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PACYET U TTPOEKTUPOBAHME CTPOUTEITbHEIX KOHCTPYKLIMMA

YK 05.23.05, 01.01.05
DOI: 10.22363/1815-5235-2018-14-2-84-91

HAXOXJEHUE SKCTPEMAJIbHBIX 3HAUEHUI
ONEPATUBHOI XAPAKTEPUCTUKH
KOHTPOJISI KAYMECTBA CTPOUTEJIbHBIX U3AEJIUIA

H.M. YUT'AHOBA

HanumoHansHBIN HecaeT0BaTEIbCKUI
MOCKOBCKMI IOCYJapCTBEHHBIA CTPOUTEIbHBIA YHUBEPCUTET
Apocnasckoe wiocce, 26, Mockea, Poccus, 129337

(nocmynuna 6 pedaxyuro: 04 nexabps 2017 r.; npunsma x nyoauxayuu: 05 mapta 2018 1.)

3amada TUIaHUPOBAHKS KOHTPOJIS 110 KOJTMYECTBEHHOMY IPU3HAKY 10 CYTH JIeJia €CTh 00-
paTHas 3aja4a WUHTEPBAIBLHOTO olleHUBaHUs. [loaToMy mpu ompejeNeHuH IMIaHOB KOHTPOJIS
(n — 00beM BBIOOPKH, K — KpuTEpH TPHEMIIEMOCTH) MCIOJIB3YIOTCSI Pe3yJIbTaThl 110 HHTEP-
BaJIbHOMY OIICHUBAHHIO. AJITOPUTM MHTEPBAIHHOTO OLlCHUBaHWUs, TipetokeHHbIi JI.H. Bois-
meBbiM U D.A. JIoTHHOBBIM, IpENoaraeT HaXOXKJACHUE BEpXHEW U HUKHEH rpaHull onepa-
TUBHOW XapaKTEPUCTUKU KOHTPOJISI Ka4eCTBa, KOTOpas B CBOIO OYepe.b MPEICTABIISICT COOOM
BEPOSATHOCTH MPUEMKH IMAPTHUN C YPOBHEM KauecTBa, HE IPEBOCXOIAIINM PUCKA TIOTPEOUTEINS.
[Ipu 5TOM BEpOsATHOCTH OpaKOBaHWS MAPTHH HE OOJNBINE pHUCKAa M3TOTOBUTENA. B HacTosmiei
CTaThe clellaHa TOMBITKA HANTH B SIBHOM BHJE IKCTpEMajbHBIC 3HAUCHUS OIEPAaTUBHOU Xa-
pakTepucTukd. B pesynpTare morydeHsl (GOpPMYINbI OIEPaTUBHOW XapaKTEPHCTUKH B SBHOM
BHUJIe, KOTOPBIE TIO3BOJIIIOT 3HAYUTEIBFHO YIIPOCTHTh HAXOXKJICHWE IIAHOB KOHTPOJSA NPU IBYX-
CTOPOHHEM JIOIyCKe Ha KOHTPOJHPYEMBIA MapaMeTp, XapaKTepU3yIOInii KOHKPETHOE M3/e-
nue. B kauecTBe KOHTPOJIUPYEMOTO MapaMeTpa B CTPOUTENBHON HHAYCTPUH TIOJIPa3yMeBAETCS
JII000M MPU3HAK, IT0 KOTOPOMY XapaKTePU3yETCsl HAJICKHOCTh CTPOUTEIBLHOIO H3/ICIHS.

KiroueBnble ciioBa: KOHTPOJIb Ka4€CTBA, CTPOUTCIIbHBIC HU3ACIINA, OIICPATHBHAA XapaK-
TCPUCTHUKA, ITAPpaMCTPbI pacpCACICHUA

[Ipu pemeHny 3a7a4 KOHTPOIST KA4ECTBA CTPOUTENBHBIX M3JIEIHNA TI0 KOJINYECT-
BEHHOMY TIpu3HaKY [1; 8] Bo3HMKaeT mpobieMa HaX0KICHUS YKCTPEMATBHBIX 3HAUC-
HUi QyHKimu Z, (M, §), npencrapisiomeii coboi OnepaTHBHYIO XapaKTEPUCTUKY
KoHTpoIA [7; 9].

M3BecTHO [2], UTO OHA UMEET BH]I

Zn,k(ml 6) =
1 n
= B [ 3 yn=2e T {0 —(uy + miVR] — @[y + VY = 161,65, (1)
n-—1
2(3) °
rne B= ﬁ; F'(x) - ramma-pyskius; 6; = O(w;); i=12;
2
- - t?
U = X“Sm; U, = me,,; d(x) = \/%_nffooe_7 dt; n — ciyvaiiHas BEJIMYHMHA, pac-

npezeseHHas o 3aKoHy; Xu — kBajpat ¢ (n — 1) crenensio cBoOOABI;, M — MaTeMa-
THYecKkoe oxuaanue; 62 — qucnepeus; (n, k) — nnan kouTposs [2].
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Kaxk BaxxHOe o6cTosiTenbeTBO oT™MerM [10], uto xapakrepuctuka Z, x (m, §) 3a-
BUCHT OT MapaMeTpoB m u § uepe3 QYHKIUU U, U Uy, KOTOPHIE BXOAAT B (opMy-
ay (1) ue B Buze kombunamu ®(u,) + P(u,) = q.

[losTOoMy B ciydae AByXCTOPOHHETO OTpaHMYEHHS HAa KOHTPOIMPYEMBIH MmapameTp
OnepaTHBHAs XapaKTepUCTHKA Z, (M, §) He oJHO3HAYHO ompesernsercs noneil q He-
TOJHBIX M3/IeUi B HAapTHH, a 3aBUCHT ellle OT MapaMeTPOB pacHpejieeHus m u 82,
B kadecTBe KOHTPOJIHMPYEMOTO MapaMeTpa B CTPOUTENBHON WHIYCTPHUH TIOpa3yMeBaeTcs
7000 PH3HAK, IO KOTOPOMY XapaKTepHu3yeTcsl HaJIeKHOCTh CTPOUTENBEHOTO M3IEIHSL.

Ecnu Obl B TeXHHYECKUX YCIOBUSAX Ha mapaMeTp X OBIJIO HAJOXKEHO OJHOCTO-
poHHee orpanuueHue, Hanpumep X > Xy, 10 Z, ,(q) 0AHO3HAYHO ONpPEIEISIOCh Obl
3agaHueM q. B camom gene, momaras B popmyiie (1) X, = oo, momyunm

Uy = —0,0;, = P(—0) =0,q =60, = P(uy), u; = Ug 1

n
Zuie(m,8) = B [} 2e 72" ®[—(ug + nk)vn] di = Zy i ().

Tak Kak npu JBYXCTOPOHHEM OTPAHMYEHHUHU HA [APAMETP BEPOSITHOCTH MPUEMKH
MapTUH ¢ YPOBHEM KauyecTBa ¢ 3aBUCHT OT I1ApaMETPOB paclpelereHus m u §, 1o
IpY ompesieieHHy aHa KoHtpons (n, k) HeoOxomumo BMecTO Z, ;. (q) HCIOIB30-
BATh HIKHIOK ¥ BEPXHIOK TPAHMIIbI

Znk(q) = min Zy.(m,6),

Znk(q) = onax Znr(m,6).

o= fro=a(2m) o) )

B Hacrosiieii crarbe cieniaHa IMOMbBITKA HAWTH B SBHOM BHJE SKCTPEMalbHbBIE
3HayeHuu pyukumu [(64,6,).
Urak, nepeiinem k uccnenoBanuto ¢pyuxuuu [(64, 0,) Ha 3KCTpeMyM.
3aMeTuM, 9TO
Zni(@) =  min_ 1(01,62), Zyi(q) =  max  1(6,6,),
0= {(91, 92): 0 < 9,: < 1,l = 1,2,01 + 92 = q}

Haxoxnenue skcrpemymoB ¢yrukuuu [(6;,6,) mpoBemeM MO OOMIETIPUHATON
KJIACCUYIECKOH cxeMe. 3aMEeHHM IepeMeHHyto 6, depes 6.
Torna nomyunm

Z = min (6,9 —6,),Z = max 1(64,q9 — 67).
- 0<6,<q <6<

3ece

I/ICHOHLSyH OYCBUIHBIC COOTHOIICHUA

duz

duy us
=V2me2 = —V2mez2,
d91 d@l
nociie psia npeodpa3oBaHuil HAXOAUM

dl(61,q9 — 6
pEa =) signipy (uy, u2),

do,
—%(ur"uz) no,,1 1
o Uy, uy) = f x2o72% Gz n=? x
0
(n 1) (" 1)
X [e 42 _ g i+ | g ()
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Hetpyano npoBeputs, 4To

—Yn(ug, up) = Pu(ug, up) 1P (ug, up) =0 3)
Opu Uy = Uy.
B cuny dopmyist (3) mocratoyno uccienoBarh 3HaK GyHKImU P, (Uq, Uy) TpH
Uy < u, s onpenenenus signy, (U, U,) Ha BceM AMana3oHe U3MCHCHUS Uy U U,.
Paccmotpum oTnenbHBIN cnyyait n = 2. Torga dopmyna (2) MoxkeT OBITH 3aITu-
caHa TaK:

A
Yo (ug,up) = fo Gy (x)Hy(x, ug, uz)dx, “4)
e Gy(x) = e(1—k—2)x2; Hy (x,up,up) = hy(x,up) — hy(x, uy);
1
hy(,uy) = e 23XH%, =10, A= —%(u1+ Uy).

OueHuTh 3HaK QYHKLIUH 1P, TO3BOJISIET CIEAYIOMIAs JIEMMA.
Jlemma I. Tlycts GyHKunY /1 g 3a1aubl Ha unTepBaie [a,b], f = 0 u

facfdx:fcbfdx,ce]a,b[, (5)

TOTrga
b
J:gfdx > [ gfdx, (6)

€CJIA ¢ — CTPOro yOBIBaromas GyHKIHSL.
Jloxazamenbcmeo HENOCPEJACTBEHHO CIEAYET U3 TEOPEMBI O cpeaHeM. JlecTBu-
TEJbHO,

[ grax =gt [ raxxelact

b b
f fdx =g(x2)f fdx,x,€la, bl.

Iockonbky g(x1) > g(x3), To U3 yciosus (5) cnenyer HepaBeHCTBO (6).
Cneocmeue 1. Ecnu B ycnoBusix jieMMbl [ pyHKIHS g CTPOTO BO3pacTarolas, To
BMECTO HepaBeHCTBa (6) OyeT CpaBeTUBO MPOTUBOTIOIOKHOE HEPABEHCTRO:

]Cgfdx < fcbgfdx.

a
B cmpaBennuBocTH 3TOro 3aMeuYaHus MOXKHO YOEAUTHCS, YMHOKUB HEpaBeH-
cTtBO (6) Ha (-I) u 3amenuB pyHKIHIO gHA -
[Tpumennm zemmy I st oueHkU GyHKIMH 5. 3aMeTUM BHAYaIE, YTO IpH Uy < U,

>0,x<—,
Hy(x,up,u3) =(=0,x =

)

<0,x>—,

NN N

A
foz hy(x,uy)dx = LA h,(x,uy)dx = r [CD (%) — @(uz)],
2

2
gh D = Ah D = T o Uy — Uy o
fo 2, ug)dx = fé 2(xuz)dx = 5 [ (T) - (u1)]-
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Brrunrtas U3 mepBoro ypaBHEHHS BTOPOE, OIydaeM
A

3 A
f szx=_f sz.x.

A

A 2

[Monoxxum B Jlemme I a = 0, ¢ =§,b =A,9g=Gu

A
Hy(x),x < 5
fx) = 4
—H,(x),x > —=.
2
OueBUIHO, BBEJEHHBIE (DYHKIMHU yIOBIETBOPSIOT YCIOBUAM Jlemmot 1.

CraenoBatensHO,

A
= A
2
¥, =f Gszdx+fA G, Hydx > 0,
0 —_
2

ecnu G, — cTporo yoObIBaroIias (hyHKIUS, a 3TO BO3MOXKHO, JIKIIb kKoraa k < 1.

Ecmu G, — ctporo Bo3pactatomas ¢yakuus (k > 1), To B cuny credcmeus [
Vo (ug, uy) <O.

Ilpu k =1 ¢yskmus G, = 1, a 3Haunr P, = 0. Takum obpazom, ipu n = 2
nu, < Uy

=0,k=1,

46, <0,k>1.
TeM caMbIM yCTaHOBJIEHO, YTO OTIEpaTHUBHAS XapaKTEPUCTHUKA KOHTPOJS MpPH
k <1 uMeer MUHUMYM U MakCHMyM COOTBETCTBEHHO B Toukax (f; = 0,0, =q) u

dl(gl;q _ 91) {> O,k < 1,

6, =06, = %). IIpu (k > 1) oTMeYeHHBIC TOYKH MHHHUMYyMa U MaKCUMyMa MEHSIOTCS

MecTaMu. 3anuiieM BeIpaKeHHE ONePaTUBHON XapaKTEPUCTHKU B 3THX AKCTPEMaIbHBIX
toukax. [lonaras B popmyne (1) n=2,(0, =0,0, = q), T.e. U3 = —0, U; = Uy,
nojgyvyaeM

2 (*° .,
Znk(q) = \/_Efo e " CD[—(uq + kn)x/?]dn.

Mpun=2,0,=60, = %, T.e. Uy = Uy = — %uq dhopmyna (1) mpuHUMaET BUL

2 ' E
Zni(q@) = —= f e {1 - 20 [ug + kn] \/E} dn.
Vi Jo 2
Hrak,
\/%fooo e " ®[—(u, + kn)V2]dn, k < 1,

Zyy(q) = (7

1
27 A2
= Jee™ {1 - 20 [(ug+kn)\/§]}dn,k > 1.

Bepxnsist rpanuna Z, , (q) 3anuceiBaercst hopmyoii (7), Tonbko ycnous k < 1
u k > 1 Heo0X0ANMO IOMEHSTh MECTaAMH.
[ockonbky npu k = 1 ¢yrkims P, = 0, TO HIMEIOT MECTO CIECYIOIIME TOXK/IECTBA:
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—(u+uz)
fo e~ (D[ (uy + V2] — B[(wy + OVZ]dE) =
= [0l uq + V2t =
0

q
2

)

e~¢’ {1 - 20 [(u% + f) \/E]}df,
rie
q = ®(uy) + ¢(uy).

Paccmotpum Teneps ciydaii n > 2. JlokaxkeM criemyroliee yTBepxKaeHue.
Teopema I. Tlpn uq < uy Y, (uq,uy) > 0 st Beex k < k™, rne

2
n 1

+
-2 [ +uw)| "

loxazamenvcmeo. OueBUTHO,

k* = 1

A
(g, 115) = fo G (O Hiy (3, s, uz)d,

e G,(x) = x™ 277", H,(x,uy,uy) = hy(x,uy) — hy (6, uy);
hy (x,u;) = exp [—%(n - Dy + %)2]; i=12 y= g(kiz - ﬁ)
HerpynHo npoBeputs, uTo npu u; < U,
(>00<x<™=4,
n-1

Hy(x){ =0,x="24, (8)

<0,x>214
n

n—1

A
n
L_z h, (x,uy)dx = _];1-1 h,, (x,uq)dx,
A A
n—1

A A
fn__ZA hn (x, ul)dx = fn__lA hy, (x, uz)dx.
n n

W3 mocnexyronyx AByX ypaBHEHHUH MOIydaeM, 4To
n-1

A A
.L—Z H,dx = _fn_—lA H, dx.
n

=4
Hccnenyem teneps QyHKIHIO G,,. 3aMeTUM BHaJae, 4To

y > 0 Vke[0, k*].

®yukuus G, crporo Bospacraer Ha unrepsane |0, X*[ u yObiBaeT Ha UHTEpBaIE
1

n-2)12 o .
1X*, 00[. X* = [%] . HermocpeicTBEHHOM MPOBEPKOI MOKHO YOSTUTHCSA B TOM, 9TO

X* <(nn;2)A Vke[0, k*]. CnenosarensHo, Ha WHTEpBAIE [nT_lA,A] byukuusa G,
CTPOTO BO3PACTAET.
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B cury dopmysl (8) mmeem

A
Yn(uy, uz) > f"_‘ZA GnHy dx. )
OlneHuM 3HaK UHTEpBaJia B HepaBeHCTBE (9) ¢ MOMOIIBIO emmbl 1.
[Tonoxum
n—2 4 n—1 b= G
a= , Cc = , = A, =
n n 9 n

[ H,0ox<""1a,
f@) = o
k—Hn(X),x > TA

Beenenne QyHKIMIA f ¥ g YIOBIETBOPSET YCIOBUIO CIENCTBHSA .
[Hoatomy 1, > 0. [loka3arenbcTBO OKOHYEHO.

N3 teopemsl | nonydaeM cienyromuii pe3yabTar.

Creocmeue I1. Tlpun > 2

Zo(@) = B [ €725 @[ (uq + k€)V]de, (10)

1 -s0[ (g 1)l

2

_ 1 (3 _ng?
Z(q) = BF f 2o
0

s Beex kel0, k|, rne

_1
. ( n 2 | 1 ) 2
=(———ug+——) .
7 \n-2)3 n-1
Jloka3aTensCTBO HEMOCPEACTBEHHO ClleAyeT W3 TeopeMbl I u Toro (akra, 4TO

dynkmus (u; + uy)? KOoCTUraeT MUHUMAIBHOTO 3HAYEHHS HA MHOYKECTBE
{ug, uz: ®(uy) + P(uz) = q}
B TOYKEC U4 = Uy = Ug.

2
3akawuenue. Takum oOpazom, Gopmyiasl (10) MO3BONSIOT 3HAYUTEIILHO YITPO-
CTUTh BBIYUCIICHUS IIAHOB KOHTPOJS (N, k) MpH IBYXCTOPOHHEM IOIMYCKE KOHTPO-
JUPYEMOTO TIapaMeTpa, XapaKTePHOTO JUISI KOHKPETHOTO CTPOUTEIEHOTO U3/ICITHS.

© Yuranosa H.M., 2018
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26 Yaroslavskoye Shosse, Moscow, 129337, Russian Federation
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The matter of control planning by variables is essentially the inverse problem of interval
estimation. Therefore, when determining control plans (“n” is the sample size, “k” is the eligibility
criterion), the results of interval estimation are used. The algorithm of interval estimation, proposed
by L.N. Bolshev and E.A. Loginov, presupposes finding the upper and lower bounds of the
operational characteristic of quality control, which in turn represents the probability of acceptance
of the batch with a quality level not exceeding the consumer risk. In this case, the probability of
batch rejection is not more than the manufacturer risk. In this article, an attempt is made to find the
extreme values of the operating characteristic in an explicit form. As a result, operative
characteristics formulas were obtained in an explicit form, which made it possible to significantly
simplify the determination of control plans with bilateral tolerance for the controlled parameter that
characterizes a specific product. In construction industry, any sign on which the reliability of the
construction product is characterized is implied as a controlled parameter.

Keywords: quality control, construction products, operating characteristics, distribution
parameters
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INPUHIUII HAJIOKEHUS KAK OCHOBOIIOJIATAIOIIASL OHIUBKA
TEOPUU NTOJI3YUYECTHU U CTAHIAPTOB 110 )KEJIE3OBETOHY
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(nocmynuna 6 pedaxyuro: 23 nexabps 2017 r.; npunama x nyoauxayuu: 04 mapta 2018 1.)

BbIsBIIEHBI 1 HCCIEAYIOTCSI OIIMOKNM OCHOB COBPEMEHHOH TEOPHH ITONI3YYECTH Kee300e-
TOHA, BBI3BAaHHBIC HCIIOJIH30BAHMEM INPHHIMIIA HAJIOKCHUS, SBIISIOIIETOCS PACIINPUTEIHHBIM
TOJIKOBAaHHEM IIpUHIMNA (CXEeMBbl) JIMHEHHON cymneprno3uiun bosbsnmMana. PacmmprutensHoe
TOJIKOBAHHME BO3HHMKAET BCIICACTBHE CICAYIOLNIMX OOCTOSTENBCTB: ydueTa SBJICHHS CTapeHust Oe-
TOHA; U3MEHEHNsI KPAaTKOBPEMEHHBIX CBOMCTB OETOHA C BO3PACTOM T K MOMEHTY €ro 3arpyxe-
HUS; HENMMHEHHOCTH AeOpMalliK TON3y9IeCTH, HAUWHas C CaMbIX HU3KHX ypPOBHEH 3arpyskKeHus;
HCIIOIb30BAHMS IIETHBIX MOJIENICH» B BHJE IOCIEA0BATEIBHOIO COSIUHEHHUSI HECKONBKUX TEI,
K IIpuUMepy — Teopust MaciioBa, TeOpHsl CTapeHus], BI3KHUI 3JIEMEHT; IPUCOBOKYIUICHUS] KPaTKO-
BPEMEHHBIX CBOICTB OETOHa K CBOWMCTBAM €ro IMOJ3YYECTH; PACHIMPUTEIILHOTO TOJIKOBAHHS
(YHKIMY TTOATIIMBOCTH NPH PAa3HOCTHBIX si/Ipax. B MexayHapOIHBIX HOPMaXx IOJ3Y4ECTH JKe-
Je300eToHa yYMTHIBACTCS TOJBKO JIMHEWHHAas IMOJ3ydecTh OETOHa M MIHOBEHHBIEC JIMHEHHBIC
CBOICTBA; MX aBTOPBI HAa3bIBAIOT CBOU Pa3pabOTKH «HOBBIM IIEPEJIOBBIM (popMaToMm, pa3pado-
TaHHBIM B TIOCJICJJHUE JICCATHIIETHSI MEK/TyHapOAHBIMHA HHCTUTYTaMH CTaHAapTh3aimmy. OnHa-
KO 3TH oueHkd (opmara ommbounsl. Ilo manHpM EBpokona, KpaTkOBpeMEHHas aAuarpaMma
0eToHa G-&¢ MMEET HUCMAJAIOUINH YYacTOK M OTPaHMYCHHYIO NMPOTSHKEHHOCTB, a TON3Y4ecTh
Oerona HenmHeiHA. OcHOBOMONMOKHUKH Teopud — A.A. ['Bo3nes, H.X. Apytionss, C.B. Ajek-
caraposckuii, [1.1. BacunbeB — HEOTHOKPATHO YKA3BIBAIOT: «IeOopMaIiy MoI3ydecTn OeToHa
HEJIMHENHO 3aBUCAT OT HANpPSKEHWH, HAYMHAS C CAMBIX HM3KHMX MX ypOBHEW». JlomomHstoTCA
pe3yJIbTaThl aHAJIN3a [IOTEPU MTHOBEHHOM HEJIMHEUHOCTH U IPUHIIMIIA HAJIO0XKCHUS IIpU I10JI3Y-
yecTH OeToHa, ONyOJIMKOBAaHHBIE aBTOpaMH B JKypHaJie « CTpoUTeNbHas MEXaHWKa HHKEHEPHBIX
KOHCTPYKIMH U coopyxeHui» Ne 6 2017 r. u Ne 3 2016 r. CraThst HamicaHa B COOTBETCTBHH C
peKoMeHaalusIMu Kpyriaoro crona, cocrossuierocss B PYIH 09.06.2016 r. noa pykoBoACTBOM
1.T.H., mpod. C.H. KpuBomarko.

Ki1roueBble ciioBa: ynpyromiactuieckue nedopmanuu 0eToHa, Teopus Hon3ydecTu oe-
TOHA, JUTUTEIEHOE COTPOTHBIICHHUE KeIe300€TOHa, COBPEMEHHbIE CTPOUTEIBEHBIC HOPMBI

TIpuHIMn HaNOXKEHUS SIBJISIETCS OCHOBOM Kak COBPEMEHHOM Hay4HOM TEOPHH I0JI-
3ydecTd OETOHA, MOMYYHMBIIEH Y 3apYOCKHBIX YUCHBIX Ha3BaHHE «MUPOBOTO TAPMOHN3H-
poBaHHOTO (hopMaTa», Tak M Pa3pabdOTOK «B TOCIEIHUE JCCSITUICTHS MEKIYHAPO-
HBIX MHCTUTYTOB CTaHAAPTH3AIUM... [UT PEKOMEHAAINNA, HOPM B TEXHUYECKUX PYKOBO-
Iammx JokymeHToBy [1-3]. 3mech ke ykaseiBaercs, uro Mak-I'eapu B CIIIA (1943 r.)
«00OCHOBAJT 3Ty TCHJCHIMIO SKCIICPUMEHTAIBHBIMU HCCIICIOBAHUSAMU TTOJI3yUYECTH Tep-
METHYHBIX 00pa3IIOB 110 HPUHYUNY HAL0JCEHUs, CBOMCTBEHHOMY TeopiH Bonbreppay.
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OCHOBHO}#1 3aKOH TIOI3y9IeCcTH O€TOHA MPUBEIEM B OPUTHHAIBLHBIX 0003HAYCHISIX [1].
t

g4 (t)=0ltg W (t.t0)+ [J(t.t)do(t"), (1a)
f

1 o(t,1)
E.(t') E.()
dynkums nomarmusocty; E,.(t') — mecrammonapusiii Moayis ynpyroct; ¢l,f') —

riae sc(t) — nommas gedopmarms ot Hanpskenus o(f); J(t,¢')=

HeCTallMOHApHAas XapaKTepUCTHKA MOJI3Yy4YECTH, YIUTHIBAIOIIAs CTapEHUE.
B Hay4HbIX myOnuKanusx oObIYHO HHTETpUpYIOT B (1a) 1o yacTsiM, moiyydas

£6(t)= ;c(zf))_ic(t')ﬁ %+% dr'. (16)

ole.r’)
E.(1')

WCTIONB3yeMOl B MyOJIMKANMAX B HAIe CTpaHe, YTO MPEANOYTHTENbHEE MPUMEHe-
HUSI XapaKTePUCTUKH MOJI3YYECTH PH 00paboTKe IKCIIEPUMEHTOB.

[MoguepkueM, uto B ¢(f,t") u C(¢,¢') yunTbIBaeTcs crapeHHe OETOHA, a MOIYIb
YIpyTO-MrHOBEHHOM nedopmaryn E.(¢') CyliecTBEHHO 3aBHCUT OT BO3pacTa OeTOoHa.

Ypasuenus (1a), (16) 000CHOBBIBAIOTCS ABYMSI OCHOBOIIOJIATAIOIIIMIMH JIOITYTIIC-
HUSIMH: TIPUHIATIOM JINHEHHOM CBSI3U MEXKIy HATPSDKEHUSIMU U IeOopMaisiMu

eo(t,1")=olt' M (t,1'); (1v)
MPUHIIUIIOM HAJIOXEHHS, CIIOBECHO CHOPMYIMPOBAHHOM B Pa3IMYHBIX BapUaHTaX
W3JI0)KEHUS] B MHOTOUMCIICHHBIX OOIIEH3BECTHBIX MyOIMKAIMAX 110 TEOPHUHU TOJI3y4e-
¢t OeTOHA, CIIpaBOYHUKAX, Hampumep B [9].

Cepbesnbple omuoOku B (1a) menmaroT HOPMATHBHYIO TEOPUIO HECOOTBETCTBYIOMICH
EBpOKOJLy, HeHaIe)KHOH U HEeIKOHOMUYHOIL. [Tpu ro0BOM 06beMe 4 M. M’ HpHMe-
HEHHs B MUpE OETOHa W KeJIe300€TOHa, MOTePH OT TAKHX HOPM H PacueTOB COCTAaB-
JSIOT 3HAYMTEbHYI0 BennanHy. HamoManM Takke o Tpareann oopymenus TpaHcBa-
anb-napka (Mockga, 2004 r.), 00yCIOBICHHO ITpobiieMaMH MMON3y4yecTn OeToHa.

OTMeTHM, YTO CTaThsl HE HMMEET OTHOMICHHUS K «IIPOAOIDKAIOIIMMCS CIIOpaM,
...pacXOXICHUSAM U HEOMPEIEIIEHHOCTAMY, CYIIECTBYIOIINM B JaHHOM pasfelie MoJ-
3ydecTH xkene3o0eroHa. Takxke 31ech HE UAST pedb 00 HHOW TOUYKE 3pCHHS. ABTOPHI,
MOJB3YACH cucTeMoi EBpoKo/a, BRISBISIIOT M aHAIM3UPYIOT OIIMOKK B TOH 00nacTu
MOJI3YYECTH, T/Ie, KaK CBUICTEIhCTBYIOT PYKOBOJIUTENN U pa3pabOTUYNKUA HOPM, €CTh
«yCTaHOBUBIIHUHCS KOHCEHCYC» [1-3].

I'maBHas maTemaTudeckas ommoOka (la) 3aximrodaercs B €e OCHOBE — MPUHIIUIIC
HaJIOKEHMS, TIOSIBUBILIEMCSI B TEOPHH KeJie300eToHa nocie padoTsl Mak-I'enpu. O1oT
MPUHIIUIT HEBEPHO CTPOHWT SAPO MOJI3YUECTH, HEMPABHIBHO OMHCHIBAET IPOIIECCH
W3MEHEHHUs MTHOBEHHBIX Jedopmannii u aedopmanun nonzydectd. OmmubouIHOCTb
MPUHIIMIIA HATOKEHHSI MOXXHO YCTaHOBUTH Pa3IMUYHBIMHU CIIOCOOaMH: HampuMep, Io-
CTpOeHHEM U perieHrueM nuddepeHInanbHOT0 YPaBHEHUS, COOTBETCTBYIOIIETO JIH-
HelHO# cBsi3u (1B); pemieHHMeM 0OpaTHOM 3amadd KIACCHUESCKOW MEXaHHWKH; aHaJ-
30M BEJIMYMHBI TIOJTHON CKOPOCTH edopMaliui, COOTBETCTBYoMIEH (1B).

Ha ocHoBannu nmocnenHero cnocoba nmeeM

N , noJ(nt) nad(ee)
vo(t,t')=6(t')- J(t,t')+oft )T+G(l‘ )7

3aMeTHM, YTO Cclaraemoe SBIIIETCS Mepoi mon3yuectu OetoHa C(,t'),
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OTcrozia BUIHO, 9TO B OCHOBHOM 3aKoHe (1a) MOTepsHBI YEThIpE CaraeMbIX, BbI-
3BaHHBIX CKOPOCTHIO U3MCHCHU A KOS(b(l)I/IHI/IeHTa IOAaTINBOCTU

nE) N1 o) a1 dent) . onEe()
—olt )%+G(Z )m%+ olr )m%—c(t Yo, ¢ )%

NpUYeM 10 3HAYUMOCTH OHU CONOCTABHMBI C OCTAaBIIMMCS CJIaraeMbIM. DTH MOTEPH
BEI3BIBAIOT 3HAYUTEIHHBIE PACXOXKICHUS MEXKIy TEOPHEH W SKCIIEPHUMEHTaMH, OIH-
CaHHBIC B HAYYHOU JTUTEpAType, HatIpumep [7].

