢ eHeduaeorarvroim nomenyuasom P € L0, 7], ¢ > 1, |P||r, < R u cuavro
peeyrsproimu kpaesomu ycarosusmu U. Toeda naiidemcs koncmanma = B(R,U) makas, umo

- 2

S| [ fwpeas| < s,

TLEZjR 0

05 npoudsorviol Gynkyuu f € Lo.

[oxaszamenscmeo. Pacemotpum mpeoGpasoanue Pypoe F(A) = [ f(x)e*dz. CornacHo Teopeme

Ot—x

Msau—Bunepa, F € H2(Il,) u ||F||g2 < Caps||f|lL,- Paccmotpum Toueunyio mepy dy = . dy,.
neLy
[Tocko/bKY 1J1s1 JIIOOBIX ABYX PEryJNsipHBIX COOCTBEHHBIX 3HAUEHHH

A = Al = AL = A0 ] = A = A0] = A — A3 | > d —

RS

d_d
12

)
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TO MOC/IE0BATENbHOCTb { Ay, }nez,, — Hecrymaromasicsi. Torna dy siBnsieTcss KapJ/iecoHOBOi Mepo# (Gosee

1672
TOrO, JIETKO BHAETh, UTO ), < — T. . 3aBUCHUT ToJbko oT R u U). Otciona
™
- 2
iAn _ 2 2
S | [ H@erda| =PI < SRR,
HEZR 0

O

Mb! TOTOBBI OMpeaeuTh oneparop 1 cMeHbl 6asuca, OLEHKY Ha HOPMY KOTOPOrO BMeCTe C OLEHKOH
HopMbl ||T~!|| namepeBaemcsi oKasath.
BriGepeM npor3BO/IbHBIH OPTOHOPMHPOBAHHBIE 6a3UC {€, }nez B mpocTpancTBe H U mosmoxum

Ej =Lin{e,}nez, ¥ Ex = Lin{e,}nezy-
OnepaTopbl OPTOroHa bHOTO MpoeKTHpoBaHusl Ha Fg n Eg 0603Hauum Qg u Q¢ coorBeTcTBeHHO. Ompe-
NeJIUM OTepaTophl
Ty : e, — Yy, NIJ5 BCeX n € Zq

Ty:e,— Yy, LI n € Zs.
Cucrema {yy}nez, cocraBiserT 6asuc Pucca B 3aMblKaHHM CBOeH JIMHEHHOH 06GOJOYKH, a CHCTeMa

{¥n}nez, koHeuHa, Tak uto 06a omnepatopa T ¥ Ty MO HENpPEPBIBHOCTH MPONOJIKAIOTCSA HA MOLIMPO-
crpaHcTBa Eg u Eg cooTBetcTBenHo. [losoxum

T :=TgQx + T7Qy.

Jlerko BUIETb, UTO
T =T Py + Ty ' Py

Teopema 13.3. [Tycmo Lp iy — curbro peeyarsproitl onepamop Jlupaka ¢ 6nedua2oHarbHbLM NOMer -
yuarom P € L, [0,7], 5 € (1,2], ||P||r,, < R. [lycmo kpaesvie ycaosus U ¢uxcuposarol.
Tocda 0asa kamcdoeo P, ||Pl|r,, < R, onepamop T cmernol 6asuca, nocmpoenuulii 8viuie, donyckaem
OUyeHKYy
~1
1T - [T < G,

ede seauuuna C' 3asucum moavko om paduyca wapa R u kpaesovix ycaosuti U.

Otmetum, 4To uncao N HPPeryIsipHBIX COOCTBEHHBIX 3HAUEHWH 3aBUCUT Tosbko oT R u U. Takum
o0pas3omM, ornepatop 1’ OTJIMYAETCS OT ONepaTopa €, +> Y, JHIIb Ha NOANPOCTPAHCTBE KOHEUHOH pa3mep-
Hoct N = N(R,U).

Loxasameavcmso. [lockoabky

T: z= Z (xz,en)e, + Z (x,en)e, +— Z (z,€en)yn + Z (,€)¥Yn,

neZy n€Zg neEZy n€EZg
TO
Ty =Y (y,yn)en+ Y (4 Yn)en.
neZy n€lg
Torna

1Tyl < D 1w ya)l® + Iyl
neLy

TaK 4TO OleHKa HOpMHI ||T'|| cBomuTCs K OLeHKe KOHCTaHThl Beccesst cucremsl {yy, nez,. Hanee, B cumy
yTBepxaeHus 13.5

IT=H < T Pl + IPoll < C(R, U)IITR -
Tak kak T_{l : Hy — Eg, Tjglyn =ey, n € Zy, TO

TR 2l = ) (@ 2a)”

nely
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[lepeiineM K HOPMHDOBaHHBIM BeKTOpaM Z,/||z,| u yureMm, uto ||z,| < C(R,U). Tenepb 3amerum,
UTO BEKTOPbl Z,/||Zy| CyTb HOPMHpOBaHHblEe COOCTBEHHblE BEKTOPHI orneparopa Lp«pr+, OTBEYalOLIHe
peryJisipHbIM ero cCOOCTBEHHBIM 3HAYeHHUSIM, a 3HAUMT, OLEHKA MAJIsl TOH CHCTEMBI [IOBTOPSIET OLEHKY AJIS
cucreMsl {yn, fnezy-

Takum o6paszom, A5 3aBeplieHHs [0KAa3aTeJbCTBa TeopeMbl 13.3 HaM OCTaeTCs MOJYYHUTb OLEHKY
BHIA

> (@, ya)l? < BR.U)||z)? (13.10)
neLy
1715l IPOM3BOJIBHOrO BeKTopa = € H.

BenomuuM, uTo musi J06oro n € Zg HepaBeHCTBO Y (A) < K BBINOJHEHO HE TOJNBKO HA 7y, HO U AJs
Bcex Touek Kpyra |A — A2| < d/4, B 4aCTHOCTH, I/l TOUEK A,. 3aMETHM, Y4TO B yTBepXKAeHHH 13.3 Mbl
nokasanu npenactasienns (9.24) c ouenkamu (13.2). BaxHo To, UTO KOHCTAHTHI B 3THX OIlEHKAX 3aBUCST
TOJIBKO OT ||P||r, ¥ IIMPUHBI MOJNOCH ', KOTOPasi, B CBOIO OYepellb, CONIACHO YTBepXKIAeHHI0 13.4 3aBHCHT
TosbKo oT R u U.

CoenvHsis BMecTe 3TH OLEHKH, yTBepxkaeHue 13.7 n memmy 12.3, BeiBoguM oueHky (13.10). Teope-
Ma 13.3 nokasaHa. O

14.  PABHOCXOIMMOCTb CIEKTPAJIbHBIX PA3JIOXKEHWH ONEPATOPOB Lp iy U Lo, 17

B sTOM paszznesie Mbl 06CYIMM BOMIPOCH PABHOCXOAWMOCTH CIIEKTPaJbHbBIX Pa3JioKeHHH 10 cUCTeMe co0-
CTBEHHBIX W NPHUCOeJMHEHHBIX (DYHKUHMH perynspHoro onepatopa Jupaka Lp . Haunem ¢ HeoG6xomxuMbIX
0003HauYeHHUH.

Omnpenenenue 14.1. [Iycts Ham naubl noteHuuan P € L]0, 7| u pery/sipHble KpaeBblie ycjoBusi U.

[Tosoxum
d = min |X) - X})/4

B CHJIBHO DETYJSIPHOM cjlydae ¥ d = 1/8 B cs1abo peryJssipHOM caydae.

Bri6epem unc/10 Ny MUHHUMaJ/IbHBIM CPeIH BCeX HATypa/bHbIX HUHAEKCOB NN, /151 KOTOPHIX BHINOJHEHDI
CJelyIOlIMe Ba yCJOBHS:

1) nast Beex n, [n| = N, BbINOJHEHDB! HepaBeHCTBA [Agp — AY, | < d U [Aony1 — A, 11| < d;

2) s Beex Ledblx uucesn n € [—2N + 22N — 1] BbINOJIHEHbl HepaBEHCTBA

ReA’ )y 0 —d <ReX, <ReAJy_; +d.

Tockoabky A, = A2 + 0(1), || — oo, To HOMep Ny KOPPEKTHO OMpesieJIeH.
B pasnesie 10 Mbl yKe naBajiu onpejesieHHe CIEKTPaJbHBIX MPOEKTOPOB P, IJis caydast ciabo pery-
JISIPHBIX KpaeBbIX yc/oBUE. [lepeHeceM 3To ompenesieHHe U Ha CUJIBHO PeryssipHBIE Ciydai.

Onpenenenue 14.2. [lycts uuciao Ny omnpezneseHo Boie, a [n| > Ny. B cunabHo perynsipHoMm cay-
yae OMpENeNHM KOHTYD 7, Kak oObeinHeHHe ABYX OKpyxHocTeid |A — M) | = d u [A — A, 4| = d,
OPHEHTHPOBAHHBIX NTPOTHB YACOBOH CTPEJIKH.

B cna6o peryaspHoM caydae Bce COOCTBeHHble 3HaueHHMs onepatopa Loy ABYKPAaTHBI, a MMEHHO
A3, = Ad,11, n € Z, u B KauecTBe 7y, Mbl BEIOEPEM OLHY OKDYKHOCTb [A— A3, | = 1/8, opueHTHpOBaHHY IO
Tak xke. O603HaAUUM

1
Pr = —
" 2mi
Tn

RN, n=+(Ng+1), +(No+2),..., RO\ = (Lpy — ).

Tenepb Mbl mocTpouM ceMeHcTBO KOHTYPOB Iy, j B KOMIJIEKCHOH MJIOCKOCTH.

ITycts Lpr — perynspubiii onepatop upaka, Nog u d — uncaa us onpenenenus 14.1, a nosoca II, =
{\: |Im A| < a} comepxuT Bce coGCTBeHHble 3HaUeHUs \, onepatopa Lpy u A) oneparopa Loy .

3atuKcrpyeM MPOU3BOJIBHOE TOJNOKHUTENbHOE YUCJI0 b > a + 2d. Tenepb A5 KaxKA0T0 HATYpaIbHOTO
m, m > Ny, onpeaenum KOHTYD Iy, ;, BHauase Kak MPAMOYTOJIbHUK C BePIIMHAMH

ReXy,, 1 £ib u Rel’,, £ib,
ODHEHTHUDPOBAHHBIA MPOTHB YacOBOK CTpeJKH. JIerko BuaeThb, 4to KOHTYD I';, ; mepecekaer Kpyr

Uy, 2d) = {A: A= A3, ] < 24}
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no AUaMeTpy.
Mul nedopmupyem KoHTYp 'y, 5, 3@aMEeHMM 3TOT AMaMeTp Ha MPaByO MOJYOKDPYKHOCTb

A IA =201l =2d, ReA = Re Ay, 1}

3amertum, 4o Kpyru U(AY,,, 1,2d) 1 U(Aom, 2d) He IepeceKaroTCs M0 ONPeAeIeHHI0 Yhcaa d, HO KOHTYD
[')np MOXeT nepeceus u Kpyr U(N9,,,2d) (no BeprukanbHoi xopae). Torna Mbl 3aMeHHM 3Ty XOpAy Ha
COOTBETCTBYIOLLYIO NPaBYI0 ATy OKPYKHOCTH

A IA=23,.| =2d, ReX = ReA),, ., }.

Hakonen, kontyp I';,, MOXeT mepecedb Kpyr U(Agm+2,2d) N0 BepTUKaabHOU xopae. Torna Ml 3a-
MEHHUM 3Ty XOpAY Ha Ae8yr AyTy

N IA =200l =2d, ReA < Re Ay, 1}

5 0 0 0
AHanoruyHo NocTynuM A1l COOCTBEHHbBIX 3HAaUeHUE A” 5, , A2 o 1 U A, |, 3aMEHHB XOD/bl Ha JIEBYIO,
JIEBYIO M TIPABYIO JyTH COOTBETCTBEHHO.
3ameruM erue, uto KOHTYp ')y, , HE MOXKET mepecekaTb HuKakue apyrue kpyru U(A), 2d) B cuny onpe-
neneHus uucaa d. [losydeHHBIH B pesysnbTaTe KOHTYP (MMEHHO €ro Mbl, HaUHHasl C 9TOrO MecTa, OyleM
o6o3Hayath I'y, ;) OXBaTbIBaeT B TOYHOCTH COOCTBEHHbIE 3HAUEHHS AV ¢ Homepamu n € [—2m, 2m + 1].
Kpome ToOro, rno noctpoeHuio, umeem

dist(\), Ty p) = 2d  Vn € Z. (14.1)

[anee, 3aMeTHM, YTO BCe COOCTBEHHbIE 3HAYEHHS \,, C HOMepaMu n € [—2m+ 2, 2m — 1] yAOBJIeTBOPSIOT
HepaBeHCTBY
ReX,, 10 —d < ReX, <Re)y,_; +d.
[eiicTBuTe IbHO, A1 BceX n € [—2Ny + 2,2Ny — 1] ato cienyet u3 ycioBus (2) onpenenenus 14.1, a
0751 APYTUX n € [—2m + 2,2m — 1| — u3 ycaoBus (1) Toro xe onpeneseHus.
[To mocrpoenuto, ans Beex To4ek A € Iy, M1l BeImOIHEHO:

ReA,,, —2d <ReA < Re M), +2d.
[Tockosbky 1o ompeneseHuto yucaa d
Aot = Mgt = 4d 1 (Mg — A0sp| > 4d,

TO OTCIOf@ CJIe[yeT, YTO BCe COOCTBEHHBble 3HAUEHHUs A, C HOMepaMH n € [—2m + 2,2m — 1] sexar
BHYTPH KOHTYpa I'y, , M yHaseHbl OT Hero Kak MHHMMYM Ha d.
[TockosIBKY TPH BCEX OCTANBHBIX LEJBIX 1 BHIOMHEHO |\, — AD| < d, a dist(A), T, ) = 2d, TO

dist(An, Tmyp) = d  Vn € Z. (14.2)

Kpome TOro, no mocTpoeHuIo KOHTYpa, YHCAA A2y, A2mt1, A—2m B A_2;,41 J€XKaT BHYTPH '), 5, @ BCe
4ucaa A, ¢ HOMepaMu n = 2m +2 u n < —2m — 1 nexar Bue Iy, 5, Tak 4to KoHTYp '), OXBaThIBaET
B TOUHOCTH COOCTBEHHBIE 3HAUEHHUS A\, C HOMepaMH n € [—2m, 2m + 1].

Onpenenenue 14.3. [lonoxum

1
Sm = — %(A)d)\, m =Ny, No+1,....
211
I—"m,b

Hs orpeneJieHUa CJaenyeT, 4To

m
Sm="5SNg+ Y, Pa, m>N,
[n|=No+1
I[lycts H,, = RnP,, |n| > Ny, — KopHeBEle NOANPOCTPAHCTBA onepatopa Lp 7, BBEIeHHbIE B ONpesie-
Jgenun 14.2. OnpenesuM JOMONHUTENBHO MOANPOCTPAHCTBO Ho := Rn Syy,.
[Iycte Ny — HaTypaJibHOE YKCJI0, BBeIeHHOE B onpenenenuu 14.1, a P, u S,, — onepaTopsl, BBeIeHHbIE
B onpenesenusx 10.2 u 14.3. 3ameTum, 4TO OmMepaTopsl .S, MOXKHO 3a1aTb B BHJE

Sm(f) = Z [(f,Z2n>)’2n + (f,Z2n+1>)’2n+1 5 (143)

[n|<m
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rae {yn}nez — cucTeMa COGCTBEHHBIX M MPHCOEIMHEHHBIX (YHKLHH onepatopa Lp;, NOCTPOEHHAs B
onpenesnennn 12.2, a {z, }nez — OUOpTOroHa bHAsS K HEH CHCTEMA.

Jnst yno6cTBa MBI OMpefenrnM C MOMOLIBIO NMOCJEHEr0 PABEHCTBA ONepaTopsl Sy, s Bcex 0 < m <
Ny — 1. TlonoxuM TakxKe

S0E) = D [(£.28.058, + (£.28,)0¥80 ], m =01, (14.4)

[n|<m

rae {y2}nez — cucTeMa cOGCTBEHHBIX W NPUCOEIMHEHHBIX QYHKLUHME onepaTopa Lo ¢ HYJEBbIM MOTEH-
nuasoM, a {z) },cz — 6HopTOroHasbHas K Heil cucTema.

Jlerko Bunetb, uto Sy, (f) u SY,(f) mpeacraBasioT coGOH YacTHUHble CyMMbl Pa3/oKeHUH (QYHKLHH
f no cucremam {y,}nez ¥ {y"}nez coorBercTBenHo. [0 PaBHOCXONMMOCTBIO THX Pa3JOXKEHHE Mbl
OyneMm MOHHMATb YTBEPXKAEHHS BHIA

|1Sm () — S%(f)H —0 mpu m — oo.
Takoe ompenesieHHe PaBHOCXOAMMOCTH [O3BOJIUT HAM BECTH PACCYyXKAEHHs OJHOBPEMEHHO M B Cjyyae

CUJIBHOH, U B cjyuae cnaboil perynspHocTd. OCHOBHBIM pe3y/JbTaTOM 3TOTO pas3jiesa sBJSeTCs CJeLyo-
mas

Teopema 14.1. [lycmo Lpy — peeyraproii onepamop [upaxa ¢ nomenyuarom suda (3.8) P €
L.[0,7], » € (1,00]. [lycmo f € L,[0, 7], 2de pu € [1,00]. Toeda

1S (£) = Sp(E)l| 2, jo.x) — O npu m — +o0, (14.5)
ecau uHoexkc v € [1,00] _l/aOB/lemBOpﬂem HepaseHcmsly
1 1 1
V4 )2 v

34 UCKAUEHUEM CAYyuasd x =V = 00, U = 1.

3ameuanne 14.1. Cpasy ke OTMETHM, UTO 3[e€Chb Mbl He pa3bupaeM MpenesbHBIH caydai » = 1 — oH
6oJiee CJI0XKeH. 3aMeTHM, OfIHAKO, YTO U3 TeopeM 0 GasucHOCTH Pucca cOOCTBEHHBIX H MPHUCOENUHEHHBIX
(PYHKUIMH cpady cjenyeT paBHOCXOAUMOCTb (14.5) mas caydasi » =1, u =v = 2.

3ameuanue 14.2. TTockoabKy Bee ciaraemble B cymmax Sy, (f) u SY (f) abcomnoTHo HenpepbiBHbI, TO
MpU ¥ = 0O Mbl NOJy4aeM paBHOMepHYylo Ha BceM oTpeske [0, 7] paBHOCXOZMMOCTb. B uacTHocTH, OHa
MMeeT MeCTO AJIfl clydasi » = j = 2.

Yrepaenue 14.1. [Iycmo Lpy — pecyaapruiii onepamop Hupaxa ¢ nomenyuarom suda (3.8)
P € L,[0,x], » > 1. [aa awboii wenpepovisroii Ha [0,7] ¢ynkyuu f, umerowetl oeparuuerHyro
sapuayuro Ha [0, 7] u ydosiremsopsaroweii kpaesoim ycrosuam U(f) = 0, umeem mecmo pasrHomepras
Ha [0, 7] cxodumocmo Sp,(f) — £ npu m — oo.

Hoxasameabcmso. DToO yTBep:KIeHUE CJeyeT W3 OCHOBHOH TeopeMbl (caydadl g = v = 00) U yTBep-
Kuenus 4.4. U

3ameuanue 14.3. Tlpy nokasaTesbCTBe OCHOBHOH TeOpeMbl MOXHO OTPAHHUHTBCS CJaydaeM (i < V.
JleficTBUTE/IbHO, 3a(DUKCUPYeM HHIEKCHl ¢ U v U 3aMeTHM, UTO NpH [ > v

1 1 1
—+—-——=-<1L
w U v

Torna mbl MoxeM B3siTh y = v/, HEPaBEHCTBO

1 17 1
|

2 T 7

OyIeT BBIMOJIHEHO, ¥ M3 OCHOBHOH TeopeMbl OyfeT C/ef0BaTh PABHOCXOAMMOCTB IJisi 0G0 (yHKLHH
feLy0,7] D L,I0,mnI

3ameuanue 14.4. [Ipu nokasaTesbCcTBe OCHOBHOH TeOpeMbl MOXKHO He PacCMaTpHBaTh Caydad p =
v = 00. JlelicTBUTEbHO, BBIOPAB
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(HamoMHHUM, 4YTO 3¢ > 1), IONyUUM
1 17 1
4 =1
x v

M M3 OCHOBHOH TeopeMmbl OyjeT CJe[0BaThb PaBHOCXOAMMOCTb Aas Jaio6oi ¢ynkumu f € L,[0,7] D

L0, 7).

)

3ameuanue 14.5. AHasoruyHO, MOKHO HE pacCcMaTpuBath ciaydad pu = v = 1. JledCTBUTENBHO, BbI-
6paB V' = s > 1, mosy4um

1 11
- =1,
A TR
M U3 OCHOBHOH TeopeMbl GY/eT C/1e0BaTh PaBHOCXOAUMOCTD AJist 060l dhyHkuuu f € L1[0, 7] mo Hopme

| - ||, a 3Haumt, U mo Hopme || - [|x < || - ||,

3ameuanne 14.6. HakoHel, MOXXHO He paccMaTpuBaTb ciaydail s = oo. [leHCTBUTeNbHO, €CaU MOo-
TeHUHaJ JeXUT B Loy, TO OH JeXHUT B JwoboM L,, 1 < »x < 00, U U3 OCHOBHOH TeOpeMbl CJelyeT

PaBHOCXOAMMOCTE A/ mo6ok Gynkuuu £ € L,[0, 7] no Hopme || - ||, mpu Beex p € [1,00),
1 1
- <l
uov
PaBeHCTBO Ke B MOC/€IHEM COOTHOLIEHHH MOXKET HOCTHraThbCsl JIMIIb NPH i = 1, v = 00, 4TO
MCKJIIOYEHO.

Hmak, sctody dasee 6ydem cuumamo, umo

(i) 2 € (1,00);
(ii) v € (1, 00];
(iii) p € [1,00) u p < v;
1 1 1
(iv) —+-—=-<1
x u v
(V) cayuatl %fly %% Lckaouen.

CaencrBue 14.1. B cayuae onepamopa Hupaka ¢ nomenyuarom P obujeco suda u pecyiaproimu
ycrosusmu U = (C, D) ymesepacderue OCHOBHOL meopemb. COXPAHAEMCS, ¢ MOL Aulb pasHuuel,
umo 6 onpedenenuu (14.4) nocaredosamenvrocmu {S%} 6 kauecmee cucmemor {y°} caedyem szsmo
cucmemy cobcmeenHbLX U NPUcoeOuHerHblX PYHKUUL onepamopa £P07(7 C NOMeHUUaLOM

Po(x) = <p1(()$) p )

pa()
u K:paeBb[ML{ yCﬂOSuﬂMU

s

U=(C,D), C=C, D=exp %/(p4(t)—p1(t))dt D.
0

[lpu 3TOM MBI, KaK ¥ paHee, CUMTaeM, YTO COOCTBEHHbIE (DYHKLMH cHCTeMbl {y} UMEIOT eHHUUYHYIO
B npoctpaHcTse H Hopmy, a cuctema {z0} 6uoproronasibHa K {yo}.

ele(@) 0
W= < 0 eidf(l’)> ’

xT xT

o) =12~ [m(odt, @) = [piode e v= 3 [+ pio)
0

Loxkasameavcmso. Ilyctb

0 0
— orneparop, BBeJleHHbIH B J0Ka3aTe/bcTBe yTBepxkaeHus 3.3. Torna Lpy = WCI;ﬁW_l + 1, rne

P(z) = <§3(()x) p2(()f”)>, Ba(z) = po(2)eiP@=2E) () = py(a)eil#@ V@)
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JIerko BHIETb, 4TO BEKTOPH y, = W1y, n € Z, o6pasyloT cucTeMy COOCTBEHHbBIX M MPHCOETUHEHHBIX
¢yskuni s oneparopa L 5.

