CTPOUTENBHASI MEXAHUKA UHXXEHEPHBIX KOHCTPYKLIMA M COOPY)XEHUI 2018. 14 (3). 180-186

HTTP://JOURNALS.RUDN.RU/
STRUCTURAL MECHANICS OF ENGINEERING CONSTRUCTIONS AND BUILDINGS STRUCTURALMECHANICS

i Ny
ki

Pacuer v ripoeKTUpoBaHme CTPOUTESIBHBIX KOHCTPYKUMUA

VIIK 531.2
DOI: 10.22363/1815-5235-2018-14-3-180-186

AHAJIA3 KPAEBOI'O D®®EKTA KACATEJIbHbBIX HANPSIKEHUI
IIPU CABUT'E IBYXCJIOUHOU BAJIKA

B.1. AH/IPEEB, H.1O. IIbIBMH, P.A. TYPYCOB

HanmonanbHbii uccienoBarenbckuit MOCKOBCKUI TOCYJapCTBEHHBIN CTPOUTEIBHBIN YHUBEPCUTET
Apocnasckoe wocce, 0. 26, Mockea, Poccus, 129337

(nocmynuna 6 pedaxyuio: 6 mapta 2018 1.; npunama x nyoauxayuu: 5 mas 2018 r.)

B craree mpuBOAMTCS cHCTEMA Pa3pEUIAONIMX yPAaBHEHWH, ONMCHIBAIOIIAS HAIPSDKEHHO-IE()OPMUPOBAHHOE COCTOSHHUE
MHOTOCJIOWHOW OaJIKi ¥ MO3BOJISIOIIAs pellaTh IMPOKUH Psifl 33/1a4, TAKUX KaK CABHI, W3rHO, HOPMAJIBHBIA OTPBIB JUIS JIOOOTO
qycia cioeB. JJIst KayKIIoro U3 CJI0EB BBOSTCS TMITOTE3bI, aHAJIOTHMYHBIE THIoTe3aM Kupxroda — JlsBa. B npemioxxeHHol Moaenu
B3aFMOJICICTBUE CIIOEB OCYIIECTBILIETCS C TIOMOIIBI0 KOHTAKTHOTO CJI0s. KOHTaKTHBIH CITO¥ MpencTaBisieT COO0H aHU30TPOITHYIO
cpeny, KOTOPYIO MOKHO PaCCMAaTPHBATh KAK «IIETKY» YIPYTHX KOPOTKUX CTEpP:KHEN. JUIs IPOCTOTHI MPEATIONAraeTCs, YTO CTEPXK-
HHM OPHEHTHPOBaHbI HOPMAJIBFHO K NOBEPXHOCTH KOHTakKTa. VICroibp30BaHHEe KOHTAKTHOTO CJIOS TIO3BOJISIET M30€rarh TaKUX Hpo-
Ornem, Kak OECKOHEYHBIE KacaTesbHbIe HalPsDKEHHs! Ha TPaHMIIEe paszelia CJI0eB BOJIM3M TOPLOB OANIKH, a TAKKe pellaTh 3a/1aun
OINpENEICHNsT KOHLIEHTPAUH KaCaTENIbHBIX HAMPSHKEHUH, BOSHUKAIOIINX HA TPAHULAX MEXAY CIOSIMHU U B YIJIOBBIX TOYKAX,
U MX W3MEHEHUs, HallpHMEp B MPOIIECcCce MOM3y4YecTH. | TaBHOH OCOOEHHOCTBIO MpeIaraéMoi MOJENH SIBISIETCS] CTPOTOE yIOBIIE-
TBOPEHUE I'PAHUYHBIX YCIOBUM. BBUy CI0KHOCTU pa3pellarolel CUCTEMBI yPaBHEHHUI B KAUECTBE [IPUMEPA paCCMATPUBACTCS 3a-
Jla4a O C/IBHIC CJIOEB JIBYXCIJIOHOM Oasku. [lomyueHo aHamTHIeCKOoe pelieHue, TI03BOIISIOIIee KaYeCTBEHHO aHAIM3UPOBATh BIIHsI-
HHE MEXaHMYECKUX U TEOMETPUUYECKUX XapaKTePHCTHK Ha HANpsDKEHHO-1e()OPMHUPOBAHHOE COCTOSTHUE PACUETHOW MOJIEITH, BBIYHC-
JIATh UCTUHHYIO aATe3HOHHYIO IIPOYHOCTb, & TAKXKE ONPEIEISTh (PU3MIECKUE XapaKTEPUCTUKHA KOHTAaKTHOTO CJIOSl Ha OCHOBE JKC-
MEPUMEHTAIIBHBIX JaHHBIX. [IpOn3Be/IeH YNCIIEHHBIH TPUMeEp pacueTa OANIKK ITPH ABYX BapHaHTaX 3arpyKeHusi MOJIENH, Ha OCHOBE
KOTOPOTO YCTaHOBJIEHA CBSI3b MEX/y UICTUHHOM U CPeAHEN air€3MOHHOM MPOYHOCTBIO B 3aBUCHMOCTH OT Pa3/IMYHBIX IApaMETPOB.