B npuHIue HaIOXEHUS COBEPIIAIOTCS ¢ OIMOKamMu (1 0e3 HagOOHOCTH) IMPO-
THUBOTIOJIOXKHBIE MaTeMaTHIECKUe JTeHCTBUS HaJl M3BECTHBIM pe3ynbraTtoM (1B) Kiac-
CHYECKOH TeopHu: cHadana ero auddepeHmpoBanue, 3aTeM HHTerprupoBanue. B mpo-
necce nuddepeHIUpoBaHUs TEPSIFOTCS cllaraeMble: 0JIHO Y MTHOBEHHBIX Jle(OopMaIiuii
1 HECKOJIBKO Y e OpMaIiid MOI3yuecTd; MOCIe HHTETPUPOBAHNUS TOTEPU NEPEXOIAT
B 3Ha4YeHHA JieOpMaIlHii, a 3aTeM B TEOPHIO pacdyeTa KOHCTPYKIINH.

[IpuHIKTT HaNMOXKEHHA KOBEpPKaeT KIACCHMYECKOro BUAA JTMHEHHYIO cBs3b (1B),
BBI3bIBasi TPY BHJIA OMIHOOK [4-5; 8], HCKaXKAIOIIMX TEOPHIO MOJI3YyYECTH OCTOHA:

1. HEBepHO ompe/ersieT 3Ha4eH!sI KPaTKOBPEMEHHBIX JIMHEHHBIX TehopMaItuii;

2. HEMPaBUIFHO HAXOMIUT BBIPAKEHHE SAPa, OMICHIBAIOIIETO MPOIECC N3MEHe-
HuUs neopManuii TMHEIHON ONI3y4YecTH;

3. oMOOYHO MPUYHCISIET K AeOpPMAaIHsIM TOI3Y4YeCTH MIHOBEHHBIE YIPyTHE
nedopmarum.

PaccmoTpum ux moapoGHee.

1. Ckopocts ynpyroii gedopmanuu paBHa

éy(f):@(f)EL(t,)

UnTterpupys, umeeMm

2)

o 1

+ G(I')gm.

£y (0)- 5 (t0)= j%wdo(t')+ Jt'cs(t’)%E;(t,)dt’.

HaTterpupys nepBoe ciaraeMoe 1o 4acTsM, Haijaem

oy (1), (1)~ 2 _olo) (0 1 dt+j )2 ar

£ Eo) ) L)

Orcronia KpaTKOBpeMeHHas AehopManus paBHa
o\’
ey(1)= Uk (3)

TaKXe BUJHO, YTO TIEPBOE ClIaraeMoe MoJ| 3HakoM uHTerpana (10) sBuseTcs JUITHUM,
a ucrosib3oBanue B (1a) u (10) mpuHIMITA HATTOKEHUS

R v R A K

rITy0OKO OMIMOOYHO.
[IpuHIMIT HATOXEHHSI OMIMOOYHO PEKOHCTPYUPYET (AaKTUYECKYIO, PEaIbHYIO
VIPYTYIO JTUHEHHYIO MOJZIEeNh OeTOHa ¢ MomyieM FE.(f); OH TpHuIenbIBaeT K Hel Hecy-
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MIECTBYIONIYIO ¥ HEPEaTbHYI0 MOJAETH JTHHEHHON BSI3KOU KXUIAKOCTH ¢ KOIPDHUITHCH-
2000
E. ()
- ’
E.()

PaccmoTpum mpumep: monoxuB B (3), (4) o(f) = oy = const, moIydum

ToM BsizkocTu K (1) = , 00pasys TakuM crocoboM cxeMy MakcBelia.

c c
Ey (t) = E—(Z) H &y (to ) = WO) = const. CpaBHeHue 3THX AedopManuii MoKa3zaHo Ha
e\l c\lo
puc. 1.
&0
I /I\ //HO NPHUHITHITY HATOXKCHHSA

Ey(tp) — T — —
peabHBIE YIpyTHE Je(opMalum

fo =7 nu. =360 gH.

Puc. 1. Cpasnenne &,(#) u £,(7)
[Fig. 1. Comparison g,(%) and g,(7)]

Kpusas 2 na puc. 1 coorBerctByeT nanHsiM BHUUI 00 uamenenun momy-
ns ynpyroctd E.(f) Bo BpeMeHu. OmmOKM B 3HAYCHHH YNPYyrou AeopMmaivy npu
t =360 gu. gocturarot =~ 300%.

2. B obnactu gedopMaruii moi3ydecT:H YUCI0 T00aBOYHBIX ((DHUKTHBHBIX) TEIl,
BO3HHKAIONINX BBUIY HEBEPHOH CXEMBI TIOCTPOCHHUS SI/Ipa MON3yUecTy (HacIeCTBEH-
Hoil (yHkiuu | poma), cymecrBeHHO Bo3pactaeT. OHO 3aBHCHT OT BUAa (PYHKIIUHU
o(t,t"), OMUCHIBAIONIEH HECTAIIMOHAPHYIO XapaKTEPHUCTUKY TMOJI3YYECTH B OCHOBHOM
3akoHe (1a). 3anumem 3Ty (GYHKIIUIO B 0OIEU3BECTHOM, ITUPOKO HUCIIOIB3YEMOM B
HAYYHOU JIUTEpAType, BUIC

o(t,1) 9o (t’)|1 1) |
E(t) E.(t)

TE Qg (t') — QyHKIMSI, yUYUTHIBaONIas CTapeHne OeToHa.

; )

B m3BectHO# Monorpaduu U.E. IIpokomoBuda XxapakTepuCTHKa MOIBYIeCTH ((2,")
y 3apy0eKHBIX YUCHBIX HMeeT 00o3HayeHne C (t, r) — 9TO TOX/ICCTBEHHBIC BEJTMIHMHBI.

B ciyuae (5) ocHoBHOI 3ak0H (1a) oOpa3yer deTsipe MUIIHUX ((PUKTUBHBIX) Te-
na: aBa Tena thna Doirra W JABa BA3KHX DJIEMEHTA, COCAMHEHHBIX MOCIE0Ba-
TEIBHO MeXy co00. [ledopmariuu 3THX Tell paBHBI

t

1 _ 4 EC(I9
)= [o(t")—e =gy, t')= : 6
81(1)() t{)c( )nl(p(t’) nld)( ) (boo(t’) (6)
Lo N EN@) 1
82(1)([): t_([G(t )mdi ) T]Z(I)(t )_ Ec(ld) (Poc(tl)’ (7)
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_y N EXt) 1
€3 o Z Y(t t)dl’, n3 (t ): L—,—I, (8)
ol I n3¢() PR 0.0)
E(1)
84(1) IGt ——dt', T|4q)( ) Y ©
f0 114(1) ) (Pw(t )
TIE Mgy - » Hag — KOIDPUIMEHTHI BA3KOCTH MM KO3()(OHULIUEHTHl BHYTPEHHETO CO-

MPOTHUBIICHUS (PUKTUBHBIX Tel, mpudeM Tena (8) doiirra u (9) BA3KOro 35IeMeHTa pu
COKaTHH PACIIUPSIOTCS.

Hedopmanmu nonzyyectu (6—9), BEI3BaHHBIE BO3ACHCTBHEM MPUHIMIA HATIOXKE-
HUS Ha KJIACCUYECKYIO CBS3b (1B), SBISIIOTCS (UKLIUEH; OHHM CYMMHUPYIOTCS TaK-
e ¢ KpaTKOBPEMEHHOH (PUKTUBHOMN z[e(bopMauHeﬁ

1
€ = dt" (10)
sl tj 81‘ E(t)

: ¢<t>=§s@<t>

M BHOCST OOJIbIIME MOTPELIHOCTH B 3HAYCHHE MOJIHOW aedopMmauuu £.(f), ompene-
JIsTIeMBbIe 3aKOHOM mo3ydect (10).

K nmpumepy (Pexomennannu, 1988 1.), ipy OCTOSHHBIX HANpPsHKEHUSX OLIMOKA OT
NPUMEHEHHS IPUHINIA HaJOKEeHHs 11 AeopManuii monsydectu poxoaut o 100%:

}Q(r)f(t —1)dt
€co (t)omy161<14 _1_lo
€co (t)npm{unn Q(tO )f(t —1 )dT ,

rae (1) — GyHKIMS BIWSHUS CTapeHHUs Ha Mepy momsyuectd; f (¢ — T) — QYHKIHA,
YUUTHIBAIOIIAS HAPACTAHUE BO BPEMEHH MEPBI II0I3YUECTH.
3. dakr mosBIECHUS B S/Ape MOJ3Yy4YECTH WHTErpanbHOro ypaBHeHus (10) enu-

HUYHOU KPaTKOBPEMEHHOU AedopMannu E ) :
t
c

L) clen)-= Scy(—g;)+C(t,t’)

MpHBeN K co0a3Hy OMMOOYHON MOJIMEHBI CBOWCTB KPaTKOBPEMEHHOH jaedopmariuu
€y.1(¢") cBoiicTBaMu nedopMaluii HACIEeACTBEHHOIO THIA &y 1(Z,t").

OmmbKa TOANPABIISAETCS COBEPIICHUEM HOBBIX OIMHOOK. beTOH MMeeT CymecT-
BEHHO HEJIMHCHHBIC CBOMCTBA MPU KPATKOBPEMEHHOM M JJIUTCIHLHOM 3arpyKEeHHSIX.
KpatkoBpeMeHHas AuarpamMMa 3arpyKeHus UMeeT HUCTAJA0NINi yYacTOK ¥ OrpaHu-
YEeHHYIO MPOTSHKEHHOCTH (puc. 2). B ocHOBHOM 3akoHe (1a), (10) yIUTHIBaETCS TOIb-

KO JuHelHas nedopmanus € (f) =8y(t) W WUTHOPUPYETCsl HeNMMHelHas nedopmaius
€4(?) (puc. 2). C.B. AnexcanapoBCKHI YKa3bIBaeT HA MPUINHY STOTO OOCTOSITENLCTBRA:
«Y4ecTh OJTHOBPEMEHHO 3aBUCUMOCTh MOJAYJISI YIIPYTOCTH OT HAMPSDKEHUHM U OT BO3-

pacra OetoHa BecbMa TpyAHO. [losTOMy coBpemeHHass TeopHs MoJ3ydecTd OeToHa
YUUTHIBAET TOJIBKO U3MEHEHHE MOAYJIA BO BPEMEHH...».
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Puc. 2. Ucka:xkeHue 1uarpaMmmel 6-¢ 0eToHA
[Fig. 2. The distortion of the o-¢ diagram of concrete]

PaccmoTpum ABa THIa TaKoil TOJAMEHBI.

Ilepsas noomena. Ha npencraButensHoM opyme CTaBUTCS OMIMOOYHAsS 3a/1a4a
00 «yd4eTe BIAMSIHUS MPEIbICTOPUH JIe(OPMUPOBAHUS HA MOAYJIb YIPYTrO-MTHOBEHHBIX
nedopmariuitny. OCHOBHOE ypaBHEHHE TEOPHH IOJI3YYeCcTH NpruodperaeT BUI (B OpH-
THHAIBHBIX 0003HAYCHIIX )

g(t)=%_ic(r)§ ﬁw(m . an

[MosiBnsieTcst «9KCMEPUMEHTAILHO 00OCHOBAHHOE)» BBIPAXKECHUE JJISI MOAYJISL YII-
pyroi nepopmanyu 6eToHa
E 1 =E +a,.9E;,

rZie (¢, — XapaKTepPUCTHUKA TOI3y9eCcTH OETOHA.
[osnstroTest 1 gpyrue ommOoyHbIe (POPMBI OCHOBHOTO 3aKOHA TIOI3YUYECTH

t t
o) 20+ ] ofe) % 1.7k - ] ole) 2" (1, <k, (12)
0 = ol 1
rne —C (t, r)z —| —=+C (l‘,T) ; x(¢,T) — UMeeT Ha3BaHHE «CHUKAIOIAsK TOTPaB-
ot E(t)

Ka... K TeKYIIUM YAEIbHBIM yIIPYrO-MrHOBEHHBIM Ae(opMarusam.

Bmopas noomena. HenvHeliHast KpaTKOBpeMeHHas JieopMaius &,(f) omudouHo
HaJeNsAeTCsl CBOMCTBAaMH Je(OopMalii HACIEeICTBEHHOTO THIA €,(f,¢"), IpUBIEKaeTCs
OMOOYHBIN MPUHIUI HAJOKEHUS, W, BMECTO MPOCTOM anreOpandeckoi (HopmyIbl

€y (t) =B, (t)02 (t) (B2 — n3BECTHBIN KOY(QQUIMEHT), N3MBICIHMBAETCS HHTErpall
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sal0)= folt) 22 ar = o) 2, e, 1)

ty ot ty

rae Cy(t,t") — Ha3BIBAETCSl MEPOU OBICTPOHATEKAIOIICH MOI3yYECTH.
Mepa ObicTpoHaTekaroiel monsyuectu Cy(Z,t") CKIaapiBaeTcsi ¢ OOBIYHONW MEpOH
MOJ3y4YeCTH

N+ Cultt) = )[cp(t 1)+ 0y (1], (14)
yuutbiBaemMoil B (10). I'pyObie mpocyeTsl TEOpUHU OT TaKOH MOJMEHBI KPaTKOBPEMEH-
HOM HemMHEeHHOCTH OeTOHa MBI paccMoTpeny B [4] u [8].

UzBecTHBIC 3apyOeKHBbIE YUYCHBIE MEPEUMEHOBANM «OBICTPOHATEKAIONIYIO TIOJ-
3y4ecTb» B «MHUHYTHYIO MOJ3Y4YECThb», a OMMOOYHYIO HJIEI0 BTOPOW MOIMEHBI Ipe-
MOJHOCST KaK CBOE BaKHOE IOCTHIKEHHE.

[IpuHnun HamoXeHus B TEOPUH HON3Y4YECTH OETOHA SIBJIAETCS MaTeMaTHYECKON
OIIMOKOW, COBEpIIAEMOIl MPU PACHIMPUTENHEHOM TOJKOBAaHUHU MPUHIUMA JUHEHHON
cynepno3uuuu bonpimana. B MexxayHapoqHbIX HOpMax >kejie300€ToHa OH OLIeHHBA-
€TCs HEBEPHO: SIKOOBI 3TO «TEHAEHIMS HCCICNOBAHUS MOJI3YYECTH... II0 HMPUHIUITY
HaJIO)KeHHUs, CBOMCTBEHHOMY Teopuu BosbTeppa». PaccMoTpum naHHYIO CHUTYyaIlio
noapoOHee.

CyIHOCTh ¥ BTOPUYHOCTH CXeMbl bonbMaHa A Teopuu monsydecTd OeToHa
ucclielyeM Ha nmpuMmepe OeToHa, paccMaTpUBaeMoOro B M3BecTHOH pabore I'.H. Mac-
noBa mox Ne 4. 3xeck OETOH MMEET CTallMOHAPHBIE CBOMCTBA, COOTBETCTBYIOLINE
KJaccuueckoit Teopuu. B ob6o3nauenusx I'.H. MacnoBa ¢pyHKIUS MOJATINBOCTH
UMeeT BUJ

Je-t)=d(t—1)=a- be_B(t_T),
CO + EO 1 CO o
rae a =—————; Ey — MoAynb ynpyroctu; b = ——; n=——, 1| — CTallMOHAPHBII
CoEo Ey
ko2 pUIMEHT TUHEHHOM BA3KOCTH.

OcHoBoroJararolee B TEOPUU MOJI3YyYECTH PELIEHHE COOTBETCTBYIOIIETO AU-

(epeHIraNnbHOTO YPaBHEHUs, KaK U3BECTHO, UMEET BH]

¢ )l a<P( r) .,
dt (15a)
o) L

G

rae (p(t - t’) =E CL [1 - e_ﬁ(t_t')] — XapaKTepUCTHKA MOJI3YUECTH.
0

Cunyuait bospiMana mosyyaercst u3 pewenus (15a) mytem psana ero npeoOpasoBa-
HHI, MAaTEMaTUYECKU COOTBETCTBYOLIMX JIMIIb B YCJIOBHUSIX CTALIMOHAPHBIX CBOWCTB

1 1 AR 1
— i —ot- — o=t lds(t). 156
sol)=o0| g+ gy 0l=t0) | 1| G el jae). 0150

B npeoGpazoBanuu (150), B oriuuue ot (15a), ucnoyb3yercs (hyHKIMS MMOAAT-
JIUBOCTH, YTO TPUBJICKIO BHHUMaHWE y4eHbIX. OnHako, npeodpasoBanue (150) BO3-
MOJKHO TOJIBKO MPH CYIIECTBEHHBIX U BECbMa CHUJIbHBIX OTrpaHuucHusX. [Ipu paciim-
PUTEIHLHOM TOJIKOBAHUH MOJATIUBOCTU 3TH OTIPAHUYCHUS HE YUJIH, U TCOPHUS TOJI3Y-
4yecTr OETOHA OKa3ajaach INIyOOKO OMIMOOYHOM.

98 ANALYSIS AND DESIGN OF BUILDING STRUCTURES



Carpxapocii P., Tep-OmmaHyrbsH T., MardeHko M. CrpouTenbHas MexaHuka UHKeHepHb X KOHCTPYKLUpi 1 coopyxeruin. 2018. T. 14.Ne 2. C. 92-104

31ech, BO-TIEPBBIX, MTHOBEHHOH JedopManuu ¢ KpaiHe MPOCTHIM (PH3HICCKUM
CMBICJIOM JIJISl TIPOU3BOJIBHOTO / HAaBSA3BIBAETCSI CBOMCTBO MpOIlecca, CO3Ar0IIEro Co-
0JIa3H PaCIIUPEHHUS TEOPUH U TIPEBPAIAIOIIETOCS B YKa3aHHYIO BEIIIC TPYOYHO OIIMOKY
MIpH HECTAIlMOHAPHBIX E(¢), COMPOBOXKIAIONIYI0 HOPMATUBHYIO JIMHEHHYIO TEOPHIO
MoJyI3y4ecTd OeToHa. B HaydHOW nmuTepaType Aake MMeeTcs aBTOPUTETHOE YTBEp-
KJICHUE, YTO «YIPYro-MrHOBEHHBIC Ne(OpMAIMK CTPOTO MOAYUHSIOTC. .. TIPUHITUITY
HAJIOKESHUS».

Bo-BTOpBIX, HY)KHO MPOMHTETpUPOBATh (15a) TO YacTsM, 4TO TpHU pPaCHIUPH-
TEJIBHOM TOJIKOBAaHMM (PYHKIIMH TOJATIMBOCTH B YCIIOBUSX cTapeHus Oerona (la)
CO3/1aeT JIOTIOJIHUTENBHBIA COOJIa3H, TPAJAUIIMOHHO MPHUBOJAIIUN K €IIe OJHOU Tpy-
0ol ommOKe MPU HAXOXKACHUU SApa MHTETPAIbHOTO YPaBHEHHS, KaK U3BECTHO, IPH
HECTAIIMOHAPHBIX CBOMCTBAax OeTOHA JedopMalivsl TOJI3yUECTH MOJyUaeTCsl U3 HHOTO
peurenus nuddepeHnnaIbHOr0 ypaBHEHHSI, 3aIIMChIBAEMOTO B 00JIee CII0KHOM BHUJIC

scc(t)ze_F(t) €00 +J — (t)dt ,

A
~
v

_ }B@df,

koraa napametpsl 1(7) u B(¢) B (15a) sBistroTCst YHKIUSIMH BPEMEHH.

B Gerone I'.H. MacnoBa ckopocts nedopMaiy BEIpOKAAETCSA U3-32 Pa3HOCTHO-
ro siipa. B ciaydae ske pacMpUTEeIhHOTO TOJKOBaHUS KO3 (DUITUEHTa TOAATINBOCTH
MpUMeHeHne TpuHIuna boibiiMaHa 0OBIYHO CTaHOBHUTCS HEBepHBIM. HecTtammoHap-
Has MoJienb OeToHa MacioBa ¢ KOI(pPHUITUEHTOM BS3KOCTH n(t)z Co (t)/ B u momy-

neM E(), 3aBUCAIIAMHA OT BpEMEHH, JEMOHCTPUPYET CIIeTyIoIIee:
— YJIOBJICTBOPSET IKCIEPUMEHTAM C MPOCTHIM 3arpy>KEHHEM MPH HU3KUX YPOB-

max 0 = 01Rp,;

— YJIOBJICTBOPSIET TPEOOBaHUS KJIIACCUYECKOH MEXaHUKHU;

— He yIOBJIETBOPSIET YCIOBHSIM MTpHHIIUIIA bonbIiMana.

IIpunnun BosbiiMaHa KOBEpKAaET CYIIHOCTh HECTAIMOHAPHOM Mozenrn MacioBa.
OnHO KJTacCHYeCcKOe TeJo MOI3yuecTH OETOHA OH 3aMEHSET LIEMHON MOJETbIO TocCie-
JIOBATEIbHO COCAMHEHHBIX TEJI C HAOOPOM OITMOOYHBIX CBOWCTB.

B Teopun nomydectu GeToHa MPUCYTCTBYET CITy4ai, KOT/Ia ¥ TIPH Pa3HOCTHOM SIZIpe
pacIIMpHUTeNHHOE TOJIKOBAHWE (PYHKIIMH MOJATIMBOCTH HEAOMycTuMo. Hanpumep, siapo
MOJI3Y4ECTH B PSAZIC U3BECTHBIX Pa0OT MPEICTABISICTCS B BUJIC (BTOPOI CITy4aii)

Lo B)

(t—2)?

OTOMy KHHEMAaTHYECKOMY YPaBHEHHUIO JABHKEHUS, B CBSI3H C PEIICHHEM 00paTHON
3a7auyil MEXaHWKH, COOTBETCTBYIOT OMpeJelIeHHbIe CHIIbL. 3/1ech U3 aHanm3a audde-
PEHUUAIBHOTO YPAaBHEHUS IOJI3YUYECTH BBISBISIETCS, YTO B STOM SIAPE MPUCYTCTBYET
chjla CONMPOTHUBIEHHS ¢ KOIPMHUIIMEHTOM BSI3KOCTH JIMHEHHOW MOJENH, PaBHBIM

K(t-1t)=

1 o—1
n(t,t')zz(t—t') , 9TO HEBO3MOJXXHO, KaK B BBIIICOTMEUYECHHOM CJIy4yae NpHUMEHE-

HUS HACTIEICTBEHHBIX CBOMCTB MOAYJIS YIPYTOCTH E(£,t") 1 TIO TEM K€ MPUIHHAM.

Tpernii cimy4ail COOTBETCTBYET PACHIMPUTEIILHOMY TOJKOBAaHHIO (PyHKIMH TO-
JATIIMBOCTH B «UEMHOM Mozaenu». OH NPUCYTCTBYET B TEOPETHYECKOH PEOJIOTHH,
a KaKk IOBTOPEHHE — B HOpPMaXx Kene300eToHa.
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IIpenBapurenbHo 3anuiieM cxeMy bolibliMaHa aJist Tesia MakcBeiia B BUe

t

£0(1)= 0g| -+ (e 1) |+ [| —+ (¢ ) do(r), (16)
Ey m oLEo M

T7e N — CTalMOHAPHBIA KO3 (DUITMEHT BI3KOCTH.

E
[Ipu nepemenHoM k03 HUIHIEHTE BAZKOCTH n(t) = T(f)) MOJTy4aeM TEOPHIO CTa-
¢
penust Oerona (®@. Hummarep, Y. C. YurHn): (p(t)z (poo(l—e_bt), KOTOpas IMyTeM
t
pasiiokeHus B psj gaeT pyHkuuio DpoiineHTans (p(t) = ipoo , 000CHOBaHHYIO OIIbI-
Lyt
b

Tamu J[PBuca u I meHBrLI.
B «uenHol Momenu» myTeM mocienoBateiabHOro coenuHenus ten (15a) u (16)
MMEEM PaCIIUPUTEIBHYIO 3aIUCh PYHKIIUU TOJATIUBOCTH

J(t—t')=ELO+ELO(p(t—t')+%(t—t'). (17a)

[lapy uHTErpanbHBIX YpaBHEHHH, COOTBETCTBYIOIINX PACIIUPUTEIBLHON THIIOTE-
3e (17a) u pa3peneHHbIX JINO0 OTHOCUTENBHO AeopMamuii €4(f), MO0 OTHOCUTEIHHO
HanpsDKeHUH ©(f), B TEOPETHYECKOM pEOoJIOTMH Ha3bIBAIOT «ypaBHEHUsIMH bBoibIl-
MaHa — BonbTeppbi»; Takke ykazaHo, 4TO 3Ta Hapa «IIpeACcTaBiIsieT MOJHYI0 MaTeMa-
THYECKYI0 (DOpMYIMPOBKY MPUHLUIIA JTUHEHHON CYTIEPIIO3ULIUNY.

OpHako Takas LemHasi MOJEIb C PACHIMPUTEIBHBIM TOJKOBaHHEM K03 duIeH-
Ta MOJATIMBOCTH SIBIISIETCS CYILECTBEHHO OIIMOOYHOW; 00 3TOM CBUAETENHCTBYET
npuBeAeHHUE ee K TudPepeHInansHON Gopme:

;egc(t)gmc(t)n:a(t)EiOBm(t Elﬁé*cio +o(t). (176)

W3 (176) BumHO, 94TO B HEW MPHUCYTCTBYET CHJIA CONPOTHUBIICHHUS éc(t)ﬂ, npo-

MOPIMOHANIbHAS YCKOPEHHIO, UTO HECOBMECTHUMO C KJIACCHUECKOW MEXaHHMKOH, U,
B cBs3u co cT. 5.1.1(3)P EBpokona 0, nenHast MoJiesb SIBISIETCS HECOOTBETCTBYIOILEH
pacyeTHON MOZETBIO.

CocraBmsionye CHIbl PaCYeTHON MOJEITH MOTYT OBITh (DYHKITHEH OT MTOJIOKCHHS
€ (t), CKOPOCTH € (t), BpPEMEHH M Opyrux BeidnduH. Eciu sxe npucyTcTByeT (cpenu

IPOYNX) CHJIA, IPOIOPIHOHAIBHAS YCKOPEHHIO € (t) , TO OKa3bIBACTCS HAPYIICHHBIM

(dyHIaMeHTaIbHBIA TPUHIIMIT MEXaHUKH O HE3aBUCUMOCTH JeicTBUS cuil. M3BecTHBIN
yuensiii JI. [lape ycTaHOBUII HEMPUEMIIEMOCTh TaKUX CUJI U B 3aJja4aX MEXaHUKHU, U B
TIPIIOKEHUAX [6].

K coxanenuto, B Hay4HO# JHTEpaType M0 OSTOHY M MEXIYHapOIHBIX HOpMax
MPHUCYTCTBYET LENbIA psii OMMOOK, aHATOTHYHBIX OMHMCAHHOW M COCTOSIIIUX B pac-
HIMPUTEIFHOM TOJIKOBAaHWW (DYHKIMM TMOAATIMBOCTH B BHJIE LENMHOM monenu [1],
B TOM UHCJIIe ISl y4eTa ObICTpOHATEKAIOIIEH MOI3yYecTH.

Tak, B ciiydyae mocienoBaTenbHOro coenuHenus teopuu I'.H. MacnoBa u teo-
pun crapenus O0erona (Maxk-I'enpu, A.B. Ammu, T. Xancen, U.E. IIpokomosud
u .U, Ynunkuit), ypaBHEHHE TOA3YIECTH UMEET BU/T

é(t)+ﬁé(t)=6(t)];—0+c's(t g—;+£_0+clo olt g_(t)Jrg_;
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Ecam x 3TOM merovke MPUCOSTUHUTE €IIe OAWH BSI3KUH 3JIEMEHT (C BS3KOCTHIO
—Q t v
n(t)er ) nns yuera ObICTpOHATEKAIOMICH MOJI3YYECTH, YTO MPEIOJIaraioch

pazpaborankamMu EBpokoia 70 ero yTBep)KIECHUS, TO MBI ITOJYYHUM €lle OJWH OIIN-
OO4HBIN BapHaHT TeopuH (3ammucaHo 6e3 ycpeJHEeHus)

. AT AL p, . B 1 o Po, B (1)
g(t)+gs(t)_c(¢)E_O+c(t)[g_o+E_o+@J+c(¢ g o b0

[pu npunstun EBpokosa 2 u3 310l MoJienu yopaliu TEOPUIO CTAPSHUS U BI3KUH
JJIEMEHT, OIMOKa aHHyIupoBaHa. B mpaBunax EBpokoga ocTaBiieH TOIBKO KiacCh-
yeckui 6eton [.H. MacnoBa; u3 ero xapakTEepUCTUKHU TOJI3YYECTH MOIYYeH HOpMa-
TUBHBIA KOAPDUITUCHT PA3BUTHS MOJI3YYECTH

e By, =1/B.

OH NoNy4eH MyTeM Pa3IoKEeHUS e P (=19 B P C UCIOJB30BAHUEM JBYX Uiie-
HOB. [lokazarens 0,3 creneHHON (QYHKIMH OCPEAHEHHO YYUTHIBAECT CTapeHHE OETOHA.

B ciyuae ydera HEIMHEWMHOMN MOJM3Yy4eCTH U KPATKOBPEMEHHOM HEIMHEMHOCTH
no EBpokony npumeHeHue cxembl bonbliMana Takke ommbouHo. [Ipu HemuHeHOH
non3yuectu Oerona I'.H. MacnoBa (ueTBepThlii Cilydail) B paMKax OOINEHPUHSTHIX
THITIOTE3 CKOPOCTh Aedopmanny paBHa

vc{t,sz[uo'),f]}:es<f>-F[u<f>,f]Eio<p<z—f>+o(f>-u<f>%:)’”;o@(z—f>+
ol LUL o) o) luehr 1 20 0]

YTO HE YUYHUTHIBAETCS B TPAJULMOHHOW T€OpHH. 3aech [ [u(t'),t'] — (ynxumsa Henu-
HEHHOCTH, B KOTOPOW B KayecTBE MapaMeTpa HEIMHEHMHOCTH OOBIYHO NMPUHUMAIOT
(mocne pabotel Y. JIugepmana) HanpsHKeHUE u(t') = c(t'), YTO SIBIISIETCS. HEBEPHBIM:

METOJbl KJIACCMYECKON MEXaHMKM MOKa3bIBAIOT, YTO TAKOE AOMYIIEHHE SIBIISETCS
BECbMa MOBEPXHOCTHBIM MPEAIOIOKEHUEM. DTOH MPOoOIeMe MbI IOCBSITUM OTIEIb-
HYIO CTaThIo.