Yepes {zy, }nez 0003HaUUM GHOPTOrOHAIBHYIO CUCTEMY. 3aMETHM, YTO

W Hp (WE) = W'BWE + (W 'PW + W'BW') f =

(=i 0\, , (p1 O o 0 _
= <0 z’)f —|—<O p4>f—i—(0 _y f=1Io(f) +f.
Taxum o6pasom, Lp,y = WL, W 471
O603HauuM yepes {y°},cz cHCTeMy COGCTBEHHBIX M NPMCOENMHEHHBIX (YHKIMH omepaTopa L5 2
uepes {Z0 },,cz — OHOPTOrOHAJILHYIO K Hell chucTeMmy.
Torna BeKTOpBI

{yg = Wyg}nez

00pasyloT CHCTeMY COOCTBEHHBIX M NPHUCOEIMHEHHBIX (PYHKUHMH omnepaTtopa Lp, 7, a CHCTEMa
0 =0
{Zn = WZn}”GZ

OyneT ell GHOPTOrOHAJbHA.
B cuiy ocHOBHOH TeopeMbl,

Z [(f,%2n>§2n + <f)22n+1>§2n+1} - Z [(fazgn>§gn + <f¢%{2)n+l>§gn+1:| — 0
[n|<m In|<m L,

npu m — oo s J1060H Hkuuu f € L,,. [logcraB/sis B 3TO COOTHOIIEHHWE BHIPAXKEHUS HJI51 HKLIUH
I

Vi, Zn, YO ¥ Z0 MONyHaeM

Z Wt [<Wf’ Z2n>y2n + <Wf, Zgn+1>y2n+1:| _

[n|<m

- Z w [<Wf’zg">y8” + (W, Zgn+1>y(2]n+1 —0, m— .
[n|<m .

[Tockonbky oneparop W sBaseTcs u3oMOp(GHU3MOM KakK B NpocTpaHcTBe L, Tak U B NPOCTpaHCTBe L,
TO OTCIO[A BBITEKAeT yTBEpXKAeHHe CJENCTBUS. O

CDYHKLLI/II/I yg MO2KHO BBIITMCATb SABHO:

(@ o0 () = T () - exp{—i fpl (t)dt},
Yo = s T
W, (2) @) = Bal@) - exp{i [ pa)a).

Takue ke mpencTaBjieHUs CIPABENJIUBEl U 15 (DyHKIIHH zg.

JlokazaTebCTBO OCHOBHOH TeOpeMbl MBI NPOBeEM IO KJjaccHuueckKod cxeme. Ham Heo6xomumo no-
Kas3aThb CHJIbHYIO CXONMMOCTb K HYJIIO MOC/EN0BATENbHOCTH OMepaTopoB Sy, — SY,, NeHCTBYIOUUX M3
npoctpanctsa L,[0, 7] B L, [0, 7]

Il 3TOrO 10CTATOYHO MPOBEPUTH OTPAHUUEHHOCTh HOPM 3THX OIMEPaTOPOB BEJIMYMHOMN, He 3aBUCSILEH
OT M, U CXOAHUMOCTb

1S (£) = S, (F)llz, — 0

Ha Bciofy TioTHOM B L,[0, 7] MHOxecTBe dyHKuH f.

B KauecTBe 3TOr0 MHOXKECTBa Mbl BbiOepeM JIHHEHHY 000JI0YKY CHCTEMBI {y, }nez COOCTBEHHBIX U
TNPUCOEMHEHHBIX (YHKUMH onepatopa Lpy — 34eCb Mbl BOCIIOJb3yeMcsl yTBepxkaeHHeM 4.4 W yTBep-
KaeHueM 14.2, moka3aHHBIM HHUKeE.
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Haubosplire c0:KHOCTH BBI30BET J0KA3aTeJNbCTBO PABHOMEPHOH OrpaHMYeHHOCTH CeMeHCTBa ornepa-
TOpoB Sy, — SY,, m € N. 31ech Mbl BOCIIO/Ib3yeMCsl NPe/CTaBIeHHeM

S — 50 = L (RO —Ro(N)) A, m =0, No, No+1,...

2mi
Loy
1 passioxKeHHeM
%()\) - 9%0()\) = —Ro PRy + RoPRo PRy + ...
B 3ToM pas/iokeHHH, B CBOIO ouepellb, HAUOOJbILIHE TPYAHOCTH HaM JOCTABUT OLIEHKA MEPBOrO CJarae-
Moro (ocTaJibHble CjlaraeMble Mbl OLEHUM €IHHBIM 00pa3oM). 31ech KJIKYEBYIO POJIb OyIeT UrPpaTh SBHbBIH
BUI (yHKUWK [pruHa HeBo3MyleHHOrO onepatopa (4.6)-(4.7) u oneHKH omepaTopoB THMa Xapiu.
[Tpu s3TOM MBI Gynem moJsib3oBatbest TeopeMoi 17.1 06 WHTepHoOMALNUY JUHEHHBEIX ONEPATOPOB.
Tenepb 0KaxeM yTBepXK/eHHe O MOJHOTE CUCTeMbl { Yy, fnez B mpocTpancTBe (Ly,[0,7])2, a € [1,00).
DTOT pesyJabTar A/ C/lydyas HeBO3MYILLEHHOro perynspHoro omnepatopa Loy yKe chopMyJHpoBaH B
yTBepkIeHHH 4.5. 3/ech Mbl TlepeHeceM ero Ha cjaydail perynspHoro oneparopa Lp ¢ NPOH3BONbHBIM
CYMMHPYEMBIM MOTEHIHAJOM.

Yreepxaenue 14.2. [lycmo Lpy — peeyasaprolil onepamop Jlupaka ¢ Cymmupyemobim nomenyuaiom
suda (3.8). Cucmema {y, }nez €20 cobcmeenHvLx U NPUCOEOUHEHHLLX PYHKYLUL NOAHA 8 NPOCMPAHCMBE
(L [0,7])? 045 ar06020 a € [1,00).

Jloxasamenvcmeo. TIpennonoxxuM NMpOTHUBHOE: cUcTeMa {¥y, tnez He monHa B (L,[0,7])2. Torma, co-
raacHo TeopeMe Pucca 06 o6lieM Buje JHHeHHOro (yHKIMOHala, Hainetcs dyukuus £ € (Ly[0,7])2,
1/a’ +1/a =1, nas koropoi

(f,yn) =0 nasi Bcex n € Z.
3aukcupyeM npousBosbHbIi BekTOp g € (La[0,7])% u pacemoTpum dyHKIH©

() = (R (Vf, g),

onpenenennyio B o6aactd C\ {\,}nez (3nech onepatop :3*()\) neiicteyer B npoctpanctse (L. [0, 7])?).
CorylacHO MOCTPOEHHI0 GHOPTOrOHANBHOH CHCTEMBI, 3Ta (PYHKLHS HUMeeT yCTPaHHMble 0COOEHHOCTH B
TOYKAX A, T. €. TIOCJE JOOMPeeNeHHs B HUX SABJAETCS LeJOH.
O603nauum uepe3 Us(\) OTKPBITBIE KPYT ¢ LeHTpOM A paaguyca d. B cuny teopemnl 10.1 pisi mo6oro
§ >0 B obnactu C\ |J Us(\,) cnpaBensnBa oleHka
neZ
[ @M < M[fllor|gllas

rie M He 3aBUCHT OT A. L
[Tycts d — uucio, BBeneHHoe B onpenenenuu 14.1. Torna kpyru Uy(A)) B cusbHO perysisipHoM ciydae
He TepeceKaloTcsi, a B c¢jgabo perysnspHoOM ciaydyae pa3OHBalOTCsS Ha Mapel, He MepeceKalollrecs MexK1y

co60i. DTUM Ke CBOHUCTBOM, OUE€BUIHO, 00JAAI0T U KPYTH Ud()\n) IJI1 BceX n TaKuX, 4TO
— — d
0
A — AY| < 7
B cuny Teopembl 00 acHMOTOTHKE COOCTBEHHBIX 3HAYEHWH, MOC/elHee HEePaBEHCTBO BLINONHEHO MpU

|n| > N nas nekoroporo N.

Takum o6pasom, BHe HekoTOporo Kpyra {|z| < R} MHOXeCTBO TOYeK A, AJIsi KOTOPBIX HEPABEHCTBO

<
[P < M|[f]|or gl

elle He 10Ka3aHO, NpeacTaBJisieT co00i cyeTHOe 00beANHEHHE OIPAaHUYEeHHBIX HelepeceKaomuxcs obJa-
creil. [lo npuHLKIy MakcUMyMa, 3TO HepaBeHCTBO OyleT CIpPaBeANHBO B KaXKAOH M3 NaHHBIX oOsacTeH,
3HAYMT, ¥ BCloy B o6sacTv {|z| > R}, a c/efoBaTe/IbHO, U BO BCEH KOMIIEKCHOH MJIOCKOCTH.

W3 teopemsr JlnyBusns caenyet, uto (yHkuus ®(\) siBasiercss nocrosinHo. Torna

o'() = (R (V)'T.g) = (R*(\)*f.8) = 0.
[Tockonbky pyHKuMA g € L, BeiOMpasach NPOU3BOJIBHOH, TO
()’ =0,

orkyna f = 0. [TosiHoTa cucreMbl {y, }nez HOKa3aHa. O
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lloxazamenocmso meopemor 14.1.
Hlae 1. lleHTpa/bHON UaCcTbl0 JOKA3aTeNbCTBA SIBJSETCS OLleHKa HOPMBI

”Sm - SS@H —v-
M

B cuny onpenenenus 14.3,
1
S = Sm =5 [ (RO) = Ro(N)) d, (14.7)
s
Fm,b
roe m = Np, a Ny BBefleHO B omnpeneseHuu 14.1.
[Tapametp b koHTypa I, ;, Mbl BeiOepeM caenyiomum o6pasom. IlycTs a — yucsio, BBe€eHHOE B yTBEp-

xnenun 10.2, a d BBeneHo B onpenenenun 14.1. O603HaYUM 1151 COKpallleHHs 3aMUCH

c=a+2d, cty = Re )\gmH " c. =Re)\’,,,.
1 1 .
3ameTHM Tenepb, yTo —1+ — — — < 0 32 UCKJIOYeHHeM cayyast p = 1, ¥ = 00, KOTOPbIHl HEBO3MOXKEH
1%
B cuay ycaoBuil (iv) u (v) ocHoBHOH TeopeMmbl. Kpome Toro, u3 ycmoBus (iii) cienyer, uyto
1 1
“14+=-—=>-1
nwov
[Tos02xuM
1
b := max{c; |c4 — c_|T-/nFT/v }, (14.8)

Kontyp I'y, ;, Mbl pa3oObeM Ha 4acTH
Ly = [e —ib,cy —ic] U [cqg —ic ~» cq +ic] U [eq +ic, ey +ib] U [cq + ib, c— + ib]U
Ule— +ib,c_ +ic] U e— +ic ~ c— —ic] U [e— —ic,c— —ib] U [c— —ib,cy —ib], (14.9)

0003HaYMB 4epe3 [c4 — ic ~» ¢4 + ic] neopMHUPOBaHHEIH (TaK, KaK TO OMHCAHO B ompenesneHuu Iy, p)

OTpPe3oK [cy — ic,cy + ic| U, COOTBETCTBEHHO, 4Yepe3 [c_ + ic ~» ¢_ — ic|] 1e(OPMUPOBAHHbBIH OTPE30K
[c— +ic,c— —ic].
Tenepb MBI mpoBeneM OLEHKY HOPMBI || - ||,—, uHTerpana (14.7) Ha KakIoM y4yacTKe KOHTypa IO

OTHEeNBbHOCTH (HAMOMHHM, YTO HaM JOCTATOUHO OLEHHUTb 3Ty HOPMY BEJHUYHHOH, He 3aBUCSILEH OT HH-
JeKca m).

OueHKH 1Js1 BTOPOTO M IIECTOrO y4acTKa (3lech M Jajee Mbl HyMepyeM dacTH KoHTypa I',; B
TOM TIOpsiiKe, B KOTOPOM OHH BXOASAT B pa3buenue (14.9)) mosyuuts jerko. B cunay HepaBencts (14.1)
u (14.2) u nocnenHero yrBep:kaeHust teopembl 10.1 Haitnercst Takoe uncao C, 3aBucsiliee OT MOTEHIHAA
M KpaeBbIX YCJIOBHH, HO He 3aBHCsilliee OT m, YTO

G(t,z, )| <C  u |Golt,z,\)|<C  Vtaz€[0,7], A€ Ty
Torma
IR s < 27C U [|Ro(N)]]ysp < 27C

Ha KoHType L'y, 4.
[TocKo/bKYy AJMHBI KPUBBIX [y —iC ~» ¢4 +ic] U [c— +ic ~» c_ —ic| He mpeBocxonaT 2(a+ 2d) + 67d,
TO

1 / + / (RO — Ro(\)dA|  <8C(a+ (Br+2)d).  (14.10)

211

cr—icweqtic]  [e—ticme_—ic] v

Temnepb npoBeneM OLEHKH [/Isi HeTBEPTOrO U BOCHMOr0 OTpe3Ka U3 pasbuenusi (14.9). 3xech Mbl BoCHoJb-
syemcs ouenkamu (4.10) u (10.12) npy « = p u § = .
B cuny onpenenenus (14.8) uucaa b umeem

1 /' + / (RO) - R dN| <

21

c4+ibc—+ib]  [c——ib,cqy—1b] v
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(14.11)

(Cob™ 1+ =1/ 1 oCop=1H1/H=1/V) . 2lc, —c |  3Cy
< < .

27 T
Ouenka Hopmbl MHTerpasa (14.7) nns ocraBmMxcs yactedt KoHTypa L'y, , CylllecTBEHHO cloXHee. 31ech
Mbl BocroJib3yeMcsi passoxkenueM (10.10), u3 Kotoporo cienyer, 4To

R(N) Z P)"Ro(N),  |Im)| > a. (14.12)
=1

BriziesiM OTAENbHO MepBoe CaraeMoe 3TOH CYyMMbl — €r0 Mbl OLEHUM Mo3xe. J[/s ocTajbHBIX cjarae-
MBbIX ¢ yyeToM oleHok (10.11) umeem

o0

L / + / + / + / S (—RNP" RN dA| <

cq+ic,eq+ib]  [c—+ib,c—+ic] [e——ic,e——ib] [c4—ib,cq4—ic] n=2 v

b
2 o
<SPl /Tz+1/%+1/u1/y+(n1)(Hl/%) N

(3meck u nasnee mMbl OymeM 0003HauaTh A = o + i7). B cuny ycenoBus (iv) oCHOBHOU TeopeMbl U OTpefe-
qenus (10.13) yncna a, nocaenHsis CyMMa He MPEBOCXOAUT

b
203 Pl < nl/ A (n—1)(—1+1/32)
= < :
. E(Co\\PH%) T dr < (14.13)
QCoHPHzZ (Col|P||ca=tT1/=)n 1 < 2G3||P|- i 2™ 22 G§||P|.
(n—1)(1—1/5) (1—1/%) n—1  7(1—1/%x)

lae 2. PaccmotpuM Tenepb nepBoe ciaaraemoe B cymMe (14.12). CorsacHo HepaBencetsy (10.11), Hopmy
|90 (A) PRo(A)]|p—r MOKHO OLIEHHTH BEJMUHHOM

C2|| P|,o| T A2/ /1 v,

Bunno, uto ecnu ycaoBue (iv) OCHOBHOH TeopeMbl 3aMeHHTb Ha CTPOTOE HEPABEHCTBO, TO MHTErpas Mo
BEPTHKAJNbHOMY JIY4y OT IMOJYYHUBLIEHCS (YHKLUHH CXOOMTCS, U MBI MOXEM IIPOBECTH OLEHKH TaK XKe,
Kak B (14.13).

Onnako ecan HepaBeHCTBO (14.6) ofpailaeTcs B paBeHCTBO, MBIl MPUXOAUM K PAcXOASILIEMyCsS HHTe-
rpany. Hama nesnp — mosyduts ass onepatopa

/ Ro(A\) PRo(N) dA

06oJiee TOHKHE OLIEHKH.
Hpe)KzLe BCEro noKaxem, 4YTo NOCTAaTOYHO PaCcCMOTPEThH cnyqaﬁ BerHeﬁ [MOJYIIJIOCKOCTH

/%0(0 +i7)PRo(o +iT) dr.

JlelicTBUTEIbHO, YUUTHIBAS, UTO 4 < ¥, i € [1,00), v € (1,00], B cuiy yTBepxkaeHus 17.1 nonyuum

/ Ro(A) PRo(A) dA _ / Ro(A) PRo(A) dA _
o—ib,o—ic] Lu—L, o—ib,o—ic] Ly—L,
b *
= /(EQU — (o —in) ) ' P(Loy — (0 —iT)I) " tdr

¢ L,—L,,

(14.14)
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b
= /(cw* — (o +in) ) P Loy — (o +ir)I) " tdr

c Lu’_>Lu’

3ametum, uto p’ € (1,00], V' € [1,00), vV < i

1 1 1 1 1
+—-—-=—+-—--x1
vioow ox  ou v

w=p = o0, x=v=00,
—
V=1 w=1.

3ameTuM elile, 4YTO KpaeBbie ycjaoBUs U™ Mo-TMpeKHEMY pPery/asipHbl, a moteHuuan P* € L, no-npexHeMy
umeet Bun (3.8).
TakuM 06pasoM, MOJNYUHB B YCJOBHSIX T€OPEMBI OLIEHKY [Jisi HHTerpaJsa

1
e )

KW HUCKJIIOYEH CJIy‘{aﬁ

b
/9‘10(0 +i1)PRo(0 +it)dr

B BEpXHEH MOJIYNIJIOCKOCTH BEJUUHHON, He 3aBUCAIIEH OT b U o, Mbl B cuny (14.14) monmyduM OueHKY U
I caIydasi HiKHel noaynnockoctd. OTciona 6yeT c/e1oBaTh OrpaHHUEHHOCTb HOPMbI HHTerpasa (14.7)
Cpasy Ha NepBOM, TPeTbeM, IATOM M CeIbMOM yuyacTKax KOHTypa L'y, ;.

[Tokaxxem Temnepp, 4TO AanbHEHLINE PACCYXKAEHUS MOXKHO MPOBOIUTE C ynpouw,erHot pyukyueil [puna

1 Jygetr@=t) — JyseM@tt)
Jia 4 ] ’ t < x,
~ J14 _J13€7)\(27r—:c—t) _J12€7)\(7T+t—1’)
Golten ) = (14.15)
7 _J34ei)\(m7t+7r) —J24€i)‘($+t)
— 4 : . ‘
J14 _J13€7)\(27r—:c—t) J1461)\(t_x) ) >

Hnst aToro 0o603Haunm uepes
Ro(A) : £+ /éo(t,x,A)f(t) dt
0

UHTErpasbHBIH 0NepaTop, KOTOPBIH Mbl OyIeM HasblBaTb YAPOULEHHOLU Pe30Ab8eHMOolLl, U OLEHUM

IR0(A) — Ro(N)|l 1500 = 131};2 t,iré?éfﬂ ]g?k(t,x, A) — g?k(t,x, Al ImA=72>a+2d

C yuerom npencraBienuii (4.5) u (4.6), onpenenenus (14.15), paBeHctBa (4.3) u oueHkH (4.11) umeem

ei)\(:pft) ) B
g% (2, A) — 0 (2, \)| = m [stem)‘ - J34} <Ce™ ™, t<ux;
. L iNz—t+7) ) =
lg11(t, 2, A) — gi1 (L2, N)| = TiabdolN) {J23J14 + Jiadza + J3y — J34Joze’” } <Ce™ ™, t>
J. ez)\(:Jcht) ) B
g% (t, 2, A) — G (t, 2, \)| = jfTo()\) {le + J34 — J23€”T’\} <Ce™ ™
J ei)\(27r7m7t) ) B
g% (t, 2, A) — 9y (t, 2, \)| = Kj’]p;A—o()\) [le + J34 — ste”r)‘} <Ce™ ™
0 - ei)\(7r+t7m) y ) B
l922(t, 2, X) — gao(t, 2, N)| = Tibo() [J23J14 + Jig + J12J34 — Ji2J2ze’™ } <Ce™ ™, t <z
0 - ei)\(tfx) . B
|92 (L, 2, A) — gao(t, 2, A)| = Al {—J12 + Joze'™ } <Ce™ ™, t>zx,
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rae KoHctaHTa C 3aBHUCHUT TOJBKO OT KpaeBbIX YCJIOBI/Iﬁ. Bocnoab3oBaBiinch TeopeMoﬁ 45, IOJy4YHUM

1R0(A) = Ro(W) 1500 < Ce™, R0V 1500 C; [Ro(N)]1500 < C
Torna
b b
/9{0(0 +i7)PRo(0 +iT)dr - /5{0(0 +iT)PRo(0 + i) dr <
¢ p—v e p—v
b b
< /9{0(0 +i7)PRo(0 +iT) dr — /5{0(0 +i7)PRo (0 + i7) dr <
¢ ¢ n—v

b
< / (Ro(o + i) — Ro(o + i1)) PRo(o + ir) dr—

C

b
- /sﬁo(a +iT)P(Ro(o + i) — Ro(o + i) dr <

u—v
b
< (2m)° / 1Ro(o +im) = Ro(0 +47)[[1500 - [Pl - [Rolo + iT) 1500 dT+

b
+(2m)? / 1R0(0 + i7) 1500 - 1Pl - 90 (0 + i7) = Ro(o + i7) 10500 dr <

b
< 872C?||P| /e” dr < 87C?||P||
~X Ve ~X ol
C
llae 3. Vtak, Ham He0OXOOUMO 0KA3aTb OTPAHHUUEHHOCTh BbIpaXKeHHS

T w 7w b

////éo(t,x,a +i7)P(t)Go (s, t,0 + it)dr £(s)ds dt g(x)dz, feL,0,7], geL,0,m7],
000 c

(14.16)
rae p € [1,00), v € (1,00], p < v, 1/v + 1/V/ = 1, BequunHOH, He 3aBucsiiel oT b U 0. Bo3amoxHbI
YeThIpe Cayyasi:

a) 0<s<t<ax<m,

b) 0<t<s<m 0<t<z<m,

)mr=s>t>x>0;

d)r>2t>s>20, 7=>2t>x>0.
PaccmoTpum cHauasna noppoGHO ciydail a). [locse nepeMHOXKeHHsI MaTpHLl BbIpaKeHHe, CTOsiLee BO
BHYTPEHHEM HHTerpase, MpUMeT BH]

1 (gll(xatasv)\) 612($at78a>‘)>

B J124 Ggl (.’L‘, t, S, )\) Ggg(a}, t, S, )\)
rae
Gri(w,t,8,\) = —J14Jog e NEF2=) po (1) — J13.J14eMETHT=2=8) po (1),

612 (:L', ts, )\) _ J2246i)\(m+2t+s)p3(t) _ J14J126i>\(7r+m72t+s)p2 (t),
éQl (.Z',t, s, )\) _ _J12J146i)\(7r—:c+2t—s)p3(t) + J123€i)\(47r—:c—2t—s)p2 (t),

Gaoa(,t, 5, N) = JigJoge T3 T2 o (4) 4 J1g Jy3e B2 =288) po (1),
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[Tpounrerpupyem ¢yukuuo Gii(z,t,s,0 + i) N0 NepeMEeHHON T OT ¢ 10 b, MOJYUUM BbIpaKeHHe

e(fc+i<7) (z+2t—s) _ e(bericr) (z+2t—s) e(chricr) (2m4x—2t—s)

¢
e
SiaJas r+2t—s ps(t) + Jis S 2n4+x —2t —s

3aMeTuM, YTO MepBOe cJlaraeMoe B HEM MOXKHO OLIEHHThb CJIEAYIOIHUM 00pa3oMm:
e—Clx+2t—s) _ —b(x+2t—s) ps(t 2|ps(t
o] < o POl _ o 20l
r+2t—s xr+2t—s r+t+s

—b+io)(2m+x—2t—s)

pa(t).

J14J24 eio’("EﬂLths)

nockoabky 0 < s < t < x < m; nocrossHHass C' 3aBUCHT TOJIbKO OT KpaeBbIX YCJIOBHH. AHaJoOrM4HO
BTOpPOE CJlaraeMoe He TMPEBOCXOAUT BEJUYHMHBL

Ip2(t)| < 2|pa(1)]
2r 4+ —2t—s  E4+n+C’

HpI/I WUHTErpupoBaHUM OCTAJIbHBIX 3J€MEHTOB MaTPHUILLbI 6YIIYT [10J1y4aTbCAd BbIpakKe€HHs, KOTOPble MO2KHO
OLIEHUTb COOTBETCTBEHHO:

E=m—220n=1—-1t>0,(=71m—5>0.

Ip3(t)] <C Ip3(t)] 7

r+2t+s r+t+s

Ip2(?)] <C 2pa(t)] ’
T+x—2t+s E+n+s

p3(¢)] < o 2]
T—x+2t—s  E4+t+s

r>t>s520,

E=m—220,n=0—1t>0,5>0,

E=m—22>20,t>0,5=>0,

Ip2(t))] lp2(t)]
<C v =T a20n=m—t>0,(=7—s>0,
P — frnte E=m—=x n=m (=mm—s
t t
sl o IO S0 ts0 550,
T—x+2t+s E4+1t+s
t t
[p2(t)] < o P2 f=m—z>20,n=m—1t>0,5>0.