Hamnpumep, mpu TakoM IOMyIIEHNH psifi KpaTHBIX HHTerpaioB Bonbsreppa — Operue

5o (t)= [r(e—Xo(t)+ | [Jali—1't ")l iole")+ ..

—00 —00 —00

SIBJISIETCS] HEMHTETpAIbHOH (hopmoii [10]

eo(t)=J (o + Ty (t,0)02 + J5(t,0,0)0> + ...

B mocnennee Bpemsi mosSBWIMCH pabOTHI, pa3paldaThHIBAIONIUE «MOIU(PUKAIIIO
MIPUHITATIA HATOKESHHSI TehopMartiil 11l HeMTMHEWHOH TTOJI3YUIECTH» B BHIIC

t

elt,t)=¢elto)+ J{%‘F (e, r)}dcc(t), (18a)

fo

rae O¢ (T) =S [G(T)] — u3BecTHas QyHKIMS HANPsDKEHUH o[1].
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OmuO0YHOCTh 3TOH 3aITMCH aHATOTWYHA TOH, KoTopas mpuMensercs B (1a). ITom-
Hasi CKOpOCTh Ie()OpMallny 3/1eCh paBHA

v(,(t,a:sb(r){$+c(t,r)}s[c<r>]%$+

+s[0(r)]§c(t, r)+s[c(r)]§c(t, )

(186)

Otcroga BugHO, uTo B (18a) moTepsiHBI TpU mocieAHuX ciaraeMbix u3 (180).
3HAYUMOCTh JTUX ClIATa€MbIX TOXIIECTBEHHA TOW 3HAYMMOCTH, KOTOPYHO MBI BHIIIE
onmcayy B myHKTax 1-3. Hy>KHO TOMOTHUTENHHO 00paTUThL BHUMaHHE, YTO HEBEPHOM
TaKKe SIBJISICTCSI TOXJIECTBEHHOCTh HenuHehHouW (QyHkumu S[o(T)] Uis KpaTKOBpe-
MEHHBIX U JUIMTENbHBIX aedopmanuii. Ho, naxe eciu npuMeHHUTH APYTYHO (QYHKITUIO
Se[o(t)] nns nedopmanuii mon3ydecTu, To, KAK OTMEYEHO BBIIIE, TAKOE AOIMYLIEHUE
SIBJIIETCS] BEChbMa MOBEPXHOCTHBIM MPENOJI0KEHHEM, HE COOTBETCTBYIOLIUM pealb-
HOW HENMHEHHOU TeopuH Moj3ydyecTd OeTOoHa, KOTopas OyJeT omyOJIMKOBaHa MO3KE.
K mpuHIMIY HanoXKeHHus 3Ta TEOpHUs He UMEET HUKAKOTO OTHOIIICHUSI.

© Camxaposckuii P.C., Tep-Ommanyunbsa T.H., Manuenko M.M., 2018
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The errors in the foundations of the modern theory of creep of reinforced concrete caused by
the use of the principle of superposition, which is an expansive interpretation of the principle
(scheme) of the linear superposition of Boltzmann, are revealed and investigated. Extensive
interpretation arises from the following circumstances: the phenomenon of aging of concrete;
changes in the short-term properties of concrete with age t at the time of its loading; nonlinearity of
creep deformation, starting from the lowest loading levels; the use of “‘chain models™ in the form of
a series connection of several bodies, for example — the theory of Maslov, the theory of aging,
a viscous element; addition of short-term properties of concrete to the properties of its creep;
expanding interpretation of the compliance function for difference kernels. In the international norms
of creep of reinforced concrete only linear creep of concrete and instantaneous linear properties are
taken into account; their authors call their developments “a new advanced format developed in
recent decades by international standards institutions”. However, these format estimates are
erroneous. According to the Eurocode, a short-term diagram of concrete o-¢ has a descending
section and a limited extent; and the floor-duchit of concrete is nonlinear. The founders of the theory
are A.A. Gvozdev, N.Kh. Harutyunyan, S.V. Aleksandrovsky, P.I. Vasilyev — repeatedly indicate:
“creep-concrete deformations are non-linearly dependent on stresses, starting from the lowest levels”.

The results of the analysis published by the authors in the journal of Structural Mechanics of
Engineering Constructions and Buildings No. 6 of 2017 and No. 3 of 2016 are supplemented.
The article was written in accordance with the recommendations of the round table held in
the RUDN University on June 9, 2016, under the direction of the D.Sc., prof. S.N. Krivoshapko.

Keywords: clastoplastic deformation of concrete, theory for concrete creep, long-term
resistance of reinforced concrete, modern building codes
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AHAJ:I‘I/ITI/I‘IECKI/Iﬁ PACYET ITPOI'MBA
BAJIOYHOU ®EPMbI C IBOUHBIMU PACKOCAMMU

M.H. KHPCAHOB
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Crarudeckyl onpezenumas Iiockas (epma MMeeT MPSMOJIMHEWHBIE T105ica U TPEYTroJib-
HYI0 PEUIeTKY, COCTOSIIYI0 M3 CIBOCHHBIX packocoB. UeThlpe ONMOpHBIE CBA3M JETAIOT €€
BHEIIIHE CTaTHYEeCKU HeorpeaeauMoi. [laercs BbIBoJ (GopMyIibl 3aBUCUMOCTH Iporuda ot ee
pasMepoB U Yuciia MaHeaeld. YCHIIUs B CTEPXKHSIX ONPEJNEISIOTC B CUMBOJIBHOM opme MeTo-
JIOM BBIP€3aHUsI y3J110B U3 PELICHUs CUCTEMBl ITMHEHHBIX YPaBHEHHH B CUCTEME KOMIBIOTEp-
HoW Maremaruku Maple. Jlnst onpeaeneHus mnpornba ucrosszyercst popmyiaa Makcsemia —
Mopa. CrepxHH (KpOME >KECTKHX ONOPHBIX) MPEANONAraloTcs yIPYTUMHA ¢ OAMHAKOBOW
XKecTKoCThI0. O000IIeHNE OTAENbHBIX PEIICHUI Ha ITPOM3BOIIBHOE YUCIIO TAHENICH MPOHU3BO-
JUTCST MeTo0M MHAYKImH. Oneparopsl cucteMbl Maple, onupasick Ha JaHHBIE PacyeToB, J1a-
10T JIMHEHHBIE OJHOPOJHBIC PEKYPPEHTHBIE YpaBHEHUS Ul KOI(G(OUIMEHTOB HCKOMOH (op-
MyJbl. PemieHusMu 3THX ypaBHEHUH SIBISIOTCS OOIIME WICHBI MOIY4YEHHBIX HOCIIEI0BATEIb-
Hocreil. [Tomy4yens! u conocraBieHsl GOPMYIIBI A TpEX THIIOB HArpy30K (paBHOMEpHas
Harpyska y3JI0B HHKHETO U BEPXHEro IMOsICOB U COCPEIOTOUCHHAs CHJIa B CEPEUHE MPOJIETa).
KpuBble 3aBucHMOCTH Hporuda OT 4YMclia MaHejdeld MMEIOT CIa0OBbIPaKEHHbIE MHHUMYMBI.
BriBe/IeHBI 3aBHCIMOCTH YCHIIMH B HanOoJIee CHKAThIX U PACTSIHYTHIX CTEPXKHSAX OT YHCIIA I1a-
Henel. JlaHbl aCHMITOTHYECKHE 110 YMCIY IMaHeled OLEHKH PEUIeHUH NMpHu (UKCHPOBAHHOM
IIpoJIeTe KOHCTPYKIMHK M 33JaHHO 001eli Harpyske.

KuroueBsle ciioBa: gepma, pemerka pepmsr, Maple, mporu6d

INocranoBka 3agauyu. CyIIecTBYIOIINE [TAKEThl CUMBOJIBHON MaTeMaTHKH Ha OcC-
HOBE M3BECTHBIX AJITOPUTMOB IO3BOJIIIOT CPABHUTENHHO JIETKO MOMy4aTh aHAJUTHYE-
CKHE PEIICHHS 3a/1a4 CTPOUTENbHBIX KOHCTpYKUMid. OnHako, 001acTh TPUMEHHUMOCTH
TaKUX peleHuil OyJeT HeBeNNKa, €CIM B UTOTOBBIX (hOpMyJiaX UMEIOTCS TOJIBKO pa3-
Mepbl KOHCTPYKILMHU, Harpy3Ka U mapameTpsl Martepuana. B 3agagax o depmax BaxkHO
ydecTh U YUCIIO TaHeNeH, ecnu gepMa UMeeT peryJisipHyio cTpykTypy. [loMmumo yHH-
BEPCAJILHOCTH TaKOE pelIeHUe MPHOOPETaeT ellie OAHO CBOWCTBO — BO3MOXKHOCTh TPO-
CTOTrO pacyera KOHCTPYKUUl ¢ OOJBIIMM YHCIIOM CTEpKHEN 0e3 OTepH TOYHOCTH, Xa-
paKTepHOH Ul YUCICHHBIX MeTOJ0B. O000IIeHNE pellleHUi Ha IIPOU3BOJIBHOE YUCIIO
naHeneil BO3MOKHO METOAOM MHIYKUIUH. MIMEHHO Tak OBbUTH MOJy4eHBI PELICHUS s
mporu6a tiockux [1-7] u mpocTpaHcTBEHHBIX [§] hepM. DTUM Ke METOIOM PACCUHTHI-
BaeTcs Mporud npeiaracMoil KOHCTPYKIIMK OaliouHol GepMbl Ha puc. 1.

Cxema ¢epmbl. Pemerka ¢epMbl COCTOMT M3 CABOSHHBIX PACKOCOB JIMHOH

c=~h’+a’, 0OpasylIIUX KECTKUE TPEYTOJBHUKU CO CTEPKHSAMH BEPXHEH U

HIDKHEH TaHesnel, u cToek mmHoi b. KpoMme OOBIUHBIX IS OaIOYHBIX (hepM OTop,
¢depMa ommpaeTrcs Ha JIOMOTHUTENBHYI0 TOPU30HTAIBHYIO OOKOBYIO omopy. HecMmor-
ps Ha 3TO, 33/1a4a CTaTHYECKH omnpezenumMa. JlecTBUTENBHO, B epMe ¢ 1 TTaHETIMHU
B TIOJIOBHHE TMPOJIETa CONEPKUTCS 87 + 2 COCNUHUTENBHBIX y370B (MapHUPOB) U
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m = 16n + 4 crepkHEeH, BKIIOYasl 4eThIpe OmopHble. TakuM 00pa3oM, CTaHIapTHAS
cxema pacyera (hepMsl, 110 KOTOPOIl CHa4aja ONpEeAeNAI0TCA PEeakuuy omnop (374ech UX
YeThIpe), a IOTOM IOCJIE0BATEIbHBIM BBIPE3aHNEM y3JIOB HAXOISTCS YCUIIHS B CTEPIK-
HSIX, HE POXOoAUT. s pemenus 3a1aud Heo0X0JMMO COCTaBUTh YPaBHEHUs paBHOBE-
CHsI BCEX Y3JIOB M HalTH PELICHHE CHUCTEMBI JTMHEHHBIX YPaBHEHHN. 3aMETHM TaKXKe,
9TO METOJ cedeHn PuTTepa B 3TOM hepMe MPUMEHUM TOIBKO TS KpaHUX TaHeIIeH.

bp I be be Ip

a a a a a a a a a a a a

Puc. 1. ®epma npu n = 3. Harpy3ka Ha HUKHUIA mosic
[Fig. 1. Truss at n = 3. The load on the bottom chord of truss]

Cucrema KOMIBIOTEpHOW MaTeMaTHKH Maple 1mMo3BosseT pemuTh 3Ty 3a/1ady B
cuMBONbHOU (opme. Tlomb3ysachk mporpammoit [9] u ombiToM ee mpuMeHeHus [1-7]
MPU PEIICHUH aHAJIOTHYHBIX 3a/1a4 JUIA IJIOCKUX (pepMm, 3a1aiuM KOOPIUHATHI Y3JI0B.
Hauano xoopaunaTt BeIOepeM B JI€BOI MOABHXHOH omope. Hymepauusi crepkneil u
Y3II0B IPUMEHHUTEIHHO K CiTydaro #n = 2 naHa Ha puc. 2. COOTBETCTBYIOIIHMH (pparMeHT
MporpaMMBbI Ha s13bIke Maple nmeeT BUJT

> for i to 2*n+l do

x[i] :=2*a*i-2%a; y[i]:=0;
> x[i+2*n+1] :=2*a*i-2*a; y[i+2*n+1] :=b;
> end:
> for i to 2*n do
x[i+4*n+2] :=2*a*i-a;y[i+4*n+2] :=h;
x[i+6*n+2] :=2*a*i-a; y[i+6*n+2] :=h+b;
end:

Puc. 2. Homepa y3,10B U cTep:kHeil npu n = 2
[Fig. 2. Nodes and rods number at n = 2]

CprKTypy PCUICTKU 3aaaJUM BEKTOpaMHu, COACPKAIIUMU B CBOUX KOOpAMWHATAX
HOMEpa KOHIIOB CTCp)KHCﬁZ

for i to 2*n do

N[i]:=[i,i+1];

N[i+4*n-1]:=[i+4*n+2,i];

N[i+6*n-1] :=[i+4*n+2 ,i+1];
N[i+8*n-1]:=[i+4*n+2,i+6*n+2];
N[i+10*n-1]:=[i+2*n+1,i+6*n+2];
N[i+1l2*n-1]:=[i+2*n+2,i+6*n+2];

end:

for i to 2*n-1 do N[i+2*n]:=[i+6*n+2,i+6*n+3]; end:
for i to 2*n+l do N[i+1l4*n-1]:=[i,i+2*n+1]; end:

VVVVYVVYVYVYVYV
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Marpuila ypaBHEHUN paBHOBECHS] COCTOUT M3 HAIPABIISIIOIIAX KOCUHYCOB yCH-
JIMH, BEIYUCIEHHBIX N0 KoopauHatam N[i] [1], N[i] [2], KOHLOB CTep>KHEH U
mx amuH L [1]. 3anomHeHre MaTPHIIB UACT B IIUKIIE IT0 YHCITy CTEPIKHEH m:

> for i to m do

> Lxy[1] :=x[N[i] [2]]-x[N[i] [1]]:

> Lxy[2] :=y[N[i] [2]]-y[N[i] [1]]:

> L[i]:= sqrt(Lxy[l]"2+Lxy[2]"2);

> for j to 2 do

> k:=2*N[i] [2]-2+7:

> if k<=m then G[k,i]:=-Lxy[j]/L[i]:£fi;
> k:=2*N[i] [1]-2+7:

> if k<=m then G[k,i]:= Lxy[j]/L[i]:fi;
> od;

> od:

Omnpenenum no ¢opmyne Makcpemna — Mopa mporud ¢epmbl moa neicTBreM
PaBHOMEPHOH Harpy3KH, IPUIOKEHHON K y3J1aM HHKHEro nosca. B ¢popmyie yuurtsi-
BAIOTCSI TOJBKO IPOJIOIbHBIE yCUIIHS:

m—4
A=YSsl /(EF),
i=l1

rae S; — yCwIns OT IEHCTBHS BHEIIHEH HArpy3KH; §; — YCWIHA OT €IUHUYHON BEpPTH-
KaJbHOM Harpy3KH, IPHIOKECHHOH K CpeJHEMY y3IIy HIKHErO 1osica (Tae u3Mepsaercs
BEPTUKAIBEHOE CMEIICHUE); /; — JUIMHBI CTEPIKHEW; m — YHCIO CTEeP)KHEH, BKIIOYast
OTIOPHBIE CTEPKHHU.

OOumii BuA pe3ynbTaTa Al pa3HOTro YMCiia aHeslel He MeHseTcs (CBOHCTBO pe-
TYJSIPHOCTH KOHCTPYKITMH) U UMEET BUJL

EFA=PC (@’ +2bh> +¢*) /. (1)

Koaddumment Cn obpa3syer mocienoBaTeabHOCTh 3, 52, 267, 848, 2075, 4308,

7987, 13632, 21843, 33300... . C nomompro oneparopa rgf findrecur us nakera
genfunc cucremMbl Maple MOXXHO HaWTH PEKypPPEHTHOE YpaBHEHHE, KOTOPOMY
YAOBJICTBOPSIIOT YWICHBI OCIESI0BATEILHOCTH

G =5C,.,—-10C_, +10C, s -5C,_,+C, 5
Penrenne 3Toro ypaBHeHHs JaeT oneparop rsolve:
C,=n*(10n" -1)/3.

Amnanornunyto Gopmy (1) uMeer perieHne B ciiydae 3arpykKeHHUsI BEpXHETO oS-
ca (puc. 3). Koadumuent B popmyse umeeT B

C,=2n"(5n" +1)/3.

Puc. 3. Harpy3ka Ha BepXHUii mosic
[Fig. 3. The load on the upper belt]

PACYET 1 MPOEKTUPOBAHUE CTPOUTENBHBIX KOHCTPYKLIN 107



Kirsanov M.N. Structural Mechanics of Engineering Constructions and Buildings, 2018, 14 (2), 105-111

IIpu onpenenernu nporuda GpepMbl OT TEHCTBHUS OTHON COCPEAOTOUCHHOH CHIIBI
B CepeIMHe HUXKHEro nosica hopmyiia Makcreiia — Mopa ynpomiaeTcs

m—4
A=P) sl /(EF).
i=1

Koaddunment B (1) B 3TOM citydae uMeeT BUJ

C, =n8n* +1)/3.

T00—~

600~

300

400

300

200

100

-2
T T T T T 1 N
1 2 3 4 b1 6

Puc. 4. 3aBucumocTts nporuda ot yucjaa naneei, L =100 M, b =2 m, h =5 m:
1 — HIKHUH 10sic; 2 — BEpXHUH MOsIC; 3 — COCPEAOTOUEHHAs CHila
[Fig. 4. Dependence of the deflection on the number of panels, L=100 m,b=2m, /=5 m:
1 —lower belt; 2 — upper belt; 3 — concentrated force]

Ha puc. 4 nanb! KpuBBIE MTOTYYEHHBIX 3aBUCUMOCTEH NpU (PUKCUPOBAHHOW TN~
He mponeta L = 4an = 100 M u 3agaHHOil obweil Harpyske F). Ilpu 3arpyxeHuu
HWKHETo nosca P, =P(2n—1), BepxHero mosaca £, =P(2n), mjua COCPeIOTOYEHHOM

cunsl By =P . Beeneno o6o3Hauenue s 6espazmeproro nporuba A'=AEF /(RL) .

Cna0oBbIpaKeHHBI MUHAMYM ISl CITy4asl paclpeAesICHHBIX Harpy3oK IMpHXO-
JIUTCSI Ha HEepeaJlbHO MaJlble YKcliia naHenedl. B yacTHOCTH, [JI 3alaHHOTO IMpOJeTa
COOTBETCTBYIOIIAs JTMHA TIAHEH JO0JDKHA OBITh paBHOHM 12 M. OmHaKO I IPYyTHX
COYETaHMH HArpy30K M pazMepoB (hepMbl HANUYHE 3TOH OCOOCHHOCTH MOXKET ONTH-
MHU3UPOBATh KOHCTPYKIIMIO 110 KECTKOCTH.

Yeuaus B KPUTHYECKHX CTEPKHAX M aCHMITOTUKA. J[J1 OLIEHKHM TIPOYHOCTH U
YCTOHYMBOCTH (PepMBI TIOJIE3HO UMETH (POPMYJITBI TS YCHIINI B HANOOJIeE CIKATHIX U pac-
TSHYTBIX CTEPXKHIX KOHCTPYKIMH. KpUTHUYECKUMU TSl JTaHHOH ()epMBI SIBJISTFOTCS CTEPXK-
HHU B cepeivHe MpoJieTa. BeiienuM YeThIpe CTepiKHS: CKaThiid cTepeHb O B BEpXHEM

nosice, U — pacTsHyThII CTEPKEHb B HUKHEM | 1Ba packoca D), D, (puc. 2). Unaykuuei
IO pe3yJIbTaTaM pacdeTa BCero mecTr pepM MoTydaeM CIeAyIoIIre 3HaYeHHUS

O=-Pn’a/h, U=P2n*> —1)a/(2h), D,=-P(2n* —1)c/(2h), D, =Pn’c/h.
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KoaddurmenTs! B 3THX opMyaax OKazaaucCh HOCTATOYHO MPOCTBHIMHU, M OIEpa-
TOpBI cucTeMbl Maple /1715t UX BbIBO/Ia TIPUBJIEKATh HE TIOTPEOOBAIOCH.

C nomomip0 onepatopoB Maple MOXKHO HAalTH W aCHMIITOTHYECKUE CBOHCTBA
MOJTYYSHHBIX PEIICHUN AJIs1 TPOruoda, MOKa3bIBAIOIINE OOIIHMI XapakTep 3aBUCUMOCTEH
npu GUKCHPOBAHHOM HArpy3Ke U 3aIaHHOM rpoJiere. [Jis pactpeieieHHbIX Harpy30K
poCT MMeeT KyOu4ecKuil XapakTep, /Ui COCPEIOTOUYCHHOM — MapaOOoIMYeCKui YeT-
BEPTOro MOPSIIKA:
limA, "/ n’ = li_>ngc A,/ n’ =5(h+2b)/(3L),

n

n—>0

KmA, " n* =10(h+2b)/ 3L).

O030p aHATUTHYECKUX PELICHUH 3a1a4 O porude ockux ¢pepm NpuBeneH B [S].

BoiBoasbl. [Ipemmaraemas cxeMa cTaTHIECKA OMPENCTUMON (hepMBI SBIISIETCS pe-
TYJSIPHOM M JOMyCKaeT aHaJIMTUYECKOe pelleHue I BeIW4YMHBI Iporuba mpu pas-
JIMYHBIX Harpy3kax. OCHOBHBIM JOCTOMHCTBOM IOJIyYEHHOTO PELICHUs SIBJISETCS HaJIU-
qre NPOCTON PyHKIMOHANBHOW 3aBUCHMOCTHU OT YHCJIa aHeJIeH. DTO MO3BOJsET
MPUMEHSTH €ro JJIsl LIMPOKOTO Kiacca mojo0HBIX (epM, B TOM uucie U 1jst hepM ¢
0ONBIIMM YHCIIOM CTEp)KHEH, YTO aKTyaJlbHO IPU COBPEMEHHON TEHIEHLUH CTPOU-
TEJILCTBA OOJBLICTIPONIETHBIX COOPYKEHUH.

© Kupcanos M.H., 2018
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ANALYTICAL CALCULATION OF THE DEFLECTION
OF A BEAM TRUSS WITH DOUBLE BRACING

M.N. KIRSANOV

National Research University “MPEI”
14 Krasnokazarmennaya St., Moscow, 111250, Russian Federation

(received: November 11, 2017; accepted: March 05, 2018)

A statically determinate planar truss has rectilinear belts and a triangular lattice consisting
of double braces. The four links make it seemingly statically indeterminate. The derivation of
the formula for the dependence of the deflection on its dimensions and the number of panels is
given. Forces in rods are determined in symbolic form by cutting out nodes from the solution
of a system of linear equations in the system of computer mathematics Maple. To determine
the deflection, the Maxwell — Mohr’s formula is used. Rods (except all rigid support) are
assumed to be elastic with the same rigidity. The generalization of individual solutions to
an arbitrary number of panels is done by induction. Operators of the Maple system from
the calculation data yield linear homogeneous recurrence equations for the coefficients of
the desired formula. The solutions of these equations give the general terms of the obtained
sequences. Formulas for three types of loads are obtained and compared (the uniform loading
of the nodes of the lower and upper belts and the concentrated force in the middle of the span).
Curves of the dependence of deflection on the number of panels have weakly expressed minima.
The dependencies of the forces in the most compressed and stretched rods on the number of
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panels are derived. Also given are asymptotic estimates for solutions in accordance with
the number of panels in fixed spans of the construction and at a given total load.

Keywords: truss, lattice, Maple, deflection
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ANALYSIS OF PRESSURE STABILIZER ELLIPTIC CHAMBERS
ON THE DEFORMED STATE BY NUMERICAL METHOD
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The question of pressure and flow rate stabilization is particularly relevant to short
pipelines systems, which have high requirements for flow rate consistency of the working
fluid. At medium and high pressures (up to 100 atmospheres and higher) the pressure
stabilizer with elliptical elastic chambers provides conditions for normal operation of
the corresponding equipment. For proper design of the stabilizer, especially deciding question
of the liquid volume which the stabilizer can accommodate, it is necessary to carry out
the calculation of the elliptical shell in the deformed state. The article provides the calculation
of the elliptical shell in the deformed state by step by step loading method and checking
the strength conditions at each step of loading. One of the main questions of the study is
the question of what maximum load can withstand elliptical chambers. In this paper,
we investigate the dependence of the maximum pressure at which the unit operates in
the elastic area of deformation on the of the elliptical pipe wall thickness. If harmful
oscillating discharge is known we should know the liquid volume which the camera can take.
The dependence of the cross-sectional area increase coefficient on the thickness of the pipe
wall is built. The article discusses some questions of pressure stabilizer designing.

Keywords: the pressure stabilizer, harmful pressure fluctuations, elastic camera

Introduction. Pipeline system, transporting fluid under pressure, generated by
pumping units or creating conditions for gravity flow of the liquid, is an elastic
construction. It consists of various elements, organizing and controlling the flow and fluid
pressure. Among them are the straight pipe sections, devices controlling pressure and
fluid discharge, turning of fluid flows, branching of liquid flows, means to protect
the most vulnerable units and pipeline parts and so on. An important factor in ensuring
the safety of the pipeline is the correct installation of fastening systems, both overground
and underground pats of pipe line. Owing to the irregular operation of pumping units,
changes in physical and (or) geometric conditions of the fluid motion unsteady movement
occurs. It is often accompanied by a sudden increase of pressure (water hammer
phenomenon) or harmful pressure fluctuations. The above phenomena can lead to
the failure of certain devices, as well as pipe breaks with probable fatal accident.

In aircraft and rocket engines non-uniformity of flow and pressure in liquid fuel
delivery systems are especially dangerous. The occurrence of discharge and pressure
fluctuations in these systems is possible due to the complexity of the organization
of working process of the pumping equipment, the inability to create fluid motion
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without centripetal accelerations (flow turns, slope changes of motion). There is also
the danger of vortex formation in a production environment, the occurrence of self-
excited vibration and resonance condition. The amplitude of pressure and discharge
in pipelines pump units can reach considerable values, especially for units of high
pressure, powerful circulating pumps, turbines with high discharges of non-stationary
streams. The mechanism of pressure fluctuations formation of liquid and gas is
described in detail in the book by 1. A. Czarnye [2].

Periodic fluctuations of liquid or gas pressure and discharge, resulting from
the interaction between the flow and the pipe, may cause mechanical vibrations of
the pipeline and its equipment and supporting structures. In the event of resonance of
the pumping fluid or gas can be likely created longitudinal waves causing resonant
vibrations of the entire pipeline system.

One the piping system protective means from the above-listed factors is the pressure
stabilizer. For hydraulic systems supplying fuel at high pressure (above 60 atmospheres)
and relatively small discharge amplitude oscillations for small pipe length there is
an effective means to reduce harmful flow pressure and discharge pulsations. It is
the pressure stabilizer with elastic elliptical chambers. This device is capable to work under
pressures above 200 atmospheres. Similar calculations were considered in works [4—6].

Fig. 1 shows a diagram of the stabilizer with elastic elliptical chambers. It consists
of a Central tube 1 of circular cross-section. Due to the uniformly distributed perfo-
rations 2, the fluid flows into the coaxial elastic chamber 3 of elliptical cross section 4
made of spring steel. The Central tube is connected to the main pipeline by means
of flanges 6. The length of coaxial elliptical segment is designed depending on the
desired range of dynamic processes of a hydraulic system correction.

Fig. 1. Design of the stabilizer with elastic chambers

In the event of fluctuations in the pipeline due to elastic deformation of a coaxial
camera and distributed perforation the dissipation of energy of oscillations pressure of
working environment takes place. By selection of appropriate parameters of a coaxial
camera and distributed perforations tone can achieve the necessary degree of reduction
of pressure fluctuations and changes in the natural frequencies of the system.

The main part. Calculation of the elliptical chamber on the strength and compliance
is necessary to perform on the deformed state, as the difference in the results compared to
linear analysis can reach a considerable value.

From the elliptical pipe is cut out a part of the pipe 1 meter length. Consider
a quarter of an ellipse with smilaxes a, and b,. On the edges are two reactions of

the supports: in point B — horizontal reaction and moment; in the point 4 — vertical
reaction and moment (Fig. 2). The arc AB is divided into rectilinear segments

I,,L,,...,1,. The pressure in the ellipse is added step by step, with a step Ap. It is
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considered as a distributed load perpendicular to the counter AB and transferred to
nodes 2...., n (forces F) and to nodes 1 and n+1 (forces F'/2).

Fig. 2. Calculation diagram

Fig. 3 shows a moment diagram from the internal pressure Ap in the basic
statically determinate system. As an unknown support reaction Z is assumed moment in
the point 4 .

Fig. 4 shows a diagram of the moments from the unit unknown reactions Z =1 .

Displacements in the direction of the reaction Z from the unit reaction Z=1
and from the load Ap in the basic system are calculated by the formulas (1):

| — — ] —
511:IM1M‘ds, AlpszlMFds. 1)
) 7k

The unknown Z is found from the equation:
SZ+ A =0. 2

After Z is found, the moment diagram in statically indeterminate system is built
by the formula: M =M +ZM, . Then vertical and horizontal unit forces are put at all

nodes of the basic system in turn and horizontal and vertical displacements of all
nodes are found.

Fig. 3. Moments diagram Fig. 4. Diagram

from pressure Ap in basic system from unit unknown Z

Horizontal and vertical displacements of the nodes are calculated by the formulas:

j VM J’.]VIVM
A =|—-—ds and A, =|—L—ds, 3)
JAap o EI JAap q E]
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H
where A%,

moment M in statically indeterminate system from load Ap; AM* and M’ —moments
J J

and AI;. ap — horizontal and vertical displacements in the node j from

from unit horizontal and vertical force applied in the node ;.

At each load step the coordinates of the nodes are corrected, i.e. the geometry of
the pipe cross section is changing. Since adding the load ellipse will tend to
"transform" into a circle, the expected limit load will be more. Check of the ellipse
contour strength is calculated as follows:

O-max < [O-adm ] H

where o,

X

. . _ M max . 1 1 —EI ;
is calculated by the formula: o,,, = ; Zmax M s = 2R 22

1/ R, - the initial curvature of the ellipse point; 1/R; — the curvature of an ellipse
points after load application [3].

Fig. 5. Moments diagram in statically indeterminate system from load Ap

Moments diagram in statically indeterminate system is shown in fig. 5

Calculations and main results. The analysis of numerical calculation convergence.
The calculation program was compiled in C++.

Phase 1. Convergence of the solution on the number of segments », when cutting
an arc AB by parts Lylyynd, .

Numerical experiments showed that the difference in the solution with n; = 50
and n, = 100 is less than 0.7%. Is assumed » = 100.

Phase 2. Convergence of the solution on the number of load steps.

Numerical experiments showed that the difference in the solution when the number
of steps on load ns; = 50 and ns, = 100 is less than 0.8%. Is assumed ns = 100.

Problem 1. Data: Elliptical section of the pipe with big and small semiaxis
a, =0.03m and b, =0.012m, pipe wall thickness 4, =0.001m . The material is steel

with modulus of elasticity £ =2.1-10° MPa, permissible stress [aadm]z 2.57-10°MPa,

the Poisson's ratio v=0.3.
Fig. 6 shows a quarter of the pipe cross section before and after deformation.
Figures 7 and 8 show the moments diagram and the normal stress diagram at
the counter of the ellipse from point B to point A relative to the axis 0X.
Calculations show that the maximum internal pressure p, which the pipe can

] is 0.353MPa. 1t is obvious that by increasing the wall thickness of
the pipe 4, , the pipe will resist greater pressure. However, this will reduce the points

resist on [0,
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displacements of the pipe, and thus to the reduction of the cross-sectional area

increase ratio k, =—
0

, where A4, i1s the cross-sectional area before deformation,

A; is the cross — sectional area after deformation.

0,012
¥, m
0,010
0,008
0,006

0,004

0,002

0

X, m

o 0,01

0,02 0,03

Fig. 6. A quarter of the elliptical cross-section before and after deformation
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Fig. 7. Moments diagram
for the quarter of the ellipse
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Fig. 8. Normal stresses diagram
for the quarter of the ellipse

Problem 2. The research of the maximum internal pipe pressure py,.x dependence on
its thickness was carried out (Fig. 9). All entrance data were taken same as in problem 1.
The calculations showed that pipe thickness should be taken depending on

the given maximum pressure in the pipe pmax.

31 Pmax

MPa

ho, m

T T T T T 1
0,0005 0,0010 0,0015 0,0020 0,0025 0,0030

Fig. 9. Dependence of maximum pressure
on the pipe thickness

116

sl Mm%

304
254

204

ho, m

T T T T T 1
0,0003 0,0010 0,0015 0,0020 0,0025 0,0030

Fig. 10. Dependence of the relative
increase ratio of the cross-sectional area
of the pipe 77 on its thickness
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Problem 3. These researches confirmed necessity for the calculation on
the deformed state (Fig. 10). All data were taken the same as in problem 1.

Numerical analysis shows that relative error 7% of calculations on the deformed

and undeformed state may exceed 35%. When calculating on deformed state the limit
load increases, since each step changes the geometry of the cross section towards
"transformation" of the ellipse into a circle.

Problem 4. The research of cross sectional increase ratio area k , of the pipe

on the thickness of the pipe was carried out (Fig. 11). All entrance data were taken
the same as in problem 1.
135] Ka
0]
125
0]
115
.

1,05

ho, m

T T T T T i
0,0005 00010 00015 0,0020 0,0023 0,0030

Fig. 11. Dependence of the cross-sectional increase ratio
area k , of the pipe on the thickness of the pipe

This parameter (k& , ) effects on the projected length of the elliptical pipe when

oscillation amplitude of the fluid flow is given.

Conclusions. 1. For the correct calculation of bending moment at each load step, we
need to use a formula that takes into account the change of curvature of the cross section.

2. The choice of the elliptical pipe thickness (at the accepted cross section) should
be performed depending on the maximum pressure which can resist the pipeline.

3. When calculating on the deformed state the maximum load that can resist
the pipeline increases comparing with the undeformed analysis. The difference of results
can reach 35%.

4. The thinner is the pipe wall, the greater is the additional volume of liquid (when
pressure increases) which the pipe section of elliptical cross-section can hold. Depending
on h, the total length is designed.

5. For better design of the pipeline it is also necessary to consider the various
ratios by/ay.

© Rekach F.V., Gbaguidi Aisse G.L., 2018
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PACYET
SJUVIMIITUYECKHUX YIIPYTUX KAMEP CTABUWIN3ATOPA JJABJIEHUS
1HO AE@OPMUPOBAHHOMY COCTOSHUIO YUCJIEHHBIM METOAOM
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Bompoc crabunuzanuu JaBiIeHUS U Pacxo/a XKUIKOCTH OCOOEHHO aKTyalleH B CHCTeMax
KOPOTKHUX TPpYOOIIPOBOOB, TJ€ NMPEIbSBISAIOTCS TOBBIIICHHBIE TPEOOBaHNS K PABHOMEPHOCTH
nojaun padoveit KuAKOCTH. B ycnoBusiX cpeiHMX M BBICOKHX jaaBieHuid (o 100 atmocdep
U BBIIlIE) CTAOMIIM3aTOP AABJICHHS C SJUIMITHYECKUMHU YIIPYTUMH KaMepaMH CO3aeT yCIOBHSA
JUIl HOPMAJBHOW pabOTHI COOTBETCTBYIOLIETO 000OpyHoBaHUS. I TpaMOTHOTO MPOEKTHPO-
BaHUS cTaOmim3aropa, OCOOCHHO TPH PEIICHHH BoOIpoca 00 o0BeMe JKHUIAKOCTH, KOTOPBIHA
croco0eH BMECTHTh CTaOMIM3aTOp, HEOOXOANMO HMPOBOIAUTE PacueT IIMNTHIECKOH 000104-
K{ 10 7e(hopMUPOBAHHOMY COCTOSIHHIO. B CTaThe MPUBOAWTCS pacdeT JUIMNTHYECKOH 000-
JIOYKU 10 e(pOPMHUPOBAHHOMY COCTOSHHIO METOJOM IIOLIarOBOTO HArPYKEHHS U MPOBEPKH
YCIIOBUI1 TPOYHOCTH HA KaXK/IOM I1are HarpyxeHus. OJTHUM U3 OCHOBHBIX BOIIPOCOB UCCJIE/0-
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BaHHMS SIBJISIETCS BOIIPOC O TOM, KaKyl0 MaKCUMaJbHYIO HAIPY3Ky MOTYT BbIJEPIKUBATh AIUIUII-
THUYECKHE KaMephl. B pabote mccieayercs: 3aBUCUMOCTh MAKCUMAIILHOTO JJABJICHUS TIPH KOTO-
POM KOHCTPYKIHs paboTaeT B ynpyroit odnactu aeopMHUpPOBaHUS OT TOJIIMHBI CTEHKH JJl-
JUNTAYECKON TPyObl. Eciu B X0/ie TUAPABIMYCCKUX PACUYCTOB CTAHOBUTCS M3BECTECH PACXojl
KHUJKOCTH, KOTOPBIA HEOOXOMMO MMOTacHTh, TO HEOOXOAUMO 3HATh, KAKOH 00BEM KUIKOCTH
croco0OHa «IPUHATHY Kamepa. B paboTe mprBeacHa 3aBUCUMOCTh KOG (QHUIMECHTA YBEITNICHUS
TUTOIIAJIH TTOTIEPEYHOTO CEYCHHUS OT TOJIIMHBI CTCHKH TPYOBI. PacCMOTpPEHBI HEKOTOPHIC BO-
MPOCHI IPOCKTUPOBAHUS CTAOMIIH3aTOpa TABICHUS.

KiroueBble ciioBa: ctabwim3aTop JaBieHUS, BpeIHbIC KOJIeOaHUS AABJICHUS, YIPYTIHe
Kamepsl
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PaccmarpuBaercsi KOHEUHO-3JIEMEHTHAsI METOIMKA PacyueTa JKeJIe300€TOHHBIX IUIUT, YCH-
JICHHBIX KOMIIO3UTHBIMU TKaHSAMH Ha OCHOBE YITIEPOIHBIX BOJOKOH, PEaIM30BaHHAs B IIPO-
rpamme [IPMHC. Mertoanka mpenHasHaueHa I aHANIM3a HaNpPsDKEHHO-Ie()OPMHUPOBAHHOTO
COCTOSIHHS KE€JI€300€TOHHBIX KOHCTPYKIMUI IIPH BO3ZHUKHOBEHUH TPELIMH B OETOHE U IIacTHYe-
CKUX JedopManuii B apmartype. Pacuer BeneTcst B IpUpalleHUsIX, IPUUEM Ha KaXXJIOM Ilare Ha-
IpYXEHUs UCIIONIB3YETCsl IepeMEeHHas MaTpHulia kecTKocTH. IlocTosiHHasE ee yacTh NMpescTaBIseT
MaTpuiy KECTKOCTH B HavaJIC MIara HarpyXCeHus, a NEpEMEHHAsA BBIYUCIIACTCA C YUYETOM Ha-
NIPSDKEHHO-/1e(POPMUPOBAHHOTO COCTOSHMSI B KOHIE TeKylued urepanmu. [lepemeHHas dacTb
MaTpUIbl )KECTKOCTH, Oyyul YMHO)KEHHOH Ha BEKTOp IIEpEeMEIICHUH, Hall/IeHHbI Ha Tpe/ibl-
JyLIed UTepaluy, IEPEHOCUTCS B NIPABYIO 4aCTh CUCTEMBI yPaBHEHHH M PACCMaTPUBACTCS Kak
JIONOJIHUTENBHAs Harpy3ka. IIpy BO3ZHHNKHOBEHUM TPEIIMH WM IIPH MOSBICHUM IaCTHYECKUX
nedopManuii HanpsHKEHUsT KOPPEKTHPYIOTCSI B COOTBETCTBUH € 33/IaHHBIMH JMarpaMMaMu Jie-
¢dopmupoBanus. [losToMy B KOHIE I1ara Harpy>KeHHs IPOBEPSIOTCS YCIIOBHS paBHOBecus. [Ipn
HEOOXOJMMOCTH TPOU3BOJUTCS YPAaBHOBEIIMBAHNE BHEIIHWX M BHYTPEHHHX cui. llpu ydere
IUIACTHYECKHUX AeopManuii B 66TOHE M apMaType UCIONb3YeTCsl TEOPHs IIACTUIECKOTO Teue-
HUS W KpuTepuid Tekydectn ['yoepa — Muzeca, MOIM(UIMPOBAaHHBIA HA OCHOBaHHHU JKCIEPH-
MeHTaIbHBIX HccnenoBanuii Kyndepa u ap. I[IpuBoautces mpumep pacuera skene300eTOHHOM
IUIMTHI C pa3HbIMU BapUaHTaMM YCHJICHHS KOMIIO3UTOM M 0e3 yCHIeHUs. AHAIU3UPYIOTCS pe-
3yJbTaThl pacyeTa. [lokazpiBaeTCsi BOSMOXKHOCTD MCCIIEIOBAHMS HAIIPSHKEHHO-1€OPMUPOBAHHOTO
COCTOSIHHSI Ha BCEM ITyTH Harpy»eHHs1 >keJie300€TOHHBIX TUTUT BIUIOTH JI0 pa3pyIICHUSL.

KiaroueBble ciioBa: Kele300€TOHHBIC IUIMTBI, KOMIIO3UTHBIC TKaHH, MCTOJ KOHCYHBIX
3JIEMECHTOB, ITPOTrPaMMHBIE KOMIIIIECKCHI

CoBpeMeHHbIE CTPOUTEIbHBIE MaTepUalbl MO3BOJIIIOT OOJIErYUTh PEMOHT HHXKE-
HEPHBIX KOHCTPYKIUN U COOPYKEHUH M YBENMYUTH CPOK HX IKcIuTyararuu. K gucmy
TaKUX MaTepHaJiOB OTHOCATCS, B YACTHOCTH, TKAHU HAa OCHOBE YIJIEPOAHBIX BOJIOKOH.
[IpOMBIIINIEHHOCT BBITYCKAET IIMPOKUM aCCOPTUMEHT Takux TKaHeH [1-3], a ctpou-
TeNbHBIE OPTaHU3AlMK OCBOWIM METOAMKHM WX NMpuMeHeHus [4-5]. PasmuuneiMu Be-
JOMCTBaMHU pa3padoTaHbl PEKOMEHIALWH 10 PEMOHTY M YCHJICHHIO YKeJIe300€TOHHBIX
KOHCTPYKLMH (cM., Hampumep, [6]), KOTopble OCHOBaHbI Ha OOIICHPHHATHIX, B OCHOB-
HOM JKCIIEPUMEHTAJIbHBIX, CBEICHUAX O paboTe NoA00HBIX KOHCTPYKLMM, HO HE Ipes-
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MOJIAraf0T TOYHOTO aHAIN3a HAIPSHKEHO-e(OPMUPOBAHHOTO COCTOSHHS NCCIIEMYEeMbIX
00BexToB. [10aTOMY yHOMSHYTBIE pEKOMEHIAINN CO/lepXKaT OOJbIIOe KOJTMYECTBO MO-
MPaBOYHBIX KO3()(HUIMEHTOB C LENbI0 0OecTieueH s 3amaca IPOYHOCTH, KOTOPBIH MO-
JKET OKa3aThCs M M30BITOYHBIM. Bosiee TOUHBIN aHaIM3 MOXKET OBITH BBITOJHEH METO-
JIOM KOHEUYHBIX 3JEMEHTOB C MOMOIIBI0 KOMIBIOTEPHBIX MPOTPaMM, B KOTOPBIX ATOT
METO/Jl peaIN30BaH B JMHEWHOW M HEIMHEWHON nmocraHoBkax. K Takum nporpammam
otHOCcsTCs Xopoio u3BectHble NASTRAN [7], ANSYS [8], ABAQUS [9] u psn npy-
rux. Ciemyer OTMETHTh, OJTHAKO, YTO pacdeThl (PH3MUECKH HETMHEWHBIX KOHCTPYKITHHA
B YIOMSHYTBIX IIpOrpaMMax MPOBOASTCS C TIOMOIIBbIO (PU3NYECKUX COOTHOILIEHUH, OC-
HOBaHHBIX Ha TEX WJIM MHBIX SKCHEPUMEHTAaX, a BO3HUKAIOIINE MPU 3TOM pa3periaro-
IIMe YpaBHEHUS U KOHCTPYKIMH B IIEJOM PEIIAIOTCS MPUOIMKEHHBIMI METOJIAMH.
[ mOBBIIIEHNST TOCTOBEPHOCTH PE3yNIbTATOB MOTOOHBIE PACUETHI CIEAYET IPOBOIUTH
C MCTOJb30BAaHUEM HECKOJBKUX IporpamMM. [103TOMy NpOEKTHPOBIIMKH JOJIKHBI
HUMETh B CBOEM apCEHANIC HECKOJBKO AOCTYIHBIX PACUETHBIX MHCTPYMEHTOB. B cBA3M
¢ 3TUM pa3paboTKa aJbTEPHATHBHBIX PACUETHBIX METOJUK W COOTBETCTBYIOIIUX IPO-
rpamMM OCTaeTcs 10 CHX TMOp aKkTyalnbHOU 3amadeit [10-12].

B nmanHO#i paboTe paccMaTpuBaeTCsi KOHEUHO-DJIEMEHTHAs METOJIUKa pacyera
Kelle300€TOHHBIX TUTAT, B TOM YHCIIE YCHICHHBIX KOMIO3UTHBIMH TKaHSAMH, C YIETOM
TUIacTHYecKux aedopMaluii B apMaType W TPEeIIMHOOOpa30BaHus B OSTOHE, OMHUCHI-
BaeTCs MpOrpaMMHas peaau3alus METOAUKHU B BEIUMCIUTENbHOM KoMiekce [IPUHC
Y IIPUBOJIUTCS MPUMEP PacueTa IIUTHL

Pacuer dhusndeckn HemUHEHHBIX KOHCTPYKITHi ¢ momombio BK ITPUHC Benercs
METOJIOM KOHEUHBIX 3JIEMEHTOB B IpUpaleHusx [1] mo ypaBHeHHIO

KNLAI/I=AP, (1)

rae Kp; — monHas HelMHEHHas MaTpPHIA KECTKOCTH, CBS3BIBAIOINAs MPHPAICHHS

Y3II0BBIX CWJI U NepeMelleHnid; Au u AP — mpupalleHus y3l0BbIX NEPEMEIICHUN U
Y3II0BBIX CHJI KOHEUHO-3JIEMEHTHONW MOJIENIH COOTBETCTBEHHO.

Marpua Ky B MHTEpBasie Harpy)KeHHUsl HEIPEPHIBHO M3MEHSCTCS, TIO3TOMY, YTOObI
MOJTyYUTh TOYHOE peleHre, Heo0xoanmo B Gopmyie (1) nepeldTr K MHTErPHUPOBAHUIO:

Ug
| Kypdu=AP, (2)
Ug

A€ Uy U Ug — 3HAUYCHUA nepeMemeHI/Iﬁ B Ha4aJIC U KOHII€ MHTCPBAJia HArPY>KCHUA CO-

OTBETCTBEHHO.
OpmHako BeCTH BBIUHCICHHS 1O (opmyie (2) MpakKTUIECKH HEBO3MOXKHO, TaK

KaK He CYIIECTBYET aHAJIMTHUYECKOTO BhIpaxkeHUs st Kpy , a BepXHss rpaHuia

HWHTEpBaJla UHTETPUPOBAHUA HEU3BECTHA. BBIUUCIIAS MHTErpaj Mo MpaBUily Tpare-
UM, Tony4aeM

%(K0 +K,)Au=AP, (3)

rae KO n Kl — MaTpuiibl )XCCTKOCTH, BBIYUCIIICMBIC B Ha4YaJIC 1 KOHIIC 1Iara Harpy-

KEHHSI COOTBETCTBEHHO.
3anumieM ypaBHeHue (3) B Buze

(K, +AK)Au = AP, “4)

rie A[(z%(K1 -K,).
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Ypasuenue (4) pemaeTcss HTEPaHOHHBIM CIIOCOO0M:
K,Au, =AP—-AK. Au, ,, 5)

r7ie i — HOMep UTEepaLUu.
IIpyn nocTHKEHHH CXOOUMOCTH UTEPALIMOHHOIO Ipoliecca HaXOASATCS IOJIHbIE
3HAUCHUS MTEPEMEIICHHUI U HANPsHKeHUH 1o hopmyiam:

u=u,+Au; o=o0,+Ac. (6)
[Mpupamnienuns HanpsHKEeHUH HaxoAATcs 1Mo Gopmye
Ao=C, A¢, @)

rae C,,— ynpyro-IjiacTu4eckas Marpula XapakTepucTHK MaTepuaina, onpeensemast

HIDKE. JTa MaTpulia Ha 1Iare Harpy>K€Hust HE OCTaCTCA IMOCTOSIHHOM. CTpOI‘O roBops,
HAIIPsKECHUA TOJIKHBI HAXOAUTBHCS HHTCTPUPOBAHUCM BbIPAKCHUS (7), T.C.

Ag
Ac=[C,As. (3)
0

OnHako B M3ru0aeMbIX KeJIe300€TOHHBIX KOHCTPYKIHAX CYIIECTBEHHOE BIIUSHUE
Ha NMPOYHOCTH OKa3bIBAaCT TPEIIMHOOOPa30BaHKE, II0OITOMY Ha Ka)KIOM IIare Harpyxe-
HHS TPUXOINUTCS aHAIM3MPOBATh HANPSHKEHHOE COCTOSHHE M IPH BO3HHUKHOBEHHH
TPEUIMHBI KOPPEKTHPOBATh HANPSKEHUS C YIETOM JUArPaMMBbl Je(OPMUPOBAHHUS IJIs
pacTsHyTOW 30HBL. DTO TpeOyeT MPOBEACHHS MpOLEcCca YPaBHOBEIINBAHUS KOHCTPYK-
UM, CIIEJJOBATEIBHO MPUMEHEHHE MPUOIMKEHHOH (opMyisl (7) OKa3bIBaeTCsl BIIOIHE
OTIpaBIaHHBIM.

Marpuua xectkoctd K Uil OTAETBHOTO KOHEYHOTO 3JEMEHTa HAaXOAUTCS IO
dopmyne [13]

K = j BTCBAV,
V

rae B — MaTpuIia, CBSI3bIBAMOIIAS KOMIIOHEHTHI ehopMaIuii 3JeMeHTa ¢ KOMIIOHCH-
TaMH Y3JIOBBIX NepemenieHuil; C — MaTpUlla, CBSI3bIBAOLIAsS KOMIIOHEHThI HampsKe-
HUU ¢ KOMIIOHEHTaMH Jie(hOpMaIIvii.

BexkTop y3710BBIX HArPY30K KOHEYHOT'O JIEMEHTA HAXOIUTCS U3 COOTHOIICHHUS

f==[N"pav,
Vv

rae N — matpuna GyHKUUE GOpMBI, BeIpaxkaroniasi IepeMeIieHus] BHYTPEHHHX TOYEK
KOHEYHBIX 3JIEMEHTOB C Y3JIOBBIMU IEPEMEIIECHUSAMU; p — BEKTOP, COCTABICHHBIN U3
KOMIIOHEHTOB paclpeieIeHHON Harpy3KH.

MeTtoauKka BBIYHMCICHUS T€OMETPHYECKONH MaTpHUILIbl B XOpOIIO M3BECTHA (CM.,
Hanpumep, [13]).

IIpn mocTpoennn GU3NIECKON MATPHITHI B JAHHOW pabOTe MUCIIONIB3YIOTCS THa-
rpammbl JehopMUpOBaHUsT OETOHA W apMaTyphl B BHJE, IIOKa3aHHOM Ha puc. 1.
[Tpu 5TOM npenmnonaraercs, 4To OETOH AePOPMHUPYETCS JIMHEHHO B CXKaTOM 30HE 0 JOC-

TIDKEHUSI TIpefiesia TeKY4YeCTH O, a B PAacTSHYTOW 30HE — JI0 JOCTIKSHUS Mpe/iena Tpe-
IMHOOOpa3oBaHus O, . Bun auarpaMMel B pacTsSHYTOH 30HE ONpeensieTcs TapaMeTpaMu

O,

cr

a W &, U B 3aBUCUMOCTH OT 3THUX MapaMETPOB MOXKET OBITH Pa3JINYHBIM.

Pasrpyska npoucxoguT Mo JIMHEHHOMY 3aKOHY C HadalbHBIM MOAYJEM YHpPyro-
CTH B CIKATOM 30He M MoAyleM E, =0, /&, B paCTAHYTOH 30He.
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JuarpaMMbl 1ehOpMHUPOBAaHUS apMaTyphl B PaCTIHYTOW M CXKATOW 30HAX IPH-
HUMAaIOTCA OJMHAKOBBIMU.

bemon Apmamypa
o A o A
Pacmsorcenue Pasepyska
Gcr 4 O-T - 7
/
ao,, Hazpyoicenue |
/
Pasepysxa o, Paszpyska |
e
g Em E, o /I
u \ |~ R I N
f ¥
\ Ill\g&& | \EO 2 En & b
/0
[ 1 Or
I 7/ |
|7/ |
4 |
/ 1{ I’
/
| ,l
Gcm
Corcamue
a

Puc. 1. Ilnarpammbl 1epopMupoBanusi 6eToHA U apMATYPBhI
[Fig. 1. Diagrams of deformation of concrete and reinforcement]

st IByXMEpHOro HaIpsDKEHHOTO COCTOSHMSA TpaKu pHc. | TpaKkTyloTCs Kak Jaua-
rpaMMBbl 3aBUCUMOCTH MHTEHCUBHOCTH HANPSKEHUH OT MHTEHCUBHOCTH Ae(hopMaLiii.

B UHTEpBaJI€ OT O, A0 O, IJi C)KaTol 30HEI OETOHA MIPUHUMACTCA 3aKOH [JC-

(hopMupoBaHUs, peKOMEHI0BaHHbIN EBpokoMuccueil mo 6eToHy, umeromuid Buj [ 14]
2

Ey e [ &
E ¢ g,
S— Ei : o, TpH |£|< Eunls )
1+ 70_2 i
&

1 cm
Ta€ O U & — HapsKCHUA U I[e(bopMaLlI/II/I B C)XKaTol 30He OeToHAa COOTBCTCTBCHHO,
E, — navanbpHBIH MOIYTTh yIIPYTrocTH; £, — ceKyImii MOIyJIb OT Havyaia 10 MHKOBOTO

3HAUCHUS HANpSOKEHUs O, ; &£, — AehopMaiys, COOTBETCTBYIOIIAs MHKOBOMY 3Ha-

YEHUIO HANPSKEHUS.
Hcnonp3yroTcss MHOTOCTIOWHBIE KOHEUHBIE JIEMEHTBI M3TM0aeMBIX [UIACTHH, TIOCTPO-

€HHBIE C UCTI0JIL30BaHKeM THuIoTe3bl Kupxroda u moapobHo omvicanHbie B padoTte [15].
Jlns moydeHus: 3aBUCMMOCTH MEXIY NPHUPALICHUIMH HalpsDKeHUH U nedopma-

OUAMH JUIS CKaTOM M CXKATO-pacTAHYyTOH 30H mpu O, <O, HUCIOIb3YeTCs TEOpHs
TUTACTUYECKOTO TeueHus. Kpurepuii Teky4ecTH OeTOHA CHKAaTOW 30HBI IPUHUMACTCS B
BHJIE, TIPEIOKEHHOM B padore [16],

f(11,J2)=[/3(3J2)+0111]% = 00, (10)

YUCNEHHBIE METO[IbI PACHETA KOHCTPYKLIWIA 123



Agapov V.P., Nikolaev V.B., Golovanov R.O. Structural Mechanics of Engineering Constructions and Buildings, 2018, 14 (2), 120-131

rae I, — mepBblil MHBapUAHT TEH30pa HANpPSDKEHUH; J, — BTOPOIl MHBAapHUaHT JeBHA-

TOpa HaNpsDKEeHUil; o 1  — K03 PUIHMEHTHI, TPUHUMAEMBbIE C YYETOM 3KCIIEPUMEHTOB
Kyndepa u np. [17] pasabivu o = 0,35500u B = 1,355.

Otmerm, yto nipu oo = 0 u B = 1 ycnoBue (5) mpeBpaniaercss B U3BECTHBIH KpH-
Tepwii tractuaHocTH ['yoepa — Museca [17].

duznyeckas MaTpulia HaXOOUTCS MPU 3TOM M3 COOTHOLIEHHUS (CM., HalpuMep,
[13;15; 18])

¢, ]| (€] -[CYa} 41|

H'+{a}' [C]{a}
rne [C ] — Matpuiia kK03 uIMeHToB 0000IIeHHOTO 3aKoHa ['yka /s IIOCKOTro Harpsi-

KEHHOTO COCTOSIHHUS; {a}—BeKTop teyeHusi; H' — KacaTeNbHbBI MOMIYJb KPHBOM
«MHTEHCUBHOCTh HANPSKEHHS — TMPHUPAIICHNE WHTEHCHBHOCTH IUIACTHYECKUX JIe-
bopmanuii.

BexTop Teuenus Haxomutcs nuddepeHnrpoBaHueM (YHKIUN TEUEHHS 1O KOM-
TOHEHTAM HaIpsKEHUH, T.e.

_ r_Jof af of
{a}—{al % a3} B do, ﬁay ﬁo;y

T

B anroput™me, peanmuzosannom B nporpamme [IPUHC, kpusas o(€) nepecrpau-
o 4
BAETCs 110 TOYKAM B MarpamMmy o(€,), o KOTOpOi U ompenensercs napamerp H' .

IIpouecc nepecTpoeHus HIUTIOCTPUPYETCs Ha pUC. 2. DTa e AuarpaMMa OrpeesiseT
U TIPaBUJIO YIIPOYHEHHUS.

O a O-(gp)

o(e)

v

A
A4
A

A4

Puc. 2. IlocTpoenne nuarpaMMbl «HaINpsizKeHHe — IUIacTHYecKas JedopManus»
[Fig. 2. Construction of a stress—plastic strain diagram]|

3aBHCHMOCTh MEXy HANPSHKEHUSIMH U JIe(pOpPMaITUsIMH B PACTSIHYTOH 30HE IpH-
HUMAETCS JIMHCWHON 10 BOSHUKHOBEHUS TPEITUHBL. MOMEHT BO3HUKHOBEHUS TPEIIHU-
HBl (PUKCHpYETCs TO TJIABHBIM HaIpsDKeHUsM. [Ipu BO3HMKHOBEHHWH TpPEIIMHBI MO-
IyJib YOPYTOCTH B HANPaBICHWH, NEPIICHANKYISIPHOM TpEIINHE, TPUHUMAETCS PaB-
HBIM HYJIO, @ MOAYJH CIBUTa B HANpaBJIEHHUHM, MapajUIeTbHOM TpEIINHE, KOPPEKTH-
PYIOTCSI B COOTBETCTBHH C PEKOMEHIALUSIMHE, IpUBeACHHBIME B pabdote [16]. Mcnonb-
30BaHHBIC PEKOMEHIANNY YUYNUTHIBAIOT arperaTHOe B3aMOJICHCTBYE B 30HE TPEIINHBL,
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HaTrWIBHBIN 3P dekT u apyrue (HakTopsl, BIUIIONTNE Ha pabOTy TpeCcHYBIIEro 0eToHa
Ha CIBUTI. HOpMaHLHLIe HaIIpsOKCHUA B HAIPaBJICHUM TPCIIWHBI CKAYKOM YMCHbIIIA-
FOTCS IO BEJIMYHMHBI, ONPEJICIIIEMOM M0 [UarpamMme puc. 1,a IUist pacTSHyTOW 30HBHI.

dusnyeckre ypaBHEHHS MPU BO3HUKHOBEHHUH TPEUIMHBI ()OPMHUPYIOTCS CHAavana
B TJIABHBIX OCSIX, & 3aTeM MEPECUUTHIBAIOTCS K TII00aTBHBIM OCSIM.

®u3nyecKre ypaBHEHUs Ul apMaTypbl U IS YIJIEPOAHON TKaHHU C OJAHOHAIPAaB-
JICHHBIMH BOJIOKHAMH MPUHUMAIOTCSI HA OCHOBE AuarpaMMbl [IpaHaTis 0 METOIUKE,
ommcaHHOM B pabore [15] .

Hcnonb3oBaHue JIMHEapU30BaHHbBIX YPAaBHEHMM HA IIare Harpys>K€HHs MPUBOJIUT
K HapylIICHHUIO YCIIOBUI paBHOBecHs. [103TOMYy B KOHIIE Ka)OTO Illara HarpyKeHUs
BBIYUCIIIETCS BEKTOP P, y370BBIX CHJI, CTATHYECKU YKBHBAJICHTHBIN MOIHBIM 3Haue-

HUSIM BHYTPEHHUX HAIPSKCHUN, HAXOUTCS BEKTOP HEBA3KH KaK pa3HOCTh MEXKIY MOJI-
HBIM BEKTOPOM BHEIIHEil Harpy3ku P u BektopoMm P, pemieHne KOppeKTHPyeTcs

C YYETOM 3TOU HEBSZKU.