3r—x—2t+s  E4n+ts
Takum o6pasom, Bce 3JeMeHThl MaTpPHULbI

T b
//éo(t, z,0 +i1)P(t)Go(s, t,0 + iT)drdt
0 c

npu 0 < s <t < x < 7 NpeacTaBasiioT co60H CyMMy IBYX C/araeMblX, Kaxk1oe M3 KOTOPbIX 110 MOAYJIIO
He TMPEeBOCXOAUT BblpakKeHHsI

[ _lpn)] i )
Co/£+n+gd77, p(n) € L.[0,7], & C€[0,7]. (14.17)

B cryyae 0 <t < s <7, 0 <t < a < 7 BoIpaXeHHUs], TOJYUEHHBIE TI0C/TEe WHTETPUPOBAHHUS MO T,
OLIEHUBAIOTCS TakK:

t t

P2l _ o Ipa(0)

AN

r>0,t>20,(=m1m—s52>0,

T+ax+2t—s x+t+(’
t 2|pa(t
p2(t)] < |p2()|7 20— —t>0 (—m—530,
21+ — 2t — s E+n+¢

Ip3(t)] <C Ip3(t)]

X s x>0,t>0,8>0,
xr+2t+s r+t+s

t
M, r>0,t>0,5>0; t<min{x,s},
r—2t+s
t t
lp3(t)] < [p3(1)] ., E=m—-220,t20,(=m—53>0,
2T —x + 2t — s §+t4¢
t t
|p2()| <O |p2()| E=m—2>20,n=m—-1t>0,{=m1m—52>0,

dr —x—2t—s  E4+n+(
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p3(2)] <C p3(¢)] 7
T—x+2t+s E+t+s

p2(t)] 2[p2(t)]
< , —r—220,n=1—1t>0,(=7—s530.
P — . " E=m—=x n=m >0, (=m—s

E=m—22>20,t>20,5>0,

3HauuT, B cyuae 0 <t < s <m0 <t <z <7 BCe 3JIeMEHThl MaTPHUILbI

)
//éo(t, z,0 4 i) P(t)Go(s, t, 0 + iT)drdt,
0 c

KpPOMe OJIHOTO, TaK»kKe MOXKHO OLEHHUTb C TMOMOIIbI BblpaxkeHUH Buaa (14.17).

2 (T )
ENMHCTBEHHOE HCK/IOYEeHHe — CJlaraeMoe, COieprKallee MHOXHUTENb M 0 < t < min{x, s}.

x—2t+s’ ’
Ero mbl 6ymem paccMaTpuBaTh OTAEJbHO.

Cayua#t m > s >t > x > 0 aHajsorn4eH nepBoMmy cjydaio. 37ecb BCe 3JeMeHTbl MaTpHLbl OLEeHHBa-
IOTCS CJIElYIOLIMMU BbIPaXKEHUSIMU:

Ip3(t)] <C Ip3(t)] ’
T+x+2t—s z+t+(¢
Ip2(?)| <C Ip2(t)| ’

3r+ax—2t—s x+n+¢
Ip3(t)| <C Ip3(t)] ’
r+2t+s r+t+s
Ip2(?)| <C 2[ps(t)| ’
T+xr—2t+s T+n+¢

r>20,t>0,(=m1m—s52>0,

r20n=nm—-t>0,(=m—52>20,

z2>20,t>0,s>0,

z20,n=m—-1t>0,(=71m—5=>0,

t 2 t
[ps(t)] < ‘p?’()‘, r20,t>0,(=m—52>0,
T—x+2t—s rz+t+(¢
Ip2(t)] < Ip2(t)]

X ) =T = >Oa = _t>0> =TT — >Oa
PR TR S (=m-s

Ip3(t)] <C 2|p3(t)] 7

—x+2t+ s r+t+s

Ip2(t)] <C 2|pa(t)] 7

2r —x —2t+ s E4+n+C

Hakoneu, npuy m 2 ¢ > 2 >0, 7 >t > s > 0 UMeeM OLUEHKU BUIA:

Ip3(t)] <C 2|p3(1)|

X

z20,t>0,s>0,

E=m—x>0n=1—1>0,(=1m—52>20.

z2>20,t>0,s>20,

T+2—s z+t+s’
t t
lp2(t)] < [p2(t)] . rz0n=1—1t20,=7m—5>0,
34z —2t—s r+n+(¢

Ips(t)] < Ip3(t)]
x+2t+s x4+t+s

z2>20,t>0,s>20,

t t
Pl o @l s 0 s>,
2 +x — 2t + s r+n+s
t
M, z>0,t>0,s>0,
—x+2t—s
Ip2(t)] < Ip2(t)]

X ) == Oa = _t>0> =TT = O,
P ya— " E=m—xz>0,n=m (=m—s5>

Ip3(t)] <C Ip3(t)] 7
—x+2t+s r+t+s

lp2(t)] pa(t)]
<C , —m—z>0,n=1—1t>0(=m—5>0.
3dr—ax—2t+s = E+n+C c=mo = (=m-s

z20,t>0,s52>20,

p3(t
31ech MCKJIOUEHHE COCTaBJ/sAeT claraeMoe, cojepkallee BhipaXkeHHe _ sl

e v max{z,s} <t <.
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Takum o6pasom, Mbl OKa3aJju, 4To Bce sinpa B uHTerpaJse (14.16) oueHuBaoTCS BbIpaxKeHHEM OIHOTO
U3 Tpex THUMOB. Termepb Mbl CMOXKEM NPUMEHHUTb TeopeMy 00 HHTEPNOJSLUH AJS MOJYYeHHs] OLEeHKH
Bcero HHTerpasna. JlokaxkeM cHauasa BCIIOMOTaTe/bHOE yTBEPXKAEHHE.

Yreepxaenune 14.3. [las awboix pynsyui hy € L1[0,7], ho € Ly[0, 7], hs € Ly[0,7], ¢ € (1,00),
1/q+1/q =1, npodormernovix nysrem 3a ompesok [0, ], cnpasediussl caedyroujue OUeHKU:

ha(z (s)
/// :HHS dtdsdz| < Cllhal L, [|h2llz, sl L, (14.18)
[ ha(t)hs(s)

// / :U_QHS dtdsdz| < Clhal|L, [[hellL,llhsllL,, (14.19)
[ ha (t)h

// / _x)+z(2t)_3( Lardsd < Ol [1h2llz, hsllL,, (14.20)

0 0 max{xz,s}

¢ Hekomopoii abcoaromroti nocmosunoil C.

Hoxasameavcmso. PaccMoTpuM nepBoe K3 BhlpaxkeHUH. MMeem

///hl 13(5) asda| < sup // haMhs(s) g /|h1 )|dx <
a:—l—t—i— 0<a<n x—i—t—i—

|h2 |h3 )|
< Il / / PO 13N s < € ha iy lihallz, B3, -

B nocienHemM HepaBeHCTBE HCIOJb30BAJOCh HM3BECTHOE YTBEPXKAEHHE 00 OrpaHHUEHHOCTH OlepaTopa
tuna Xapad (cm., Hanpumep, [81, m. 9.3]).
Jl1s moKasaTe/ibCTBa BTOPOrO HEPAaBEHCTBA CleJaeM B HHTEerpaje 3aMeHy MepeMeHHbIX:

7 « min{z,s}

// / :U_Qiz:ls( ) dtdsdz| <
/ //\mx_m Lgtds +//\h1x_2t+ O gras | e <

O<x<ﬂ

h/ x—n ha(x +
+ sup / / hale = 1ha@ + Ol gae | < cllmalin ol sl (4.21)
o<z <+2 a

B CHUJy 3JIeMEHTapHOI'O HepaBeHCTBA npu ¢ < 71 U OrPAaHUYEHHOCTH OIepaTopa THUIA

1 . 2
~X
2n—=C ~n+¢
Xapnu. TpeTbe 13 HepaBeHCTB MPOBEPSIETCS COBEPLIEHHO aHAJIOTMYHO. O
Ilae 4. Bocnonbdyemcsi Teopemoii 17.1 n yrBepxknenueM 14.3 njs mosydeHHs OKOHUATEJbHOH OLEHKH

BeIpaxkeHus (14.16).
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3aguKcHpyeM NMpousBoJbHYI0 GYHKLHIO hy € L4[0, 7], ¢ € (1,00). BBenem BcoMoraresbHble onepa-
TOpBl Bj, j = 1,2,3, caenynomuM o0pasom:

(B1hs)( / / dtd
x+t+s

w min{z,s}
ha(t)hs(s)
r—2t+s

(s)
(Bshs) —— 2~ dtds.
3h3) / / —a:+2t— S

0 max{z,s}

(Bahs)(x) = dtds,

o~

W3 yrBepxaenus 14.3 caenyert, uto musi nwo6oi dyHKuuu hy € L]0, 7]

T

[ B @t (a)ds| < Cll e, Il 5= 1.2,
0

cIefloBaTeIbHO, KaKABIH M3 OnepaTopoB [3; orpaHWYeHHO neHicTByeT W3 mpoctpaHctBa Ly [0, 7] B
L0, 7).

3aMeTUM Terepb, UTO TepeMeHHble s U = BXOAAT B oleHKH (14.18)—(14.20) cummerpuuno. Crenosa-
Te/bHO, NIOMEHsB POAMH (GYHKUMH hy ¥ h3, mojydaeM, 4To J1000H M3 omnepaTopoB B; Takxke orpaHu-
4eHHO gelicTByeT U3 L1[0, 7] B Ly[0,7]. OTcrona u u3 treopeme 17.1 caenyer, 4to /mo6o# U3 omnepaTopos

Bj orpaHnueHHO neHcTByeT M3 mpocTpaHcTBa Lq, [0, 7] B Lg,[0, 7], roe
q q
= = 0<6<1.
w="g =1y

[TosnoxxuM
Va1

q:%7 M:%—H;

MoJryyuM, uto B; orpanudenHo aefictywor u3 L,[0,7] B L, [0, 7] npu

— [ed
e — s
a 3HAYUT, U NpH
1 1 1
1<V§L, TO ecTb Ipy  — + — — — < 1.
W+ — ux x u v
CrnenosaresibHO, HOpMBI || Bj|| 4=y, j = 1,2, 3, orpanuuensl npu Beex x € (1,00), p € [1,00), v € (1,00],
1 1 1
4o --<1
x u v

OTciona ¥ W3 OLEHOK [Jisi 3JeMEHTOB MaTpHIbl, MPOBEIEHHBIX B Iare 3, MojydaeM OrPaHHYEHHOCTb
BeipakeHnst (14.16) npu P € L., 1 <x < oo, fe L,, g€ Ly, p€[1,00), v € (1,00,

1 1 1

—+-—-—--<1

x u v

Takum o6pa3oM, Mbl NOJYUHJIH OLEHKY BbIpa’KeHUS

/E)N“uo(o +iT)PRo(0 + i) dr ,
L,—L,

a 3HaAYMT, U
b

/9‘10(0 +i7)PRo(0 +it)dr ,

c L,—Lv

He 3aBUCSILLYIO OT 0 U b.
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W3 (14.14) cnenyet, 4To aHaJOTHYHbIE OLEHKH CIPABeAJMBbI M /18 HUXKHeH MOJYIJIOCKOCTH. 3HAUMT,
OlleHKa HOPMBI
HSm_SPnH,u%V <M, rtme m = Ny,
rage rnocTtosdHHasa M 3aBHCHUT OT HOPMBbI MTOTEHLMaJa U KPAaeBbIX yCJIOBHﬁ, HO He 3aBHCHUT OT ™M, IIOJIHOCTbIO
JOKa3aHa.

Ilae 5. Temepb 10KA3aTeJbCTBO 3aBepIIAETCS CTAHAAPTHBIM NpueMoM. Ham gocTaTouHo H0KasaThb CXO-
JIUMOCTh
1S (£) — SO,(£)[l, — 0, m — o0, (14.22)

JLNIS HEKOTOPOro BCiofy mioTHoro B L,[0, 7] MHoxecTBa dyHKUMH f.

B kayecTBe 3TOr0 MHOXKECTBA Mbl BbiOepeM JHHEHHYI 000/104KY CHCTEMBl {Yyy }nez COOCTBEHHBIX
M NPUCOEeNMHEHHBIX (QyHKUMH oneparopa Lpy. Hamomuum, 4to p € [1,00) coraacHo ycsouio (iii), a
MOJIHOTA CHUCTeMBI {Yy, }nez B 9TOM Ciydae 10Ka3aHa B yTBepxkiaeHHH 14.2.

Ocraercsi nokasatbh cootHoulenue (14.22) mas cayvas f = y,, n € Z. V3 npencrasaenus (14.3)
caenyet, 4to Sy (yn) = yn IPH Bcex m > |n|/2, T. e.

1Sm(£) = Sp ()l = 1Sm(yn) = ¥ullv, 1pu m > |n|/2.
[Ipumensis yrBepxaeHue 4.4 Kk QyHKUHH y, (OHA aGCOJIOTHO HeNpepblBHA M YIOBJIETBOPSET KPaeBbIM

yenosusim U), moaydum uto SY (y,) cTpeMHTCs K y, NpH m — oo paBHOMepHO Ha oTpeske [0,7], a
3Ha4uT, U 10 HopMme || - ||,. Teopema nokasana. O

15.  BA3HMCHOCTb CUCTEMbI KOPHEBBIX ®YHKLIMI OINEPATOPA Lp 7 B IUKAJIAX [TPOCTPAHCTB

Llenblo naHHOTrO paszesia siBJAseTCs foKasdaTeabcTBO O6asucHocTd Pucca mau Illaynepa cucremsl co6-
CTBEHHBIX W NPHCOENHHEHHbIX (YHKLUHUH perynspHoro ornepatopa Lpy (B ca1abo perynsipHOM ciaydae —
6a3MCHOCTH O CKOOKaMH) B Pa3/IMYHBIX IIKaJax NPoCTPaHCTB. Mbl GyneM OTTalKHUBAaThCs OT TeopeM 12.2
(c yuerom caenctus 12.1) u 12.3: dasn ar0boco cymmupyemoco nomenyuara P(x) obujeco suda cu-
cmema {yn}nez A845€MCA 8 CULLHO pecyrapHOM caytae 6a3ucom Pucca 6 npocmparcmse H.

B caabo peeyaraprom cayuae 6asuc Pucca 8 H us dsymeproix noonpocmparcme obpasyem cucmema
{Hn}neZa ede Hy = Lin{Y2n,Y2n+1}-

KoneuHo, 3amauy o 6a3UCHOCTH CHCTeMbl COOCTBEHHBIX U MPUCOENMHEHHbIX (YHKUMH ouddepeHLH-
aJbHOrO omepatopa L MOXKHO CTaBUTb B abCTpakTHOH (opme. 31ech XOPOLIO M3BECTHO CJeAyIOllee
yTBepxkaeHue (cm. [36, Teopema 22.1] u [90, nemma 3]): ecau onepamop L pasHomepHo noroxcumenet,
a eco pe3oAvbBeHmMa KOMNAKMHQA, MO OH noposcdaem wikaiy npocmparcms Hg, 0 € [0, 1], accoyu-
uposannolx co cmenenamu L°, a cucmema kopresvix ¢ynkuuti onepamopa L (nocie nadrexcauieli
Hopmuposku) obpasyem 6asuc Pucca 8 kaxcdom u3 npocmparcms Hy.

310 HabaioeHHe HENPMMEHHMO B HallleH CHTyallMH, NOCKOJbKY onepartop Jlupaka He moJoxuTe/eH!.
Mel, onHaKo, MoKaxkeM (M 3TO COBCEM He CJI0XKHO), UTO MpH ycaoBuH P € L]0, 7| cuctema {y,}nez
IeficTBUTeIbLHO 06pasyeT Gasuc Pucca Bo Bceil mkase mpoctpanets HY, 6 € [0, 1].

B o6ueit curyauuu, korna P € L]0, 7], umeer Mecto 6asucHocTb Pucca mpu 6 € [0,1/2) (nokasa-
TEJIbCTBO 3TOr0 (hakTa yxKe HeTpuBHasnbHO). [ToMumo miKaner mpoctpancTs Co6oseBa ¢ APOOHBIM TOKa-
3aresieM IJIaJKOCTH Mbl OyfieM H3yuaTb 0a3UCHOCTb CUCTeMBI {y,}ncz B lIKaje MpocTpaHCTB Decosa.
ITH pes3y/bTaThl HE UMEIOT abCTPAKTHBIX aHAJOTOB.

Haynem co cBoiicTB GasucHOCTH cucTeMbl {y, }necz B npoctpaHcTBax Jlebera L,[0,7], p € (1,00).
XopoIo H3BeCTHO, YTO TPUTOHOMeTpHUYecKas cucTeMma sBjsercs 6asucom lllaymepa B mpocTpaHcTBe
L,[0,7] nns mwoboro p € (1,00) (He ABAAACH TPH ITOM TPHU i 7 2 Oe3yc/OBHBIM Gasvcom). Mbl
MOKaXKeM, 4TO TO K€ BBIIIOJHEHO U AJIsi CUCTeMBI {Yy, tnez.

Buauase, B Teopemax 15.1-15.4, Mbl Oynem cuutaTh MaTpully P BHeouaroHasbHOH.

Teopema 15.1. [Iycmo onepamop Lpy ¢ nomenyuarom P € L, [0, 7] suda (3.8), 2 > 1, cuavro pe-
eyaapen. Toeda npu arobom p € (1,00) cucmema {yn }nez 06pasyem 6asuc llaydepa 6 npocmparcmse
L,[0,n].

Ecau onepamop Lpy caabo peeyasper, mo cucmema {Hntnez, Hn = Lin{yo,, yon+1} 0bpasyem &
L,[0, 7] 6asuc [llaydepa uz noonpocmparcms.

! MoXHO 3aMeTHTB, YTO TOC/Ie YMHOMKeHHs Ha 4 ¥ MOAXONSLIEro cBUra onepatop JIupaka siB/JseTcs PaBHOMEPHO TO3HTHB-
HbIM (cM. ompenesenue B [36, raBa 4]), Ho 06001ieH s aGCTPAKTHBIX PE3y/IbTaTOB HA TOT CJAydad HAM HEM3BECTHBI.
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Hoxasameavcmso. CBOHCTBO 6a3MCHOCTH CUCTEMbI COXPaHSETCS MPH HelpepbiBHOM H30MOpQH3Me Mpo-
ctpaHctBa (teopema 18.1V), a 3Hauut, B cuiy Teopembl 12.2 cucrema {y, }nez siBasercs 6asucom [lla-
yaepa B mo6om npoctpanctse (L,[0,7])2, u € (1, 00).

Ecnn omepatop Lpy cuabHO perynsipeH, To B cuay Teopembl 14.1 xaxknei#i Bexktop f € L,[0, 7]

MpeCTaBJsieTcss B BUIE Psla
o0

f= Z <f, Zn>Yn-
n=—oo
ENMHCTBEHHOCTh TAKOTO Pa3J/IOXKeHHs CJeyeT U3 MUHUMAJIbHOCTH CUCTEMBI {y, }nez (CM. Teopemy 14.2),
U MepBOE YTBepKAeHHEe TeOpeMbl 10Ka3aHo.
B cna6o pery/asipHOM ciyudae TakxKe BOCHOJb3yeMcsl TeopeMoh 14.1:

m
f= lim [<f7 Zon)Yon + (£, Zon11)yont1|-
m——+o0

ENMHCTBEHHOCTh PA3/IOXKEHHUsI BHOBb CJleyeT W3 MUHHMAJbHOCTH CHUCTeMbI {y,}ncz, U Mbl J10Ka3aJu
BTOpOE YTBepXKAEeHHE TeOPEeMB. O

YrBepxpenue 15.1. [Tycmov P € L, [0,7|, 3 € [1,00|, Lpy — peeyrapruiii onepamop [upaxa, a
N ¢ a(Lpy) (80eco o — cnekmp onepamopa).

Toeda (Lpy — A1)~ seasemcs ocpanuuenmoim u 0eparudenno o6pamumblm Onepamopom us
L,[0,7] 6 W, [0, 7] npu atobon pu € 1, 5.

Hokasamenrvcmso. OnepaTopr nuddepenuuposanust f — ' u ymHoxKenus Ha QyHkuuwo f — Pf,
P € L,,, orpannyensl uz W} Lol0,7] B Ly,[0,7], a sHauut, orpanuden u onepatop Lpy — AT
C npyro#l CTOpOHBI, 1Jis JI}O6OI/I npasoii wactu f € L,[0,7] onpeseneHa a6cosMoTHO HemnpepeIBHAs
(YHKLHUS g, 1/ KOTOPOH
EP(g) - )‘Og = f)

yaoBJeTBopsitoiiast KpaeBbiM ycsoBusiv U(g) = 0 (cm. [63, yrBepxkaenue 3.1]). Torna
g =B7'(f+\g— Pg)

", nocxom;xy mpaBasi yacTb fABJIAETCA 3/71eMeHTOM mpoctpaHcTBa L, [0, 7] C L,[0, 7], yHKuMa g npu-
HaJIeXKUT W ul0, 7.

Teneps orpaHquHHOCTb onepatopa (Lpy — NI)~' : L,[0,7] — W) ;[0,7] crenyer us Teopems:
Banaxa 06 o6paTHOM omepartope. O

Yrepxkaenue 15.2. [Tycmo Lp — npousgonvrolii peeyasaproiti onepamop Hupaxa ¢ nomenyuaiom
P e L,0,7], x€(1,00), a A\’ ¢ o(Lpy) Ua(Loy) npoussorsro®.

14+1/p—1
Toeda onepamop Lpy — NI sensemca usomopgusmom npocmparncmsea B F1/u=1/

By q, U [0,7] na

By B0, 7] npu aroboix € (32,00), q € (1,00).

Joxasameabcmeo. 3aQuKCHPYeM WHIEKCHl (i M ¢ U3 yCJIOBHsS W paccMoTpuM omepatop Loy — AT ¢
HYyJIEBBIM TIOTEHL[MAJIOM U TEMH Ke KpaeBbIMH ycjoBUsAMU. OH SIBJSETCS H30MOP(PHU3MOM U3 W1 vlo,7 B
L,[0,7].

PaccmoTtpum conpsikeHHbIH onepatop Lo+ — X0 (3mech U* — compsikenHble K U KpaeBble YCJIO-
BUSI), SIBJSIOLINICS H30MOP(HHU3MOM H3 Wj,7U* [0,7] B L,y[0,7], 1/pu+1/p' = 1. Ilepexons K nyanbHEIM
MPOCTPaHCTBaM, BHAMM, 4To onepatop Loy — AT — usomopdusm L£,[0, 7] Ha w. U[O 7.

[IpoBoast HHTEpHONALHIO

[O 77] = (L/L[Oaﬂ-]a W;},U[()?W])S,q’ B~ ! [Oaﬂ-] = (Wi%][oﬂr]?Lu[O?ﬂ-])S,Qa

qu waq, U

[0,7] na B~ [0, 7] ans mo6wix s € (0,1),

nonyqaeM oneparop Loy — A°I ecTb usomoppusm B? U

€ (1,00).

M, q, U

Yenosue A° ¢ o(Lo,u) MOXKHO OMYCTHUTb, Mbl BBOLUM €r0 TOJBKO [JIsi YIPOLIEHHsT 10KA3aTeIbCTBA.
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1 1
— s—1 — -1
[Tonoxum s = 1—|—; — (samerum, uto B 31OM caydae B, [0, 7] = B, [0, 7]) 1 oGparumces K ore-

patopy yMHOxKeHUs1 y — Py. [Tockosbky B:LZI/JLA/%[O, 7| C C[0, 7] (yrBepxaenue 4 Teopemsr 17.XI1X),
TO TOT OMEPATOP OrPaHUYEHHO NEeHCTBYET U3 B}L’j{j“l/”[o,w} B L, [0, 7].

B cuny komnakTHoro Bioxenusi L, [0, 7] C B}/f;‘l/”[o, 7| (yrBepxaeHue 3 Teopembl 17.XV) onepatop

1+1/,u71/%[0 71'] B Bl/ufl/%[o 71'],

y — Py XoMnaxTtHo jeiictByer U3 B, " ; 10 q

Hrak, oneparop
07 . pltl/u—1/x 1/u—1/5
Lpy —AT: B, F7(0,7] — B/t 1[0, 7]

orpaHuueH. Jlyisi 3aBeplueHust 10KA3aTebCTBA OCTAETCs MPOBEPUTh €ro OMEKTHUBHOCThb. B cusy anbTep-
HaTuBbl Ppearonbma (Mbl npeactasuiy onepatop Lpy— AT B Bue CyMMbl K30MOP(U3MA U KOMIAKTHOM
N00aBKH) IOCTATOUYHO MPOBEPUTh HHBEKTHBHOCTb.