Jnst wiutrocTpaluy BO3MOKHOCTEH MPEJIOKEHHOW METOJMKH paccUuTaH Qpar-
MEHT >KeJIe300€TOHHOI CTEHBI OHOTO U3 COOPYKEHUI aTOMHOM CTaHIIMU, B KOTOPOI
OBLTH OOHAPYKEHBI TPEIIUHBI U KOTOPOH MOXKET TOTpedoBaThes yeruiueHue. OHO MO-
JKeT OBITH BBIIIOJIHEHO C UCIOJIb30BaHNEM YIiepoaHbIX TkaHei [19]. UToObl yoenuTs-
Cs B JIOCTOBEPHOCTU TOJIYyYaeMbIX PE3YJbTaToOB, B JaHHOW paboTe ObLI paccUMTaH
(parMeHT CTEHBI B BHJIE CHJIBHO BBITAHYTOM B OJHOM HalpaBlICHUH IIOJIOCHI, LIap-
HUPHO ONEPTOI BAOJIb KOPOTKUX cTOpoH (puc. 3). s cpaBHeHHs OBbLT Tak)Ke BBITIOJN-
HEH pacyeT IUTUTHI 0e3 yCHIIeHUS] KOMIIO3UTOM.

KoneuHno-31eMeHTHas pacueTHas cxema IUIMThI IpuBeaeHa Ha puc. 4. Vcnons-
30Bajlach HEPaBHOMEpHAs CETKAa KOHEYHBIX DJIEMEHTOB CO CTYIIEHHEM K CepelrHe
nponera. CeTka CONEpKUT TPH Ipynmsl 3neMeHToB 1, 2 u 3. LlenTpansHas rpynna 3
COCTOUT U3 OJHOTO PsiAa JIEMEHTOB.

MemannuyecKkas
q apmamypa

VA Y VY Y VYV VAT
YR

bemoH

1,4

17 4

JaY
+ | 11,2 m /

1<

Komno3ummHas
MKGAHb

Puc. 3. ®parmenT :kes1e300€TOHHOM NJIMTbI, YCUJIEHHOH KOMIIO3UTHON TKAHBIO
[Fig. 3. Fragment of reinforced concrete slab reinforced with composite fabric]

)

Puc. 4. KoneuHo-31eMeHTHasi pacyeTHasi CXeMa IIATBI
[Fig. 4. Finite element calculation scheme of slab]

YUCNEHHBIE METO[IbI PACHETA KOHCTPYKLIWIA 125



Agapov V.P., Nikolaev V.B., Golovanov R.O. Structural Mechanics of Engineering Constructions and Buildings, 2018, 14 (2), 120-131

Pa30uBKa TUIMTE HA CIIOM IO TONIIWHE OTpakeHa B Tabn. 1. Cmom 1, 12 m 29
HUMEIOT HyJIeBYIO TonmuHy. Cioii 12 sBisieTcss 6a30BbIM, a ciion 1 U 29 — GUKTUBHBI-
MU. OUKTUBHBIC CIIOM BBOSTCS JJIS TOJYYCHUS BO3MOXHOCTH BBIBOJIA HAITPSKEHUH
Ha HWKHEH U BEpXHEH MOBEPXHOCTSAX B MOCTIPOIIECCOPE.

Tabauya 1

XapaKTepuCTHKHU CJIOEB
[Layer characteristics]

Homep cios ToJmuHa, cM Marepuan
2-11 7 beron
13-22 6,25 beron
23 0,21 Cranb
24-25 3,5 beron
26-28 0,1 KomMmo3uTtHas TkaHb

Hcnonp3oBanuck crepyromue Matepuaibl: 0eToH kiacca B20, apmarypa kinacca
A400 1 KOMIO3UTHAast TKaHb C OAHOHAIIPABICHHBIMU BOJOKHAaMH. J{JIsl TKaHU NIPHUHU-

MAJIICh CIEAYIONIMe XapaKTePHCTHKI: MOAYyIb yipyrocta E, =6,3x10" kIla, mpe-
JeTT mpoYHoCcTH R, =7 % 10° xI1a , octatouHas nedopmanus &, =2%.

[Tnuta Harpyanach paBHOMEPHO pacipe/ieiCHHON Harpy3Koil HAITEHCUBHOCTBIO
q =100 xIla . MuoxuTenn Harpy3Ku MpUBEIEHBI B TA0I. 2.

Tabruya 2
PacnpenesieHne Harpy3Ku 1o maram
[Load distribution by steps]
Homep mara 1-16 17-32 33-40 41 u gamee
Muowurear, 0.1 0,05 0,025 0.01
HArpy3KH

Ha puc. 5 u 6 moka3ansl KpUBbIC PABHOBECHBIX COCTOSHHUH JUTSI TTUTHI 0€3 KOM-
MO3UTHOTO YCUJICHUS U C YCUJICHUEM.

0.6 0.6 12 1.2
1 1
2 04 04 2 0.8 0.8
o [ o % %
g | £ T T
o 06 +—06 o
O O . .
= 2 = \ 2
] o o o
= | = % | %
2 02 02 & a 04 04 o
C | C C C
0.2 0.2
0
0.,975303

-0,575303
-0,775303

[NepemelleHune, m

-0,175303

0
-0.0659506 -0,375303

-0,043506  -0,029506  -0,009506
MepemellgHre, M

Puc. 6. PaBHoBecHass KpuBasi

AJA IUIMThI ¢ KOMIIO3UTHBIM yCHJICHHEM
[Fig. 6. The equilibrium curve

for plate with composite strengthening]|

Puc. 5. PapHoBecHast kpuBasi
AJIS IUIMTHI 0€3 yCHiIeHust
[Fig. 5. The equilibrium curve
for plate without strengthening]|
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Ha puc. 7 u 8 mpuBe/icHbI 3HAUCHHSI MPEJCTbHBIX MOMEHTOB JIJIsl IBYX BapHaH-
ToB pacyera. [IpenensHOe COCTOSIHUE JUIS TUTUTHI O€3 YCHIICHHS OBUIO JOCTHTHYTO
npu Harpyske ¢ =53 klla, a s ycunennoit mmtel — nipu g =114 xIla . Teopetnue-
CKOE 3HaUeHHNe M3TNOAIOIINX MOMEHTOB TIPY TaKUX Harpyskax cocrasiseT 831 kHm/m
u 1788 kHM/M COOTBETCTBEHHO.

Puc. 7. IIpenesbHble H3rn6éa0mue MOMEHTBI IS IUIMTHI 0€3 yCHJIeHH
[Fig. 7. Limit bending moments for a plate without strengthening]

Puc. 8. [IpegensHble H3rndaronme MOMEHTHI 1JIsl IJIMTHI € YCUJIEHHEM
[Fig. 8. Limit bending moments for a plate with strengthening]|
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[IpenenpHBIE 3HAYESHUS MOMEHTOB, HaiineHHbIe TI0 iporpamme IIPUHC, coctaBu-
mm 830 kHm/m 1 1790 kHm/M, 9TO pakTHYeCKH paBHO TEOPETUICCKIM 3HAYCHUSIM.

[Ipu mpuUHATOM YCHIIEHHH IUTHTHI IPEJebHOE 3HAUCHHE N3THOAI0IIero MOMEHTa
YBEITMUYWIOCH 110 CPAaBHEHMIO C UCXOAHBIM BapuaHToM Ha 116%.

Crienyer OTMETHUTh, YTO 3HAUEHHS BHYTPEHHHMX H3rMOAOLIMX MOMEHTOB HAaXoO-
nsatcst B mporpamMme [IPUHC oTHOCHTENBHO CPEANHHOM TOBEPXHOCTH TIITUTHI.

= Cmoit Ne 1

0,7m = Cnon Ne 2-11

h d ——  Cnoii Ne 12

0,7 ™
. [ Crou Ne 13-22

i ! Coii Ne 23
¥ | :' Crnoun Ne 24-25
Cion Ne 26-28

Croii Ne 29

Puc. 9. I'iyduHa TpemuHbI IS IJIUTHI, yCUJIEHHO KOMIO3UTOM
[Fig. 9. The depth of a crack for a plate reinforced with a composite]

Ha puc. 9 noka3zana riny0nHa MPOHUKHOBEHHUS TPEIIMHBI VIS IUIUTHI, YCUIEHHON
KOMIIO3UTOM, B COCTOSTHHH, ITPEIIECTBYIOIIEM Pa3pyIIEHUIO.

[Ipn yBenmyeHHUH ymcia CIOEB KOMIIO3UTa B JIBa pasa NpeAenbHas Harpyska
Jocturia sHaueHus g = 221 xlla, T.e. yBennuuiace Mo CpaBHEHUIO C UCXOAHBIM Ba-
puanTom Ha 93,8%.

B pesynbpTare pacuera onpenesuIMCh TakKe YCHIIMS M HAIpPSKEHHUS B KOMIIO-
3UTHOHM TKaHH, HCCIEAOBAINCH MPOLECCH TPEIMHOOOpa30BaHus B OETOHE U TIaCTH-
9ecKoro AeopMHUpPOBaHUS apMaTypbl. PasMepsl cTaTbu HE O3BOJISAIOT MIPUBECTH I10-
JIyYeHHBIE Pe3yNIbTaThl B TIOJTHOM OOBEME.

BruiBoasl. [IpoBenenHble B HacTOsAIIEH paboTe HCCIEAOBaHMS TTOKA3aJIH, YTO Me-
TonuKa (U3MUYECKH HEIMHEHHOro pacuera, peanu3zoBaHHas B nporpamme [IPMHC,
JaeT BO3MOKHOCTb IETAIBbHO aHAJIM3MPOBATh MPOLECCH Ae(OPMHUPOBAHUS KEJE30-
OETOHHBIX IUIUT KaK C TPAJUIIMOHHBIM apMUPOBAHUEM, TaK U YCHIIEHHBIX KOMIIO3HT-
HBIMHU TKaHsMH. CTporoe coOoAeHNe yCIOBUIl pPaBHOBECHS IIPU CIOXKHOM XapaKTe-
pe HaNPsHKEHHOTO COCTOSTHYSL, OTMEUYEHHOE B PA3JINYHBIX BapUaHTAaX PEIICHUS 3a1ad,
CBUJIETETILCTBYET O JOCTOBEPHOCTH IMOIydaeMbIX pe3yibTaroB. [Iporpamma ITPUHC
JOCTYITHA IIUPOKOMY KPYTy CHELHAIMCTOB M MOKET OBITh MOJIe3Ha MPH pacuere U
MIPOCKTHPOBAHHH JKEI€300€TOHHBIX TUIUT.

© Aramnos B.I1., Hukomaes B.b., ['omopanos P.O., 2018

Cnucok JuTepaTypsl

1. Kanvsinosa E.E. HoBble NHHOBAIIMOHHBIE TEXHOJIOTHH: MIPEUMYILECTBA MpoaykToB Sika //
CrpoutensctBo. 2014. Ne 8. C. 54-58.

2. FRP Repair Materials and Methods. Concrete International — 2005. Vol 27. Ne 1. P. 66.

3. Cardolin A. Carbon Fibre Reinforced Polymers for Strengthening of Structural Elements.
Division of Structural Engineering, Department of Civil and Mining Engineering, Lulea University
of Technology. Sweden, 2003. 194 p.

128 NUMERICAL METHODS OF STRUCTURES’ ANALYSIS



Aranios B.I1., Hukonaes B.B., Moroa+oB P.O. CtpouTerbHast MexaHuka MHKEHEPHBIX KOHCTPYKLIMIA 1 coopyseHui. 2018. T. 14.Ne 2. C. 120-131

4. Yepuasckuil B.JI., Axcenvpoo E.3. [IpuMeHeHnE YTICTIIIACTUKOB IS YCHIICHHS JKeJle-
300€TOHHBIX KOHCTPYKUMII HPOMBINUICHHBIX 3MaHui // [IpOMBIIUIEHHOE W TpaskAaHCKOE
ctpoutenbeTBo. 2004. Ne 3. C. 37-38.

5. PeKOMeH}Ia]_II/II/I IO MPUMEHCHUIO TKAHCBBIX KOMITIO3MIIUOHHBIX MaTCpHajiOB IIPpU pEMOH-
TE JKeJIe300E€TOHHBIX KOHCTPYKIMI MOCTOBBIX COOpyXeHuil. PenepanbHOe JOPOKHOE areHTCTBO
(Pocastonop). M., 2013. 55 c.

6. PyKOBOACTBO MO YCHJICHHIO KeNe300€TOHHBIX KOHCTPYKUMI KOMIO3UTHBIMH MaTe-
puanamu. M.: HUMXKB, 2012. 48 c.

7. MSC NASTRAN 2016. Nonlinear User’s Guide. SOL 400. MSC Software Corporation.
2016. 790 p.

8. Bacos K.A. ANSYS: cipaBounuk nomnb3oBarerst. M.: U3n-so « IMK-IIpecey, 2005. 637 c.

9. ABAQUS 6.11. Theory manual. DS Simulia. 2011.

10. Nabil F. Grace, Singh S.B. Durability Evaluation of Carbon Fiber-Reinforced Polymer
Strengthened Concrete Beams: Experimental Study and Design // ACI Structural Journal.
January-February, 2005. Vol 102. No 1. P. 40-53.

11. Bokapes C.A., Cmepoos JI.H. HenmuHEeWHBINA aHAIN3 JKEJIE300CTOHHBIX HU3rHOAeMbIX
KOHCTPYKIINH, yCUIICHHBIX KOMIO3UIIMOHHBIMU MaTepuasiamu // Bectauk TTACY. 2010. Ne 2.
C. 113-125.

12. Cedolin L., Deipoli S. Finite element studies of shear-critical R/C beams // ASCE
Journal of the Engineering Mechanics Division. June 1977. Vol. 103. No. EM3. P. 395-410.

13. Zienkiewicz O.C., Taylor R.L. The Finite Element for Solid and Structural Mechanics.
Sixth edition. McGraw-Hill, 2005. 631 p.

14. Comité Euro-International du Béton. CEB-FIP Model Code, 1990. Thomas Telford
House, London, 1993.

15. Aeanoe B.Il. MeTo KOHEYHBIX 3JIEMEHTOB B CTaTHWKE, JUHAMUKE W YCTOWYHBOCTH
koHCTpyKumid. M.: ACB, 2005. 245 c.

16. Owen D.R.J., Figueiras J.A., Damjanic F. Finite element analysis of reinforced
and prestressed concrete structures including thermal loading / Computer Methods in Applied
Mechanics and Engineering. 1983. 41. P. 323-366.

17. Kupfer H., Hilsdorf H.K., Rusch H., Behavior of concrete under biaxial stresses // ACI
Journal Proceedings. August 1969. Vol. 66. No. 8. P. 656—666.

18. Chen W.F. Plastisity in Reinforced Concrete. McGraw-Hill. New York, 1982. 261 p.

19. PyKoBOJCTBO 1O PEMOHTY OCTOHHBIX U KEJIE300C€TOHHBIX KOHCTPYKIMHA W THAPOTEX-
HUYECKUX coopyxeHui aToMHbIX craHimit. OAO «Konnepr Pocaneproarom». M., 2012. 114 c.

06 aemopax:

Azanoeé Bnaoumup Ilaénosuu — NOKTOp TEXHUYECKHX HAyK, mpodeccop, Kadenpa MpHKIaIHON
MEXaHUKHM U MareMaTHku, HanuonanbHelil uccienoBarebckuii MOCKOBCKUM rOCYAapCTBEHHBIN CTPOU-
TeJIBHBIA yHUBEpCUTET. Obnacmsb HAYYHbIX UHMeEpecos: pacdeT KOHCTPYKIUH Ha IPOYHOCTB, yCTOHYH-
BOCTB ¥ KOJIEOAHHSI METOJIOM KOHEUHBIX JJIEMEHTOB; pa3paboTKa IPOrpaMMHOT0 00eCcIIeueHUs! IPOYHOCT-
HBIX pacuyeToB. Konmaxmuas unghopmayus: e-mail — agapovpb@mail.ru

Huxkonaes Banepuii bopucoguy — NOKTOp TEXHMYECKUX HAYK, IPOQeccop, TIaBHBINH Hay4YHbBIA COTPYI-
HUK, AO «ATOM3HEPronpoekt. OO1acmb HAYUHLIX UHMEPECO8: TEOPUS MACCHBHBIX IKEJIC300CTOHHBIX
KOHCTPYKILIMH SHEPreTHYECKUX CoopykeHui. Konmakmuas ungopmayus: e-mail — agapovpb@mail.ru

TI'onosanosé Poman Onezouy — KaHIUAAT TEXHUYECKUX HAYK, JAOLEHT, Kadeapa NPUKIaIHONH Mexa-
HUKU U MaTeMaTuku, HanuvoHaneHbIl uccienoBaTenbckuii MOCKOBCKMH IOCYIapCTBEHHBIA CTPOUTENb-
HBIH yHUBepcuteT. Obnacmy HayuHblX UHmMepecos: YKCIICPUMEHTAIbHBIE W PAacUeTHBIC HCCIICIOBAaHUS
MPOCTPAHCTBEHHBIX CTEP)KHEBBIX CHCTEM HEKaHOHMYECKOH (opMbl. Konmakmuas ungopmayusa: e-mail —
agapovpb@mail.ru

na yumupoeanusn:

Aeanos B.I1., Hukonaeg B.B., I'onosanog P.O. Pacuer ene300eTOHHBIX [UTUT, YCHICHHBIX KOMIIO-
3UTHBIMH TKaHSIMH, METO/IOM KOHEYHBIX 2JieMeHTOB // CTpoUTesIbHAs MEXaHHKA MH)KCHEPHBIX KOHCTPYKIIMIA
u coopyxkenuid. 2018. T. 14. Ne 2. C. 120-131. DOI: 10.22363/1815-5235-2018-14-2-120-131.

YUCNEHHBIE METO[IbI PACHETA KOHCTPYKLIWIA 129



Agapov V.P., Nikolaev V.B., Golovanov R.O. Structural Mechanics of Engineering Constructions and Buildings, 2018, 14 (2), 120-131

THE ANALYSIS OF REINFORCED CONCRETE SLABS
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The finite element method of calculation of reinforced concrete slabs strengthened with
composite fabrics based on carbon fibers, implemented in the PRINS program, is considered.
The method is designed for analyzing the stress-strain state of reinforced concrete structures
when cracks in concrete and plastic deformations in the reinforcement arise. The calculation is
carried out in increments, and at each stage of loading a variable stiffness matrix is used.
Its constant part represents the stiffness matrix at the beginning of the loading stage,
and the variable one is calculated taking into account the stress-strain state at the end of
the current iteration. The variable part of the stiffness matrix, multiplied by the displacement
vector found at the previous iteration, is transferred to the right side of the equation system
and is considered to be an additional load. When cracks occur or when plastic strains appear,
the stresses are corrected in accordance with the specified deformation diagrams. Therefore,
at the end of the loading step the equilibrium conditions are checked. If necessary, the external
and internal forces are balanced. When considering plastic deformations in concrete and
reinforcement, the theory of plastic flow and the Huber — Mises yield criterion, modified
taking into account the experimental studies of Kupfer et al., are used. An example of
the reinforced concrete slab analysis with different variants of strengthening by composite and
without strengthening is given. The results of the calculation are analyzed. The possibility of
studying the stress-strain state throughout the entire path of loading of reinforced concrete
slabs up to destruction is shown.

Keywords: reinforced concrete slabs, composite fabrics, finite element method, software
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B pabore npencraBieH MeTo/] pacueTa Ha JJMHAMHUYECKYIO YCTOHYMBOCTD TUIACTHHYATHIX
CHCTEM C HeCMelalomuMucs pedpamu. PaccMoTpeHa IulacTHHYATasi CUCTEMa, Ha KOTOPYIO
B JIByX B3aUMHO IEPIEHAUKYISPHBIX HANPaBICHHUSAX ACHCTBYIOT JUHAMHYECKHE CKMMAIOIIUE
Harpy3ku. B ocHOBe pacueToB yumthiBatoTcs runote3bl Kupxroga — JlgBa, rumoresa o Henu-
HEeWHO-yIIpyroM Tene. Marepuall IIaCTHHYATON CHCTEMBl NIPUHUMAETCS (H3UYECKH HEeTMHEH-
HBIM, MarpaMma Ae(pOpMHUPOBAaHUS alIPOKCUMUpPYETCs B Buje KyOudeckoro nojnHoMa. Ilepe-
MeILEHNEe TOYEK B HOPMAJIIBHOM HAlPaBIEHUU K CPEIMHHOM TUIOCKOCTH IUIACTUH IPENICTABIECHO
B BHUJIE pa3nioxeHus mo BiacoBy. JIist BEIBOa OCHOBHBIX U] (epeHIMaIbHBIX YPaBHCHUN YC-
TOWYMBOCTHU HCIIOJIB3YETCSI PHEPIreTHUECKUH METOJ] U BapHallMOHHBIA MeToj Biacosa. Dxcrpe-
MaJIBHOE 3HAUEHUE IIOJIHOM 3HEPruM CHUCTEMBI OIPEACILIETCS C UCIOJIb30BAHUEM YPaBHECHUS
Olinepa — Jlarpana, NOCJI€ PaCKpPBITHsI KOTOPOro MOTy4€Ha CUCTEMa OCHOBHBIX HEJIMHEWHBIX
i depeHInaIbHBIX YPaBHEHUH JUISl UCCIIEIOBAHNUS TIOTEPH YCTOWYMBOCTH TIACTUHYATON CHC-
TEMbI ¢ HECMELIAIOIIMMUCS pedpaMu O/ JEHCTBUEM JAMHAMHYECKHX CXKMMAFOLIUX HATrpy30K.
B kadecTBe mprMepa BBITIONHEH pacyeT Ha yCTOWYMBOCTD (DM3HUCCKH HENMMHEHHOH T-00pa3Hoi
IUIACTUHYATON CHCTEMBI, Kpas KOTOPOM 3aKpeIUICHBI MIapHUPHO 1O KOHTYpY. IloTeps ycToiuu-
BOCTH IUTACTUHYATOM CUCTEMBI B IIPOJOJIBHOM HAIPABIEHUU MPOUCXOIUT 110 OIHOW MOIYBOJIHE
cunycoussl. [Ipu pemennu 3aiaun B epBoM NPUOIIIDKEHUH BBIBEACHO HenmuHelHoe auddepen-
LUaIbHOE ypaBHEHHE, YUCIEHHOE MHTErPUPOBAHNME KOTOPOTO NMPOBOIMIOCH METOAOM PyHre —
Kyrra. [To pe3ynbraram pacyeToB MOCTPOSHBI IPaMKU 3aBUCUMOCTH OTHOCHUTEIIBHOW BEJINYH-
HBI ITporuda oT JuHaMUuYecKoro kodduuuenTa. VcenenoBaHo BiInsSHNAE HA JMHAMUYECKUA KPH-
TEpUid MOTEPH YCTOWYMBOCTH IUIACTHHYATOW CHUCTEMBI CTENeHHM (DU3MYECKON HEITMHEWHOCTH
MaTepuaa, CKOpOCTH U3MEHEHUS JUHAMUYECKOM CKUMAIOIIEN Harpy3KU U APYTUX HapaMeTpoB.

KuroueBsble cioBa: JHHAMUYCCKAS YCTOHYMBOCTD, (PU3MYECKass HETMHEWHOCTD, TTACTH-
HAa, MJIACTUHYATAsl CHCTEMa, CXKMMAOIIasi Harpy3Ka, SHEPTreTHIeCKU METOJ, BapHAIlMOHHBIN
meron BiacoBa

HUccnenoBanne yCTOWYNBOCTH MPOCTPAHCTBEHHBIX TUIACTUHYATHIX CUCTEM (TOH-
KOCTCHHBIX KOHCTPYKIIMI) — OJ[HA M3 BAXKHBIX MPOOJIEM CTPOUTEIHHON MEXaHHKH.
K HacrosimieMy MOMEHTY B 00JIACTH PacueTOB Ha YCTOMYMBOCTh TOHKOCTCHHBIX KOH-
CTPYKIIMH HAKOIJICH 3HAYUTEIBHBIN OMBIT: TIOCTPOCHO OOJBIIOE YHCIO MaTeMAaTHYC-
CKHX Mojeliedl 1ehopMHUPOBAHUS TUIACTHH M 000JI0UEK, pa3paboTaHbl 3((HEKTUBHBIC
AQHATMTUYECKUE U YUCIECHHBIC METOJIBI pelleHus 3a1ad. Ho, HECMOTpsl Ha JOCTHXKE-
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HUS B TEOPUU M IIPAKTUKE, UMEETCsS €Ille MHOIO HEepelleHHbIX BONpocoB. IIpobieme
pacuera Ha YCTOWYHMBOCTH TUIACTHH U 00OJNOYEK MPU CTATUYECKUX U JUHAMUYECKHX
BO3/ICHCTBHAX MOCBALICHBI Pa0OTHI MHOTHX aBTOPOB [1-7].

Lenp HacTosimel pabOTHI 3aKIt0YaeTCs B pa3pabOTKE METO/IA pacyeTa Ha yCTOM-
YMBOCTh IJIACTUHYATHIX CHUCTEM C HECMEILAIOIIUMUCA peOpaMu HoJ AEHCTBHEM AHU-
HAaMHUYECKHUX CKMMAIOIUX HAarpy30K B IBYX B3aUMHO MEPIEHIUKYIAPHBIX HarpaBie-
HUSIX (paccMaTpuBaeTcst OOIIMH cirydail IEHCTBUS CKUMAIOIINX HArpy30K) C y4eToM
(hr3uYecKor HETMHEHHOCTH MaTepHaa.

PaccmoTpum mimactTuH4aTyio cucteMmy (puc. 1), Ha KOTOPYIO B JBYX B3aHMMHO
NEePHIeHINKYISPHBIX HApaBICHUAX IEHCTBYIOT C)KMMarolue Harpys3ku P(f) u oP(?).
Junamuueckast Harpy3ka P(f) npuKiIagbpBaeTcsl K pedpaM IUIacTHHYATOW CHCTEMBI B
MOTIEPEeYHOM HaIpaBiIeHUH, 0.P(¢) — B IPOIOJILHOM HampasieHuu, o. = 1, 2,..., n.

[IpuauMaeMm, 4TO CKMMaloIas Harpy3ka OBICTPO U3MEHSETCS] BO BPEMEHH ! 110
CIICAYIOIIEMY 3aKOHY:

P(t)=s-1, (1)
rac s — BE€IW4YuHa, xapaKTepmy}omaa CKOpOCTL N3MCHCHUS ,E[HHaMH‘IeCKOﬁ Harpy31<1/1.

Ob6o3Hauaem: w = w(x, y, f) — mepeMeleHre TOYeK B HOPMaJIbHOM HaIPaBICHUH
K CPEAMHHOH IJIOCKOCTH MJIACTHH.

/4_____’}/””_, _____ j_;__ 7
F I T AT FFF AT
aP(1) /‘: Al aP()
A A

Puc. 1. O0mas cxemMa IJIACTHHYATON CHCTEMBI ¢ JeHCTBYIOIMMHU HATPY3KaMH
[Fig. 1. General diagram of plate system under the action of loads]

Pe3ynprarel CHIBITAaHUH pa3NUYHBIX KOHCTPYKIIMOHHBIX MaTE€pHaloB (KOMIIO3U-
TOB, CIIJIABOB, I[BETHBIX METAJIJIOB) MOKA3bIBAIOT, YTO JUIS TAKHX MAaTEpPHUAJIOB Xapak-
TepHa (hu3nNUecKasi HENMHEHHOCTh, T.€. OHH UMEIOT HEIMHEHHYI0 AuarpaMmy aedop-
MHUPOBaHUs. 3aBUCUMOCTh MEXJy MHTEHCUBHOCTSAMHU HAIPSDKEHUH G; U MHTEHCUBHO-
cTsIMU AehopMannil e; MOXKHO NPUHATH B BUIe KyON4E€CKOro MOJIMHOMA!

o;=FE-e—FE el~3, (2)

rae £ — HavanpHBIA MOYJb YIIPYTOCTH MaTtepuania; £y — MOCTOSTHHAS, YUYUTHIBAIOIIA
CTETeHb (PM3MYECKOW HEIMHEHHOCTH MaTepuana [8].

B ocHoBe pacueroB nucrnonsizyem runote3sl Kupxroda — JIsBa u runoresy o He-
JINHEUHO-YIIPYTOM TeJe.

[IpuHEMaeM COOTHONICHUS MEXY AePOpPMAIUIMU U MIEPEMEICHUSIMY B BUJIC

Sx = _ZXX; Sy = _ZX)N Sxy =_2ZXXy’ (3)
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. 0w y 0w y 0w
T He X = —, = —, X = —
o Y g2 Y ooy
OnpenensieM MHTCHCUBHOCTD JiehopMaliuii e; 1 00beMHyt0 fedopmaruio 6 (¢ yue-
toM runote3 Kupxroda — JIsBa u cxxumaemoctu marepuana (o, = 0, .. = 0, €, = 0)):

N2 3
ei:m\/(gx_8y)2+(8y_82)2+(82_8)€)2+58)25y ’ (4)

1-2v
0= . (ex +8)), 5)

rae medopmariis
\Y
€, :_:(8x+8y)' (6)

I/ICHOHL3yeM SHCPFCTI/I‘ICCKI/II‘/II METOM. 3amuceIBacM BBIPpAXKCHUEC MOJTHOM OHEPruu
CHUCTCMBI:

L=T1+T, (7)
e NOTeHIManbHy0 sHepruto I1 onpenensem mo Gopmysie
2 2
1 o*w 1 o*w
=|{|A-—=P@)| — | ——aP(t) —= | +qg-wldxdy, 8
43P0 57| —3oP0 7 | +ao st ®)
KMHETHYeCKas SHEPTHs paBHA:
2
1cep-Off 0w
T=—||—|| — xdy. 9
e [at] y ©)

B Breipaxenusx (8), (9) BBeneHs!I crneayrome 0003Ha4eHUA: p — 0ObEMHBIN BeC
Matepuana; O — TOJIIMHA 3IEMEHTOB, COCTABJISIONMX MIACTHHYATYIO CUCTEMY; & —
YCKOpeHHe cBoOoaHOTO najgeHust; P(f) n aP(f) — nTMHaMUYecKne CKUMAIOIIIE Harpy3-
KH; ¢ — MHTEHCUBHOCTh Harpy3KH, KOTOpast IeHCTBYET B HOPMAJIbHOM HaIlpaBJIEHUH K
CpPEeIMHHON IIOCKOCTH TJIACTHUH M MO3BOJISIET YUUTHIBATh HAYaJIbHOE HECOBEPIIEHCT-
BO CHCTEMBI; A — paboTa BHYTPEHHUX CHJI, OTHECEHHAS K €IMHUIIE TUIOIIAIH TTOBEPX-
HOCTH TUTACTHHYATON CHUCTEMBI, OTIPEAEIAIoNIasics Tak:

5/2
A= [ddz. (10)
-8/2

3nece @ — ynenbHas sHEprus u3MeHeHus oobeMa U GopMsl [9]:

1 26
®=—K-0%+Z [(1+V)-0; -de;, (11)
2 3

rne K=E/ [3(1 — 2V)] — MOJyJIb 00BEMHOTO CxKaTHs; v — koadduruent [lyaccona.
[Iepemerienne w npeacTaBuM B BUJE paznoxeHuit mo B.3. Bnacosy [10]:

w(x,y,0) =2 W, () f; (x,¥), (k=123,..,n), (12)
k

re 00o0meHHbIe iepemeleHust Wi(f) — QyHKIIUU, KOTOPhIE ONPEICIIIOTCS U3 pellie-
HUS 3a]1a41 ¥ 3aBHCAT OT MEPEMEHHO# ¢ (£ — BpeMs). BbIOOp KoOpAMHATHBIX (BYHKITHIT
fi(x,y) ocymecTBiseTcs 10 BUAY MehOPMHPOBAHHOTO COCTOSHUS CUCTEMBI.
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YuuteiBas cootHomenue (12), ompenenseM mMuHUMYM (yHknumonana (7), co-
cTaByss U HEro ypaBHeHue Jlarpanika:

oL d )
8Wk dt 6Wk’,

I7le MHJEKCHI Mocye 3amaToil 0003HAa4Yal0T YacTHBIE MPOU3BOIHBIE OT 00OOIIEHHBIX
MepeMEIeHNH 110 COOTBETCTBYIOLINM EPEMEHHBIM.

Iocne packpeitus ypaBHeHus (13) mpUXxoauM K cucTeMe HelMHEHHbIX audde-
PEHIMABHBIX YPAaBHEHHUN JUISl MCCIIEAOBAHUS YCTOMYMBOCTH IJIACTHUHYATHIX CHUCTEM
(o eficTBHEeM JUHAMUYECKUX COKMMAIOIIUX HArpy3ok P(f) u aP(f)):

Z{aik(l —&mj—zbﬂc +cik(1 - Z(Z)H'Wk +deika,tt -G =0/, (14)
X aD I'D gD

* V3 ~ ~
rle a — AJMHA KOHTypa IUIACTHHYATON CHCTEMBbI, HA KOTOPBINA JACHCTBYET Harpyska
* v v
oP(t); | — cymmapHas mmHA pebep IMIacTHHYATONH CHUCTEMBI, Ha KOTOpPHIE MEHCTBYET
Harpy3ka P(?); D — nunuHapu4ecKast )KeCTKOCTh IUTaCTUH cHcTeMbl; (; — Beln4nHa

Harpy3Kku, KOTOpast O3BOJISET YUUTHIBATh HAYaIbHOEC HECOBEPIICHCTBO CHCTEMBI.
Bennunnst D n G; onpenenstorcs no GpopMynam:

ES’

q
D=——"_ G =||Z fdxdy.
121-v*)" HDf’ Y (15)

paBas yacTs ypaBHenuit (14) @7 yuuTteBaeT GuU3NUECKYIO HETUHEHHOCTH
MaTepuasa ¥ IMEeT BHI:

D = [ [Ny f; dxdy+[ [Ny f; ,y dxdy =[ [ N5 . f; dxdy, (16)
Xy Xy Xy
rie Niy =0N;/ax; N =0°N;jlax?, . i=1,2,3,
Bennuunst N, N,, N3 B Beipaxkenud (16) onpenenstorcs no ¢popmynam:

Ny =J-c-(vixx +0,5v2x,);

N2 Zﬂ’C'(VIXy +0,5V2Xx); (17)
N3:ﬂ'c'Xxys
E-(1-v 2.,.2 2
rae J =0,9E,-8%; EFLg; ¢ =Vi(Xx +A3) T VA T Ay
E-(1+v)
v 1 v L1l v 1 2v
1:— — N 2:_ —_——
3| (14 v)? 3| (1-v)?

Koaddurmentsr ypaBaerus (14) 3anuceIBaroTCs B BUIC:

ag =]/ ko i dx Ay b =[]/, ey iy AxAy;

yx yXx (18)
cik = [ [ fic.yp Sy dxcdy; dig = [ [ fif; dxdy.

yx yx
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B kadecTBe mpuMepa BBITOJTHUM pacdeT Ha yCTOWYMBOCTH T-00pasHOW Tuma-
CTUHYATONW CUCTEMBI TIOJ JACHCTBHEM NWHAMUYECKHUX COKMMAIOIIMX HArpy3ok P(f) u
oP(f) B ABYX B3aMMHO MEPICHIUKYJIAPHBIX HarpaBieHusx (puc. 2). Kpas miactunya-
TOH CHCTEMBl 3aKPEIUICHbl LIAPHUPHO MO KOHTYpy. l'eomMeTpuyeckue mapameTpsl:
tTojmuHa maactud & = 0,1q; mmna [ = a.

Puc. 2. Cxema T-00pa3Hoii IVIACTHHYATON CHCTEMBI
[Fig. 2. The diagram of T-shaped plate system]

[pu perieHun 3a7a4u B MEPBOM MPUOIMKEHUH, COTJIACHO MPAHUYHBIM YCIIOBH-
M, KoopauHaTHas GyHKIMs ((hopMa MOTEPH YCTOWYMBOCTH B TOMEPEYHOM HAIPaB-
neHnd x) (puc. 3) umeer BU

X 3x 1x?
X)=—| -14=—-————|.
Si(x) a( o 2a2j (19)
« 0 B
fi)

#

l.

Puc. 3. Bua xoopannaTHoii gyHKuumn
[Fig. 3. Formula for a coordinate function]

[Ipu moTepe ycTONYMBOCTH B MPOIOJIEHOM HAIIPABJIEHUH ) TIO OJIHOM MOIyBOJIHE
CHUHYCOU/IBI TPOTUOBI ONPEACIAIOTCS 110 PopMyJie

w(x, y,1) = Wi (1) fi(x, ) = Wl(t)g(—l %2_%2_2) sin 2., (20)

Torma nuddepennmansHoe ypaBHeHue (14) mpuHUMAaET CIISAYIONUIN BHT

aoP P
|:a11(1— a-g)j_Zbll-’-cll( _IL;))):|VVI +ng

dy Wy =G =01 (21)
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BBoauMm 0003HaueHMe AJIs TapaMeTpa BpeMeHU:

F=LO_ st (22)
P, Py

i TutacTMHYATOW CHCTEMBI, COCTaBIEHHOW M3 KBaJpaTHBIX miacTuH (I = a),
BEJIMYMHA MIOTOHHON CTaTUYeCKOW KPUTHUYECKOM Harpy3Kku coctasiser [11]

P, D
__Kp- _
Prp. = = 23,5—2. (23)
a a
ITapameTp BpeMeHU £ TIpUHUMAEM 3a JuHamMudeckuil kodddumuent K, Ilocre
npeoOpasoBanuil auddepeHimansHoe ypapHenue (21) 3anuiieM ¢ HOBOW MEepPeMEH-
HOHU ¢ B BUIE

1—K1(1+a)-t*-WI+%WIJ*I*=Q+K-WI3, (24)
rJIe IPUHSATHI CICAYIOINEe 0003HAYCHUS:
K, = (a1 +c11) By ; _ o ;
a-(ay =2byy +cp1)-D ajy —2byy +cq
S*:(011—2b11+011)'g'D'P,§). _ G, ' (25)
p-dy s’ ’ ayy —2byy +cy

Benuuuny O onpenensem, ucnonssys popmynst (16) u (17), a kodpduuu-
eHThl ypaBHeHus (21) Beraucisiem mo gopmyinam (18).

WnaTerpupoBanue quddepeHImanbHoro ypaBHeHus (24) BBITOTHEHO YHCICHHBIM
MeroaoM Pynrre — Kyrra ma [I9BM.

[To pesynbraTam pacueToB MOCTPOCHBI Ipa)MKU 3aBHCUMOCTH OTHOCHUTEIBHOMN
BeJTHYMHBI Iporuéa W' = W/ 8 ot nuHamuaeckoro kosddummenta K, = ¢ (mpu pas-
JIMYHBIX 3HadeHMsx mapamerpos E/E, S', o) (puc. 4, tabur. 1). J{ns Bcex rpadukoB
napametp Q = 0,0001.

W

14
0.9
0.8
0.77
0.67
0.57
0.4

0.37

0.2

0.1

Puc. 4. I'paduxn 3aBucumocTn
OTHOCHTE/ILHO BeIMYHHBI Iporuéa W' or muHamMudeckoro kodpduuunenta K,
[Fig. 4. Graphs of the relative magnitude
of deflection /" against the dynamic coefficient K,
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Tabauya 1
Homep Crenenn Koydpdnument | IMapamerp JuHamudecknii
rpajpuka uznyeckoi [Coefficient] | [Parameter] ko3ppunuent K,
[Graph HeJIMHEHHOCTH o * npu w'=0,
number] [Degree [Dynamic coefficient K},
of physical at W'=0,1]
nonlinearity]
EVE
1 5-10° 2 10 ~2,7
2 10° 1 10 ~3,0
3 10° 1 1,0 ~3.4
4 10° 1 0,1 X6,5
5 10° 0 0,1 ~ 15,0

PaccMmoTpum BiMsSIHHE Ha KpPUTEPUU JTUHAMHUYECKON YCTOMYMBOCTH IIACTHHYA-
TOM CHCTEMBI CTeNeHH (U3UUECKOil HEMMHEHHOCTH MaTepuana, mapamerpa S (3aBu-
CHUT OT CKOPOCTH U3MEHEHUSI CKMMAIOIICH Harpy3KH ), BETUUMHBI KOO PHUIINEHTA OL.

C yBennyeHneM cTerneHn GU3NYecKOl HENMHEHHOCTH Marepuaia rpaduk 3aBu-
cumoct W ot K, cMelaercst BICBO, T.e. IHHAMHYCCKHUIA ko3 dummenr K, ymeHb-
miaercs (cM. rpaduku 3, 2, 1 Ha puc. 4). Takum oOpa3om, yeM OoJbllie cTEeNeHb (HU-
3UYECKON HEIMHEMHOCTH MaTepuana, TeM MEHbIIE JAMHAMHYECKas «KPUTHUYECKAs»
Harpyska, T.e. IpH MEHbIIEM 3HaUE€HUHM TUHAMHYECKOW Harpy3ku P(f) mpoucxomuT
OypHOE BBIITyYHBaHUE IJIACTHH CUCTEMBI.

Ipu ymenbienun napamerpa S ot 10 10 0,1 (4TO COOTBETCTBYET YBEIUUCHHIO
CKOPOCTH M3MEHEHHS TWHAMHYECKOi Harpy3ku B 10 pa3 mpu MpoYmMx paBHBIX YCJIO-
BISIX) IMHAMIYeCKuil kod(duuuent K, ypemmunsaercs ot 3,0 10 6,5 mpu W' = 0,1
(cpaBHUBaeM rpaduku 2 u 4 Ha puc. 4).

Ecnu cxxumaromast tuHaMuieckast Harpy3ka P(f) ZeCTByeT TOJIBKO B OJHOM Ha-
npasneHuu (pu o = 0, cM. Tpaduk 5), TO TUHAMUYCCKUI KO3IPPUIMESHT IPUHUMACT
B HECKOJIbKO a3 Gombinee 3uauenue (K, ~ 15 mpu W = 0,1), uem nipu neiicteun P(7)
1 o.P(¢) B IByX HampaBjiIeHUAX (TP MPOYHNX PABHBIX YCIOBHUAX, CM. Tpaduk 4).

BoiBoabl. Pa3zpaboraHHbIi METOJ MO3BOJSAET PACCUMTHIBATH HA YCTOWYMBOCTH
TUTACTUHYATOW CHCTEMBI C HECMEINAIOUINMHUCA peOdpaMu IMoJ NEeHCTBHEM AMHAMUYE-
CKHX CXHMMAIOIINX HArpy30K B JBYX HAIpaBIEHHSX, YIUTHIBas (DU3MUECKYIO HEIH-
HeltHoCTh MaTepuana. V3 pe3ynbTaToB MPOBEAECHHBIX MCCIIEIOBAaHUN BHUIHO, YTO HA
KpUTEpUU IUHAMMYECKOM YCTOMUMBOCTH IUIACTMHYATONW CHCTEMBl 3HAYMTEIbHOE
BIIMSHHUE OKA3bIBAIOT CKOPOCTh M3MEHEHHS TWHAMHYECKOH COKUMAIOIIeH HArpy3Kd U
cTerneHb (M3NIeCKOW HeTMHEHHOCTH MaTepHaia.

© Usanos C.I1., UBanos O.I'., Usanora A.C., 2018
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THE DYNAMIC STABILITY
OF PHYSICALLY NONLINEAR PLATE SYSTEMS
UNDER BIAXIAL COMPRESSION

S.P. IVANOV*;** - O0.G. IVANOV*;** A.S. IVANOVA*

*Volga State University of Technology
3 Lenin Sq., Yoshkar-Ola, 424000, Russian Federation

**Mari State University
1 Lenin Sq., Yoshkar-Ola, 424000, Russian Federation

(received: September 10, 2017; accepted: March 05, 2018)

The article presents the method of dynamic stability analysis of plate systems with non-
shifting ribs. A plate system under the biaxial dynamic compression loads is considered.
The Kirchhoff — Love hypotheses, the nonlinear-elastic body hypothesis are considered
the basis of the calculations. The material of the plate system is assumed to be physically non-
linear, stress-deformation diagram is approximated in the form of a cubic polynomial.
The displacement of points in normal direction to middle plane of plates is presented in
the form of Vlasov expansion. To derive the basic differential equations of stability, the strain-
energy method and Vlasov's variation method are used. The extreme value of total energy of
the system is defined using Euler — Lagrange equation, after solving of which the set of basic
nonlinear differential equations of buckling of the plate system with non-shifting ribs under
dynamic compression loads is given. As an example, the stability calculation of physically
nonlinear T-shaped plate system hinge-supported along the contour is carried out. Buckling of
the plate system occurs longitudinally on one half-wave of sinusoid. At the solution of a task
in the first approximation, a nonlinear differential equation is derived, the numerical integra-
tion of which was carried out by the Runge — Kutta method. Based on the results of the calcu-
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lations, graphs of the relative magnitude of deflection against the dynamic coefficient are plot-
ted. The influence of the degree of physical nonlinearity of the material, the rate of change of
the dynamic compressive load on the dynamic criterion of buckling of the plate system was
studied.

Keywords: dynamic stability, physical nonlinearity, plate, plate system, compression
load, strain-energy method, variation method of Vlasov
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COIIPSIKEHUE BUXPEBOI'O BOJOCBPOCA C HU2KHUM BBbE®OM
ITYTEM OTBPOCA CTPYH

H.K. IIOHOMAPEB, JLE. HIECHSK
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B coBpeMeHHOH NpakTHKE THIPOTEXHHYECKOTO CTPOMTENLCTBA HAIOPHI THIPOY3JIOB
nocruratorT H > 200 M. B aTux ycnoBusx Han6oisee 3p(heKTHBHBIM BOJIOCOPOCHBIM COOpPYIKe-
HHUEM SIBJISIETCSl BUXPEBOW INAXTHBIA BogocOpoc. B maHHOM cTaThe aBTOPBI paccMaTpuBarOT
COIIPSDKEHUE 3aKPyUCHHOTO ITOTOKA Ha BBIXOJIE U3 OTBOJSIIETO BOJOBOJA C HIDKHUM ObedoM
IyTeM OTOpOca CTpyH C OCTATOYHOH 3aKpyTKOH. B cxeme ¢ oTOpocom cTpyu ocratouHas 3a-
KpYTKa TIOTOKa IPH BBIIYCKE M3 BUXPEBOIO BOJOCOpOCA CIIOCOOCTBYET PACIIUPEHHIO CTPYH B
BO3/1yX€E, YMEHBIICHUIO YAEIBbHOTO PAacX0/a, a TAK)KE YMECHbIIIAET JUHAMHYIECKUE HaIPy3KU Ha
HWKHUHN Obed. [IpoBeneHo cpaBHEHHE CO CTpyeH, OTOPOIIEHHON ¢ HOCKA BOJOCIMBHOM ILIO-
TUHBI, IPU OJMHAKOBBIX CKOPOCTHBIX Mapamerpax (T.e. IPU CKOpocTH Ha Hocke 20-25 wm/c).
IMomyyena ¢opmyna, JOCTATOYHO IPOCTO ONPEEIIIOmas INIAHOBOE OUYePTaHHe OTOPOLICHHON
ctpyu. IlpensnoxeHa cxema CONpPSDKEHUS] CTPYH C MOBEPXHOCTHIO HWXKHEro Obeda, a Takxke
pacdeTHast cxeMa K OIIPEJENICHUIO YJENbHBIX PAacX0J0B HUCIIAIAIOIICH 3aKpyYeHHOU CTpYH.
OTOpoC 3aKpY4EHHOH CTPyH OT COOPY)KEHHS IO3BOJISICT N30ekaTh HEJOCTATKOB, BOSHUKAIO-
KX NIPU CXEME C JUIMHHBIM OTBOJISIINM BOJIOBOJIOM, CBSI3aHHBIX C BBICOKOH THHAMHYECKOH
Harpy3Koi IpH pacrajie TeYeHHs B IIpejiesiaX IPOTOYHOTO TPAKTa, ¥ MOTACHTh MEXaHNIECKYIO
SHEPTHIO ITOTOKA ITyTEM €T0 a’3palliy M paclbUICHHs B aTMOC(epe, a TaKKe B MECTE MaJACHNS B
BOpPOHKE pa3MbIBa Ha JHE HIDKHETO Obeda.

KiroueBble c10Ba: BUXpEBOW IIAXTHBIA BOJOCOpPOC, MapaMmeTp 3aKpyTKH, OCTATOYHAS
3aKpyTKa, HIDKHHN Obed, uncno dpyna, BOJOBO3AYIIHAS CMECh, TAHICHI[HAIbHASI CKOPOCTH,
0oTOpOC CTpyH

Brenenue. KoHCTpyKIIMs BUXPEBOTO IMIAXTHOTO BOJOCOpOCA CBSi3aHA C BHICOKH-
MU HaIopaMu B CKOPOCTSIMH COPOCHOTO IMOTOKA. B 3THX yCIIOBHSIX BO3HHKAET OIac-
HOCTh pa3MbIBa pycja HIDKHETO Obeda W KaBHUTAIMOHHBIX pa3pylIeHHH OETOHHBIX
TIOBEPXHOCTEHN coopykeHui. Kak clieIcTBHEe OCIOXKHSIIOTCS TEXHUYECKUE TTPOOIIeMBI
CONPSIKEHHS C HIKHUM Obe(oM, pelIeHHEe KOTOPhIX TPeOYyeT HOBBIX MOIXOJIOB.
K gmcnmy ocHOBHBIX MpoOIEM OTHOCSITCS: 3alllUTa pyclia peKu U OEperoBhIX CKIOHOB
OT OOpyIIeHHUs U 3amuTa o0TeKaeMoll OETOHHON TOBEPXHOCTU OT KaBHTaruu [1-3].
Heo0xomuMo OLIEHMBATH YCJIOBHS COMPSKEHUS BUXPEBOTO IIAXTHOT'O BOJOCOPO-
ca ¢ HUWXKHUM Obe)OM C yuyeToM O0COOEHHOCTEH BBIITYCKAEMOTO U3 COOPYXKEHHS TO-
TOKa, KaK TO: HAJMYWSA OCTATOYHON 3aKPYTKH, OONBIINX YJENBbHBIX PacXojoB (g =
200-250 M’/c), CPaBHUTENEHO YMEPEHHO /ISl BHICOKOHAMIOPHBIX COOPYKEHHIT cpej-
Hell IPOJ0JIBHOM CKOPOCTU Ha BBIXOJE U3 OTBOAAIIEro Bojxosona (V,, = 20-25 m/c)
MOCIIe TalIeHNs] U30BITOYHON PHEPTHH TOTOKA BHYTPH COOPYKECHHUS.
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B aT0ii cTaThe aBTOPHI pacCMaTPUBAIOT COIPSDKEHHE MOTOKA MyTEeM OTOpoca
CTPYH C HOCKA OTBOJAIIETO BooBoAA (puc. 1).

Puc. 1. Cxema otépoca cTpyu
[Fig. 1. Jet drop scheme]

B cxeme ¢ oTOpocoM cTpyu ocTaTouHas 3aKPyTKa IMOTOKA MIPH BBITYCKE U3 BOZO-
cOpoca MrpaeT MOJOKHUTEIBLHYIO POJIb, CIIOCOOCTBYS PACIIMPECHUIO CTPYH MOCIE BbI-
X0Jla U3 BUXPEBOTO BOAOCOpPOCA M YMEHBIICHUIO YICIBHBIX PACXOJIOB, & TAKXKE BO3-
JIEMCTBYeT Ha HWKHUU Obe() mocie paclIMpeHusi CTPYU B BO3AYXE, YTO YMCHBIIAET
JMMHAMHYECKUE Harpy3ku. B mociieHeM ciayyae ¢ HUKHUM Obe()OM B3aMMOJICHCTBYET
BOJIOBO3/IYIIIHASI CMECh (C MaIIbIM yJIENIbHBIM BECOM H IUIOTHOCTBIO) 110 PACIIUPEHHOM
mwiomanan, koropas no 20-25 pa3 (mpu /7 = 0,35) MOXET MPEBOCXOAUTH TEPBOHA-
YalbHYO TUIOIIAb )KUBOTO cedeHUs cTpyd. CTOJIb MHTEHCHBHOE PACITUPEHUE CBSA3A-
HO C BBIHYXJICHHBIM JIBVOKCHHEM YACTHUI] MO KAcaTeIbHOMY HAMpPABICHHUIO K OKPYK-
HOCTH, Ha KOTOPOW OHHW BpalIaJHCh JIO BBIXOJa W3 OTBOJAIICTO BOJOBOjAa. Takoe
JBIKEHHE OOYCIIOBICHO TEM, YTO TMOCIE BBIXOJIA U3 OTBOASIIECTO BOAOBOJA OHO TIPO-
JTOJIKAETCS B BO3AYIIHOHN Cpejie ¢ CYIIECTBEHHO MEHBIICH MIIOTHOCTRIO 0 U TUHAMHU-

YECKOU BA3KOCTBIO LI .

3aMeTuM, YTO METOABI pacuera pacCMaTpUBAEMbIX CTPYH OTCYTCTBYIOT. 3J€Ch
MPaBOMEPHO TaKKe WCIIONB30BaTh HHYKEHEPHBI METO/ pacdeTa MPUMEHHUTEIFHO K BHX-
PEBBIM BO1OCOpOCaM, KOTOPBII MPUBOTUTCS HUXKE.

ConpsizkeHre BUXPEBOro BoAocOpoca ¢ HIGKHUM 0beoM myTeM oTOpOca CTpyH.
Paccmotpum momens crpyu. [lonoxum, 4To pacmmpsionieecs NPOCTPaHCTBO CTPYH
3aIlOJTHSAETCS] BOAOBO3IYITHONW CMECHIO C MJIOTHOCTHIO, YMEHBIIAIOMIEHCS BIOIb TIPO-
JIONBHOW OocH. B cTpyio mpoHHMKaeT BO3AyX depe3 ee OOKOBBIE TPaHMIIbI, KOTOPBIH
CMEIINBAETCS ¢ YaCTHLAMH XHIKOCTH, 00pa3ys AByx(a3Hylo Cpeay — BOIOBO3IYII-
HYIO CMECh.

BcenenctBre TpeHHs 0 BO3AyX CKOPOCTh YaCTHII JKUAKOCTH YMEHbIIaeTcs. Bims-
HHUE TPEHUSI MOKHO YYeCTh C IOMOIIbIO OMPAaBOYHOr0 Kod(duuumenta K B COOTBET-
cTByromux opmynax. K HIM oTHOCATCS (GOPMYIIBI, COIEpIKaIIe TIPOIOIBHYIO CKO-
pOCTh, KOTOpast B 3—5 pa3 MPEeBOCXOANUT CKOPOCTh B KacaTeIbHOM Hampasienun [10].

CBOIiCcTBa KHUAKOCTH B CTPYE CYIIECTBEHHO OTIMYAIOTCS OT CBOMCTB BOJBI B OT-
BOJAIIEM KaHase. byieM nmonraTs, 4To mpoliecc pacliupeHus CTpyH Mocie BeIX0a U3
BHUXPEBOTO BOJOCOpPOCA M HACKHIIIEHHUS €€ BO3yXOM OIPEENsIeTCs B OCHOBHOM OCTa-
TOYHOH 3aKpyTKOW /1, a JOTIONMHUTENbHBIN ) (EKT OT BIMSHUS HAa 3TOT MPOIECC pac-
Majia OCeBOM CTPYM MPH OTCYTCTBUHU 3aKPYTKH HJET B 3aIac MPOYHOCTHU (€ro B mep-
BOM MPUOIMKEHUN MOYKHO HE YUUTHIBATH).

[HorpemrHoCcTh MPUHATHS TAKOM MPENMOCHUIKE MOKHO OIICHHUTH 110 YBEIHUEHHUIO
riomangun rmonepeyYHoOro CCUCHMA B KOHIC CTPYU IPHU HAJIMYUHN 3aKPYTKH U Oes3 Hee.

MOo>XHO TPEANONI0KHUTh, YTO BIUSHUE OT pacralia OCeBOH CTpyu 0e3 3aKpyTKH
Ha paccMaTpUBaeMble MPOIECCH HE3HAYNTEIHHO.
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[IpoBenem cpaBHEHHE CO CTpyel, OTOPOMIEHHOW C HOCKA BOJOCIWBHOMN ITJIOTH-
Hbl. g Takoit ctpym [2] pekomennyercs mpuauMmarth K = 1,0 mpu unciax Dpyna
Fr<35uK=0,8-0,9 — npu uucnax ®pyna Fr > 35. B namem cinyqae unucna Opyaa
HE3HAUUTEIbHBI U U3MEHAIOTCS B npeaenax Fr = 5-10. OgHako y4uThIiBasi, 4To CTPYsI
C OCTaTOYHOM 3aKPYTKOH pacHIMpsieTcs: 60jiee HHTCHCUBHO (M CIIEI0BATEJIHO TPEHUE
0 BO3/yX yBEJIIMYMBAETCS), MOKHO, HECMOTpPS Ha HeOombIre yncia dpynaa, npuHATH
sHagyeHus K = 0,9-0,95.

IIpn oTOpoce cTpyu ¢ HOCKa BOJOCIHMBHOW IUIOTHUHBI 0€3 3aKpYTKH IOTOKa
(T.e. Ipu cKOpocTH Ha HOcke V' = 20-25 m/c) oHa pacmmpsieTcss MeHee HHTEHCHBHO,
YTO CYLIECTBEHHO MEHBIIIE, YeM JJI CTPYH C OCTaTOYHOMN 3aKpPYTKOH.

Coopmynupyem TpeOOBaHHS K BEIXOJHOMY YYacTKy OTBOASILIETO BOZOBOA BUXPEBO-
0 BOIOCOpOCa — HAYaJIbHOMY YYacTKy CTPYH, KOTOPBIE MOYKHO CBECTH K CIIEYIOLIEMY:

1) oTMeTKa JHA BBIXOJHOTO CEUCHHS MPUMIOJHITOTO HOCKa JOJKHA OBITH HE Me-
HEe OTMETKHM IOTOJIKa TOPU30HTAIBHOTO KOHIEBOTO YYaCTKa OTBOJSILETO BOAOBOIA
(puc. 1) — A1 UCKITIOYCHUS CMEHBI PEKUMOB PabOTHI (HAITOPHOTO — OE3HATIOPHOTO)
MIPU PETYIUPOBAHUU COPOCHBIX PACXOMOB M /ISl 00JIerueHrs yCIOBUI BBITyCKa BO3-
IyXa. OTH peKUMBI TIOJIEkKAT CIIEUAIBHOMY PacCCMOTPEHMIO;

2) yroj HakJIOHa OCH BOZOBOJA B KOHIIE HOCKA K TOPU30HTY JOJKCH COCTaBJIATh

0, = 30°-35° — nus obecneyeHUss MAKCUMAIILHOTO 0TOpOCa CTPYH;

3) pammyc 3aKpyTrJieHHUS OCH BOJOBOJIa HA HOCKE JOJKEH HaXOAHUTHCS B Ipele-
max R y / 7y = 3,0-4,0 (¥, — paxuyc OTBOJAIIETO BOJOBOAA) — A 00eCIeYeH s yI-

J1a HaKJIOHA CTPYH K TOPU3OHTY, PABHOTO yIJTy HAKIOHA ocH Bogosoxa 6, [2];

4) ocraTouHas 3aKpyTKa Ha BBIXOJE M3 OTBOMSIIIETO BOJOBOJAA JOJIKHA COCTAaB-
nsate I1 = 0,1-0,35 (I — mapametp 3akpyTku [1], XapakTepu3yrOIIUHA OCTATOYHYIO
3aKPYTKY) ¥ HAXOAWTCS U3 pacueTa BUXPEBOTO BogocOpoca.

OtnenpHBIE TApAMETPHI CTPYH OMPEACISIOTCS MO aHAIOTHMH CO CTpyei, oTOpa-
ChIBa€MOI C HOCKa BOAOCIMBHOM IUIOTUHBEI [2]. B wacTHOCTH, 1Uisl OCeBOM CTpYMKH,
HMEIOIIEH TOJBKO OCEBYIO CKOPOCTh, U HAWMEHbIIIEW TaHTE€HIUAIBHOW CKOPOCTH
(¥, = 0) B mepBOoM MpHOIMKEHNH MOXKHO HCIIONIb30BaTh allpOOMPOBAHHBIE CYIIIECT-
BYIOILIME 3aBUCUMOCTH, 1O KOTOPHIM HAXOAATCS NABHOCTH OTOpoca cTpyw L M yron

BXOJIa IIEHTpaNbHO# cTpyiikn @ Ha oTMeTke HIbKHero 6beda (puc. 1).

V2 *sin 26,

L=K*"— (D
2*%g

rae K — koahduImenT, yuuThBaromuid BivssHue Tperus o Bo3ayx K = (0,9-0,95);
Z, — TIpeBBIIICHUE [IEHTPA BBIXOJHOTO CEYCHMS BOJOBOIA HAJl PACUETHBIM YPOBHEM
HIDKHETo Obeda; 6, — yroa Mexay rOpPH30HTAIBHON IJIOCKOCTBIO U OCBIO BOJOBOAA
Ha BBIXOJIE U3 OTBOAAIIETO BOJOBOA BUXPEBOrO BoJocOpoca.