Orneparop Lp«y+ — A°I sBasieTcst ©30MOPGHU3MOM MPOCTPAHCTB WV{U* [0,7] u L,[0,n] npu nro6om
v € (1,5 (cm. yrBepxkaenue 15.1). [lepexonsi kK nyajbHBIM MPOCTPAHCTBAM, MOJYy4aeM, UTO OMEPaTOP
Lpy — NI ssasercs usomoppusmom mpoctpancts L,/[0, 7] u WJ,IU [0, 7]. 3auxcupyeM Npou3BONbHOE
urcsio v € (1, 5] Tak, 4to v/ > p, ¥ OTMETHM BJIOXKEHHE

B0, € By T 0,7] € L0, ]

(cm. ytBepxneHue 3 teopeMmbl 17.XIX).
Tockosbky omepatop Lppy — A°I nmeer TpuBHanbHOe siapo B mpoctpanctse L,[0,7], To oTciona
CJlelyeT ero HHbeKTHBHOCTb KaK orepaTopa

Lpy =T BV 0, 7] — BY#=Y*[0, 7).

O

Teopema 15.2. [lycmo Lpy — peeyraproiii onepamop Hupaka ¢ nomenyuarom P € L, [0, 7], » €
(1,00), suda (3.8).

Ilpu p € (1,3 8 cuavHo peeyrsprom cayuae umeem mecmo 6asucHocmov [llaydepa cucme-
Mol {Yntnez, a 8 caabo pecyrsiprom cayuae — 6asucqocme Lllaydepa cucmemor nodnpocmparcms
{Hn}nez 8 npocmparncmeax Coboresa W;7U[0,ﬂ] u 8 npocmparncmsax becosa Bzv%U[O,w] ors ato-
bbix 0 <0 <1,1<qg< .

1 1
Ipu p € (32,00) ymeepacdenue ocmaemcs cnpasediusoim npu 1106oix 0 < < 1+———,1 < g < 00
W

1 1
unpud=14+———, q=p.
nwooox
Hokasameavcmso. Tlyctb BHauase p € (1,]|. B cunbHO perynsipHoMm ciaydae B cuiy Teopembl 15.1
cucrema {yy, fnez o6pasyer 6asuc laynepa B L,[0,7].
Oneparop
(Lpy —XT)~' s L0, 7] — W, /[0, 7]
orpaHMueH M orpaHuueHHo obpatum (yrBepkaenue 15.1), a suauut, cucrema {(Lpy — A1)y, tnez
spaserest Gasucom Maynepa 8 W) /[0, ).
[lockonbky
(Lpy = AD7 'y = =)y, mpu |n| >N
u (Lpy — A1)~ asnsercss auHeHHBIM H30MOP(U3MOM Ha MOANPOCTPAHCTBE Lin{yn }jnj<ns TO H cu-
creMa {yn }nez, iBasercs 6asucom Ulaynepa B W57U[0,7T]. Octaercs Bocrnosnb3oBatbesl TeopeMoit 18.V,
COTJIACHO KOTOPO# {yy, }nez — 6asuc llaynepa B s060m npoctpanctBe Becosa

Bz,q,U[O’ﬂ-] = (LH[Oaﬂ-]aW;},U[Oaﬂ-])&Q? AS (Oa 1)a qe (1>OO)

B cna6o perynspHom caydae cuctema {H,}necz oOpasyer Gasuc lllaymepa u3 MOANpPOCTpaHCTB B
L]0, r]. TTockonbKy
(Lpy — D) "M, = H,
(BHOBb C TOYHOCTHIO 0 KOHEUHOMEPHOTO MOANPOCTPAHCTBA), TO {Hy, }nez — 6asuc Ulaynepa u3 nomamnpo-
CTPaHCTB B WiU[O,w]. OcraeTcsi BHOBb BOCIIOJIb30BAThCA TeopeMoi 18.V.
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Teneps paccMoTpuM ciydad p > ». 3aQUKCHpyeM MPOU3BOJBHOE YHUCIO v > max{u, ' }.

[To nokasaHHOMY, OHOpTOroHa/nbHas K {yn}ncz cHucTeMa {Z,}ncz sBasercs 6Gasucom Mlaynepa
(B cmabo peryasipHom caydae — G6asucom Illaynepa M3 ABYMEpPHBIX MOANPOCTPAHCTB) B MPOCTPAHCTBE
B3,7V,7U*[O, n], tne @ € (0,1) mpousBosbHO. Torma (cm. yTBepxkaenue 2 Tteopembl 18.IV) cucrema
{¥n }nez — 6asuc llaynepa B 1yajbHOM MPOCTPAHCTBE B;?/7U[0,7T].

1 1
[Tonoxxum 6 = — — — u Bocmosb3yeMcsl yTBep:KIeHHeM 15.2, cornacHo Kotopomy oneparop (Lpy —

V1 14
A1)~ sBasercs nsomopdusmom mexay Bel/t V[0, 7] u Bitlg/_l/%[o, 7).

Takum o6pasom, cucrema {y,}necz 00pasyer 6asuc llaynepa B mpocTpaHCTBe Bif}{]y*l/%[o,w], Te-
nepb uHTeproasiuus (cm. nm. 1 u 3 teopemsr 17.XVIII)

1+1/v—1 1+4+1/p—1 1 1-7 7
(Bos ™0, m L Wy l0 m)ey = BT 0], e =
(Lal0,7), B 710,7))0q = BV 0,7], 0<s <1, 1<g<co
3aBepluaeT N0KasaTeJJbCTBO TE€OPEMBI. O

HepefmeM K U3YyUEHHIO 6asucHocTH Pucca. XOpOLLIO U3BECTHO, YTO TPUTOHOMETpHUYECKasd CUCTeMa

{22+ 1) e, 7 V22 4+ 1)) 72€2 } heom,

ellc = <eo > ’ 6% = <ezkm> ) (151)

SBJISIeTCA OPTOHOPMHPOBAHHBLIM 6a3ucoM B mpocTpaHcTse HY mpu mo6om 6 € [0,1/2).
pu 0 € [1/2,1] cucrema umeer B npoctpanctee H? nedext 2. Mbl nokaxem, uto cucteMa {yy, bnez
o6/1aiaeT aHaJOTHUHBIMH CBOHCTBAMH.

rue

Teopema 15.3. [Iycmv P € L[0, 7], a onepamop Lpy curvno peeyasper. Toeda npu awobom 6 €
[0,1] cucmema

{(n2 + 1)79/23’71(35)}7162

obpasyem 6asuc Pucca 8 npocmparncmee HY,.
B cayuae caaboti peeyssprocmu cucmema {Hy }nez, e0e

Hn - Lin{ana Y2n+1},

9
obpasyem 6 Hy; 6asuc Pucca us noonpocmpancms.

[TonoGHEIE TEOpeMBI XOPOLIO H3BECTHBI AJS CJAy4as LIKAJbl POCTPAHCTB, MOCTPOEHHBIX MO MOJOXKHU-
TeJIbHOMY CaMOCOTIpsi>KeHHOMY ornepartopy (cm., Hampumep, [90, semma 3.3]). B Haiiem caydae onepaTop
Lpy He MONyorpaHHYEH, TaK UTO MBI IPUBEJEM J0Ka3aTelbCTBO 3Toro yTBepxkaenus. Kak u B [90], ono
OCHOBAHO Ha TOM, 4TO ornepatop Lp s sBasieTcs usoMopduamom mexay HY; u H.

Hoxasameavcmso. BHauase paccMOTPUM CHJIBHO PeryssipHblfl ciaydadl. B cusy teopemsl 12.2 cucrema
{¥n}nez o6pasyer 6asuc Pucca B npoctpancrse H.

3apukcupyem npoussosbHoe yncao A0 ¢ o(Lp ) u pacemorpum oneparop (Lpy — A°T) L, neficrsy-
roui u3 H B H(lj B cuny yrBepxknenus 15.1 3ToT onepatop siBssieTcss K30MOP(HU3MOM.

Tak kak KpaeBble yCJOBHSI CHJIBHO PETYJsIPHBI, TO HaiaeTcss HoMep N Takoi, 4To mpH Bcex |n| > N
(OYHKUMH Y, SBJAAIOTCSH COOCTBEHHBIMU. s 3TUX (PyHKUHUH

(Lru = A1) yn = (A = A") "y,
a Tak Kak A\, = n + O(1) (cMm. Teopemy 9.3 u yTBepxKaeHue 4.1), To nocaen0BaTebHOCTD
A = A0|(n? +1)71/2

OTHAEeJIeHa U OT HyJs, U OT 0€CKOHEYHOCTH.
3to O3HayaeT, 4YTO CUCTeMa

{(n2 + 1)_1/23’n}\n|>N
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saBssercs 6asucom Pucca B 3amblkanuu cBoed JuHelHoH o6osouku. lommpoctpanctso Lin{yy, finj<n
MHBapPUaHTHO OTHOCHTe/IbHO onepatopa (Lpy — AOT)~1 koTopulil siBIsieTCA 37ech JHHEHHBIM H30MOp-
(hu3MOM.

Takum ob6pasom, cucrtema

{(n2 + 1)_1/2yn}n€Z

aBJsieTcs 6asucom Pucca B ]H[(lj Teneps u3 Teopemnl 18.VI crenyer nepBoe yTBepxieHue.

[lepefinem k cnabo perysspHomy ciaydawo. B cuiy Teopembl 12.3 cucrema {H,,}nez 00pasyer 6asuc
Pucca u3 noanpocrpaners B H. Oneparop

(Lpy— D)7 H— H
OrpaHHYeH U OrPaHHUUEHHO 00paTHM, MpUYeM
(Lpu — A1) "My = Ha,

TaK 4T0 {Hy tnez — 6asuc Pucca s noxnpoctpancts B HY,. OcTaercs BOCNO/Ib30BAaTbCS YTBEPXKAEHHEM
TeopeMmbl 18.V. O

Teopema 15.3 He naeT HaM HUKaKOH MH(POPMALIHK O CBOHCTBAaX cUCTEMBI {yy, fnez (B c1a60 pery/ispHOM
calydae, coOOTBETCTBEHHO, {Hy, bnez) B npocTpacTeax HY,, eciu P ¢ Lo[0, 7).

C omHo# cropoHbl, 6asucHocTh Pucca cuctembl {yy,}nez (coorBerctBeHHO, {H,}nez) B H = ]HI(OJ
uMeeT Mecto aJs gawdoro P € Ly[0,7]. C apyroit ctopoHbl, 6a3UCHOCTb B H%] He MOXKeT MMeTb MecCTO
AJ1st IpousBodsibHOrO P € L1[0, 7).

YrBepxkaenune 15.3. [lycmo Lpy — peeysaproii onepamop Jupaka ¢ nomenyuarom P € Ly[0, 7]
suda (3.8), npuuem sce eeo cobemeennvie u npucoedunennvie Gynkyuu y,(r) sencam 6 Hi,. Toeda
P € Ls[a, B] 0as at06bix 0 < av < B < .

Hoxasameavcmeo. Ilyctb

w(z) = <:;Eg> , e wj(x), j=1,2,
— 0ECKOHEYHO rafiKue QpyHKIHH, PAaBHbIE TOXKIECTBEHHOH eIuHHIE HA [, 3] U Hym0 B Toukax 0 u 7.
[Tockonbky cucreMa {yy,}necz monHa B npoctpaHcte Lq[0, 7] (Teopema 14.2), a omeparop (Lpy —
D)7t mpu A% ¢ o(Lpy) sBasercs usomopdusmom npocrpanctsa Li[0, 7] Ha Wi [0, 7] (yreepxie-
uue 15.1), 10 {yy }nez nonHa 8 W /[0, ).
[Tosb3ysich 3THM, PACCMOTPUM KOHEUHYIO JIMHEHHYI0 KOMOMHALHUI W () = Y | ¢y, TaKylo, 4To

- 1
oo = Flwy < 5

~ 1
Torna dynkuun w;(x) > =, j = 1, 2, na orpeske [, ], a 3HAYUT, QPYHKLUHH —

@;(x)

nexar B Wila, B].

[\)

TaJjee,
P(z)w(z) = Z Ancnyn(z) — B Z enyh ().
Ecnu Tenepsb, corsiacHO ycioBHI0, Bce (DYHKLUUH Yy, J€XKaT B H%][O,ﬂ'], TO (PYHKLHUSA
~ )W T
Pt = (050)
npuUHaAIexuT npoctpancty Hw, ).
PaccmatpnBas Kaxayio KOMIOHEHTY 5TOMO BEKTOPA OTACNbHO U yUHUTBIBAS, UTO (DYHKLHA —

wj(x)

HajJsiexkat NpocTpaHcTBy Loo[c, B], mpuxoguM K BeIBOLY, 4To p;(z) € Lofer, ], j =2, 3. O

npu-

Hare#t nenbto Telnepb 6yﬂ,eT A0Ka3aTeJ/JIbCTBO CJACAYIOUIEro YTBEep2KACHHUS.

Teopema 15.4. [Tycmo onepamop Lpy ¢ nomenyuarom P € L, [0, 7] suda (3.8), » € [1,2), curvro
peayasipen.

Toeda das a06oeo O € [0,3/2 — 1/) cucmema {(n® +1)"%y, }pcz a6asemcs 6asucom Pucca 6
npocmparcmee HOU.
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llﬂﬂ JOKa3aTeJbCTBa HaM HOTpe6yeTCH HECKOJIbKO BCHOMOFaTEHBHbD((paKTOB.

Jlemma 15.1. [lycmo Lpy — cuavro peeyaaproiii onepamop Hupaka ¢ nomenyuarom P € L]0, 7],
{¥n}nez — cucmema eco cobcmsernnvix u npucoedurenmvix GYHKYUL, a {2, }ncz, — 6ULOPMOSOHANLHAS
8 H cucmena.

Toeda nocaedosamenvrocmu {||yn||mtnez U {||2n || }nez omoerens om nyas u om 6eckoneunocmu:
Hatoymcs makue noAONCUMENbHbLE YUCAAQ €1 U Co, YIMO

inf lynllm > c1, inf [|zn|lm = c1, supllynllu <ca «  sup|z,llu < ca.
nez nez nezZ nezZ

Hokasamearvcmeo. B cuny teopembl 12.2, cucrema {y, }nez sBasercs 6asucom Pucca B H. Torna tem
JKe CBOHCTBOM 00OJiafaeT ¥ OHOPTOrOHasbHasi cUCTeMa {Zp}necz, @ 3HAUUT, 00e 3TH CHUCTEMbl MOYTH
HOPMHUPOBAHBHI. O

Jlemma 15.2. [Tycmo Lp — curvro peeyasproiul onepamop Jupaxka ¢ nomenyuarom P € L1]0, 7],
{¥n}nez — cucmema eco cobcmsennoix u npucoedurenmoix Qyukuull, a {zn tnez — 6UOPMOOHANLHASL
8 H cucmena. Tocda cnpasedruss. npedcmasaerus

2, (7) = <Zlv"(“)> _ [ o) . nez (15.2)

22,0 () e_imxogm(x)
IIpu amom naiidemca nocmoannas C = C(P,U) makas, umo
o1 (0)] +lo2n (O < C, |07, (2)] + log . (2)] < Cllp2(@)] + Ips(@)]),  « € [0,7]. (15.3)

[flokazamenavcmeo. BeKTopel GHOPTOTOHANBHOH CHCTEMBl Zp(z) NpH |n| > N sBJAOTCS COOCTBEHHBI-
MU JJIsl compsikeHHoro omeparopa Lp= gy« (Teopema 9.4). Torma nocje HOPMHDPOBKH OHH JOMYyCKAaIOT
npencrasyenue (9.24) ¢ ouenkamu (9.25). Ocraercs 3aMeTuTh (JemMa 15.1), 4To MocJjie[0BaTENbHOCTD
{||zn ||z }nez orpannueHna. O

YrBepxaenue 15.4. [Iycmo Lpy — peeyraproiii onepamop [dupaka ¢ nomenyuarom P € L, [0, 7],
x € [1,2).

Tocoa cucmema {y,}tnez €20 cobcmaennbix U NPUcoeOUHeHHbLX PYHKYUL NOAHA U MUHUMALLHA 8
npocmparcmee HY, npu arobom 0 € [0,3/2 — 1/5).
Hokazameavcmso. 3adukcupyem unpeke 6 € [0,3/2—1/3). B cuny 0. 3 reopemsl 17.XIX npoctpaHcTBO
W}t’U HelpepbIBHO U IMJIOTHO BJIOJKEHO B H(’U. Taxkum 06pa3oM, MOJHOTA CHCTEMBI {y, }nez B H([’] caenyet
U3 MOJIHOTEI 3TOH CHUCTEMBI B W;U[O, 7] (teopema 15.2).

C npyro#i cTOpoHBI, HGU HerpepelBHO W MJIOTHO BJO0XKeHO B mpoctpaHcTBo H. Torma MHHHUMa/JbHOCTD

9 o
cucTeMsl {yy, fnez B mpoctpaHcTe HY, ciaexyer us MuHMManbHOCTH 3Tok cuctemsl B H (teopema 12.1).
O

Jlemma 15.3. [Iycmo Lpy — peeyasaprowi onepamop [Hupaka ¢ nomenyuarom P € Li[0,7], a
{\n}nez — eeo cnexmp. Toeda dasn aroboil pynryuu f € W[0,7], 6 € [0,1/2), soinosneno
2

s 2 s
S| [ s@eanl + 3 02| [ g s < Clily,
0 0

nez neZ
ede C =C(P,U,0).

Hokazameavcmso. O4eBHUAHO, UTO JOCTATOUHO JA0KA3aTh OLEHKY AJs omHOH u3 cymm. Ciayyaw 6 = 0
pasobpan B semme 12.1. HBIMU cj0BaMu, omepartop

T: f=A{fatnez, TR fr:= /f(x)ei)\nx i,
0

OrpaHUUEeHHO JAeHcTByeT U3 mpoctpaHcTBa Lo[0, 7] B mpocTpaHcTBO l9(Z). O603HaYNM

Wy o[0, 7] = {f € W3[0,]| f(0) = f(r) = 0}.
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Ilnst cayuas f € Wy [0, 7] umeem
T P
i '
0

YuaureiBast, uto A\, = n + O(1) npu |n| — oo, a f' € Ly[0, 7], BEIBOAKM OrpaHHYeHHOCTH omepartopa T’
us npoctpanctsa Wy [0, 7] B Becooe mpoctpanctso I := ly((n* + 1)1/2).
VIHTEpNIoMpyst, IOy 4nM OrpaHHdeHHOCTh onepatopa T u3 [L[0, 7], Wy o[0, m]lg B 1§ = I2((n*+1)%/2).
B cuny reopemer 17. XVII umeenm [Ly[0, 7], Wy [0, 7]l = W¥[0,x] npu Jso6om O € [0,1/2), uto u
JIOKa3bIBaeT yTBEPKIEHHE. O
Jlemma 15.4. [lycmo Lpy — peeyraproili onepamop Hupaka ¢ nomeunyuarom P € Li[0,7], a
{ A\ }nez — eeo cnekmp. Toeda dasn aroboii pynkyuu f € Wy (0,7, 6 € [0,1/2), sbinoanero

anze ‘(61')\71:2’ f>‘2 i Z =20 ‘<€7i)\nm’ f>‘2

nez neL

< CHfHI%V;@’ C= C(Pa Ua 9))

ede nod (p, f) nonumaemcs Oeticmsue gynkyuorara f Ha mecmosyro QYHKYUI © OMHOCUMEAbHO
ckaasproeo npoussedenus L]0, 7).

Hoxasameavcmeo. BHoBb Oynem paboTaTb TOJNBKO C MEPBOH CyMMOH W BHOBb PacCMOTPHUM OIEPATOP

T: f — {fn}nEZa fn = <ei>\n$’f>’

OrpaHHYeHHOCTb KOTOpPoro U3 Lo[0, 7| B I Mbl yxKe oTMeuand. J[oKakeM ero orpaHM4eHHOCTb H3 MPO-
crpancta W, 1[0, 7] B Becooe mpoctpanctso lp((n? + 1)~1/2) =: 15,
[lyctb BHauase f € Lg[0,7]. O603HauUM

F(z) = / f@ydt, (1] = / f(t) dt
0 0

W MpoBeaeM HHTErpupoBaHHeE I10 HACTAM:

fn= /e”‘"x dF(z) = [f]e™ — i)\n/F(a;)ei)‘"x dx.
0 0
YuauteiBas, uto A\, =n + O(1), umeem
1/2

1/2
\{fn}\l;«[fn(znZ\ez‘w) +(zn2un\2\Fn|2) < COLA + 1Fl52) < Cl o

rak kak soipaxenne C(|[f]| + ||F||r,) 3anaer na W, '[0, 7] skBHBasenTHYI0 HOpMY.
Wrak, Mbl 10Ka3a/d OrpaHMYeHHOCTh OfepaTopa

T: Wyto,n] — 15!

Ha TI0THOM MHOXecTBe Lo[0, 7] C Wy 1[0, 7], a sHauut, u Ha Bcem W, [0, 7.
MHTeprnosnpysi, mosydyaeM orpaHM4eHHOCTb OmepaTopa

T : [L[0, 7], Wy t[0,7]]g = Wy 00, 7] — 157 = la((n® + 1)79/2).
O
Hokasameavcmso meopemot 15.4.
Cayuati > = 1. Tlycts £ € HY ¢ nekotopbim 6 € [0,1/2), a {e}, €2} xcoz — TPUrOHOMETpPHYECKAS CHCTEMA,
BBesieHHas B (15.1) (ms1s ymob6erBa GyneMm ee nasee HyMepOBaThb ONHHM LeJIOYHUC/JEHHBIM MHAEKCOM k B

TIOPSIIKE €f = e,lC JJIsl YeTHBIX k U e = 6%71 IJIS1 HeYeTHHIX k).
[Ipexxne Bcero, 3amMeTHM, UTO OMEPATOP

Vo: £ {{f, ex)utrez
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apasieTcsi usomopdusmom npoctpancts HY u 1§ npu mobom @ € [0,1/2). Ha nuneiinom mpoctpancTse
Lin{y, }nez C H? 3anagum onepatop

Vife {<fa Zn>H}n€Z

(HamoMHHUM, 4TO {Zj, }nez — OUOpTOrOHAbHAS K {Y, }nez B CMbIC/IE CKaJsPHOrO MPOU3BeAeHHUs (-, )p
cUcTeMa).

Torna B cuny npencraeaenus (15.2)
2

Vel <2 S 2+ / @) +2 3 0+ / fol(@) 724 (@)
k=—o0 0 k=—o00 0

[IpoBenem oLeHKY AJisl IEPBOH CyMMbl (BTOpasi CyMMa aHaJIOTHYHA).
2 x 2

S ey /f1 Da(e) <23 +1 o) [ fiwe e s +

k=—00 0
2

+2 Z(k2 +1)? o (1) fi(x)e e da dt
k 0/ /

31ech TepBBIE PSIA B NMPABOM YACTH CXOAUTCS M OLEHHBAETCS BeJHUHHON C’||f1\|12/ve B cuay (15.3) u
2

Jgemmbl 15.3. [Iponoskum oneHKy BToporo psina. [lepenuinem ero B BuIe

k2+1 //O’lk 017,6(3)/]“1(33)6_")‘” dx/ﬁ(y)e”‘kydydsdt <
t s

<CPS (2 1) / [ 5)1+ s 2 (0] + Ipa(e) (15.4)
k 00

X /fl(x)e_i)‘kx dx/ﬁ(y)e”‘ky dy| dsdt.
t s

[Tonb3ysicb Teopemoii JleBH, mepecTaBUM CyMMHPOBaHHE W HHTETPUPOBAHHE MO TIepEeMEHHBIM S U t.
O6o03HauuM uepe3 x; HHIUKATOP OTpPe3Ka [t, 77| U OLEHUM BHYTPEHHIOW CYMMY.

' / fi(@)xe(x)e” ™ da / Fi)xs (y)e™ dy| <
0

1
T 2\ 2

s
< (220 1) /f1<x>><t<x>e—“wdx D017 [
k 0 k 0
B cuay nemmbl 15.3 nepBblii MHOXHTeNb 31eChb He MPEBOCXOIUT CHf1Xt||W29> a BTOpOH CHleSHWg.