Z *2*g
(V, *cos@,) @)

tgd = |tg’0, +

BrIsicHUM ycnoBHS paclIMpeHus CTPYH, IS 9€T0 BRIOEpEM MTPOU3BOIBHOE Ceue-
Hue. bynem momarats, 94TO B 3TOM CEUCHHH IPOJOJIbHAA CKOPOCTh V) = const paBHa

o o 2
cpenHeii mpogombHoii ckopoctu V,, =4Q/7d” u nocrosHHa no ceueHuro, a OKpyx-
Hasi CKOPOCTh V| MOMYMHSETCs 3aKOHY BPALEHHsI TBEPAOTO Tena Wi mapabosmde-

CKOMY 3aKOHY B 3aBUCHUMOCTHU OT OCTaTOYHOM 3aKpYTKHU IIs KOHIIC BOJOBOAA. Okcne-
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PUMEHTAJIBHO YCTaHOBJIEHO, uTo nipu /1 < 0,2 OoKpykHasi CKOPOCTh MU3MEHSETCS IO
3aKOHY BpalleHHs TBepjoro Tena, a npu 0,25 < [1 < 0,35 — no mapabonuueckomy
3akony [2; 4]. Takum 00pa3oM, rpaHUYHBIC YCJIOBUS B HAYaJLHOM CCUYCHUU CTPYH
OyJzeM paccMaTpUBaTh JUISL IBYX CITydaes.

Cryqaii [ mpu 17 < 0,2:

V, = const,

Vu = ;n ’ VuO . (3)
Crryqaii Il mpu 0,25 < I71 < 0,35:

V, = const,

V,=V,- 17", (3a)

e v = % — 6e3pasmepHblif paxuyc; V,, — OKpy:KHasi CKOPOCTb Ha TPAaHUILIE MOTO-
0

Ka B BBEIXOJIHOM CEUCHHH BOJIOBOJIA (ONPEEINSIeTCsl TI0 OCTATOYHON 3aKpyTKe Ha BBI-
XO/Ie M3 OTBOJISAIIETO BOJAOBO/IA).

OKCIEepUMEHTAIBHO YCTAaHOBJICHO, UTO 3HaueHue n B popmynax (3), (3a) paBHo:

n=1npull<0,2,

n=0,6 npu /1 <0,25,

n=0,4npu I1<0,3.

3aMeTHM, YTO MPUHSATHIE TpeAnockuiky (3), (3a) OaM3KHM K akTUIeCKOH KapTu-
HE pacripe/ielIeHus] CKOPOCTH.

3a Bpems f yepe3 HayaJlbHOE CeYeHHe CTPYH @), (PHC. 2) U IPOM3BOJILHOE CeYe-

HUC CTPYU (0 OpoXOoAUT OJJUHAKOBAA MacCa BOABI.

I'paHULa CTPYH

BO3/IYyX N il

Puc. 2. Pacuernas cxema
[Fig. 2. Design diagram]

BYI[GM nojararb, 4TO IINIOTHOCTH BOI[OBOSI[ymHOfI CMECH B JaHHOM CCUYCHHU
CTpYyHU €CTh BC€JIMYMHA TOCTOAHHAA, YTO OJIM3KO K PCaJIbHOCTH.

7 R
J' po2rrdrVm, = J. prrdrVm,.
0 0

Ty

rdr —
ﬁ = ! = _1”02 = _7"02 ( 4)
R RZ _2 :
Po Irdr R

0
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['parnaHBIME YCIIOBUSAMHE 17151 OOKOBBIX TPAHHUIL CTPYH SIBIISTFOTCS ro= I,R.,=R.
31eck Py U O — IIOTHOCTh BOJOBO3YIIHONH CMECH B HAYaJIbHOM U IPOU3BOJBHOM
CeueHuH cTpyH ( o, = const); V — ropu3oHTaNbHAS HPOCKIHS IPOXOIBHON CKOPOCTH
gacTul Bojs! (Oe3 ydera Tpenus o Bo3ayx) V=V, cos6, .

Paauycel ¥ 1 R cBsi3aHBI COOTHOIIIEHUEM

R=—" =ryl+tg’a, (4a)

cosax

rae tgo (Yyroy ckoca o) MOXHO ONPE/CIIUTh U3 TPEYTOJILHUKA, OJHUM KaTETOM KOTO-
POro SBJISIETCS] PACCTOSIHUE, TIPOUICHHOE YaCTHIICH BOJIBI 32 BPEMsI f TIO TIEPIICHIUKY -
JSIPHOMY HAIpaBJICHUIO KacaTelbHOM MOCIIe BBIX0JIa U3 BOJIOBO/IA, & IPYTHM KaTeTOM —
paguyc r (puc. 2).

Vi V,tr' VI o
= — [ = r t

tga = —* (40)
r rr Y
3nmech ot V| TaHTeHIMATBbHONM CKOPOCTHU MPHHSATO PAacIpe/ieNicHHe
V,=Vy-1-r' (n<1,0), (48)
KOTOPOE JTA€T XOPOIIiee COBMAJACHHE C IKCIIEPUMEHTOM.
[Moncrasmsist (48) B (40) moirydum
R R —2(n-1) 3
—:T:[1+(klt)2r ]0 , (41)
r r
- R vV, 11
e R=—; k, =—"—.
"o o

Bpewms ¢ onpenensercs u3 GopMyJibl
t =xVj cos Hox/E , (4nm)

T/ie X — TOPU30HTAIBHOE PACCTOSHUE JI0 paCCMATPHUBAEMOI0 IIONIEPEYHOIO CEYEHNUS OT
Hayasa CTpyH (CUuTas o HEHTPAJIbHOH CTpyHKe).

Ilpu ¥ =1 u R = R (rpannunsiii paguyc)

2 (4e)

Po » R

. P
3ILGCB OTHOCHUTCIIbHAA IINIOTHOCTH BOJOBO3AYIIHOM CMECHU | —— IIOHHUMACTCA

Po

ep.
KaK IUIOTHOCTb Ha TPaHUIIE CTPYH.
BrricHuM, Kak pacnpenensercs MIOTHOCTh CMeCH B cedeHuu cTpyu. C 3Toi ne-
JIBIO UCTIONB3yeM (4r) u (4e), momydum:
—\2

P : — ®)

po R L1+ ey
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C yuerom (5) u (4r) MOTyIUM BBIpKCHHE JUTsI OTHOIICHHUS YICIHLHOTO Beca BO-
JIOBO3/IyLIIHOM CMECH ), K YJ€IbHOMY BECy BOJbI )/, .

” 1
% = (6)
¢ V.ot
1+]
T
rae
P S (62)
\/E-Vm cosd, ,

[ — paccTosHEE OT HOCKA /10 TIEHTPA HPOM3BOIBHOTO CEYEHHS CTPYH MO TOPU3OHTAIH.

N3 (6) m (6a) BUAHO, YTO yAETBHBIM BEC BOJOBO3IYIIHOH CMECH B CEUCHUU
CTPYU TOCTOSIHEH M U3MEHSAETCS MPU MEPEXOJEe OT CEUEHHUS K CEUCHHIO IO JIITUHE
CcTpyu. MOXHO, OJTHAKO, TPEAIIONIOXKNATh, YTO COACPKaHUE BOIBI B BOAOBO3IYITHON

CM

CMecH, T.c. BEIMYMHA Yeu B IICHTPAJIbHON 00JIaCTH TMOMEPEYHOr0 CEUYCHHUS CTPYH,
7/8

OyJIeT HECKOJIbKO OOJIBIIE, T.K. MPU PACIIMPEHUU CTPYH B IEHTPAIBHYIO 00JIACTh W3

nepudepuitHO BMECTe ¢ BO3yXOM MOCTYIACT U BOJOBO3AYIIIHAS CMECh, YBETHMUUBASI

coaepxaHue Boael B cMecH. C moMorpio popmy (6) u (6a) MOKHO YCTaHOBUTH Xa-

}/ CM

7
paKTep M3MEHEHHUsI —~- BIOJIb CTPyH. Pacuer W3MEHEHHs BEITHYMHBI

Ve Ve
PaKkTEepHBIX MapaMeTpoB CTPyH BhINOIHEH B Tabn. 1. U3 dopmyn (4) u (40) numeem

I Xa-

R =rJl1+tg’c. Tpusenem sty GopMyiy K By, yIoOHOMY uist pacuera. [ pannd-
HBIH paguyc B KOHEUHOM CE€YEHUU CTPYHU:

V.ot

Ty

R (7)

cep) = 1o 1+

HonyquHaﬂ (I)OpMy.]'Ia MO3BOJIICT AOCTATOYHO MNPOCTO paCCUUTATh IIJIAHOBOC

ouepTanue oTOpoIenHoi crpyn X =V, VK cos O,t=Lt.

[MapameTpsl cTpyH BIUSIOT Ha yIeNIbHBIC pacxonbl. C ONMPEIENICHHOM MPenoCTo-
POXKHOCTBIO Oy/IeM moJiarath, YTO CTPYs BO3JACHCTBYET Ha HIXKHUI Obed) 1O pacyeTHOMH
TUTONIA W, KOTOpasi paBHA TUIOLIAJIM Kpyra KOHILEBOTO CEUCHUS CTPYH C PagycoM Ry,
BBIUUCIICHHOW 10 MapaMeTpaM IeHTpalbHOM cTpyiiku (puc. 2). [lorpenHocts Takoro
MPEINONI0KEHHUS 110 CPABHEHUIO C MJIOIIABIO CJie/la CTPYH Ha CBOOOTHOMN MOBEPXHOCTH
HIDKHETO Obeda cocTaBisieT okoo 5% ¥ UeT B 3amac Mpy pacyeTax.

BrisicHUM, Kak pacrlpeiesstoTcs yaenbHble pacxoibl. C 3TOH 1eIbi0 B pacuer-
HOM KOHIICBOM CEYCHHHU CTPYU BBIIEIUM BEPTHUKAIBHYIO 3JEMEHTAPHYIO TUIOMIAIKY
(puc. 4), mojokeHue KOTOPOH XapakTepu3yercs pacctosaueM R oT ocu. Ilmomanb

miomaaky pasHa A@ = bAR . Tlpunumas mupyHy MIOMAAKY PABHON eUHUIIE JUTH-

2 2
uel AR =1 u noacrasnss seipakenne b = 24/ R — R | umeem:

Ao =2+R. -R* . (8)

Pacxon, cobupaemplil ¢ 3TOW IUIOMIAAKH OT HUCHANAIONICH CTpyHn OyIeT mpen-
CTaBJIATH COOOW yAENbHBIA pacxoll ¢ Ha JaHHOM paaumyce. C y4eToM MOJIy4YeHHOTO
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cm

Ve

BBIITIEC PAaBEHCTBA = const B JaHHOM TIOIIEPETHOM CCUCHHH U YICIIBHOTO PacXoa BOJIE,

coOHMpPaeMOro ¢ €IMHKILIBI IUIOIIAIM KOHLEBOIO CEUYEHUs ¢, =

2 MOXXHO 3aItucaThb:

©)

U3 dopMynbl BUIHO, YTO YACIBHBIA PAacXo[d ¢ B OTBOJSILIEM PyCie MMEET Mak-
CUMaJIbHOE 3HAa4YEeHHE Ha OCU CTPYHU M paBeH Hymo Ipu R = R, Ha ee rpanuue. Mak-
CHMaJIbHbIC 3HAUEHHS YIEIBHOTO PAcXoAa AJsl BUXPEBBIX BOJOCOPOCOB MOTYT HU3Me-

HATBbCA B npepenax ¢, . = 50-70 m/c, uTo ABIAeTCS MpueMieMbIM. Dmopa g (puc. 4)
uMeeT napabonndeckyro GopMy, YTO MO3BOJISIET YCTPAUBATD SIMY Pa3MbIBa C IIEPEMEHHON

TIyOUHOM 4, IO AJIMHE W IIMPHUHE OTBOAALIETO pycna. PacdeT riyOWHBI MBI pa3MbiBa
MPOU3BOAUTCS IO MOTYyYEHHOM 3II0pPE ¢ HA OCHOBE M3BECTHBIX PACUETHBIX METOIOB.

HE. 1
D AR 2
Y SR :
b
} — Am
| I
| \ p
‘ !
| Dnropa q |
| |
\ 'I _max |
| |
Pl
| |
| 2R,
Puc. 3. Cxema conpsizkeHUsi CTPYH Puc. 4. PacueTHas cxema K onpe/ejeHHIO
C MOBEPXHOCTHIO HMKHET0 Obeda yeJbHBIX PacXo/10B
[Fig. 3. The scheme of interaction of [Fig. 4. The calculated scheme to definition
the jet with the surface of the downstream] of specific rate of flow]
HaiineMm ans Hamiero ciydvasi 1aJbHOCTb OTJIETA CTPYHU:
V2 *sin 26, Z *2%
L=k*2m D200 14 14212 8 |31 70y,
*g V. *sin” 6,

rae K — KodQQuIUeHT, yYUThIBAOIUI BiusiHUe TpeHus o Bo3ayx K = (0,9-0,95);

Z; — TIpeBBIILIEHNE LIEHTPa BBIXOJHOTO CEYEHHs BOJOBOJAA HAJ PACUETHHIM YPOBHEM

HIDKHETO Obeda; Z; = 4,5 M; 6y — yroi MexXay TOpU30HTATLHON TII0CKOCTBIO U OCBIO

BOJIOBOJIa Ha BBIXOJIEC U3 OTBOJIAIIEIO BOJOBOIa BUXPEBOTo BogocOpoca (6= 30°).
HaiineM TaHreHc yria BXoJa LEHTPAIbHOU CTPYUKU:

* ) %k
tgH: tgzeo_{_ng
(V, *cos8,)

V,=18,08 m/c,
I7=10,265,

=0,83,
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clIeIOBaTEeILHO B HAIIeM ciiydae ucmoib3dyeMm dopmyny (3a) mms ciaydas 11 (mpu
0,25 <I1<0,35):

V, = const,
V.=V, -I-r
n=0,6 mpu 171<0,25,

n=0,4 npu I71<0,3.
IIpunumaem n = 0,5 npu 17 = 0,265:

b

V.=V, -II-r =18,08%0,265%1% = 4,79 w/c.

/4
PaccunraeM u3MeHEHHE BEJIMYUHBI —~ BIOJb CTPYH.

8

Tabnuya 1
Yeu _ o L.
Onpeaesienne 3aBHCHMOCTH =fl—; 11
Ve L
[
[Numerical Determination of Dependence Veu _ f (z, 1]
Ve
7C.’|/l
l .M l/L t,c —
Ve
6,34 0,2 0,43 0,81
12,69 0,4 0,85 0,55
19,03 0,6 1,28 0,35
25,38 0,8 1,71 0,23
31,72 1,0 2,13 0,162

Conepskanue BoAbI B BOAOBO3AYIITHON cMecu cocTaBiseT 16,2%.
U3 popmyn (3) u (30) mMeeM TpaHUYHBINA PaUyC B KOHEUHOM CEYEHUHU CTPYH:

R =45 1+ (22
4,5

2,13)* = 11,82 m,

Aw=2/R: —R* =2,11,82> —4,5> = 21,86 1.

Y nensHBINA pacXxo]] B OTBOJIAIIEM pPycCIIe:

2 2
= ﬂ 1— 45 ) _ 57,30 M3/c-
3.14-11,82 11,82

OTHoIIeHKE TUIOMAACH KOHEYHOTO ¥ HA4YaJIbHOTO CEUCHUS CTPYU:

2
R 11,82 Ry 1182

De _| Bk | _ (—=)*= 6.9 wnu otHOUIEHHE paanycos £ = =2,627,
7, 45 ¥, 4,5

o, =438,70.
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BrisicHuM, Kak U3MEHSAETCS KOHEUHBIN pajuyc CTpyU Ry MpH CIEAYIONINX, Xapak-
TEPHBIX JIJI BUXPEBOTO BOAOCOpOCca, mapamerpax (Tadm. 2, puc. 5): [1=0,3; Vep = 23 m/c;
Vu=17,23m/c,d=9 m.

Tabauya 2
]/C./W
L L/d M t Lo o, R,
Ve
27 3 9 1,43 0,16 399,73 11,28
36 4 118 1,91 0,096 662,34 14,52
45 5 27 2,38 0,064 994,26 17,79
R, 1128 R
a) 2
—* =| =% | =(—2-)= 6,283 1w oTHOLIEHNE PaILyCOB —— = =2,507,
@, 7, 4,5 7y
© 1452 R
2 5
= = | =(—=5)*=10,41 wwm orHOWmEHNE pammycoB —— = =3,227,
, 7, 4,5 7,
2
0] R 17,79 R 27,06
—L == =( )>=15,63 wmm otHowmeHHe pagnycoB —— = —— = 3,95
, ¥, 4,5 7,

npu 11 = 0,2; Vep = 23 m/c; Vu = 4,69 m/c onbIT oKa3biBaeT, uyto d = 8—10 M om-

THMaJIeH ISl TAKMX BOOCOPOCOB.
[Mpunumaem d =9 m.

1
YT \

08

0,6

0,4

N=0,625

0,2

0.2

04

/
Puc. 5. 3aBucumMocThb Yeu _ f (—; 17
Ve L
. o Ve !
[Fig. 5. Relationship —*~ = f| —; [1
Ve L
Tabnuya 3
}/ CM
L L/d ZI, M t ]/— @, R,
27 3 9 1,43 0,31 204,90 8,076
36 4 18 1,91 0,20 315,42 10,02
45 5 27 2,38 0,14 454,65 12,03
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2
R 8,076 Ry 971
Do | K| (=)= 3,22 unu otHOMmEHYE paanycos —£ = =1,795,
@, 7, 4,5 T A4S
2
R 10,02 R 18,65
De | B | (—=)*= 4,958 wm oTHOMmEeHHe pamycoB £ =—==2227,
@, A »5 "o 45
2
R 12,03 Ry 27,68
T VI (—)*= 7,147 wm oTHOmEHME pajycOB —— = =2,67.
@, %, , 7, 4,5

BoiBoabl. O030p CyHIECTBYIONIUX HCCICIOBAaHUN MOKA3bIBAET, YTO METOJIbI
pacdera CTpyH C OCTaTOYHOW 3aKPYTKOW U €€ COMPSKEHHUS C HIDKHUM Obe(hoM OT-
CYTCTBYIOT.

Pa3zpaboTtan u mpemyioskeH METOJ pacyera paccCMaTpHUBaeMBIX CTPYH, OCHOBAH-
HBI Ha TEOPETHYECKOM paccMOTpeHHH. JIJis MpoBEepKU TOMYyYEHHBIX pPE3yJIbTaTOB
TpeOyeTcs MOCTaHOBKA CIIEUATBHOTO 3KCIICPUMEHTA.

IIpeumyiiiecTBO BBIYCKA CTPYH B BO3JIYX C OCTATOYHOM 3aKPyTKOM 3aKIrOUaeTCs
B TOM, YTO CTPYS CHadaJia pacIIupseTCS B BO3yXe, MPEBPAIIasICh B BOJOBO3AYITHYIO
CMeCh, TUIOTHOCTh KOTOPOM YMEHBIIAETCS MO JUIMHE CTPYH, U B PE3yJbTaTe CTPYs
B3aMMOJICUCTBYET C HIKHUM ObeoM Ha OOJbIei Tomann (3a cYeT ee pacuIupeHus
W MeHbIIEH TUIOTHOCTH BOJOBO3IYIIHOW CMECH), YTO YMEHBIIAET IWHAMHYECKOE
BO3JICHCTBHE HA HUKHUIA Obed.

© INonomapes H.K., Illecusk JL.E., 2018
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THE PAIRING OF A SWIRLING SPILLWAY TO THE LOWER POOL
THROUGH THE THROWN JETS

N.K. PONOMAREV, L.E. SCHESNYAK

Peoples’ Friendship University of Russia (RUDN University)
6 Miklukho-Maklaya St., Moscow, 117198, Russian Federation

(received: December 01, 2017; accepted: March 05, 2018)

In the modern practice of hydraulic engineering pressure hydrosystems reach H > 200 m.
In these conditions the most efficient spillway structure is the vortex shaft spillway. In this
paper, the authors consider the conjugation of the swirled flow at the outlet of the discharge
conduit with downstreem by thrown jet with a residual twist. In the scheme with jet drop,
the residual twist of the flow during the release from the vortex spillway contributes to
the expansion of the jet in the air, reducing the specific flow rate, as well as reducing the dy-
namic loads on the lower bed. The comparison with the jet thrown from the sock of the drain-
age dam at the same speed parameters (i.e. at the speed of 20-25 m/s on the lip) is carried out.
The formula obtained is simple enough to determine the planned outline of the discarded jet.
The scheme of conjugation of the jet with the surface of the lower tail water, as well as
the calculation scheme to determine the specific discharge of the downward swirling jet.

Keywords: vortex shaft spillway, setting twist, the residual twist, the downstream,
the Froude number, water-air mixture, tangential velocity, thrown jets
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CONSTRAINED CONSTRUCTION OF PLANAR DELAUNAY
TRIANGULATIONS WITHOUT FLIPPING
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The construction of Voronoi diagrams and Delaunay triangulations finds wide application in many
branches of science. Delaunay triangulations have properties which make them more desirable than
other triangulations for the same node set. Delaunay has characterized his triangulations by the empty
circle property. The partitioning and flipping methods which have been developed for digital construc-
tion of Voronoi diagrams and Delaunay triangulations only make indirect use of this property. A novel
method of construction is proposed, which is based directly on the empty circle property of Delaunay.
The geometry of the steps of the algorithm is simple and can be grasped intuitively. The method can
be applied to constrained triangulations, in which a triangulation domain and some of the edges are
prescribed. A data structure for triangulations of concave and multiply-connected domains is present-
ed which permits convenient specification of the constraints and the triangulation. The method is
readily implemented, efficient and robust.

Keywords: Delaunay, Voronoi, empty circle, shortest diagonal, triangulation theorem, partitioning,
flipping, constrained, half edge, dihedral cycle

1. Voronoi Diagrams and Delaunay Triangulations

Over centuries, outstanding scientists have considered the following problem: Given a
set of sites in a plane, partition the plane into regions in such a way that all points of a region
are at least as near to a particular site as to any other site of the set. This problem has arisen
in many applications [1] [2] [3]. Johannes Keppler (1571-1639) encountered Voronoi dia-
grams when he considered the densest packing of spheres, René Descartes (1596-1650)
when he investigated the distribution of matter relative to fixed stars, Johann Dirichlet (1805-
1859) when he constructed integer lattices, John Snow (1813-1853) when he related the
outbreak of cholera in London to the location of water pumps, Georges Voronoi (1868-1908)
when he extended the Dirichlet tessellations to higher dimensions and Boris Delaunay (1890-
1980) when he generalized Voronoi diagrams and their duals to irregularly spaced sites in d-
dimensional space. Many additional examples of Voronoi diagrams have been reported, for
example in gold mining, crystallography, metallurgy and meteorology. Today diagrams which
relate sets of nearest points to sites in a plane are known as Voronoi diagrams, sometimes
also as Dirichlet tessellations. Extensions of the nearness concept to weighted tessellations
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by Dirichlet [4] have been studied by Aurenhammer [5] and are today known as power dia-
grams. Extensions to power diagrams are not treated in this paper.

The concept of triangulation has been related to the concept of sets of nearest points by
Voronoi [2]. The relationship was deepened when Delaunay [3] distinguished the triangula-
tion, which is derived from a Voronoi diagram, from other triangulations for the same set of
sites by defining the empty circle property as follows: A triangulation is Delaunay if, and only
if, the interior of the circumscribed circles none of its triangles contains sites. Triangulations
with the empty circle property are today called Delaunay triangulations. They have applica-
tions in many branches of science, for example in computational geometry and in the net-
works for discrete methods of physical analysis such as the finite element method.

varanol varax

Figure 1: Voronoi diagram in a plane

Figure 1 shows an example of a set of sites in a plane and the corresponding Voronoi
diagram. The straight line segment that is a boundary between two Voronoi regions is called
a Voronoi arc. An intersection of Voronoi arcs is called a Voronoi vertex. A Voronoi circle can
be drawn with a Voronoi vertex as midpoint such that it passes through the sites of the
Voronoi regions that meet at the Voronoi vertex. Voronoi diagrams have distinctive properties
[6]. Each Voronoi region is convex. The diagram contains bounded and unbounded regions.
At least three arcs and at least three regions meet at a Voronoi vertex, and the distances of a
Voronoi vertex from the sites of the regions which meet at the vertex are equal.

Figure 2 shows the Delaunay triangulation for the set of sites in figure 1. If a Voronoi cir-
cle passes through exactly three sites, these sites are the corners of a Delaunay triangle and
are called Delaunay nodes. If the circle passes through more than 3 sites, the sites define a
convex polygon that can be decomposed into Delaunay triangles. The decomposition is not
unique. The straight line segment connecting two nodes of a Delaunay triangle is called a
Delaunay edge. The Delaunay triangulation is the convex hull of the set of sites in the
Voronoi diagram. While the Delaunay triangulation is not the only possible triangulation of the
sites of the Voronoi diagram, it is the triangulation for which the magnitude of the smallest
angle of all triangles is at a maximum. This property is advantageous for discrete analysis,
for example by the finite element method, where the use of nearly equilateral triangles in-
creases the accuracy of the solution.
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Figure 2: Delaunay triangulation for the Voronoi sites in Figure 1

A triangulation for a set of sites is called unconstrained, if neither the boundary of the
area covered by the triangles is prescribed, nor any of its interior edges. The boundary of an
unconstrained triangulation is the convex hull of the given set of sites. The two main classes
of algorithms, which have been developed for unconstrained triangulation, make use of parti-
tioning of the set of sites and of edge flipping respectively.

If a subdomain of the area covered by the convex hull is prescribed for the triangulation,
or if any of its internal edges is prescribed, the triangulation is called constrained. The goal of
the research, which is reported in this paper, is to determine whether it is promising to extend
one of the two conventional methods to include constraints, or whether the problem can be
solved more advantageously with a novel approach. For this purpose, the relationships be-
tween the existing methods of unconstrained triangulation are analyzed. It will be shown that
they are all based on the same basic property, which was discovered by Delaunay. A novel
method of constrained analysis, which is based directly on this property, will be presented.

2. Duality of Voronoi Diagrams and Delaunay Triangulations

Voronoi diagrams and Delaunay triangulations are related by the concept of duality. Du-
ality is a concept which is encountered in mathematics in many different forms. In the context
of Voronoi diagrams and Delaunay triangles, duality is a bijective mapping which reverses
the inclusion relationships. This mapping will now be defined.

A Delaunay triangulation is a planar subdivision whose element set D consists of nodes,
edges and triangles. It is arbitrarily named the primal subdivision of the plane, and its ele-
ments are called primal elements. The Voronoi diagram is a planar subdivision whose ele-
ment set V consists of vertices, arcs and regions. It is called the dual subdivision of the plane
and its elements are called dual elements. Consider a mapping f of the set of elements D of
the Delaunay triangulation to the set of elements V of the Voronoi diagram:

f:D>V (1)
f bijective mapping for duality (set of ordered pairs)

D elements of the Delaunay triangulation (domain of the mapping)

\ elements of the Voronoi diagram (target of the mapping)

The bijective mapping function is defined as follows:
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f(primal node n,) = dual regionr, f'(dual regionr) = primal node n, (2)
f(primal edge e,) = dual arca, f'(dualarca,) = primal edge e,
f(primal cell c,,) = dual vertex v, f'(dual vertex v, ) = primal cell c,
L&
4 9; A s E
9, (. £ S
o9, 5, 7 8, * 8., »
't Y¢ " 'y Ya ¢
RN LA I NS T
! g, CPO P
Voronoi diagram: dual planar subdividion Delaunay triangulation: primal planar subdividion

Figure 3: Duality between a Voronoi diagram and a Delaunay triangulation

Figure 3 shows mapping (2) for the Voronoi diagram in figure 1 and the Delaunay trian-
gulation in figure 2. The reversal of the inclusion relationship is illustrated for cell c, in the
primal subdivision, which contains nodes n,, n, and n,. Mapping f yields the following images:

f(c,) =v, f(n,) =r, f(n,) =r, f(ng) =r, 3)

Regions r,r, and r;, which are the duals of the nodes n,,n, and n, contained in
cell c,, all contain vertexv,, which is the dual of cell c,. The reversal of the inclusion
is illustrated by edgee;in the primal subdivision, which contains
nodes n, and n,. Mapping f yields the following images:

fleg) = a, f(n,)=r, f(ng) =r (4)

Regions r, and r,, which are the duals of nodes n, and n, contained in edge e, in
the primal subdivision, all contain arc a,, which is the dual of edge e,

3. Graphical Construction of Delaunay Triangulations

The historic development from Voronoi diagrams to Delaunay triangulations suggests an
intuitive approach to the construction of Delaunay triangulations. Using paper, pencil and the
capability of human vision to analyze shape, the graphic construction proceeds as shown in
figure 4.
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u
u

Figure 4: Graphical construction of a Delaunay triangulation

Let the coordinates of a set of sites be given. Following the empty circle concept of De-
launay, an empty circle passing through three of the sites is chosen by inspection. The mid-
point v, of this circle is a Voronoi vertex. The edges of the triangle are Delaunay edges and
the sites at the corners of the triangle are Delaunay nodes. The three bisectors of the edges
pass throughv, and contain Voronoi arcs with v, as end point. The left diagram in figure 5
shows the empty circle and the right diagram the subdivision of the plane into three point
sets, each of which is nearest to one of the sites of the initial Delaunay triangle.

The second vertex of the Delaunay arcs radiating from v, is determined next. For this pur-
pose the bisectors of the line segments connecting the given sites are constructed as shown in
figure 4. For example, the bisector of line segment nTn4 is aTaz. Let the bisector leaving v, in
the direction of point a, be followed. This bisector is the boundary that separates points that are
nearer to site n, from points that are nearer to site n,. After this arc has reached the point of
intersection with bisector ﬁz, it enters a set of points which are closer to site n, than to
sitesn, and n,. The point of intersection is therefore the second vertex v, of the arc. If the arc
leaving v, in the direction of point e, is followed, none of the bisectors in figure 4 is intersected.
This arc is infinite. Similarly, the arc leaving v, in the direction of point b, is infinite. The bisec-
tors which are overlaid by the constructed arcs are removed, because the Voronoi regions are
convex, such that each bisector can overlay only one arc of the Voronoi diagram.

ntialeirele intial subdivision

Figure 5: Initial step of the graphical construction
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The vertices, which are constructed on the bisectors leaving the first vertex, are collect-
ed in a list. After all bisectors at node v, have been treated, one of the vertices in the list is
chosen and removed from the list. The remaining bisectors leaving this vertex are traversed
in the direction of the line segment which they bisect. If they intersect another bisector, a
Voronoi vertex is constructed at the point of intersection. It is the second vertex of the arc
and is added to the list. If none of the remaining bisectors is intersected, the arc is infinite.
The bisector is removed from the diagram in figure 4. The procedure ends if the vertex list is
empty after the bisectors at a vertex have been treated.