OnepaTop yMHOXKEHHMsI Ha XapaKTepUCTHUECKYl (YHKLMIO orpaHHdeH B npoctpaHcTse WY [0, 7] npu
maobom 6 € [0,1/2), mpuyeM ero Hopma He MpeBOCXOAMUT eauHHLBl (m. 2 Teopembl 17.XVI). Takum
o6pa3oM, Mosyyaem eIWHYI OLEHKY BeJUYHHOH C’Hj‘"lH%V@
Hrak, cymma (15.4) He mpeBOCXOMUT
2

/ 0]+ Ips (O dt | 1511y

Tem cambiM MBI MOKasanu, 4yTo omnepatop V, meHdCTBYOLIUHA B NPOCTPAHCTBO 12, OTpaHHYEeH Ha MOANPO-
CTpPaHCTBe
: 0
Lln{Yn}nEZ CH ) NS [Oa 1/2)'
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Tponomxas ero Ha Bce npoctpanctso HY (cucrema {y, }nez nnorna B H? B cuny yreepxnenus 15.4) u
BBIUMCJISIST KOMIIO3ULHIO VOAV, noJiyuuM orpanudennbiil B HY oneparop, nepesoasimuii y,, — e,, n € Z.
Jlns oueHKH o6paTHOro ornepatopa V ~ 1V Heo6X0AMMO OLeHHTh HOPMY OrepaTopa

Vol - Y
OH ormpeziesieH Ha JUHEHHOM MOAMPOCTPAHCTBE (DUHUTHBIX MOC/EI0BATENBbHOCTEH PABEHCTBOM

V fitkez =D fryh
p

Janee, 115 mo6oro GyHKIMOHANA (-, g)x, MOpoxkaeHHoro Ha npocTpaHcTee H? dynkuuei g € H, umeem

1/2 1/2

(Vb eml < YR + )7 elyee)l < (D A FE Dyl )
k k k
rae

= |fk\(k2 6/2 ch = ”{fk}Hle

[ToBTOpSAS OLIEHKH, NTPOBE/IEHHBIE BhIlLe, C 3aMeHOH 6§ Ha —9, f(z) na g(z), zi(x) Ha yx(x) U nosmb3ysich
JeMMmo# 15.4, noaydum

1/2

[V i) g ch &l o < ClLIigliglly o

Takum o6pasoM, V! mpomoskaercs 10 OrpaHMUEHHOrO OrepaTopa
Vol - HY
4TO M J0KA3biBaeT SKBUBAJEHTHOCTb CUCTEMBI {y, }ncz cucTeMe {ey }ncz. Benomunas, uto cucrema
{7_[_—1/2 (n2 + 1)_9/2671}7162

SIBJISIeTCS OPTOHOPMHPOBAHHBIM 0A3UCOM B TPOCTPAHCTBE H?, 0 e [0,1/2), BeiBoguM GasucHOCcTh Pucca
B HY cucrembl

{(n2 + 1)70/2yn}n€Z-
Cayuaii » € (1,2). Tlycrb Teneps P € L, [0, 7] nas HekoToporo » € (1,2).
[Ipexxne Bcero, 3aMeTHM, 4TO GHOPTOTOHAJbHAS K { Yy, fnez B CMBIC/IE CKAJISIPHOTO [IPOU3BENEHHS (-, )i
cucreMa {z, },cz ABIAETCS CHCTEMOH COOCTBEHHBIX M NMPHUCOEIMHEHHBIX (QYHKLHH omepaTtopa Lp« r+.
[Tocko/bKy KpaeBble ycjoBHst U™ Mo-NpexXHEMY CHJIbHO PEery/sipHbl, TO K CHCTEMe
{”ZHHIF}Il(TLZ + 1)77/2271}7162

NPUMEHHMBl BCe IpUBEJEHHble Bbllle paccyxAeHHs. TakuM o6pa3oM, 3TH (YHKLUHH 00pasyroT 6asuc
Pucca B H™, 7 € [0,1/2).
[TockosibKy moc/enoBaTebHOCTh {||Zy, ||m}nez OrpaHudeHa, To 6asucom Prcca siBisietcst U cucTeMa
2 —71/2
{(n* + 1)z} nen.
Torna 6asucom Pucca B H” siBisiercss U 6HOpTOroHa/MbHast K HeH (B CMBbICJe CKAJISIPHOTO MPOU3BENEHHUs

(-, )mr) cucrema {wy, }nez.
Onnako, mexnay mpoctpanctBamu (H™)* ~ H™ u H™7 cyuecTByeT KaHOHHUYeCKUH H30MOPGHHU3M J:

<<P, Jf> = <<p)f>HTa
nepeBONSAIME BeKTOpH Wy, B (n? + 1)7/2y,,, n € Z. TakuM 06pa3oM, cucTema

{0 + 1)y n}nez

siBasiercst 6asucoM Pucca B npoctpancte H™7, 7 € [0,1/2).
3adukcupyem tenepb 7 € (1/3 — 1/2,1/2), BbiGepeM NPOU3BOJBHYIO TOUYKY

N ¢ o(Lpy)Uo(Loy)
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W IpUMeHMM K 3Toii chcteMe omneparop (Lppy — A1)~ sBasiowmiics usomoppusmom H™7 Ha H}fT
(yrBepxnenue 15.2).
B pesynbrare Mbl IPUXOIUM K CHCTEME

{(Lru =2 D)y pan UL + 107200 = X0) 7y s v,

KOTOpasi, TaKUM 00pa3om, siBjsieTcs 6a3ucom Pucca B Hllj_T.
O6o03Haunm
0=1—-—71€(1/2,3/2—1/x)
U 3aMeTHM, 4YTO
(nZ + 1)7—/2|>\n _ )\0|71 ~ (nZ + 1)79/2.
[TepeHOPMHPOBAB BEKTOPHI CHCTEMbI M MEPEXOAsi K HOBOMY JIHHEHHOMY 0asuCy B MOAMPOCTPAHCTBE
Lin{yn }n|<n, nonydaem 6asucHocTh Pucca B mpocTpaHcTBe HY, 6 € (1/2,3/2 — 1/5), cucremsl

{(TL2 + 1)70/23’11}1162-
basucHocTh cucTeMsl
{(n2 + 1)_1/4Yn}n€Z
cnenyet u3 Teopembl 18.VI npu nHTepnonsunu
1/2
[H, Y1 /20 = Hyf

(umcsio 0 3mech GepeM MPOM3BOJIBHBIM U3 UHTepBata (1/2,3/2 — 1/x)). O

1/2
B [IPOCTPAHCTBE HU/

M&l yke TOBOPUJIH O TOM, YTO CJAy4ad MOTeHLHa a OOLIEr0 BUAA MOXKHO CBECTH K M3y4eHHOMY HaMH
Buny (3.8). Chopmynupyem TOYHOe yTBep:KAeHHE, N0KA3aTeJNbCTBO KOTOPOTO OCHOBAHO HAa YTBEpXKIe-
HUHU 3.3.

YrBepaenue 15.5. [lycmo Lp — pecysaproiil onepamop Jlupaka ¢ nomenyuarom obue2o 6u-
da P € L,[0,7], € [1,00). Onpederum ¢pynxyuro P pasencmeamu (3.5), a kpaesvie ycrosus U
paserncmeamu (3.6).

Ecau cucmema {ynfnez cobcmeennoix u npucoedunennsix gynkuuil onepamopa L 5 s645emcs
6asucom Pucca (6asucom Pucca co ckobkamu) 8 npocmparcmee ]H[(’U oas. Hekomopoeo 6 € [0,3/2 —
1/3) (npu » > 2—0aa npoussoavroeo 0 € [0,1]), mo mem xe ceolicmeom obradaem cucmema
{yn}nEZ onepamopa ‘CP,U-

Hanee, nycmo cucmema {yn}ncz o0bpasyem 6asuc lllaydepa (6asuc [laydepa co ckobkamu) 6
npocmpancmee L, [0, 7], p € (1,00), WJ’U[O, 7], w € (1, 2] uau th .vl0; 7], ede aubo

g€ (1,00), pmwe(l,s, a 6€(0,1),
Au60
qE(l,OO), IU’E(%7OO)7 a 96(071_1/%+1/M]
Toeda mem e ceoticmeom obradaem u cucmema {ynp tnez-

Jlokasameavcmso. Tlycts W — onepatop yMHoxeHuss Ha Matpuny W (z) € WL[0, 7], onpenenenubiit
B (3.7). Jlerko BHIETh, YTO ITOT ONePaTOp OrpaHMyeH B Mo6oM npocrpancTse L, [0, 7], u € (1,00), u

1
W,[0,7] mpu p € (1, 5. [lockonbky
1 [ew@) 0
W = < 0 e—idf(l’)> ’

To W orpanuyeHHoO 0OpaTHM B KaxK[0M H3 [€PeYHCJ/IeHHBIX IPOCTPAHCTB.
B cuny n. 3 Teopembl 17.XVI onepatop W orpannyeH W orpaHH4eHHO OOPAaTUM U B Ka)KJOM Ipo-
CTpaHCTBe
14+1/p—1/5
Bﬂvq/u / [Oaﬂ.]a we (%700)7 qc (1700)
OrpaHW4YMM 3TOT ONEepaTop Ha MOANPOCTPAHCTBO

14+1/p—1/ _ 14+1/p—1/ r7 _
BM7Q7[7 [O, 7T] - {f € Bu7q [O’ ﬂ—”U(f) - O}
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(cm. Teopemy 17.XVII). TTockonbky W (0) = I, a W(w) = kI, To ¢pyukuus W{ ynoBseTBopsieT yCa0BUsIM
141/ =1/ 141/ p—1/3
/g lo,x] B B Y0, ],
14+1/p—1/2 14+1/p—1/
Y 0,7) B B;q’/é‘ /0, ).
B ciyuae mpoctpancts Co6oJieBa TOUHO TaK Ke MPOBEPSIEM, UTO

W : Wjﬁ[o,w] =W, ylo,7], a Wt W, y[0,7] — Wiﬂ[o,w].

UWTf) =0, 1. e. W neiictByeT orpaHdueHHO U3 B

)

Ananoruuno nposepsiem, uto W ! neiicteyer us B

Jlerko BUmeTh, 4TO GYHKUUH Yy, = Wy, 00pasyloT cUCTeMY COOCTBEHHBIX H MPUCOENMHEHHbIX (DYHKIHH
oneparopa L 5.
Octaercst mpoBectr HHTepnosinuio (cM. nm. 2 u 3) teopemsr 17.XVIII)

1+1/p—1
(L“[O’W]’Bﬂ,%/&‘ /%[O’ﬂ-])mﬂ - BZ,q,U[OaTr]a K (%¢ OO)» AS (Oa 1+ 1//‘ - 1/%)a

(LH[()»WLW;,U[O’W])&Q = Bz,q,U[Oaﬂ-]a B e (L”]) NS (Oa 1)a

M BOCIIOJb30BaThest TeopeMoit 18.1V. O

9 o
Tenepb MBI rOTOBBEI epeHeCTH pesyabTaT 0 6asuCHOCTH B npoctpancTBax Hy; Ha ciydait cinabo pery-
JsipHoro oneparopa Hupaka.

Teopema 15.5. [Iycmo onepamop Lpy ¢ nomenyuarom P € L,]0,7], » € [1,2), caabo peecyrapen.
Toeda 0rs ar060eo 0 € [0,3/2 — 1/3) cucmema noonpocmparcms {Hy }nez, e0e

Hn - Lin{y2n7 Y2n+1},

asasemcs 6asucom Pucca 8 H?J

Lokazamenrvcmso. Cayuaii § = 0 yxxe pazobpan B Teopeme 12.3.

B cuny ytBepxaeHHs 15.5 10CTaTOUHO MPOBECTH 10KA3aTENbCTBO 1Js Caydyasi BHEIUArOHaJAbHOTO M0-
teHunasna P. [Ipumennm teopemy 18.111. M3 teopemsl 12.3 caenyer, uro 3ambikanue B L, [0, 7] nuHe#HOH
000J/I04KH CHCTEMBI

{HOa HTL}‘MZNO
COBMajfaeT co BceM mpocTpaHcTBOM L, [0, 7]. YuuTeiBasi yTBep:kiaeHue 15.1, BBHIBOAUM MOJHOTY 3TOH
CHUCTEMBI MOANPOCTPAHCTB B W;U[O,w].

Tenepb M3 NIOTHOCTH BJIOXKEHUS W;U[O,ﬂ'] C H?J C/JelyeT, 4TO 3aMblKaHHEe JIMHEHHOH 00O0JIOUKH
HalleHl CHCTeMbl 1O HopMe || - ||ge coBmajmaer co Bcem mpoctpaHcTBom HY,, Tak uto ocTaeTcsi 10Ka-
3ath BbINosiHeHHe cBoicTBa (18.1). JlanbHefiee 10Ka3aTeNbCTBO AOCJIOBHO MOBTOPSIET J0Ka3aTeNbCTBO
TeopeMbl 12.3 (¢ 3aMeHOH, ecTecTBEHHO, || - ||m Ha || - ||ge), © MBI €ro 3xech omyckaem.

OTMeTHM JH1Lb, UTO K yTBepKAEHHIO JeMMbl 12.4 Hano 106aBUTh TOT (haKT, UTO CUCTeMa HOPMHUPOBAH-
HbIX COOCTBEHHBIX (DYHKLUMH oneparopa A obpasyer 6asuc Pucca B H([’] npu Bcex 6 € [0,3/2—1/5). O

[TonBegeM UTOTH 3TOTO pasneda.

Teopema 15.6. [Tycmov onepamop Lpy, 3adannoui (3.1) u (3.4), ¢ nomenyuarom P € L,[0,7],
x € [1,2), cuavro peeysapen. Toeda oasn aoboeo 0 € [0,3/2 — 1/3) cucmema

{(n2 + 1)76/2}’n}n€Z

asasiemcs 6asucom Pucca 6 npocmparcmee HY,.

Ilpu » > 2 umeem mecmo 6asucrHocmo Pucca 8 ]HIGU oas atoboeo O € [0,1]. B cayuae caaboti peey-
asprocmu onepamopa 6asucom Pucca 8 coomsemcmeyroujem npocmparncmee HY, aeasemes cucmena
0symepHvix nodnpocmparcms

Hn - Lin{y2n7 y2n+1}-

Teopema 15.7. [Iycmo onepamop Lpy ¢ nomenyuarom P € L, [0, 7], 2 € (1,00), cuarvHo peey-
aapen. Toeda cucmema {yn,}nez 0bpasyem 6asuc llayoepa 6 npocmparncmeax L,[0,m| npu aro6om
€ (1,00), 8 npocmparncmsax W;iU[O,w] npu aobom i € (1, 5] u 8 npocmparcmsax BfL . vl0: ], 2de
aubo

we (1,2, qe(1,00), 6¢€(0,1),
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aubo
/,LE(%,OO), qe(l,oo), 06(071+1/M_1/%)7
aubo
1 1
/,LE(%,OO), q=uU, 9:1+___
woox

Ecau onepamop Lpy caabo peeyrapen, mo cucmema {Hplnez 0bpasdyem 8 coomeemcmsyroujem
npocmparcmese 6asuc Llaydepa usz dsymeproix noonpocmparcms.

Hokazameavcmso. Teopema 15.6 mosmydyaercs o6benuHeHreM teopem 15.3, 15.4 u 15.5.
Teopema 15.7 ectb o6bennHenue teopeM 15.1, 15.2 u yrBepxknenus 15.5. O

3ameuanue 15.1. Mbl co3HaTeNbHO He paccMaTpuBaeM B TeopeMme 15.7 caydau p = 1, 4 = oo W
g = 00, MIOCKOJIBKY B COOTBETCTBYIOLINX MPOCTPaHCTBax cucteMa {yy, }nez 3aBenoMo He obpasyeT Gasuca.

B cayyae GecKOHeYHBIX MHAEKCOB 3TO CJeyeT U3 HecenapadeJbHOCTH COOTBETCTBYIOLIETO MPOCTpPaH-
CTBa, a npHu i = 1 —u3 Teopembl 14.1 U Xopouo M3BeCTHOro (akTa O TOM, YTO TPUTOHOMETpHYECKas
cucrema He siBasieTcsi 6asucoM B npoctpaHetBe Li[0, 7] (em., Hampumep, [141, ra. 4, §1]).

B cnyuyae » = 1, p € [1,00), p # 2, Bonpoc o 6GasucHOCTH cHUCTeMbl {yj,}nez MOKa ocTaercs
OTKPBITHIM.

Eciu ¢ = 1, a vHaekcsl € U p YIOBJETBOPSIIOT OTPaHHUUEHHSIM M3 YCJIOBHS TeopeMbl 15.7, a Takxke

B cayuae = 1+ — — —, > 3, ¢ € [1,00) yTBep:KIEHHUS] TEOPEMbI COXPAHSIIOTCS. DTH CAydal Mbl
n
UCKJ/I0YaeM M3 COOOpakeHUH KOMIIaKTHOCTH J0Ka3aTeJ/bCTB.

3 1 ,

[pu > € (1,2), u=q=2,0 = 375 (B oTOM catyuae By , [0, 7] = H?) us Teopemsl 15.7 cenyer

6asucHocts [laynepa cucremst {yy, tnez.

16. TIPUJIOXKEHUE A

Bhnauasne HamoMHHMM HeKOTOpble 0003HAueHHUs! W ONpeesleHUs] U3 TeOPHH MHTEepHOJSLUHA GaHAXOBBIX
POCTPAHCTB.

Omnpenenenue 16.1. [I[Ba KoMmieKCHbIX 6aHaXOBBIX MPOCTPaHCTBA X U X 06pasyloT KOMNAEKCHYIO
6arnaxosy napy {Xo, X1}, ecin 06a 3TH MPOCTPAHCTBA JHHEHHO W HEMPEPHIBHO BJIOXKEHBI B HEKOTOPOE
JIMHEHHOe KOMIIJIeKCHOe XayCcoop(oBO TomoJoruyeckoe npoctpanetso X, T.e. Xo C X u X7 C X.

IIpo mpocTpaHcTBa, 06pasyrolire GaHAaXOBY Mapy, 4acTO TOBOPSIT, UTO OHH cosmecmumol. Js Kpat-
KOCTH Jasiee 00603Ha4aeM HOPMbI B 3THX MPOCTpaHCTBaxX || - |lo U || - [[1 cooTBeTcTBEHHO.

Omnpenenenue 16.2. IlpoctpanctBo Xn = Xy N X, cHaGKeHHOe HOPMOH
[elln = J(L),  J(E2) = max{[lz]lo, t]lx]1}, © € Xn,

HasbiBaeTcs nepeceueruem npocmparcme Xo 1 Xi. Ilpu aTom HesmHeHHBIH OHOPOAHBIA (PYHKILMOHAJ
J(t,x) HaspiBaercs J-gyHnryuornasom. I[IpocTpaHcTBO

Xy =Xo+X3 :{xEX: T =2x0+ 21, 9 € Xo, T1 €X1},
CHabKeHHOe HOPMOH
]|+ == K(1,2),
K(t,a:) = inf{onHo + tHx1H1 cx=1x9+x1, o € Xo, 1 € Xl},

HasbiBaeTcst cymmoul npocmparncme Xo u Xp. [Ipu aToM HesnuHeHHBIN ofHOpOnHbIH (hyHKUKOHAN K (t, )
HasbiBaeTcsd K -(PyHKLIHOHAJOM.

Jlerko mpoBeputh (cM., Hampumep, [4]), uto npocTpaHcTBa X ¥ X 6aHaxoBbl. Be3 notepu 06IIHOCTH
nanee 6yaeM cuuTtath, yto X = X .

Omnpenenenue 16.3. banaxosa napa { X, X1} HasbiBaetcs peeyaaproil, ecin X1 C Xo (X7 Hempe-
PBIBHO BJIO2K€HO B X(), T. €. CyLIeCTBYeT KOHCTaHTa ¢ > ( Takasi, 4To

[zoll < cllzfly Va € X



496 A.M. CABUVYK, U.B. CAIOBHNYAY]

Onuiem gewyecmaentoliy memood UHMepnoAayuy. DTOT MeTON COoeldHsieT B cefe HECKOJbKO pas-
JUUHBIX monxonoB (K -merton, J-meTon, L-MeTom, METON CPeIHUX, METOM CJAEeIO0B, CM., Hanpumep, [79]),
KOTOPBIE BEyT K ONHOMY U TOMY K€ pe3yJbTaTy.

A ¥MeHHO, HHTEPMOJSIHOHHBIE TPOCTPAHCTBA, TOCTPOEHHBIE PA3JIMUHBIMU METOJaMH, COBNAAaoT (NpH
5TOM pa3JiIHUHble METOMbl ONpPENEJSIOT B 3TOM MPOCTPAHCTBE pPa3JiMUHbIE, HO SKBHBaJEHTHBIE HOPMBI).
M&ul nagum ompesiesnieHHe, OCHOBBIBasiCh Ha K -MeTofe.

Omnpenenenne 16.4. 3adukcupyem yncaa p € [1,00) u 6 € (0,1) u onpesesmM NpocTpaHcTBO Xp  :=
(X0, X1)p,p crenytoym o6pasom:
[e%s} 1/1’
_0 pdt
Xop =Rz Xi: |zlo,= (t7"K(t,x)) " < 0
0
[Ipu p = oo moJsoxuM
X0 = {x € X, ||lzllpoo = sup K (t,x) < oo}
0<t<oo

Tenepp obpatumest Kk Komnaexkchomy memody urnmepnoriyuu. O603HAUUM depe3 S BEPTHKAJNBHYIO
MOJIOCY B KOMIIJIEKCHOH TJIOCKOCTH

S={z€C:0<Rez<1}, S={z€C:0<Rez< 1}

st mo6oit 6anaxoBo# napel { X, X1} BBeeM KOMIIeKCHOe BeKTopHOe mpocTpaHcTBo H(Xg, Xi), co-
CTaBJIeHHOe 13 oToOpakeHUH f :.S — X co cjenyolIUMHA CBOHCTBAMHU:

(HO) f:S — X, HenpepblBHO U OTPAHHUYEHO;
(H1) f:S — X, aHaJIUTHUHO;
(H2) mas mo6oro t € R BemonHeno f(it) € Xo, f(1+ it) € X, npudeM oToOpaKeHUs

t f(it) u t— f(1+it)
HeIpepbIBHBl U OrPaHHYEHBI.

Cnabpum mpoctpanctBo H(Xg, X1) HOpMoO#
1£ll3¢ == max { sup [ £ (it)llo, sup [lf(1 +it)||1 }-
teR teR

Omnpenenenue 16.5. 3adukcupyem uncio 6 € (0,1). HrmepnossyuorroLm npocmpascmseom, mo-
CTPOEHHBIM C MOMOLIbI0 KOMNAEKCHO20 Memooa UHMEepnoAsyuL, Ha3blBalOT MPOCTPAHCTBO

Xp = [Xo, X1]p ={z € Xy : 3f € H(Xo, X1), f(0) =z}
DT0 NPOCTPAHCTBO CHAGKAETCS HOPMOH
|zllo := inf{|| flla : feH, f(O)=x}.

PesynbrarT KOMMJIEKCHOH HHTEPHOJSLAN Xy B 0OLIEM CJydyae OTJIHUEH OT BelleCTBEHHOH HHTepIHoJsi-
unu Xg,. OTMETHM, OJHAKO CJeNyIOWHH (PaKT.

Teopema 16.1 (cm., Hanpumep, [79]). Ecau npocmparncmsea Xg u X1 eusvbepmosol, mo npu 11060m
0 € (0,1) npocmparncmea Xg u Xgo cosnadarom u maxxice s6A0MCA 2ULbOEPMOBLLMLL.

XOopoIo W3BECTHO, YTO UHTEPMOJISIIMOHHBIE TPOCTPAHCTBA Xopu Xy 00J1a1a10T UHMEPNOAAULUOHHBLM
csolicmasom.

Teopema 16.I1 (cm., Hanmpumep, [79]). Iycmo {Xo, X1} u {Yo, Y1} — 0se npoussossroie 6anaxoso
napot. [lycmo T : X4 — Y, — oepanutennsiil Auretinolli onepamop, npuvem

ITzllv, < Mollzllx, Vo€ Xo u [[Tz|y; < M

Toeoa, so-nepsuix, dasn aoboix 6 € (0,1) u p € [1,00] onepamop T asasemca oeparnuuerHvim AUHel-
HbLM ONepamopom

$||X1 Vr € Xi.

T: Xpp =Yy, u T:Xg—Yy.
Bo-smopoix,
—0 1 s0 —0 a0
Ty, < My~ MY |l x,, ITxly,, < My~ M7 ||z||x,,.
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[IpoctpanctBa X u Y HasbBaWOT ummepnossiyuoqnoimu otHocuteabHo nap {Xo, X1} u {Yo, Y1},
€CJ/IM BBINIOJIHEHO [IepBO€ CBOMCTBO M3 3aKJIOUeHHs1 Npedblaylied TeopeMbl. [Ipu noGaBneHuM BTOPOro
CBOWCTBA TOBOPSAT O MOUHbLY UHMEPNOAAUUOHHBIX npocmpancmeax muna 6.

JI1o6o#i MeTon HHTepHoOJsLUH, 00/MafaloUMH TepBEIM CBOHCTBOM, HA3bIBAIT UHMEPNOASLYUOHHLLM
¢yruxmopom. Ilpu nobaBjeHUH BTOPOrO CBOWCTBA T'OBOPSIT O MOUHOM UHMEPNOALUUOHHOM (PYHKMO-
pe muna 6.

Takum o6pa3om, UHTEPNONSALLMOHHOE CBOMCTBO MOXKHO C(OPMYJUPOBATh KOPOTKO: U 8euU{eCmeEeH bl
U KOMNAEKCHOLL memo0 UHMePNoAAUUL S8ASLIOMCA MOUHBIMU UHMEPNOALYLOHHIMU PYHKMOPAMU HA
Kameeopuu 6aHAX08bLX NPOCMPAHCMS.

[TpomerkyTO4YHOE MO/NOKEHHE 3aHUMAIOT PABHOMEPHbLE UHMEPNOAAUUOHHbIe npocmparcmea. HTep-
MOJISIHMOHHOE MPOCTPAaHCTBO X, MOCTPOEHHOe Mo mape GaHaxoBbIX mpocTpaHcTB { Xy, X7}, Ha3biBaeTcs
PABHOMEPHBIM UHMEPNOAAUUOHHBIM NPOCMPAHCMBOM, eClr 15 Jioboro onepatopa 7', orpaHHYeHHOr0
u B Xo, u B X1, BoOJHEeHO: 1" orpanuued B X U

1Tl x < Cmax{|[T|xo, [Tl x: }-
[TpuBenemM Temepb HECKOJNBKO BaKHBIX CBOUCTB U3 OOILLEH TEOPUH HHTEPIOJSLHUH.

Teopema 16.1I1I (o perpaxuuu, cm. [79, teopema 1.2.4]). [Tycmo {Xo, X1}, {Yo,Y1} — 0dse npous-
sosbHble banaxosvl napel, a F — npoussorvkbiii urnmepnossuyuonmolii gyrkmop. O603nauum

F({Xo,X1}) =X,  F({Yo,"1}) =Y.

Ilycmo onepamop S oeparuuerno deticmsyem uz X, 6 Y, uz Xog 6 Yp u uz X; 8 Yi.

Ilycmo S : X; = Y;, j =0, 1, aeasemca Kopempaxyuet, m. e. obradaem 02paHU4EHHbLM LeEbLM
obpamrvim onepamopom R : Y; — X;, j =0, 1. Toeda onepamop S ocyuwecmenrsem usomoppusm
npocmparncmsa X Ha nodnpocmparcmeo SR(Y') 8 Y.

Teopema 16.1V (o nBoiictBenHocTH, cM. [4, caenctBue 4.5.2]). [Tycmo {Xo, X1} — 6anaxosa napa,
npuuem xoms 6v. 00Ho us npocmpancms X, j =0, 1, pegprexcusro, a npocmparcmso Xn nAOMHO U
8 Xy, u 68 Xq. Toeoa

([Xo, X1]0)" = [X(, XTlo
(cumsorom * 0603HaueH nepexod K CONPAHEHHOMY NPOCMPAHCMEY).

Teopema 16.V. [[as awboii 6anaxosoi naper {Xo, X1} vinoanensl ceoticmsa:

1) [Xo, X1lp = [X1, Xo]1-0;

2) ecau X1 C Xg, mo [Xo, X1]p C [Xo, X1]r npu 6 > ;

3) [Xo, Xolo = Xo;

4) ecau X1 C X, mo u [Xo,X1lp C [Xo,X]g 022 awboco 60 € (0,1) (umeemcs 6 8udy, umo
npocmparncmea {Xo, X} makoce obpasyrom 6anaxosy napy, a 06a BAOHEHUS HENPEepbLeHbL).

17. TIPUJIOXKEHUE B
Mbl perysnsipHO MCIOJIb3yeM KJacCHYeCKHe MPOCTPAHCTBA U3MEPUMBIX (PYHKIHUH
1/p

Ly(®) = 4 f wowepma w |, = | [If@Pds| <oof. peltoo)
R

Yacro B kauectBe f ¢urypupyet Bektop-pynkuus f(z) = (f1(x),..., fn(z)). Torna Mbl nogpasymeBaem
fj € Lp(R) nnst Bcex 1 < j < n, npuueM

1
n /p

IElz, = | D_IIFIE,

Jj=1
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WHorna nam npunetcst umeTb fedio ¢ matpuuamu T(z) = (¢ (2))] 41 B aToM caryuae sanncs T € Ly (R)
osHayaet, uto t; € Ly(R) nasa Becex 1 < j, k < n, npudem

1
P

@, =3 (3 [ st

7=1 \k= 1R
[Ipu p =
Loo(R) = {f namepuma u || f[|r. r) = suglf(w)l < oo}
Te

st caydast Bekrop-pyHKuui f(z) u matpuu-pynxkuuid T(x) cuntaem

[fllzee = max [|fjllLe, [Tl = max L.
1<j<n

1<j, k<n

[TonmpocTpaHcTBO HempepbiBHBIX GYHKUHEH B Lo (R) o603nauaem C(R).

Ilns mpoctpancTs Ly[0, 7] meHsiem B onpenenenusix R Ha [0, 7).

Ins mpoctpancTs Ly(u), rae dpu — Hekotopast u-agauTuBHas Mepa B C ¢ HocHuTesieM supp jt, MeHsieM
B OIpe/ie/leHHH BCe MHTerpassl Ha [ - dp.

supp 44

B uvactHoCTH, oTHesnbHO paceMoTpuM cayuait du(N) = w(\) dA, supp u = R, w(\) — Bec, uHTerpupy-
emasi HeoTpularesnbHass QyHKuus. [TosyuaeM BecoBble mpocTpaHcTBa Ly(w), 1 < p < 00, cHaGXKeHHBIE
HOPMOH

1/p

1) = / FOPw(A) dA
R

Ecau p = oo, TO
11l L () = SUup [f(X)]w(A).
Bribupas
wd) = (L+ A, 1<p<oo, u wA)=(1+[A)" mpu p=oo,
BBeJIEM BECOBbIE NPOCTPAHCTBA Lg(]R), 1< p<oo, 8 €R, cHabKeHHBIE HOPMOH

1/p

g = | [ Iroop+ e ay
R

[Ipu p = oo, ecTecTBeHHO,

1£1lze, = sup [FOVI + AN

PaccmoTpuM Takxke caydall IUCKpeTHbIX Mep . ITycTb p cocpemoTodyeHa Ha HEKOTOPOH Moc/enoBa-
TeJIbHOCTH TOYeK, T. €. /1 = »_w;0(z—z;). Torna uHTerpas B onpejeJeHUH MPOCTPAHCTB Ly (1) MeHseTcs
Ha cymmy. Takue mpocTpaHcTBa Mbl OyJeM 3alHCEIBaTh B KOOPAHHATHOM BHJE, MOJNOXKHB x; := f(2;),

1/p

lp(w) := § & = (x5) + [[£]lg, w) nglfvyl” <oop, 1<p<oo,

loo(w) = {93 = (5) + [|#/[1g ) = sUPwj|w;] < OO}-
J

Mbl HaMepeHHO He yKa3blBaeM 371eCb MHOXKECTBO CYMMMPOBAHUS /151 HHIEKCA j, NOCKOJbKY HaM MoTpe-
Oyerca u cayyadl j € N, v cayuall j € Z. B yactHoCTH, 1IpH
1\po
wj =1+ )", 1<p<oo, HeR,

MoJlyyaeM BECOBOE MPOCTPAHCTBO lg.

B cryuae j € N, 6 > 0 ynoO6HO H3MeHHTb BeC Ha w; = 479 (310 MeHSieT HOPMY Ha SKBHUBANEHTHYIO).
Bce BBeneHHBIE Bhillle MPOCTPAHCTBA YKJAAABIBAIOTCS B CJAeAYIOIlee 00llee ONpesiesieHue.
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Onpenenenne 17.1. Ilycts (X, u, dp) — n3MepuMoe MPOCTPAHCTBO, a w(x) — HHTErpPUpPyeMast HeOTPH-
uatespHast GyHKuus Ha HeM. [Tosoxum L,(w), 1 < p < oo, — npocmparcmeo usmepumolx pyukyuil f,
MHTErpUpPyeMbIX B cTerneHH p Ha X ¢ BecoM w(x),

11z, ) = (X/f(w)”w(x) dp

[Ipu p = 00 nonoKUM Lo (w) — npocmpancmao uamepumoLx oeparuyeqnovlx ¢ secom w(x) gyrnkyuil Ha
X ¢ HopMOH

1/p

£l Lo (@) = sup | f(@)]w(z).
rzeX

[Ipexne Bcero, copmyupyeM TeopeMbl 00 WHTEPNOJISIHK BBEIEHHBIX MPOCTPAHCTB.
Teopema 17.1 (cm. [4, Teopema 5.5.3 u caenctBue 5.5.4]). [ycmo 1 < p1, po < 0o. Toeda
[Lp1 (w1)7LP2(w2)]9 = Lp(w)7 0<6<1,

ede

1 1-6 6
g + =, w(x) = wy(z)PEO0/P1 4y (2)P0/P2,
S= T w(e) =) 2(2)

Ilycmo 1 < qq, g2 < 00, U AuHeliHbIl onepamop

T: Ly (w1) = Ly, (@071)
oeparuyer ¢ Hopmot My, a

T : Ly, (w2) = Ly, (w2)
oeparuuer ¢ Hopmoii Mo. Toeda oepanuuen onepamop

T: Ly(w) = Ly(w), eoe

1 1-6 60
e + 2, @(z) = Oy ()10 0g, (g)10) e
q il 42

npu4em eco Hopma He npesocxooum M11_9M29.

B sToli TeopemMe MHIEKCH p; U Py MOTYT COBNAAaTh, HO MOTYT M padaudarbes. Jas p; = pa cdopmy-
aupyem teopemy Creiina—Beiica.

Teopema 17.1I (cMm. [4, Teopema 5.4.1]). Ilycmo 1 < p < 0o. Toeda
[Lp(w1), Lp(w2)]e = Lp(w),  0<0<1,

Wby (2)?. Mycmo 1 < q < 00 u Aunedinbiii onepamop

ede w(z) = wi(x
T: Ly(wr) = Le(w1)
oeparuyer ¢ Hopmotl My, a
T : Ly(ws) = Lg(w2)
oeparuuer ¢ Hopmoii Ms. Toeda
T: Ly(w) = Ly(@), ede &(x) =@ (x) 0T(x)?,

npuuem eco HOpMa He npesocxooum M11_9M29.

Teopema 17.111. [Ipu ar06bix 0 < s1 < 1/2, 81 < s9 < 1

[Lgl (R)a LZ%(R)]G = L;’(R)a NS (Oa 1)a §= (1 - 9)81 +0s9, p= (17.1)

p—
+ | o
S
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Hoxasamenabcmeo. Mbl He MOXeM NMPUMEHUTb HU OIHY M3 MPEAbIAYIIMX TEOPEM TEOpeMy HampsiMylo.
Henocratoliee 3BeHO n0KasaTe bCTBa — TeopeMa JBOUCTBEHHOCTH MJis KOMIJIEKCHOTO MeTOla MHTEPIo-
gaauuu (em. 16.1V). Mbl nosioxum

XOZLQ((1+|(ED7281;R), X1 :Ll((l—F‘.’L‘DfsQ;R), rne 0<s; < 1/2, 51 < 89 < 1.

Jlerko Bugers, uto X = L3'(R), X7 = L52(R) (oTHOCHTe/IBHO CTaHAAPTHOTrO AeiictBus [ fg).
R
HcHo Takxke, yTo X pedekcuBHO, a XgMN X1 MJIOTHO B KaXKJOM IIPOCTPAHCTBE, MOCKOJbKY BKJII0YAET

npoctpanctso [lIBapua. Hanee,

[Xo, X1lp = [Lo(w1), L1(w2)]o = La/(116) (),

.. 20-6) 26
@) = (1 Jal) 502 = (1 paf) 7
Jlerko BHAETH, UTO
(X0, X1)o)" = Lyw) = Ly(w /) = Ly _p®), s = (1—0)s + 05,
rne p=2/(1+46),p =2/(1 —0). Takum o6pasom,
[L3'(R), LZ (R)]g = [Xg, X{lo = ([Xo, Xi]p)" = Ly (R).

ﬂOKa}KeM Telnepb HeoOXoAUMOe HaM [IPOCTOE yTBEPXKIACHUE.

Yreepxkaenune 17.1. [lycmo auneiinoii onepamop T oeparnuuenno deticmeyem u3 npocmpaHcmea
(Lal0,7])? 6 npocmpancmeo (Lgl0,7])% 0as awboix undexcos a < B, a € [1,00), B € (1,00).
[lycmo T — apmumos conpazxcernolil onepamop k onepamopy T, Oeiicmeyroujemy 8 npocmparcmee
(L2[0,7))2. Toeda T* npodorscaemcs 0o oeparutiernoeo onepamopa, Oelicmeyroueco us npocmpar-
cmea (L,[0,7])% 6 npocmparncmeo (Ls[0, 7)) 0as awboix undexcos v < 6, v € [1,00), § € (1,00],
npuuem

\ 11 1 1
1T s = I Tllg s 20 =4 5 =5+ 5 =1

Joxasamenocmso. TIyets £ € (Liyaxi2,3[0,7])%, @ 8 € (Limax{2,63[0,7])%. Torna Moxy/ib GHIHHEAHO
dopmer (T*f, g) nomyckaer OLEHKY

(T, ) = [, Te) < Ty IEllL, lI8llz;- (17.2)

D10 03Hauaert, uto BekTop 1T*f mopoxkpaeT HempepblBHBIA MO HOpMe || - |5 (PyHKLUHOHAJ, ONpefeeHHbIN
160 Ha BeeM (Lg[0,7])? (mpu & > 2), au6o Ha Beiogy maotHoM B (Lg[0,7])? mommpoctpanctee. B
rnocJielHeM CJydae MPOJOJKUM 3TOT (DYHKIHOHAM Mo HernpepbiBHOCTH Ha Bee (L [0,7])2. TlockonbKy
8 < oo, To, B cuay TeopeMy Pucca 06 o6iieM Buie JuHeiHoro (yHkuuoHasna Ha (Lg|[0,7])2, umeem
T*f € (Ls[0,7])%. Hanee, us (17.2) caenyer ouenka

1T €l s < ITl Ly IE]l 2,
T. e | T L, »Ls < ||THL;—>L;- [IpuMeHsist 3Ty OLEHKY BTOPOH pas, ¢ yueToM 7y < 00, HMeeM
1Ty < WMLy Ls-
U

CdopmyiupyeM KiaaccHuecKHH pesysbrat o npeotpasoBanuu Pypee Gpynkuuit f € Ly(R), Ho BHavase
HarOMHHM OTpeJesieHHe MPOCTPAHCTB XapiH.

Onpenenenne 17.2. [Ipocmparcmeo Xapou HP(CL), p € [1,00), COCTOUT U3 aHAJTHUTHYECKHX B OT-
KPBITOH BepXHeH MosyniockocTd GyHKUui F'(A) ¢ KoHeUuHOH HOPMOt
1/p

|E'(N)|| e = sup /\F(u—i—iT)V’du
7>0
R
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[TpoctpanctBom Xapnu Ho(C,) B Bepxue#t noaymaockoctd C; = {z : Imz > 0} HasblBaeTcsi mpo-

CTPaHCTBO ro/IOMOPdHBIX U orpaHuueHHbIX B Co QyHKUMH ¢ HOPMOH ||f|lco = sup |f(2)].
z€Cy
[TpoctpanctBom Xapau HP B mogsoce II, = {z : |Imz| < o} Ha3biBaeTcsi 6aHAXOBO MPOCTPAHCTBO

rosomopdHeix B II, ¢pyHKUUE ¢ KOHEYHOH HOPMOH
1/p

| fllz» = sup /\fx—i—zy\pda; , 1l<p<oc.
lyl<a

Teopema 17.1V ([Tsnu—Bunep, Xaycnopp—IOur). Odrnocmoponnee npeobpasosanue Pypove

fon= [ e ar
0
aoboii pynryuu f € Ly(R), p € [1,2], ecmo ¢pynkyus npocmparcmsea Xapou HP' (C.) ¢ conpsacentvm
undexkcom p’ = ]% IIpu amom

1l ) < Ol lpesy: € =Clo).
Kpome moeo,

HfHLp/(]R) < Ol fllL, @y C =C(p).

O600611eHHEM focJjiefHero peayJbTaTta ABJAAETCA CJeAyroulas ‘{peISBbI‘{aﬁIHO TOHKasi Teopema, KOTOPYIO
Mbl HEOOJHOKPATHO HCIIOJb3YyeM B HallMX JOKasaTeJbCTBa.

Teopema 17.V (cm. [125, Teopema 11.2.1]). Heauneiinoiii onepamop Kapaecona

C(f) := sup /f €)e?miz ge| | (17.3)

N>0

2de f — kaaccuueckoe npeobpasosarue Pypve pynxkuyuu f, oeparuuerro oeiicmseyem 6 Ly(R) dasn
2106020 p € (1,00).
Bonee moeo, onepamop Kaprecona ocpanuuerro deiicmsyem 6 npocmparcmee L, (w) 0an 1106020
€ (1,00), ecau sec w npunadrexmum kraccy Makenxaynma A,, @ uMeHHO,

b b r—1
1 1
sup m/w(x) dx b_a/w(x)_l/(r_l) dx < 0.

—oco<a<b<oo

a a

Elle on1H KpacHuBbIH U BaXKHbIH pe3y/ibTaT U3 TEOPUH NPOCTPAHCTB XapaH, KOTOPLIH HaM noTpebyercs,
CBSI3aH C KapJleCOHOBBIMH MepaMH.

Omnpenenenue 17.3. IlonoxurenbHas Mepa i ¢ HOCHTEJIEM B MOJYIJIOCKOCTH
Gir={A:ImA>r}, reR,

HasbiBaeTcs mepoii Kapaecona, ecin BequuvHa
yi= sup w(Quy)y Qzy={2:Reze(z,2+y), Imz € (r,r+y)}, (17.4)
z€R,y>0
KOHEUYHaA.

Mepoit Kapsecona B nosioce 11, HaseiBaeTcs Jw06as Mepa (i, 1/ KOTOPOH KOHeYHa BeJHUHMHA
Vu = sup p(Qu),
ueR
rie (), — KBajaparT ¢ BeplIMHaMU u + o %+ iau.

OTMeTHM BaXKHBIH /151 Hac yacTHHIA caydail mMepel Kapsecona. Hazoeem mocsenoBaTesbHOCTE Ag,
n € N, touek mosiocel a1 < ImA < o I HEKOTOPHIX 1 U o, 0 < a1 < o, Heceywarouelics,
ecaM Ha#gercs uucsao 5 > 0 Takoe, 4To B J0OOM mpsiMoyroJibHEKe Re A € [,z + 1], Im A € [aq, ag]
3aKJI04YeHO He OoJsiee [ 3JIeMEHTOB MOCJIEJ0BATEbHOCTH.
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YrBepknenue 17.2. Jlobas Heceywaroujascs nociedosamervhocmes {\,} nosocor {\: 0 < ay <
Im A < ao} undyuupyem mepy Kapaecona p=">,6(A — \,) 6 8epxueil noayniockocmu.
n

Teopema 17.VI (JI. Kapsecon, cm., Hanpumep, [17, Teopema 1.5.6, Teopema 11.3.9]). [lycmo u — me-
pa Kapaecona 6 sepxueil noaynaockocmu. Toeda

Vi H(C): [IfIFdu< Clfllip, 206 C=CG) (175)

043 at060e0 s € [1,00).
Nz aroboti pynkyuu f € HP(Il,) u aroboii mepo. Kapaecona 6 noaoce I, soinosnerno f € Ly(dp)
u

Il @y < ClF e
¢ koncmanmoti C, 3a8ucsujeil moavko om o u 7.

[lepefinem x mkasnam npoctpancts CoboseBa n Becosa. Yepes Wl} [0, 7], p € [1,00), MBI 0603HaUYaeM
KJaccudyeckoe nmpoctpanctBo CobosieBa Ha oTpeske [0, ], coctaBieHHOe U3 (PyHKUMH f(x), AJsT KOTOPBIX

1/p
f' € L,[0,7], n HanesneHHOE HOPMO# Hf”wﬁ = <f\f W+ f ()|~ dx) . [Tosoxkum Takke

W3[0,7] = {y € W3(0,7] : y(0) = y(m) = 0}.
Omnpenenenue 17.4. [Iycte U — nuHeiiHas (opMa Ha MpoCTpaHCTBe BeKTOp-MYHKUHKE y(x) BHaA
U(y) = uj191(0) + wj2y2(0) + u;jzy1 (7) + ujaya(m)
[Tonoxxum
W,ul0,7] = {y € W,[0,7]|U(y) = 0}, p € [L,00).
B cayuae korna f € L,[0,7], g € Ly[0,7], 1/ + 1/p = 1, oGosnaunm

(f.g) = / F(@)T@) + Fo(0)F5() da.
0

Hawm takxe motpeGyercss paGoTaThb B MPOCTPAHCTBAX C OTPHULATEJbHBIM HHAEKCOM TIaaKOCTH. Mbl
omnpesie/ MM POCTPAHCTBO Wu_l[O, 7|, u € (1,00), KaK AyasbHOe MPOCTPAHCTBO K Wﬁ, [0, 1] OTHOCHTEIBHO
nedctBus (-, ).

Omnpenenum Takxke mnpoctpaHctso W~ U[O 7| KaK pyajbHOe MPOCTPAHCTBO K W ' 10, 7]. Hemocpen-
CTBEHHO M3 ONpe/e/IeHHs BUAHO, UTO Wm [0, 7] siBJIsieTCSl TOAMPOCTPAHCTBOM KOPA3MEpPHOCTH 2 B MPO-
CTpPaHCTBe Wu_l[O,w]. [Ipu 3TOM ero fomoJiHsIOLIEEe MOANPOCTPAHCTBO MOPOKAAeTCs (DYHKLIHOHANIAMU

uj191(0) + uj2y2(0) + wjzyr () + wjaye(m), j=1, 2.

Hanum onpenenenne npoctpancTe becosa. 3amerum (cMm. [4, ra. 6], [79, 1. 2, 4] wau [100, §5.4]), uro
9TH MPOCTPAHCTBA MOTYT ObITh OMpeIeeHbl MHOXKECTBOM Pas/IMUHBIX IKBHUBAJEHTHHIX C0CO60B. Mbl
HauHeM C «BHYTPEHHEr0» ONHCAHHS.

Onpenenenue 17.5. f € BY (R), ecin
1£llge = flley +supy~Pwi(fiy) < oo
>0 yeR

roe

wi1(f;y) == sup /\fx—i—z f(z)|dz

2€[0,y]

o 7] "
— HHTErpa/ibHblil MOLYJlb HEMpPEPLIBHOCTH cpyHKuHH f. lpocrpanctso By  (R) coctout us Ly-pyHkumit
C KOHeYyHOH HOpMOH

1 1/q
_ 9 dy

g, = 171, + | [ (o entrsn)" ) <oc,

0
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roe
1/p

lfip) = s /Uw+z f@)P do
z€[0,y]
— MHTerpabHbBIH MOLY/b HENPEPBIBHOCTH dpyHKLLI/II/I feLy(R).3necs 0 € (0,1), pe (1,00), g € [1,00).
[lpu ¢ = oo
1F sy, = I £llz, +supy~wy(f;y) < co.
’ yeR

OTMeTHM, 4YTO NMPOCTPaHCTBA BfOO(R) Hecenapabe/bHbl. O603HaYMM Yepes Bf7OO7O(R) NOANPOCTPaH-
CTBO B Bfoo(]R), NoJy4eHHOe 3aMbIKaHMeM JiMHeasa a0COJIIOTHO HENpPepbIBHBIX (DYHKLHUH MO HOpMe
[ ”Bfm

MeHsig pasHOCTb epBOro NOPAAKa B ONpelie/leHHH MOMYJIsl HENIPEePbIBHOCTH Ha BTOPYIO, TPETHIO U T. 1.,
MOXKHO ompene/uTh npocTpaHcTBa bBecoBa ¢ uHgekcom € > 1, HO HaMm 3Ta LIKaja NPOCTPAHCTB He
noHaznoburca. He noHano6saTca Ham U npocTpaHcTBa becoBa ¢ MHAekcoMm p = oo. lIpuBeneM BakHbIH
pe3yabTaT 00 UHTEPNONALUHU.

Teopema 17.VII (cum. [100, cnencteue 4.13]). [lpu unmepnossuuu 8euyecmsenHolm memooom ume-
em
Bg,q(R) - (LP(R)7 W[} (R))Q,q
npu ecex p € [1,00), q € [1,00], 6 € (0,1).
Mer onpeznenuau npoctpaHcTBa becosa ng(]R). PaccmoTpuM Tenepb ciydail KOHEYHOTO OTpe3Ka.

0 . 0
Onpenenenne 17.6. Oynkuus f € B, [0,7], ecan wnaiinerca takas ¢ymkuus g € By (R), uro
f(x) = g9(2)|zc(0,]- [Ipu 5TOM
1f11Bg, jo.x = mf{llgllpg &) = f(2) = 9(2)|zeo,m}- (17.6)

Teopema 17.VIII (cwm. [79, n. 2.8.7]). Onepamop ymHoxienus Ha xapaKmepucmuieckyo PyHKUu0o
ompeska T : f — X[apf 02panuuen 6 npocmpancmee ng(R), ecau 6 € (0,1/p).

Taknum o6pasom, mpoctpancTBa becosa Bg7q[0,7r] npu 0 € (0,1/p) momyckarT SKBHBaJEHTHOE ONHKCa-
HHe.