The line segment connecting two nodes is an edge of the triangulation if it is bisected by
one of the Voronoi arcs that are constructed. For example, segment nTn4 is an edge because
it is bisected by arcv,v,. Segment n,n, is not an edge of the Delaunay diagram because it is
not bisected by any of the arcs that have been constructed.

The graphical construction shows how the duality mapping in figure 3 can be derived.
Arc a, overlays the bisector of edge e,.Nodes n and n, of edge e, are the duals of re-
gions r, and r, whose common boundary is arc a,. Vertices v, and v, of arc a, are the duals
of cells ¢, andc, whose common boundary is edge e,. The end of an infinite arc is the dual
of the infinite area consisting of the difference of the area of the infinite plane and the areas
of the Delaunay triangles.

4. Construction of Delaunay Triangulations by Partitioning

The graphical method of construction in section 3 suffers from the disadvantage that the
inter-section of the bisector leaving a Voronoi vertex must be tested with all other bisectors of
the diagram. While human vision readily solves this problem, digital testing of the bisections
is expensive. Algorithms which reduce the problem by partitioning the set of sites into sub-
sets, whose Voronoi diagram can be determined by inspection, and merge these diagrams
pairwise until only the desired Voronoi diagram remains, are called “divide and conquer” al-
gorithms. An algorithm of this type by Guibas [7] has been used by many researchers as
basis for diverse modified algorithms of similar type, which differ primarily in the merge oper-
ation. Many contri-butions to the topic have been made, for example by Shamos [8] and
Skvortsov [9] [10]. A modified version of the Guibas algorithm is presented in figure 6.

The given sites are decomposed into sets of two or three sites, such that coordi-
nates x, of the sites in the first group are less than the coordinates x, off all other sites, the
coordinates x, of the sites in the second group are less than the coordinates x, of the re-
maining sites, and so on. Figure 6 shows a given set of 6 sites n, in diagram D1 and their
decomposition into two groups of 3 sites each. The Delaunay triangle for each group of 3
sites is constructed by inspection. The triangles can be highly distorted if the coordi-
nates x, of the three nodes differ significantly. It is assumed that the sites are not collinear.
Special methods are required if the sites are collinear.
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Figure 6: Construction of a Delaunay triangulation by partitioning and merging

In order to merge the two groups, a base line segment connecting a node of the left
group with a node of the right group is determined such that all nodes lie on or above the
base line. In diagram D2, the base line connects nodes n, and n,. The gap between the two
triangles in diagram D2 is triangulated such that s single triangulation results, which is con-
vex.

Diagram D3 shows that this is achieved by constructing
bisectors b, , and b, where b, denotes the bisector of the line segment connecting
sites n, and n . The bisectors intersect in a Voronoi vertex (not shown in D3) which is the
midpoint of a circle through sites n,,n, and n,. The triangle with corners n,,n, and n; is a De-
launay triangle because the circle is empty. Diagrams D4 to D6 show the analogous con-
struction of the other Delaunay triangles for the merge Operation. If there are more than 6
nodes, additional groups are formed in diagram D2 and there will be more than a single level
of merge operations. For a set of 3" = 59049 sites, 10-1=9 levels of merging are re-
quired. The complexity of the method is O(n log(n)).
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Figure 7: Flipping of edges in the merge operation

5. Construction of Delaunay Triangulations by Flipping

Figure 7 shows that part of the merging process can be achieved by selecting a quad-
rangle and replacing its diagonal by the other diagonal. In diagram D2 of figure 7 diago-
nal e, can be replaced by diagonal e, in the quadrangle with
nodes n,,ng,n, and n,, where e, is the edge connecting nodes n, and n_.In the literature,
this operation is referred to as edge flipping in the quadrangle. Diagram D4 in the same fig-
ure shows that flipping can be accompanied by the construction of an additional edge.

The concept of edge flipping was first presented by Lawson [11] and developed further
by Joe [12], de Loera [13] and many others. The basic concept is to construct an arbitrary
triangulation for the given set of nodes and then to flip edges until the circumscribed circles
of all triangles are empty as required by Delaunay. The convergence of this procedure is
proved by studying the effect of edge flipping on a triangulation which is not yet Delaunay.

Angle vector: Different triangulations are compared by means of an angle vector. Let
the number of triangles in the triangulation be m. The 3m angles of the triangles are arranged
in ascending order in in a vector t which is called the angle vector of the triangulation. The
angle vector t of a triangulation T is compared row-wise with the angle vector t of another
triangulation T of the same node set. The angles in vectors tand t are denoted
by o, and @;. The comparison starts in with the entries in row 0. The first pair of an-
gles (a,,@,) which are not equal determines the lexicographic order of the two vectors.
If o, > @, then vector tis larger than vector t.

o, o,
oy o,
t = t = — t>t = V(=x,) A o, >0 (5)
(o4 Q, i<k
k K
a3m a3m

Triangulation T is considered to be better than triangulation T if vector tis larger than vec-
tor t. The optimal triangulation maximizes the smallest angle that occurs in the triangles.
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Regular edge: In order to prove the existence of optimal triangulations, the effect of flip-
ping edges in an existing triangulation is studied. Figure 8 shows the effect of flipping an
edge in a convex quadrilateral of a triangulation. Let t be the angle vector for triangles abc
and adb in the triangulation with edge ab. Let t be the angle vector for the triangulation with
edge cd. Edge ab is called regular if vector t is lexicographically larger than or equal to vec-
tor t.

a
edge ab edge cd

Figure 8: Flipping edge ab to edge cd in a quadrilateral abcd

t >t = edgeabisregular (6)
If abcd is a rectangle, both edges are regular. Otherwise, one edge is regular and the other
edge is irregular.

Proof: Figure 9 shows two triangulations for a quadrilateral with nodes n,. The triangles
formed by diagonal n,n,are shown in diagram (a), the triangles formed by diagonal n,n, in
diagram (b). Diagram (a) contains the circumscribed circle of triangle n,n,n,. Diagram (b)
contains the circumscribed circle for triangle n,n,n,. The extended diagonals n,n, and n,n, in-
tersect the circumscribed circles in point u. It will be shown that one of the edges n,n,and
n,n, is regular and the other irregular.

Edge n,n, of triangulation (b) is regular if the six angles a+e,b,h,c,d+f,g of the two
triangles in (b) are larger than the smallest angle ¢ in triangulation (a). The geometry of the
triangles and of the circumscribed circle of triangle n,n,n, yields the following relations be-
tween the angles in triangulation (a):
e+x =¢ x+d =nh (7)
f+y =b y+a=g
Similarly, the geometry of the triangles and the circumscribed circle of triangle n,n,n, yield
the following relations between the angles in triangulation (b):

c-s = e s+d = h (8)
g-t = a t+f =b
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riengulaticn (a) irangulstion b)

Figure 9: Regularity test for the diagonals of a convex quadrilateral

It follows from (8) that angles b+ c and g+h cannot be the smallest angle in triangulation
(a):
b+c e+f+x+y > e 9)
g+h = a+d+x+y > a

Each of the remaining four angles a,d,e,f can be the smallest angle in triangulation (a).
It will now be shown that in all four cases, each of the six angles a+e,b,h,c,d+f,g in trian-
gulation (b) is larger than the smallest angle in triangulation (a).

Case 1: p=a<d,e,f: (10) Case 2: p=d<a,e,f: (11)
a+e > a a+e > d+e > d

b = f+y > a+y > a b = f+y > d+y > d

h = s+d > d > a h = s+d > d

c = e+X > a+x > a c = e+x > d+x > d

d+f > d > a d+f > d

g = t+a > a g = t+a > t+d >d
Case 3: p=e<a,df: (12) Case 4: 9o=f<ade: (13)
a+e > d+e > e a+e > f+e > f

b = f+y > e+y > e b = f+y > f

h = s+d > s+e > e h = s+d > s+f > f

c = e+x > e c = e+x > f+x > f

d+f > e+f > e d+f > f

g = t+a > t+e > e g = t+a > t+f > f

The proof shows that edge n,n, is regular. Generally, the regular edge in a quadrilateral can
be recognized by two attributes:

Empty circle: Edge n,n, in triangulation (a) is irregular. Node n, lies inside the circum-
scribed circle and the circle is therefore not an empty circle. Edge n,n, in triangulation (b) is

regular. Noden, lies outside the circumscribed circle, which does not contain any nodes and
is therefore an empty circle.
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Shortest diagonal: The regular diagonal n,n, is shorter than the irregular diagonal n;n,. This
follows from triangulation (a) where triangles n,n,n, and n,n,u are congruent, such that
chords n,n; andn,u are of equal length. Node n, is an inner point of chord n,u such that the
length of n,n, is less than the length of n,u, and therefore less than the length of n,n,.

Total flip algorithm: The total flip algorithm is based on the property derived above, that
a diagonal of a quadrangle formed by two neighboring triangles is a regular edge if it is
shorter than the other diagonal of the quadrangle. The algorithm is initiated by constructing
an arbitrary triangulation for the given node set.

S d B d ) d
c c c

a k c k c k
tnangulation (a) tnangulation (b) tnangulation (c)

Figure 10: Flipping edges in a the total flip algorithm

The quadrilaterals in the triangulation are traversed. If the diagonal of a convex quadri-
lateral is not a regular edge, it is flipped such that it becomes regular. Flipping of a diagonal
in a quadrilateral can destroy the regularity in adjoining quadrilaterals as shown in figure 10.
In triangulation (a) the diagonal be of quadrilateral abde is regular, whereas diagonal bd of
quadrilateral bcde is irregular. Diagonal bd is flipped to create triangulation (b). In triangula-
tion (b) the diagonal be in quadrilateral abcd is irregular, whereas diagonal ce in quadrilateral
bcde is regular. Diagonal be is flipped to create triangulation (c). Diagonals ac and ce are
regular in triangulation (c), which is the Delaunay triangulation.

The traversal of the quadrilaterals of the triangulation must be continued until all diagonals
are regular (the circumscribed circles of all triangles are empty). Unfortunately, the algorithm
converges slowly for large node sets and is therefore not suitable for application.

Incremental flip algorithm: An envelope triangle is constructed whose interior contains
all nodes of the given set. The given nodes are added to the triangle one at a time, as shown
in figure 11. After each node addition, edge flipping is applied until the circumscribed circles
of all triangles in the triangulation are empty. Joe [12] and Edelsbrunner [14] have shown that
the incremental flip algorithm always converges. Figure 11 shows an example of the edge
flipping in the envelope triangle after nodes have been added.

Node a, is inserted and edges a,n,,a,n, and a,n, are constructed. Because the circles
passing through (n,,n,,a,).(n,.n,,a,) and (n,,n,,a,) are empty, the three edges are regular and
there is no flipping. Node a, is inserted and edges a,a,,n,a, and n,a, are constructed. The
circles passing through (a,,a,,n,) and (n,,n,,a,) are empty such that edges a,n, and n,n, are
regular. The circle passing through (a,,a,,n,) contains node n, such that edge a,n, must be
flipped. Node n, is inserted and edges (n,a,),(n,a,) and (a,a,) are constructed. The circles
passing through (n,,a,,n,) and (n,,a,,a,) are empty such that edges n,n, and n,a, are regu-
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lar. The circle passing through (a,,a,,n,) contains nodes a, and n, such that edge n,a, must
be flipped. The procedure can be continued by inserting additional nodes.

sar 9.

Figure 11: Insertion of nodes a,, a, and a, in the envelope triangle (n,n,n,)

The insertion of a node and construction of edges inside a triangle can make edges of
neighboring triangles irregular. These edges must be identified and tested. A data structure
is required in which the edges, whose regularity has not yet been tested, are administered.
Baudson [15] has shown that this data structure is complex and expensive. In addition, not
every edge, which should be flipped, is flippable. If the union of the triangles adjacent to the
edge is not a convex quadrangle, the edge is not flippable. It can, however, be shown [16]
that the incremental flip algorithm converges because the search for locally irregular edges is
finite and does not cycle, and because at least one of the locally irregular edges is flippable.

6. Constrained Delaunay Triangulation

Evaluation and novel concept: The analysis of the existing methods of unconstrained
Delaunay triangulation has shown that the methods are all based on the empty circle proper-
ty which Delaunay discovered. The methods differ in the application of the property. The fun-
damental problem is evident in the graphical construction in section 3. Because all n sites
must be traversed, and the number of bisectors to be tested per site is proportional to n, the
complexity of the graphical method is O(n?).

Partitioning of the set of the sites reduces the complexity of the triangulation
to O(nlog(n)), but the initial set of triangles is highly deformed and special cases must be con-
sidered to make the algorithms robust. The merging operation can be based directly on the
empty circle property as shown, though Lawson [11] proceeded differently by constructing and
merging Voronoi diagrams. The flipping, which is required in the merge operations of the parti-
tioning method, is the primary operation of the second class, the flip triangulation algorithms.
Their theory is well developed, but special effort is required to make the method robust, and
complex data structures and procedures must be developed when then method is implement-
ed. As shown above, the flip triangulation algorithm also uses the empty circle property.
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On the basis of this evaluation, it was decided to base the constrained Delaunay triangu-
lation on two foundations. The first is a data structure which permits convenient and explicit
specification of the constraints and is adaptable as the triangulation develops. The second is
direct application of the Delaunay empty circle property based on the triangulation theorem.

Data structure: Unconstrained Delaunay triangulation of a node set is confined to a
domain of the plane, which is the convex hull of the node set. The triangulation is called con-
strained if it is restricted by one or both of the following conditions:

- The triangulation is restricted to a subdomain of the convex hull, which is called its face.
- Edges are prescribed between pairs of nodes in the given set.

outer polygon inner palygon face
Figure 12: Description of a face as the intersection of the interiors of polygons

A face is defined by means of a set of polygons as shown in figure 12. The oriented pol-
ygons are not self-intersecting and do not intersect or touch each other. The outer polygon
contains all of the inner polygons. An inner polygon does not contain any other polygon. The
area of the face is defined as the intersection of the inner point sets of the polygons. The
edges which are prescribed in the face may not intersect each other or a polygon of the face.

arrow potygon of trangie t dihecral cycie a1 node n

=
2
N/

coarse arrow triangulation with prescribed edge e

N
S

Y

Figure 13: Arrow data structure for a triangulation
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A data structure is required to relate the triangulation algorithm to the prescribed con-
straints. It is created by splitting each edge of the triangulation into two half-edges [7], which
are called arrows. The arrow objects of the closed polygon on the boundary of a triangle are
connected by a pointer next, as shown in figure 13. The arrows leaving a node of the triangu-
lation are ordered by their dihedral angle about the normal vector of the plane. The arrows of
a dihedral cycle are connected by a pointer rot, as shown in figure 13. This data structure
can also be used to describe the dual Voronoi diagram. Quadedge data structures [17] have
been developed which combine the description of the Delaunay and Voronoi subdivisions for
a node set.

Triangulation theorem: If nodes R, S, T are the corners of a triangle D,, whose circum-
scribed circle is empty, and A is an arbitrary node outside the circumscribed circle, then a
triangle D, can be constructed with node A and two of the nodes of set {R,S, T} as corners,
such that the circumscribed circle of D, does not contain the third node in the set. Figure 14
shows an example of triangles D, and D, and their circumscribed circles.

D
o

tnangle RST and node A construciad triangle ATS
Figure 14: Given triangle D, and constructed triangle for the triangulation theorem

Proof: The midpoint M, of the circumscribed circle of the given triangle D, is chosen as
origin of a Cartesian coordinate system (x,y). The corners of triangle D, are named R,S,T in
the anti-clockwise direction. Choose an edge ST of triangle D, such that the third corner R
and point A are located on opposite sides of the line containing edge ST, as shown in figure
15. Axis x points from origin M, to the midpoint M, of edge ST.

Figure 15: Geometric construction for the proof of the triangulation theorem
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The midpoint of the circle which passes through points A, T and S is denoted by M,. The
radii of the circles with midpoints M, and M, are denoted by r,andr,, the distance between
points R and M, by z. Point R is located outside the circumscribed circle of triangle ATS if the
conditionz > r, is satisfied. The rule of Pythagoras is used in the following derivations.

22 = (X=X, ) +y?

2 2 2
= X5 —2XX; +(X] +V7)
Y2 2
= X; —2XX; +1,

o= (X _X2)2 +Y§

= X5 = 2X,X; + (X3 +3)

= X5 —2X,X, +I7
22 —r17 = 2%,5(X, - X,) (14)

The counter-clockwise orientation of boundary RST and the choice of the coordinate
system assure that x, >x,. Because edge ST was chosen such that points R and A lie on
opposite sides of the line passing through points S and T, and because point A is located
outside the circumscribed circle of triangle RST, coordinate x, of the midpoint of the circum-
scribed circle of triangle AST is positive. It follows from expression (14) that \ z\ > \rz , such
that point R lies outside the circumscribed circle AST. This proves the theorem.

Basic construction step: Let a domain, which is to be triangulated, be described by a
set of nodes N={n,,...,n ;) and a set of arrowsE ={e,,....e, ;) on its boundary. Assume
without loss of generality that arrow e, points from node n,to noden,. A
noden, e N-{n,n,}is to be determined such that the circumscribed circle of
triangle nyn,n, is empty.

A Cartesian local coordinate system with axes s and t is constructed with the midpoint U of ar-
row n,n, as origin. Unit basis vector g, points in the direction from n, to n,, and unit basis vec-
tor g, is constructed such that g,,g, and the normal vector n of the plane form a right hand system.

- x
G A

Figure 16: Geometric construction for the basic triangulation step
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_ X=X, _ 1 X1 =X | g, = -d (15)
‘X1—XO‘ \/(X1_X0)2+(y1_y0)2 Y1~ Yo u c

A noden_eN-{n,n,} is chosen and the circle through nodes n,,n, and n, with mid-
point M, is constructed as shown in figure 16. Because n, must be an interior point of the face,
only points to the left of axis s are considered. Node n, is therefore rejected if the area of trian-
gle nyn,n, is negative. Depending on the shape of the face, not all points to the left of axis s are
interior points. However, the point left to axis s, which is nearest to edge e, is an interior point.

9

Let the vector from the global origin G to midpoint M, be denoted by m,. The distance from
midpoint M, to nodes n, and n, is equal. This leads to the following equation for the circle:

(mk _XO)T(mk _xo) = (mk _xk)T(mk _xk)

2(x, — X, )ka = x:xk - ngo (16)
Vector m, from origin G to midpoint M, equals the sum of vector x, from G to the midpoint U
of arrow e,, and vector t,g,, where t, is the t-coordinate of midpoint M, :

1
m, = x,+t9, = E(x0 +X,) +10, (17)
Substitution of m, from equation (17) into equation (16) yields an expression for t, :

tk _ (xk _xo)T(ka_ x1) (18)
2(Xk _xo) 9,

Algorithm: The triangulation is initiated by choosing a boundary arrow e, of the outer
polygon with nodes n,and n,, and a node n, € N—-{n,,n,} is selected. Coordinate t, is comput-
ed with expression (18). Triangle n,n,n, is called the trial triangle. The next test point n, is cho-
sen in set N—{n,,n,,n,} and its coordinate t, is computed. The values of t, and t, determine
whether triangle nyn,n, replaces n,n,n, as trial triangle. The test is illustrated in figure 17:

- Ift; > t, the circumscribed circle of triangle nyn,n, is not empty because it contains
node n,. Triangle n,n,n, remains the trial triangle.

- Ift, > t, the circumscribed circle of triangle n,n,n, is not empty because it contains
node n,. Triangle n,n,n, is empty and becomes the new trial triangle.

- If t, = t, the four nodes lie on a common circle. Either of the triangles can be chosen as trial

triangle.
t t t

o case Z b, ot case 3t —1,

Figure 17: Empty circle test for a trial triangle
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The procedure is repeated for the remaining nodes in set N. After the node with the
smallest coordinate t, has been determined, the corresponding triangle is added to the trian-
gulation. This operation modifies the boundary of the face. Nodes and edges, which no long-
er are part of the area of the face that has not yet been triangulated, are removed. The first
edge without a neighboring triangle which succeeds e, in the new boundary is treated in a
similar manner. The process is repeated and terminates after the outer polygon has been
traversed. Each of the inner polygons is then treated by analogy.

After the first traversal of the outer polygon and all inner polygons, the number of inner
polygons may differ from the initial specification. If the modified face is not completely trian-
gulated, a second traversal is initiated with the outer polygon. The traversals are repeated
until the face is completely triangulated. The algorithm is illustrated in figure 20.

The addition of one triangle by the described method described can lead to the automat-
ic creation of another triangle. It is not guaranteed that the automatically created triangle has
an empty circumscribed circle. This deviation from the empty circle property is due to the
constraints that have been specified, and cannot be avoided. The simplest case of automatic
generation of triangles is shown in figure 18 with only 4 nodes.

L
spaot cabon ranquixcr

Figure 18: Automatic creation of triangle t, after the construction of triangle t,

Lens: The number of nodes, for which the coordinate t, is computed, is reduced signifi-
cantly by introducing a lens. Only the nodes which are located inside the lens are considered
in the search. Point n, is chosen freely. After a trial triangle has been determined, the circum-
ferential circle of the triangle determines the lens as shown in figure 19. With each improve-
ment of the trial triangle, the size of the lens decreases. The points within the lens can be
determined at low cost, for example by storing the node set in a quadtree [18]. The quadtree
can be used to choose one of the neighbors of nodes n; or n, as first trial node n,. The com-
plexity of the construction of a quadtree with n entries is O(n log(n)).

t

Figure 19: Lens for trial triangle nyn,n,
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Example: Figure 20 shows a set of measuring stations at a lake with an island. The sta-
tions are treated as nodes of a constrained Delaunay triangulation, which is to be restricted
to the water surface. Figure 20 illustrates the growth of the triangulation in the traversals of
the polygons of its boundary. The time required for the triangulation and its graphical presen-
tation on a conventional laptop computer is hardly noticeable.

S -

laze with sfabions 1. traverzal

2 vaversy 3 braversy

< vaversal C. raversy

& raversy complets

Figure 20: Triangulation of measuring stations at a lake
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7. Results and Conclusions

It has been shown that the complexity of the partitioning and the flip algorithms, and
some of the problems encountered with their robustness, can be avoided by returning to the
empty circle property of Delaunay and using the bisector concept illustrated in the graphical
example to construct constrained triangulations incrementally. The complexity of the novel
method depends on the complexity of the process which determines the subset of the given
nodes that lies within a lens. Quadtrees are one of the possible tools for this task.

The extension of the method presented in this paper to polyhedral subdivisions of three-
dimensional space containing the points nearest to given sites is a promising area of re-
search. This will require the replacement of the empty circle property by an empty sphere
property, which has also been discovered by Delaunay. The half-edge structure for the de-
scription of the triangulation and its constraints will be replaced by a half-face structure,
where the dihedral cycles at the nodes are replaced by dihedral cycles at the edges. The
three-dimensional cells will be described by the intersection of an oriented outer polyhedron
with a set of inner polyhedra. The circular lens will be replaced by a spherical lens, and
quadtrees will be replaced by octrees to collect the nodes located inside the lens.

The data structure required for the description of three-dimensional Voronoi diagrams
and Delaunay triangulations can also be useful for the description of polyhedral subdivisions
of space when original buildings are mapped to digital models in building information model-
ling (BIM). This is an area of great practical importance and intensive current research.

© Vera Galishnikova, Peter Jan Pahl, 2018
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NOCTPOEHUE NNIAHAPHbIX TPUAHTYNALUA OENOHE
C OrPAHMYEHUAMU BE3 NPUMEHEHUA ®ITUMNA
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(nocmynuna e pedakyuro:15 aHeaps 2018 r.; npuHsama k nybnukayuu:15 mapta 2018 r.)

MoctpoeHune anarpamm BopoHoro u TpuaHrynaummn [enoHe wWupoko NnpuMeHseTcss BO MHOMMX OT-
pacnsax Hayku. TpuaHrynaumm [lenoHe 3a cyeT cBovx 0cobbix CBOMCTB 6ornee NpeanoyTUTenbHbl, Yem
Apyrue TpuaHrynaumm ans ogHoro U Toro Xe MHOXeCTBa Y3noB. TpuaHrynaums [lenoHe xapakrepuay-
eTcs1 KpyroBbIM Kputepvem. MeToabl AeneHus u dprvna, KoTopble 6binn paspaboTaHbl Ans undpoBo-
ro KOHCTpympoBaHus guarpamm BopoHoro n Tpuanrynsumi [JenoHe, TONbKO KOCBEHHO WCMONb3yT
3TOT KpUTEpPUIn. ABTOpaMM NpeanoxeH NPUHUMNNANbLHO HOBLIV METOA MNOCTPOEHNS, KOTOPLIN OCHOBAaH
Ha MPSMOM MCMOMb30BaHUN KPYroBOro KpUTepus TpuaHrynsummn lenoHe. MeomeTpus waros anropuT-
Ma MpocTa Y UHTYUTUBHO NOHATHA. MeToa MOXET NPUMEHSTBCSA ANS TPUAHTYNAUNIA C OrpaHNYEHNSMMU,
rae 3apaHee 3agaHbl 061acTb TpUaHrynsauMmM 1 HekoTopble pebpa. MNpeacTaBneHa CTPyKTypa AaHHbIX
ONS HEBbINYKIbIX U1 MHOFOCBA3HbIX MHOXECTB, KOTopas No3BonsdeT yaobHo obycnasnueBaTtb orpaHnye-
HUA 1 Tpranrynauuio. MNpeanaraemMbii METOA OTNNYAETCs NPOCTOTON peanu3auunn, 3pdPeKTUBHOCTLIO
paboTbl U HAAEXHOCTLIO.

KnioueBbie cnoBa: [lenoHe, BopoHON, KpyroBov KpMTepun, HanMeHbLUas AnaroHanb, Teopema Tpu-
aHrynsaumu, pasbueHune, dnun, orpaHuyeHne, nonypebepHbIn, AMdapanbHbIA LMK
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uuit. KoHmakmHasi uHgpopmayus: e-mail — galishni@gmail.com
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TTAMSTH TOBAPUILUA

Burammit MUXAnjioBud BOHIAPEHKO

22.06.1925 22.02.2018

22 ¢espans 2018 roga Ha 93-m roay yuien u3 )KM3HU KPYyNHEUIIUN yUEHBIN B
00JIaCTH CTPOUTEIFHBIX KOHCTPYKIINH, akameMUK Poccuiickoil akageMun apXUTeKTy-
pPBI U CTPOMTENBHBIX HAayK, 3aCIyKEHHBIN JIeATeNb HAyKH U TeXHuku PO, maypear
npemun PO B 001acTH HAYKU U TEXHUKH, 3aCITy)KEHHBIA UHXeHep Poccuu, moueTHbIH
cTpoutenb Poccum, modeTHbld pabOTHHK BBICHIETO MPO(hECCHOHANBHOTO 00pa3oBa-
Hust PO, movyeTHBIH HOKTOP W mpodeccop psia BEICIIUX y4eOHBIX 3aBeneHull PO,
neiicreurenbHbIl wieH PUA, nHocTpaHHBIN wieH AkafieMuu CTPOUTENbCTBA YKpau-
Hbl 1 bpUTaHCKOr0 MHCTUTYTa IPaKJAHCKUX MH)XEHEPOB, WICH MEXIyHApOIHOU ac-
COLIMAITNH TIHCATeNIel U IMyOIUIIICTOB, JOKTOP TEXHUYECKUX HayK, mpodeccop Bura-
Jauit Muxaiinosud bonaapenko.

Buranuit Muxaiinosny — Betepan Bennkoit OTeuecTBEeHHOM BOMHBI. Y4acTBOBAI
B BopoHnexckoMm mpoprise, 0utBe Ha Kypckoit nyre, B 005X 3a 0CBOOOXKICHHE YK-
paunsl, [Tonemm, Yexocnoakuu, I'epmannn. HarpakaeH MHOTOYMCIIEHHBIMU OpJie-
HaMHU U MeAasIMH, B TOM 4Hcie opJaeHoM OTeuecTBEeHHOH BOMHBI I cTenenu, AByMs
MeJansIMu «3a oTBary». Butanuii MuxailnoBud mpoiien ciaBHbIM )KU3HEHHBIN MyTh:
(pPOHTOBHUK — pabounii — HHKEHEP — PYKOBOJMTENb CTPOUTENBHBIX OpTaHU3AUN —
Y4EHBIH — PYKOBOJAUTEND By3a M HAy4YHO-IIPOEKTHOTO MHCTUTYTa — 3aBEAYIOLINH Ka-
(denpoii, akageMHK-CeKpeTapb OTIECICHUS CTPOUTENBHBIX HAYK M BHIIC-TIPE3HICHT
PAACH. Ho camoe Ti1aBHOE B €T0 MHOTOTPAHHOM KU3HH U ACITCIHEHOCTH — 3TO HAY-
ka. M Obutn pa3paOoTaHbl: MPUKIAAHAS TEOPUS PEKUMHOTO M HACIEICTBEHHOTO
CHJIOBOTO CONPOTHBIICHUSI CTPOUTENBHBIX KOHCTPYKLIUH, TUCCUINAaTUBHAS TEOPHs CH-
JIOBOTO COTIPOTHBIICHHUS KEIE300€TOHHBIX KOHCTPYKIIMH W KOHCTPYKTHBHOH 0€30-
[aCHOCTH COOPYKEHUI.

B.M. Bongapenko — aBrop 6onee 400 HayyHBIX TPYAOB, B TOM YHCJE yU4eOHHU-
KOB M Y4eOHBIX TTOCOOUIt s By30B, MOHOTpaHil M KHUT MCTOPHUIECKOTO COJIEepKa-
Hus. PoamHa BbICOKO olleHMIIa 3aciayru Butanus MuxaiiioBuua u B MUpHOE BpeMs,
OTMETHB €r0 AESITEIbHOCTh Pa3IUYHBIMU IOCYJIJAPCTBEHHBIMU Harpajgamu: OpIeHOM
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«3a 3acmyru nepen OtedectBom» IV cTereHu, mepcoHAIBHON OJaroJapHOCTRIO TIpe-
3unenta Poccuiickoit deneparun «3a O00nbIION BKIAJ B pa3BUTHE OTEUECTBEHHOMN
(byHIaMeHTaIbHOH CTpOUTENbHOM HayKkuy, bonbmoi Menansio PAACH.

Csetrnas naMaTe 0 Butanum MuxaillloBude HaBcerja COXpaHUTCS B HAIIUX
cepauax.

Konnexmue
Hayuno-uccnedoeamensbckozo UHCMUMYmMa CIPOUMEbHOU Pu3uKu

Poccuiickoil akademuu apxumeKmyput U CIPOUMEIbHBIX HAYK
(HUHUC® PAACH)
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