Teopema 17.1X. [Iycms § € (0,1/p). [Ipocmpancmso B [0, 7] cocmoum u3 Ly-pyrxyuil ¢ Koreu-
HOU HOpMmOU
g 1/q
a dy

1 g 10,7 = N llLyt0.m) + / (yfewp(f;y)) " < 00, (17.7)
0

ede
1/p

wp(fiy) = sup /Uw+z f(@)P de

z€[0,y]

— UHmMe2pasbHbLL MOOYAb Henpepbl8HOCMmuU qbymmuu f € L0, 7] (mor npodorxnaen ee 3a npedenvt
ompeska [0, 7] nyaem). [lpu q = oo

11l . == £, +supy~Cwy(f3y) < oo.
’ yeR

[pu amom ssedennvie 30eco Hopmol || - ||g.pq IKEUBANCHMHOL CMAHOAPMHOL HOpME RPOCMPAHCMEA
0
By 410, 7] us onpedeaenus 17.6.

Jlokasameavcmso. Bynem o6osHauats || - ||lg, 4 HOpMy (17.7), a uepes || - HBgﬂ Hopmy (17.6).

Yepes T' 0603HaYaeM orepaTop yMHOXKEHHUsI Ha XapakTepucTudeckyio (yHkuus orpeska [0, 7]. [lycTb
fe Bg,q[(),w] B cMbIcsie onpenesenust 17.6. Torma Hafinercss GyHKUuUS g € Bg’q(]R) Takasi, 4yto g(z) =
f(z) na [0, 7]. [TockombKy

I/

l0.p.q = HTQHng < C”QHBg,q < o0,
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T0 f € ng[o,ﬂ] B CMBICJIe Ompejie/IeHUs] U3 (POPMYNTHPOBKH TEOPEMBI.

O6patHo, ecan HopMa || fllg,p, KOHEUHa, TO (YHKIHSA f, pasHas f(x) Ha [0,7] M TOMKZECTBEHHO
paBHasi Hyuio BHe [0,7], nonanaer B Bf . OueBuaHO, uTo ee orpaHuueHre Ha [0, 7] coBnagaer ¢ f, TaK
uTo HfHng < || fllo.p.q- MBI IOKa3au mepBoe yTBepakKAeHHE TEOPEMBI U MOLUHHEHHE || - ”ng < - llo.p.q-

O6parHasi oleHKa cjenyeT U3 TeopeMbl banaxa o6 o6paTHOM omepartope. O

st Hac BaXKHO TO, UTO LIKaJa NPOCTPAHCTB Bg’q[(), 7| TaK:Ke 3aMKHYTa OTHOCHUTEJIbHO BellleCTBEHHOH
UHTEPIONSALHUH.

Teopema 17.X (cm. [79, n. 2.10.1]). [lpu unmepnorsyuu ewyecmsersoim mMemooom umeem
Bz,q[oﬁ 77] = (Lp[()? 7T]7 Wz} [07 ﬂ])g,q

npu scex p € [1,00), q € [1,00], 6 € (0,1).

B runbbepToBoM ciydae, Koraa g = 2, 0603HaUUM 32972 uepes WY, a W0, )2 uepes H?, 0 € [0, 1].

[TocKoJIbKY TNpH HHTEPHOJALMH THJIbOEPTOBbIX MPOCTPAHCTB BELIECTBEHHBIH (-,:)p2 M KOMIIEKCHBIH
[-,-]o MeTonwl cosnanator, To HY = [H, H']y.

Onpenenenue 17.7. [Tonoxum B;f] = (LM,ng)g,q, i, q € (1,00), 8 € (0,1). O6o3Haunm Bg2
yepes WY, a (WJ[0,7])? uepes HY, 6 € [-1,0).

JlaHHoe ompejesieHHe OTHOCHUTCS M K mpocTpaHcTBaM Ha R, u kK mpoctpaHctBaM Ha [0, 7). O6pariaem
BHMMaHHe Ha TO, UTO 88e0EHHAS HAMU WKAAQ NPOCMPAHCME Bfiq[O’ 7| cosnadaem ¢ Kaaccuueckumu

1 1
npocmpancmeamu becosa npu —1 + — < 6 < 0 u omauuaemcs om Hux npu —1 < 0 < -1+ —
I

(em. [79, n. 4.8.2]) 6 cuary epanuunvlx 3¢pghexmos, 803HUKAIOUUX 8 KOHUAX OMPe3KA.
!/
_ ! -1 _ 1
[Tockonbky L, = (Luz) u W# = (Wu’> (compsi>keHHble TPOCTPAHCTBA 3/€Ch CJEAyeT MOHHUMATh

B cMbicsie medictBus (-,-)), rme 1/pu+ 1/p' = 1, T0o U3 TeopeMbl NBOHCTBEHHOCTH AJisl BELIECTBEHHOTO
mertona uHtepnoasuuu (cM. [79, m. 1.11.2]) cremyer Teopema.

Teopema 17.X1. H 8 cayuae sceti ocu, u 8 cayuwae ompeska

/

B, = (ij,,q,) . ede 0 (0,1), pqe (1,00, S (17.8)

[Toso2xuMm

0 _ —€ €
Byq= (B B g)i/2.4

(3mechb umcsio € u3 untepBaia 0 < ¢ < min(1/p, 1/p') NporUsBoONBHO — TO, YTO OMpe/e/IeHHE HE 3ABUCHUT
OT BHIGOpA &, BBITEKAET U3 CJEAYIOLIEH TeOpeMbl).

OTMeTHM, UTO MPOCTPAHCTBA Bg7q He COBMANAIOT C MPOCTPAaHCTBAMH L, (32 HCK/IIOUEHHEeM PaBeHCTBa
B3 , = L), xotsi

B ,CL,CB), npu pe (12

B27MDLuDB272 mpu € [2,00).

Teopema 17.XII (cm. [79, n. 4.3.1]).
1 1-—
1) Myecmo 1 < p, 2 < 00, 0< s < 1,0 € (0,1). Onpederum uucaro p pasencmeom — = —0 + g
p T
Toeoda

(B, s Wi, = Bl Ot

1
2) Iycmo 1 < p < 00, 1 < q1, g2, g <00, =14+ — < s1,89<1,0€(0,1). Toeda
,u

(BZ}quZ?qz)@vq = B;q, ede s=(1—0)sy+0ss.

3) Ecaul<pu<oo,se€(0,1),1<p, g<oo,abe(01), mo
0
(L#’Bz7q)97p =B )
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Teopema 17.XIII (cm. [4, Teopema 6.4.5]). [Tycmo s1 # sa, @ p1, P2, q1, g2 € [1,00]. Tocda
(B¢ (R), By 0, (R)]g = By ,(R), (17.9)

p1,q1 Pp2,92
1 1-6 6 1 1-6 0

ede s =(1—0)s1+0sy, — = + = +
p

o opa @ @
Teopema 17.XIV. [lpu awboix 0 < s1 < 1/2, s1 < s9 < 1

2
[B;}Q[O, 7, Bf?oo [0,7]]g = B;,p,[O, 7, 0e€(0,1), s=(1—0)s1+0sy, p= 76 (17.10)
2
Llokasameavcmeso. Buidupas 0 < s; < sg < 1, p1 = q1 = 2, po = 1, g2 = 00, NOJAYYUM D = 150
_ 2
11—

[Tepexon k mpoctpaHcTBam BecoBa Ha oTpeske [0, 7] ocylecTB/IsieTCsl CTAHAAPTHBIM 06pa3oM € MOMO-
mpio TeopeMbl 0 perpakuud (cm. 16.11I). B Hamem ciyuae Mbl BeIGHpaeMm

Xo = B5}2(R)7 Xy = Bi?oo(R)7 Yo = B5}2[0’ 77]’ Y = Big?oo[oﬁ 77]’

R : f(z) = f(x)x[o,x () — onepaTop yMHOXeHHMs Ha XapakTepHUCTHUECKyl0 (YHKIHIO OTpesKka, S :

f(z) — f(x)— onepatop, mpomosmxatouuil GyHkunw f(x) 3a npeneabl orpes3ka [0, 7] TOXKIECTBEHHBIM
HYyJIEM.
[Tockombky s1 < 1/2, s < 1, To 06a 3T oneparopa orpanudensl (13 X; B Y; 114 oneparopa S; u3 Y
B X; nas onepatopa R, j =0, 1). B xadecTBe HHTeprnonsLlMOHHOrO QyHKTOpa [ BblGepeM KOMIJIEKCHBIH
METOJ MHTepIHOJSLuH [+, g, 6 € (0,1).
2

Cornacuo (17.9), Y = B, ,(R), rne s = (1 — 0)s1 + 0s2, p = 10
Ocraetcst 3amMeTuTh, 4To SR(Y') ecTb moanpocTpaHcTBO (PyHKUUH f B Y, paBHBIX HYJ/IO BHE OTpe3Ka
[0,7], T. e. moxer ObiTh oTOXHeCTBIeHO ¢ B (0,7 (ycnoue s € (0,1/p), Kak Jerko mposepuTb,

BBITIOJTHEHO).
Torna, cornacHo Teopeme 0 peTpakiMU, TPOCTPAHCTBO

X = (B30, 7, B2 0,7l
nsomoporo By [0, 7). O

Teopema 17.XV (cm. [79, n. 4.6.1]).
1) Ilpu ¢urcuposarnom p € (1,00) u at0boix 1 < q1, qa < 00 CNPABEOAUBLL HENPepPbLBHbLEe NAOMHbLE
KOMNAKMHbLE BAONCCHUS

s1 s9
B:u‘7 q1 2 Bu’ q2

DW/}, ecau  —1< sy <sg <l
2) Mycmo 1 < py < pg < oo. [lpu arobom s us unmepsara (—1,1) u arbom q € (0,00) cnpasedrusol
HenpepuLeHble U NAOMHbLE BAOHCCHUS
S S
Byq 2 B, g
Ilycmo 1 < q1 < g2 < 00. Toeda npu awbom p € (1,00), npu awbom s € (—1,1) cnpasedruse
HenpepuleHble U NAOMHbLE BAOHCEHUS

S S
Bia: 2 By
1 1
3) Mycmo 1 < po < 1 < 00, —1 < 51 < 89 < 1, npuuem s1 — — = s9 — — > —1, a undexcor 1 <
231 2
q1, g2 < 0o npoussoavibl. Toeda cnpasedausol Henpepsvi8HbLe NAOMHbBLE KOMNAKMHbLE BAOHCCHUS
S1 S92
BMval - BNQvQQ'

1 1
Ecause€ (0,1), 1 <p,g<oous——=1—— dan Hekomopoeo 1 < v < oo, mo
L v

s 1
B, O W
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1 1
Ecaul<p,qg<oous——=—— 0aa Hekomopoeo 1 < v < 0o, mo

,u v
B, 4CLynpus>0 u B, D L,npus<0.

4) Iycmo p € (1,00), g € (1,00), a s € (1/p,1). Toeda npocmparcmeo Bj, , Henpepvi6HO NAOMHO
u Komnakmuo aroxceno 8 npocmparcmeo C|0, 7| Henpepol8HbLX GYHKYUL.

Crenyrouye (hakTbl OTHOCSATCS K TEOPHUH MYJbTHIIMKATOPOB B NIPOCTpPaHCTBax becosa.
Teopema 17.XVI.

1
1) IIpu s > —, 20e p € (1,0), u q € (1,00), npocmparcmso B;, , asasemcs 6araxosotl arzed-
/,{/ b

pOLl OMHOCUMENbHO Onepayul NOMoUeUHo20 ymHoxcenus. banaxosoimu areebpamu ssasromes
maxace 8ce NPOCMParcmea W/} npu p € [1,00).
1 1
2) MIpu -1+ — < s < —, ede p € (1,00), u q € (1,00) onepamop ymHoMceHUs HQ XaApAKMepU-
n
CMu4eckyo GYHKYUIO NPOUBBOAbHOSO OMpPe3Ka oZparuien 6 npocmpancmee By, . npuiem eeo
HOpMQA He npesocxodum eduHuULbL.
1
3) Onepamop ymuosxcenus 8 npocmparcmse becosa BgJ,(]R) oepanuuer, ecau m € Bp{o% N L.
4) Mycmo ¢ynkyus m(x) npuradrexcum npocmparcmey WL0, 7], s € (1,00). Toeda onepamop
YMHONHCEHUSL
T : fomf

oepanuuer & npocmpancmee Jlebeea L, [0, 7| 0an ar0bozco i € [1,00], 8 npocmparcmsax Cobo-
resa WL das ai0602o i € [1,5] u 6 npocmpancmeax becosa B (0,7, ede aubo q € (1,00),
we (1,2, ase(0,1), awbo q € (1,00), u € (3¢,00), a s € (0,1 —1/3c+1/u].

Hokasameavcmeo. TlepBble TpU yTBepKaeHHs xopolo uaBecTHol (cm. [80, nm. 2.8.3, 2.8.5 u 2.8.7]).
4) YTBepxKeHHe 0 MPOCTPaHCTBAX L, OUeBHIHO, MOCKOMBKY m(x) orpanudena. [Tocko/bky Wﬁ > W}l
npu pu < », a Wﬁ — anarebpa, To aas npoctpaHcTB CobosieBa yTBepkKAeHHE TaKXKe OUYEBHIHO.
Cocpenortounmes Ha wikaje npoctpaHcTs becoa. MHTtepnonnpys, nonyuaem orpanudeHHocTb 1), B
npocrpanctBax B = (Lyu, W, )sq, € (1,2, g € (1,00), s € (0,1).
- 1
B ciiyuae p € (3¢, 00) Bocnosbayemcs TeopeMoi Baoxkenus W, C By, 4,

[lockosbKy npoctpancTsa By,  ABJSIOTCS 6aHAXOBBIMU a/reOpaMy OTHOCHTEJ/IBHO ONepaLiy YMHOKe-

1 1
rmes=1——+—,q € (1,00).
%

1
HUSl IpU § > — (4YTO B HAllleM Cjydyae BBHIMOJHEHO) H J6oM g € (1,00), To onepatop 1), OrpaHHueH B

1
Blshq mpu s =1 — P + ;) q € (1,00), p € (5,00).
1 1
[IpoBoasi Tenepsb uHTepnoasuioo (cM. . 3 Teopembl 17.XI1I) Bfiq = (Lus By, ¢)0/s,q» TRE 8 = 1— ;—l—;,
a e (0,s), IPUXOAUM K OKOHYATEJbHOMY yTBEPKIEHHIO. O
Kpome ksaccuuecknx npoctpancTB BecoBa, Ham mMoTpebyIOTCs POCTPAHCTBA, YUUTHIBAIOLIME KpaeBble
YCJIOBHSI.

Onpenenenue 17.8. Ilonoxum
B v =Ly, Wi 1o l<p, g<oo, 0<O<1
(HamoMHHUM, 4TO WJ’U ={y e W, : U(y) = 0}). B gactuocru, npu = q = 2 nmeem

WgU = (L2>W21,U)972 = [L2>W21,U]9> b€ (Oa 1)'

[% 0
Cpa3y 2K€ OTMETHUM BaxKHO€ [ijid HaC COOTHOLIEHHWE MeXAYy MPOCTPaHCTBAMH B,u,q,U uB g
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Teopema 17.XVII (cm. (79, § 4.3.3]). 3agukcupyem napy undexcos p € (1,00), ¢ € (1,00). Ilpu
0 € (0,1/p) npocmpancmsa BZ,q,U u Bfiq cosnadarom. Ilpu 6 € (1/u,1) oba npocmparcmsa 8i0xce-
HbL 8 NPOCMPAHCMBO HENPEePblIBHLLY QYHKYUL, HOPMbL 8 HUX COBNAOAIOM U
B ,u=1{y€B) |U(y) =0}
B wacmrnocmu, W, = WY npu 0 € (0,1/2).

[TpocTpancTBa B;eq y MBI BHOBb OIpPENEJUM HHTEPHONALHEH

—0 _
Bu7q7U = (L,U«? WM7}])97(1’ lu’) q e (]‘?OO)? 9 6 (O’ 1)
OtmeTHM, 4TO KakK U Bbllle
-0 0 /
B v= (B, q,u+)'s
rae U* — conpsikenHsle K U KpaeBble yeaosus, 6 € (0,1), u € (1,00) u ¢ € (1,00).
HaxkoHel, nosoxum
0 _ —
Bu,mU - (Bu,Z,U’BZ,q,U)l/Zq’
rae 4ucso € u3 uHtepBana 0 < € < min(1/p, 1/u') npoussosibHo.
W3 teopemnr 17.XVII cnenyer, uro npu § € (—1+1/p,0], p € (1,00) 1 g € (1,00)

[ _ nb
BuquU_qu'

Teopema 17.XVIII.

1 1 1-6 6
1) MMyecmo 1 < p, x < oo, — < s<1,0€(0,1). Onpedeaum uucro p pagencmeom — = —— + —.
I p U
Toeda
1 _ (1-0)s+0
(BZ,AL,U’W%,U)GW _Bp,p,U :
2) Ilycmo 1 < p < 00, 1 < q1, q2, ¢ < 00, 0 € (0,1) u, aubo 0 < s1, s2 < 1, aubo —1 < s1, s < 0.

Toeoda
(B;}th’BZ?qu)evq =By qu, 20 5= (1—0)s1+0s2.
3) Ecaul<pu<oo,se€(0,1),1<p, g<oo,abe(01), mo

6
(L;u BZ,,q,U)eJ’ = Bu?p,U'

Jlokazamenvcmso.
1) Tosmoxum

N . . 1 1 1*
p* =max{p,»} u s =min<s——,1——p+— .
K 3 K
Torna, cornacHo yrBep:xknenusm 1)-3) teopemsl 17.XV, UMeOT MeCTO HeNpepbIBHBIE U TMJIOTHBIE BJIOXKE-
s s* 1 s*
Hust B, C B« - H IiV% C B -

Kpome toro, s* > — . Torna, yuutsiBas teopemy 17.XVII, nonnpocTpaHcTBO
"

B == {y E BZ*vﬂ/*

Uly) =0}

SIBJISIETCS JOTIONHSIEMBIM, @ OMEpaTop NPOEKTHPOBAHHMSI HA HEro OrpaHuyed B B , 1 B WL. Ocraerca
Bocrosib3oBathesi M. 1) Teopembl 17.XII u TeopeMoit 06 HHTEPNOJSIUUK MOANPOCTPAHCTB (CM., HAMpH-
mep, [79, o. 1.17.1]).

YrBepxaeHus 2) U 3) cyTb TeopeMbl 0 peuTtepauuu (cm., Hanpumep, [79, m. 1.10.2]), chopmymnupo-

BaHHbIE JJIsSl TIPOCTPAHCTB BZ U U

Teopema 17.XIX.

1) Ilpu gurcuposarrom p € (1,00) u a0boix 1 < q1, g2 < 00 CNPaseodLUBbL HeNpPepbLBHbLE NAOMHbLE
KOMNAKMHbLE BAOHCEHUS.
S1 82 1
Bu,ql,U - Bu,qz,U > Wius
ecau —1 < 51 < s9 < 1.
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2) Mycmo 1 < py < py < oo. Ilpu arwbom s € (—1,1) u arwbom 1 < q < oo cnpasediusol
HenpepovleHble U NAOMHbLE BAONEHUS

BZL‘LU 2 Bu27q7U
Iycmo 1 < q1 < qa < 00. Toeda npu awbom p € (1,00), npu awbom s € (—1,1) cnpasedrusot

HenpepblBHbLe U NAONHbLE BAOHEHUA

S S
BquyUDB )

1 1
3) Mycmv 1 < pp < py < 00, —1 < 81 < 83 < 1, npuuen! sy — — = sy — — € (=1,0) U
231 2

(0,1), a undexcor 1 < q1, g2 < 00 npoussoavHuvl. Tozda cnpasediussl HenpepovlHble NAOMHbLE
KOMNAKMHbLE BAOHCCHUS

B DB

H1,q1, u2,q2,U"

Ecause (0,1),1<p,g<oous——=1—— das nekomopozo 1 < v < 0o, mo
7 v

1
B qu>Wou
1 1
Ecaul<p,qg<oous——=—— 0aa Hekomopoeo 1 < v < 0o, mo
I v
B quCL, npu s>0 u B, ,y>L, npu s<O.
4) Ilyemo p € (1,00), ¢ € (1,00), a s € (1/p,1). Toeda npocmpancmeo B,  ; HenpepoieHo u
kKomnaxmuo 8roxcero 8 npocmparcmso C|0, 7] Henpepvl8HbLX PYHKUULL.
ﬂoxasameﬂbcms?. .
1) Ecmn —14 — < s1, s9 < —, To yTBepxKaeHHe cenyet u3 1. 1) teopemsl 17.XV u Teopemsr 17.XVII.
M H
[Ipu s9 > s1 > 0 0HO BBITEKaeT U3 HENPEPLIBHOTO BJIOXKEHUS W v CLy (cm., Hanmpumep, [79, nm. 1.6.2
u 1.16.4]).
AHajornyHo yTBepXKaeHHe nokasbiBaeTcss npu 0 > s9 > s1. OcrajibHble CIydad CAeNylOT U3 yxKe

JI0Ka3aHHBIX.
YTBepxaeHUe 2) cienyeT U3 onpeneneHnﬂ NPOCTPaHCTB B} | ; W HEMPEPLIBHBIX MUIOTHEIX BJIOXKEHHI

‘Cﬂl - LH2’ Wl Wl U " W WM;

yTBep}KI[eHI/IH 3) u 4) cneuyeT I/IS nm. 3) u 4) teopemnl 17.XV u teopemsr 17.XVII. O
HanomHuM Tak:ke 0 mpocTpaHCTBaxX GeccesieBbIX MOTEHIMAJIOB.

Onpenenenue 17.9 (cMm. [4]). [Ipocmparcmea 6eccenesvlx nOMeHUUAN08 Hg(R), p € (1,2] (cayuait
p > 2 HaM He noTpeGyetcst) cocTosAT u3 (GyHKuu# f € Ly(R), 115 KOTOPEIX KOHeYHa HOpMa

1l = 19 Fllopmys  tme JOf o= F7H{(1+ |- 1)) F[f]()} (17.11)
(3mech F' — kyaccuyeckoe npeobpasoBanue Pypbe).

[Tpu 3TOM, BHOBB yUHTHIBasl OTPAHUYEHHOCTD B Hg(R), 0 < 6 < 1/p, onepaTopa yMHOXeHHUs Ha Xapak-
TEPUCTHUECKYIO (PYHKLHIO oTpe3ka, Hopmy (17.11) M0KHO HCIOIb30BaTh AJis ONpe/eeHUs] IPOCTPAHCTB
Hg, 0 <6 < 1/p, Ha orpe3ske.

Jlemma 17.1. [Ipeobpasosarue Dypve 16456MCa 02PAHULEHHbILM AUHELHbIM ONepamopom u3 Hg (R)
8 LY,(R), p € (1,2].

Hoxasameavcmso. B cuny teopembl Xaycnoppa—IOHra, nas ao6o#t pyHkuuu f € Hg
IELA N ze, < 2PN+ |- PP, @ = 221F° @ < Cabsll I Fllz,, @) = Cavsll fllg-
O

'B (opmyampoBKe MBI HCKIIOUMAH cyuail s1 — 1/pu1 = s2 — 1/p2 = 0, XOTS yTBepKAeHHe OCTaeTcs CIPaBejJIMBHIM H
3nech. Ero noxkasarenbcTBO, 04HAKO, TpeOyeT ONMMCaHUs MPOCTPaHCTB B /q U-
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Crenyrolee yTBep:K/IeHHe U3BECTHO B TeOPUHU MpocTpaHcTB Xapau. Mbl, oqHako, 3aTpyaHseMcs 1aTb
TOUHYIO CChIJIKY M MOTOMY IPHBeJEM ero C MOJNHbIM 10Ka3aTesJbCTBOM.

YrBepxknenue 17.3. [lycmo nocaedosamenrvriocmo {z, tnez 1emcum 6 nosoce 1 < Imz < 2h 0as
Hekomopoeo h > 1/2, npuuem

Zop = 2n + 22+ 0o(1) u Zop41 = 2n + x4+ o(1)

npu |n| — oo. Toeda cywecmsyem makoii womep N € N u makoe uucro p, wmo 0AsL 8CAKO2O
Koneurnoeo noomnoxcecmea J C {n € Z : |n| = N} u scakoeo nHomepa K > max{|n| : n € J}
Hatidemcs payuonaroras ynkuyusi fx € Hoo, || fK|loo < 1y, makas, umo npu écex n, N < |n| < K,

1, ecauncelJ,

a ecau zop = Zops1, Mo fr(zan) = 0. 17.12
0, ecrun¢J, ) 22n+1 fi (z2n) ( )

fK(ZZn) = fK(22n+1) =

Omnpenenenne 17.10 (cm. [17, rn. VII]). TlocnenoBarenbHocTs Touek {z;}jeny U3 C HasbiBaeTcs uu-
MepnoASUUOHHOLL, eCn
|2k — 2n|
|Zk - zn|

>8> 0. (17.13)

sup
neN k#n

Teopema 17.XX (JI. Kapnecon, cm., Hanpumep, [17, ra. VII]). ITycmo {z;}jecn A6asemca unmepno-

AAUUOHHOL nocaedosamesbHOCmMblo mouexk gepxweil noiyniockocmu. Toeda oars arwboeo K € N cy-
wecmsyrom payuonasvrole Qyukyuu fijx € Hoo, 1 < j < K, makue, umo

fj,K(zl) =051, 1 <j> ! < K>
npudem

K

3 9(3 — %)
sup |f_],K(Z)| < M, ede M = %
zeCy j=1

Jlemma 17.2. [lycmo mouku zy u z9, 2o # 21, Aexcam 8 nosoce {z : 1 < Imz < 2h}, a uucra wy
u wy npoussonviol. Toeda cyuiecmeyem makas payuorarvnas Qyukyus ¢ € Hoo, umo o(z1) = wi,
©(z2) = wa, npuuem

lilloe < 81| 2=+

+ 2)wy | + 2Jws]. (17.14)

[Tycmo mouka zy sexmcum 6 moti ae nosoce, a wy € C npoussosvro. Tocda cyuecmsyem maxas
payuonarvnas gyrkyus p € Hoo, umo o(z9) = 1, ¢'(20) = wo, npuvem

elloo < 1+ 4h|wol. (17.15)

0
—, rie uncna zp € C; u k € C naxonarcs

Hokasameavcmeo. B nepBoMm ciydae Bo3bMeM ¢(z) = k
z 20

Z — Z

—, Te uucao k

Z — 20
Z— 20

u3 yeaoBuit f(z1) = wy, f(z2) = wa. Bo BTopoM ciydae monoxum ¢(z) = 1+ k

HaxoauTCst U3 yeaoBus ¢ (z0) = wy.
Jlerko BUETh, YTO B MepBoM caydae ||¢||o = |k|, @ Bo BTopom ciyuae |||l = |k|+1. Ouenku (17.14)
u (17.15) nmosyyaroTcst Tenepb MPsIMBIME BBIYHCIEHHSIMH, KOTOPbIE Mbl 3[€Ch OMYCKAeM. O

Jlemma 17.3. Ecau mouku {z, }nen sexcam 6 noaoce {z : 1 <Imz < 2h} u 11;‘15C |zn, — 21| = 1, mo
n

U3 ycarosus
Im z, - Im 2,
sup 5 Sm < 00
neN; = |20 — 2|
caedyem (17.13) ¢ § = e=32mh,
|2k — zn|
Jokasameavcmeo. 3adukcupyeM HOMEDP m U 0003HAUUM pj = ﬁ 3aMeTuM, 4TO
2k — Zn

1
1+4h

<pr <1, otkyna —Inpg < 8h(1—pj).
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Torna | |
ZE — Zn Im z; - Im 2z,
—1In < 8h (1-— p = 32h < 32mh.
== ssh 20— ,; ER
OrTcrona
neN k£n

O

1
[flokazameavcmeo ymeepacdenus 17.3. Hatinem HoMep Ny TakoH, 4to |za, — (2n + )| < g ? |zon+1 —

1
(2n + 3)| < g TIPH Beex |n| > Np. OTcrona cienyer, 4To
|22n — Zak| 2 2|k —n| =1, |n| > No, [k[ > No,
a 3HAYMT,

e el AP ST A . SR
Z 20 — 4|2 Z 2|n — k[ — 1)2 Z (21— 1) T

n#k, n#k, =1
[n|>No In|>No

Ta xe olleHKa CrpaBe//iuBa U JJIs IOC/IE/I0BATeNbHOCTH {22141 }|n|> No -

[Monoxum m = w2h%. U3 nemmbl 17.3 cJeyeT, uTo 00e IOC/IeN0BATENbHOCTH SIBJSIOTCS WH-

_ 213
TeproJIALMOHHBIMK, MpHUeM uucio & u3 oueHkH (17.13) MOXKHO B3ATb paBHBIM e 32" " TlojoxuM
213 o o
M = 9(3¢547 7" —1)2/4 (cm. Teopemy 17.XX) u Haiinem Homep N > Ny TakoH, 4To
M |z9p, — zon+1| < 1/4 nast Bcex |n| > N.
[Tyctb J — mpousBosibHOE KOHeuHOoe moaMHOkecTBO {n : [n| > N}, a K > max{|n| : n € J} — npous-
BOJIbHBIH HOMep. O603HaYMM 4epe3
K K
{gj,K}m:N H {hj,K}m:N

pauvoHasbHble (PYHKUUM U3 TeopeMmbl 17.XX, MoCTpOeHHBIE MO MOCJEA0BATENbHOCTSIM {Z2j}f;\:N 7

K
{22j+1}(jj—n cooTBeTCTBEHHO, T. €.

95,k (221) = hj i (22141) = 651
Hanee, nns kaxporo j, N < |j| < K, nocTpouM, nosip3ysich JeMMo# 17.2, GyHKIHIO @j ¢ CIeLYIOLINM
obpasoM. Ecau 2o # 22541, To notpebyem, 4To0bI
1 1
hj i (225) Parc(za41) = w2 = 95, (22j+1)
3ameTum, 4To A5 0601 pyHKUMK f € Ho, U3 UHTerpaibHON (opmynsl Kowu cienyer oueHka

sup [ f/(2)] < [|floo-

Imz>1

@)K (225) = w1 =

[TockosbKky
1
\hj i (225) — 1] = |y (225) — hj i (22541)] < sup |B] g (2)|22j — 2241 < Mlzgj — z0541| <
Imz>1 2 4
mz

TO HHCJA |1 - w1| 41 |1 — w2| He TNpeBOCXOAAT [[]1n{4/3 ?‘4|Z2j 22j 1|’ 1/3} Torna us (1714) creyer,
4To
@) xlloo < 24hM + 6.

Ecnu z9; = 29541, TO motpeGyem
pir(z25) =1, @ k(225) = —(95,h5,K) (227) = —gj i (225) — I i (227)-
Torpa us (17.15) cnenyer, 4to
15K lloc < 8RM + 1.
Takum o6pasom, nast kaxnoro j, N < |j| < K, onpenesena pauuoHabHasi QyHKIKs

[ik(2) = g5,k (2)hj Kk (2)pj K (2) € Ho,
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LIS KOTOPOU
fikx(za) = fir(zas1) =051, 1#37, N<Jj|, I| <K,
npuyeM
fix(z) = 0, ecnu 2o = 241,

Hckomyto dynkumio fx(z) onpenenum cymmolt fi(2) = > fjk(z). Torna pasencrsa (17.12) BeimosHe-

jed
Hbl, U AJs1 Jo6oro z € Cp
K
()] < D15k (2)] < (240M +6) > |gj i (2)]|hy i (2)] < (24hM + 6)M? = p.
j€J lil=N

18. T1PUJOXEHUE C

[TpuBenem HeoOXomMMBIE HAM pe3yJbTaTbl 00 YCJIOBHBIX U 6e3yC/J0BHBIX 0asucax.

Onpenenenne 18.1. Cucrema {py}3° HaswbiBaetcs 6asucom llaydepa (wnu ycaoswoim 6asucom) B
6aHaxoBOM mpocTpaHcTBe X, ecaM J1000H BeKTOp & € X eJHMHCTBEHHBIM 00pa3oM pacKJajblBaeTcsl B
o0

Pl x =Y ckk, ¢ € C, cXomsiuidcs: 0 HOPMe MPOCTPAHCTBA.
1

Cucrema BEKTOPOB B I'M/IbOEpPTOBOM NpocTpaHcTBe H HasbiBaetcsi 6asucom Pucca (nny 6e3ycio8Hbim
6a3ucom), ecau CyIIECTBYeT OrpaHMYeHHbIH M 0OpaTUMbIH omepaTop B H, KOTOPBIH MEpPeBOAUT 3Ty
CUCTEMY B OPTOHOPMHPOBAHHBIN GasucC.

Cucrema @) B H HasbiBaeTcs beccenesoil CUCTEMOH, ecyd 1Js Joboro Bektopa f € H psan
ST Ify ¢r)|? cxomutes.

Cucremsl {¢} ¥ {1} HaspBatoTCA 6uopmocoHarvHbiMU, €CIU (P, ;) = Oj, TAe Oj; — CHMBOJ
Kponekepa.

Cucremy {pr} Ha3bIBAIOT NOUmMU HOPMUPOBAHHOL, ecly 4ucaa ||p| paBHOMepPHO OrpaHUYeHb H
pPaBHOMEDHO OTJeJeHbl OT HYJIS.

Teopema 18.1 (cm. [19, ton. VI, §2]). Caedyrowjue ycrosus axksusarenmmo:

1) cucmema {pk}ren 2625emes 6asucom Pucca,

o
2) aroboti sekmop x € H edurncmeenHnvim 0bpazom packiadvigaemcs 8 pid T = Y TPk, NPULEM
1

o0 1/2
clells < | Dl ] < Cllls
1

045 HekomopoLx nosoxcumenvrolx ¢ u C

3) matdemcs makoe ckaasproe npoussedenue (-,-)1, MONONOCULECKI IKBUBANEHMHOE UCXOOHOMY
(m.e.cill- )l < |- |l < 2+ ||1 0252 Hekomopoix ¢ U ¢c2), OMHOCUMEALHO KOMOPOLO 3MA cCUCmeMa
ABASLEMCS. OPMOHOPMUPOBAHHBIM GAZUCOM.

MBbl HEeOHOKPATHO MCIOJb3yeM H3BeCTHYW Teopemy Bapu—DBoaca (cm. [19, ra. 6]).

Teopema 18.1I1. [Tycmo cucmema {y,} eurvbepmosa npocmparcmsa H noina u MUHUMAALHA,
pasHo Kak u 6uopmoconasvras K Heti cucmema {z,}. Ecau obe amu cucmemor o6aadarom ceoticmeom
beccesesocmu, mo onu ssasomes basucamu Pucca 6 H.

Onpenenenue 18.2. [lycte T — onepartop nepexona oT UKCHPOBAHHOTO OPTOHOPMHPOBAHHOTO 6a3u-
ca {en}nez K 6asucy {¢,nez, (Ten = pn, n € Z) xoneuna. Beauunna s = ||T|| - ||T~!| nasviBaercs
Koucmanmoiu Pucca 3toro 6asuca.

OueBHIHO, UTO OMpefie/ieHHe KOHCTaHThl Pucca He 3aBUCHUT OT BeiGopa 6asuca {e, }nez.



512 A.M. CABUVYK, U.B. CAIOBHNYAY]

Onpenenenue 18.3. Cucrema nmoanpoctpancTs {H,, }{° HasbiBaeTcss 6a3ucom B THIbOEPTOBOM MpO-

00
CTPaHCTBe H, ecJiy J1I060H BEKTOD T € H pasnaraeTcd eqJUHCTBEHHbIM o6pa30M B BUlE pdla x = Z T,
n=1

Tae T, € Hny.
Basuc {#,,}7° 13 NOANPOCTPAHCTB SBJSETCS OPMOCOHANbHbIM, eCTU Hy L Hpy, TIPU 1 # m.
Cucrema {H,}5° HaseBaeTcsi 6asucom Pucca uz noonpocmparcms, eciy CylleCTByeT OrpaHHueH-
HBIA M OrpaHMYeHHO 0OpaTHUMbIH onepatop A Takoi, uto cucrema {A(H,)}° AB/ISETCS OPTOrOHANbHBIM
6a3ucoM M3 MOAMNPOCTPaHCTB B H.

Chopmyaupyem teopemy lenbdanna (em. [19, ra. VI, §5]).

Teopema 18.11I1 (1. M. Teabdann). Credyrowue mpu ycaro8us 3K8UBANCHMHDL.

i) cucmema {H,}3° ssasemcs 6asucom Pucca us noonpocmpancms 8 euivbepmosom npocmpar-
cmee H;
i) kaoxcooiti sexkmop x € H edurncmsennvim 0bpadom packradvieaemcs 8 pso

o
T = g Tk, x € Hp,
1

cxo0awuiica no nopme | - |l npu awboii nepecmanoske (m. e. cucmema {H,}° asisemcs
besycarosroim b6asucom llaydepa us noonpocmparcms);
iii) H = Lin{H,}{°, u 0aa cucmemo. npoexkmopos {Py}, P"‘Hk = Ok, BOLINOAHEHO

Sup 1Y " Pall < oo, (18.1)

neJ

ede cynpemym bepemcs no 8cem KOHEeUHbIM NOOMHOMECMBAM UHOEKCO8.

OtmeruM, yto 6asucHoctb Lllaynepa cucremsl {¢y}° skBUBaseHTHa GasucHocTH Llaynepa cucremsl
onHoMepHBIX noanpocTpaHcTB {Lin(¢g)}7° (mas 6asucoB Pucca ato HeBepHO — TpefyeTcs elle MOUTH
HOPMHPOBAHHOCTb CHCTEMBI {¢f }5°). MBI GyneM yacTo Mosb30BaThCs CAEAYIOLIMMH NPOCTBIMHU CO0Opa-
KEeHHeM.

Teopema 18.1V.

1) Ilpu uzomopgusme npocmparcme (oeparHuueHHOM U 02PAHULEHHO 06PAMUMOM AUHELHOM OMmOb-
paxcenuu) 6asuc llaydepa (Pucca) npeobpasyemcs e 6asuc llaydepa (coomeemcmsenio,
Pucca), 6asuc llaydepa uz nodnpocmparcms (6asuc Pucca uz nodnpocmparcms) npeobpa-
syemca 6 6asuc Llaydepa u3z noonpocmparcme (coomeemcmeenno, 6asuc Pucca uz noonpo-
cmpancma).

B wacmnocmu, ecau cucmema {py,}3° o6pasyem 6asuc [llaydepa (Pucca), a nocaedosamens-
Hocmo {ay, }3° omodenena om Hysa u om beckoneurnocmu: 0 < ¢ < oy, < C < 00, mo {anen}° —
maxace 6asuc Illaydepa (Pucca)'.

Ananroeuuno, ecau cucmema {p,}5° o6pasyem 6asuc Llaydepa (Pucca),

N

wn:@n npu TL>N, wnzzak,n@k npu TLE[LN],
k=1

npuuem cucmema {1y, YV auneino nesasucuma, mo {1, }3° — 6asuc llaydepa (Pucca).

2) Basucnocme [llaydepa ([llaydepa uz nodnpocmparcma) cucmemor {pn}7° 8 pegarexcusrom 6a-
Haxosom npocmparcmee X 8aeuem cOOMBEMCMBYOUYO 0A3UCHOCMb BUOPMOSOHAAbHOL CU-
cmemor {1, }7° 6 conpsscenrnom npocmparcmee X*.

Basucrocmov Pucca (Pucca usz noonpocmparncms) cucmemor {p,}5° 8 eusvbepmosom npo-
cmparcmse H eaeuwem coomeemcmsyouyro 6asucrocmes 6uopmoconasvioll cucmemot {1y, }5°.

'Henocpenctsento us onpenesenus 6asuca [llaynepa BUAHO, UTO B 3TOM clyyae yCJIOBHS HA MOCJENOBATENLHOCTb {cy }
MOXKHO 0cs1abuth. [loctarouHo norpe6osats 0 < oy < 00.
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Teopema 18.V. [Iycmo 6anaxoso npocmparcmao X1 HENpepui8HO U NAOMHO 8A0%EHO 8 6AHAX080
npocmparcmso Xg. [lycmo cucmema nodnpocmparncms {Hy}3° obpasyem 6asuc Lllaydepa (0bviunoLii
uau 6eaycrosublil) us nodnpocmparcms u 8 Xg, u 8 Xj.

Toeda sma cucmema asasemcs 6asucom Lllaydepa us noonpocmparcms (0bviuHbiM UAU, COOMBEM-
CMBeHHO, 6e3yCA08HbIM) 8 N1060M DABHOMEPHOM UHMEPNOASYUOHHOM 045 napol (Xo, X1) npocmpan-
cmee X (cm. onpedesenue 8 npurosxcenuu A) npu ycaosuu, umo X; naomro 8 X.

B wacmnocmu, ecau Xo, X1 u X — eunrvbepmosol npocmparncmea, mo {Hy}3° — 6asuc Pucca u3
noonpocmpancme 6 X.

ﬂoxasameﬂbcmso. ITo orpeneJieHuIo, KaxXK b} BEKTOD T € X1 JOITyCKaeT pasJ/ioKeHue

o
x:Zaﬁk, x € Hy.
1

m
Paccmotpum onepatopsl Ty, : @ +— Y X, OeHCTBYyOLIHE B X;.
1
Xoporio usBecTHo (cM., Hanpumep, [19, ra. VI, §5]), uTo OHH HempephIBHBI,

sup || T || x, = C1 < oo,
m

a 1o onpenenenuto 6asuca || T,z — z||x, — 0 pas mwboro z € Xj.
AHnanoruuHo, Kaxae#l BeKTop x € X IOMyCcKaeT pa3/oxKeHHe

(o]
xr = E Ek, EkE'Hk,
1

~ m ~
1 Ha X( omnpezesieHbl OrpaHHUeHHble 0nepatopsl 1y, : & +— Y Ty, sup | Tm|lx, = Co < 00,
1 m

[T — x| x, = 0 Ve Xo.

oo
B cuny HemnpepblBHOCTH BjokKeHHs1 X1 C X M3 CXONUMOCTH psila © = »  xj B HopMe X; CJenyeT
1

ero cxogumocThb no HopMe X (3meck x € X1). Torna enMHCTBEHHOCTb pa3sioXKeHHs BeKTopa z € X 1o
6asucy noanpoctpaHcTB {Hy}7° B X Bieuer Ty = xy, k € N.

Takum obpasom, Ty = T, Ha MOANPOCTPaHCTBe X MPOCTpaHCTBa X, @ U3 MJIOTHOCTH BJIOXKEHHS
X7 C Xo 1 OrpaHHYeHHOCTH OINEepaToOpPOB CJefyeT PaBEHCTBO T = Ty, Ha BceM X.

Tak kak X sBjsieTCS HHTEPHOJNSLHOHHBIM TIPOCTPAHCTBOM 115 mapsl (Xo, X1), TO

1T llx < Cmax{[|Ton || xy, [Tl xo } < 00

Janee, U3 HempepblIBHOCTH WU IJIOTHOCTH BJOKeHHs X1 C X cjefyeT HeNpepelBHOCTb U MJIOTHOCTb
Biaoxkenus X7 C X. Takum o6pasom, T,z — = B X nnasg moboro z € X; (1. e. ang miotHoro B X
TMOATIPOCTPAHCTBA).

Kpurreprii cu/ibHOH CXOOUMOCTH ONepPaTOpOB TeMNepb BJedeT CXOOUMoCThb 1.,z — = Ha BceM X. EnuH-

00
CTBEHHOCTDb PAa3JIO2KEHUA T = Zxk B X C/enyeT M3 HEIPEPLbIBHOI'O BJOXKEHHUA X C Xo U €eJWHCTBEHHO-
1

CTH pasJjoxeHus B Xj.
Ecnu Tenepb HOMOJHHUTENBHO H3BECTHO, UTO cHcTeMa {Hj}(° siBasieTcss Ge3yc/JOBHBIM 0a3vcoM H B
Xo, ¥ B X7, TO pacCMOTPUM MPOU3BOJBHYIO MepecTaHoBKY (ix), k € N, HaTypaJsbHOrO psiia U OMepaTophl

m
S x> lek
k=1

[To ompenesnenuio, onepatopsl S, CHJIbHO CXOASITCS K TOXKIECTBEHHOMY omepatopy U B Xp, U B Xj.
[ToBTOpsis mpenpigyiive paccykaeHusi (0 paBHOMEPHOH OrpPaHHUEHHOCTH M CXOAMMOCTH HA TMJOTHOM
MHOKECTBe), BBIBOAUM HMX CHUJBHYIO CXOIMMOCTb K TOXKAECTBEHHOMY OrepaTopy B X. O
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Teopema 18.VI. [lycmo ecusvbepmoso npocmparcmeo Hi Henpepoi8HO 6400eHO 8 2usbbepmoso
npocmparcmseo Hy.

ITycmo cucmema {pi}7° obpasyem 6asuc Pucca 8 euarvbepmosom npocmparcmse Hy, a cucmema
{appr}3°, ede a > 0 — nekomopas nocaedosamervrocmo wucen, obpadyem 6asuc Pucca 8 Hy. Toeda
cucmema {afpy}$° asasemcs 6asucom Pucca 6 npocmpancmee Hy = [Ho, H1lg 015 ar06020 0 € [0,1].

Hoxasameavcmeo. o onpenenenuto 6asuca Pucca xaxablii BekTop © € Hp eAWHCTBEHHBIM 06pa3oM
oo

pack/ajblBaeTCs B PSIA T = Y TpPk, IPUIEM
1

o 1/2
collzlm < (Z |ﬂ?k|2> < Collz| o
1

1151 HeKOTOophIX ¢ U Cp.
PaccmoTtpuM oneparop

T:.’L‘*—>(.’L‘1,.’L‘2,...), T: Hy— o,

— OH OrpaHHYeH U orpaHHdeHHo o6patuM. C apyroil cTopoHsbl, JI060H BekTOp & € H; packjanblBaeTcs
B sl

o
T = E TRk P
1

[TockosbKy H; HempepblBHO BJIOKeHO B Hy, moc/eHUH PsL CXOAUTCS W 1o HopMe Hy, a Toria, B CHIy
eIMHCTBEHHOCTH pa3/oxkeHUs x no 6asucy {¢r}3° B Hy, nMeem

TpOg = Tk

Tak kak

o 1/2
allzlle < (Z |5k|2> < Chl|z] m,
1

C HEKOTOPBIMH MOCTOSIHHBIMH ¢; U C, To omeparop T, cyxeHHbIH Ha Hj, fIB/IseTCS OrpaHHYEHHBIM H
OrpaHUueHHo 06paTUMbIM orepaTopoM 3 H B BecoBoe mpocTpancTso lo({ag ' }).

MHTepnonupys, noayuuM, 4to 7' orpaHHUYeH W OrpaHHUEHHO 00paTUM Kak onepatop u3 Hy B BecoBoe
TPOCTPAHCTBO lg({age}). A1o u o3nauaet, uto {afpy}5° — 6asuc Pucca B Hy. O
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Spectral Analysis of One-Dimensional Dirac System with Summable Potential

and Sturm-Liouville Operator with Distribution Coeificients

© 2020 A. M. Savchuk, I. V. Sadovnichaya

Abstract. We consider one-dimensional Dirac operator £p  with Birkhoff regular boundary conditions
and summable potential P(z) on [0,7]. We introduce strongly and weakly regular operators. In both
cases, asymptotic formulas for eigenvalues are found. In these formulas, we obtain main asymptotic
terms and estimates for the second term. We specify these estimates depending on the functional class
of the potential: L,[0, 7] with p € [1,2] and the Besov space B [0, 7] with p € [1,2] and 6 € (0,1/p).
Additionally, we prove that our estimates are uniform on balls ||P||p,e < R. Then we get asymptotic
formulas for normalized eigenfunctions in the strongly regular case with the same residue estimates in
uniform metric on = € [0, 7]. In the weakly regular case, the eigenvalues A2, and A2n+1 are asymptotically
close and we obtain similar estimates for two-dimensional Riesz projectors. Next, we prove the Riesz basis
property in the space (L2[0,7])? for a system of eigenfunctions and associated functions of an arbitrary
strongly regular operator Lp . In case of weak regularity, the Riesz basicity of two-dimensional subspaces
is proved.

In parallel with the £p  operator, we consider the Sturm-Liouville operator L4, generated by the
differential expression —y" + q(x)y with distribution potential g of first-order singularity (i.e., we assume
that the primitive u = ¢~ belongs to L2[0,7]) and Birkhoff-regular boundary conditions. We reduce
to this case operators of more general form —(71y')" +i(oy)’ + icy’ + 1oy, where 7{, o, Téil) € Ly and
71 > 0. For operator £, u, we get the same results on the asymptotics of eigenvalues, eigenfunctions, and
basicity as for operator Lp v .

Then, for the Dirac operator Lp,iy, we prove that the Riesz basis constant is uniform over the balls
IP|lp,e < R forp>1or6 > 0. The problem of conditional basicity is naturally generalized to the problem
of equiconvergence of spectral decompositions in various metrics. We prove the result on equiconvergence
by varying three indices: f € L, [0, 7] (decomposable function), P € L.[0, 7] (potential), and ||.Sy, — S5, || —
0, m — oo, in L,[0,n] (equiconvergence of spectral decompositions in the corresponding norm). In
conclusion, we prove theorems on conditional and unconditional basicity of the system of eigenfunctions
and associated functions of operator Lpy in the spaces L,[0,7], u # 2, and in various Besov spaces
BY [0, 7).
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