KaroueBble c10Ba: MHOTOCIIONWHBIE OAJIKK, KOHTAKTHBIH CIIOMH, KpaeBoil 3 QeKT, KacaTenbHbIe HANPSHKEHHS

ANALYSIS OF THE EDGE EFFECT OF SHEAR STRESSES
IN THE SHIFT OF A TWO-LAYER BEAM
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(received: March 06, 2018; accepted: May 05, 2018)

The paper presents a system of resolving equations describing the stress-strain state of multilayer beams and allowing solving
a wide range of problems, such as shear, bending, and normal separation for any number of layers. For each of the layers, hypothe-
ses similar to the Kirchhoff — Love hypotheses are introduced. In the proposed model, the layers interact with a contact layer.
The contact layer is an anisotropic medium, which can be considered as a “brush” of elastic short rods. For simplicity, it is assumed
that the rods are oriented normally to the contact surface. The use of a contact layer allows such problems as infinite tangential
stresses at the interface between the layers near the end of the beam and also to solve the problem of determining the concentration
of the shearing stresses occurring at the boundaries between the layers and in the corner points, their variation, for example,
in the creep process. The main feature of the proposed model is strict satisfaction of the boundary conditions. In view of the com-
plexity of the resolving system of equations, we consider, as an example, the problem of shearing the layers of a double-layer beam.
An analytical solution is obtained that allows qualitative analysis of the influence of mechanical and geometric characteris-
tics on the stress-strain state of the design model, calculate the true adhesive strength, and determine the physical characteristics of the
contact layer on the basis of experimental data. A numerical example is given for calculating a beam in two variants of model loading,
on the basis of which a relationship was established between the true and average adhesive strength, depending on various parameters.

Keywords: multilayer beams, contact layer, edge effect, stresses
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1. BeiBoA pa3pemaromux ypaBHeHHI

Moenb MHOTOCIIOWHOM OalKu, COCTOSIICH U3
Ha0Opa BHEIIHUX U KOHTAKTHBIX CIIOCB TpPHUBEICHA
Ha puc. 1.
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Puc. 1. MHorocJioliHasi 6a/1Ka ¢ KOHTAKTHBIMH CJI0SIMH
[Fig. 1. Multilayer beam with contact layers]

B pabotax [1] u [7] Obuta modydeHa cucreMa
pasperraryx ypaBHEHUHN IJI1 MHOTOCIIOWHON Oai-
Ku. BeImuineM 4acTh JaHHON CUCTEMBI JIJIsl BHEITHUX
CJIOEB.
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VpaBHEHHs ONUCHIBAIOT HAPSHKEHHO-AE(HOpPMU-
POBaHHOE COCTOSIHME K-TOTO BHEIIHETO CJ0s OalKH.
IIpennonaraercsi, 4YTO BHEIIHUE CIOU MOIYMHAIOTCS
KIIACCUYECKUM THUIIOTE3aM TEOPHUH IIJIACTHH.

B ypaBHEHHs BXOIAT CIACAYIOIINE BENUYUHBL: k —
HOMED BHEIIHETO CIIOA; /, — TONIMHA closd; D, —

UHTETpalbHasg U3rMOHas KECTKOCTh; N, — IPOAO0JIb-

Has Cuia; Uy, — mporud cios; P,

b
ks P,y — HOpMaIIb-

HBIE HATPY3KH; P;k, Rf’ . — KacaTeJbpHble HAarpy3KH;

t, b — unpmexcel, 0003HAYANONINE BEPXHIOK U HUX-
HIOIO [TOBEPXHOCTH CJIOSI COOTBETCTBEHHO.

B o0mem ciyuae cuibl, TEHCTBYIOIIME Ha BHELI-
HUIA CJIOH TPENCTaBISAIOT CO0OW CyMMy Harpysok,
HIPWIOKEHHBIX K CJIOI0, U yCHJIMM, BO3HUKAIOLINX
B KOHTaKTHBIX CIIOSIX.
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HaNpsOKEHUS] B MPUMBIKAIONMINX KOHTAKTHBIX CIOSX.
31eck U janee BCe BETWYMHBI, OTHOCSIINECS K KOH-
TaKTHOMY CJIO10, Oy/IeM ImoMe4yaTh CHMBOJIOM *.

B pabGore [1] ucmonb3yercs ogHOMEpHAs MO-
Jenb KoHTakTHOro cnosl. [logobHas Moaens He mo3-
BOJISIET TIOJIHOCTBHIO YJIOBJIETBOPUTH BCE I'PaHHYHBIE
ycnoBus. B manHo# padoTte MBI OyaeM HCIOIh30BaTh
JIIBYXMEPHYIO MOJIENb, TIPEICTABIICHHYIO B padoTe [§].
Hampspkenus (HopMmallbHBIE W KacaTellbHbIE) B KOH-
TaKTHOM CJIO€ MPH 3TOM ONPEACIAIOTCS U3 CIEaYI0-
IUX YPaBHEHUI:
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B ypaBuenus (3) BxomaT: A, — TONIMHA KOHTAKT-
Horo cnos; G; — Moxymb cxura; E; — Moxyis FOu-
ra; Uy, Up) — HOPMAIbHBIC IIEPEMEIICHHS HA BEPX-
HEW M HIKHEM TPaHAX KOHTAKTHOTO CJosi (mpen-
CTaBJISIIOT COOOH HOPMAJIbHbIC MEPEMEIIECHHUs TIPH-
MBIKAIOIMX BHEUIHUX CIOEB); 1), Uy — OCEBBHIC
nepeMenicHus (BhIPaKEHUS 3allMCaHbl Jajiee B TEK-
CTe); Y — IEpPEMEHHAs, OTCUMTBIBACMAs OT CPEIHeit

JIMHUHU KOHTAKTHOTO CJIOS.

B kauectBe npuMepa paccMOTpUM Oalky, TIpe/-
CTaBJICHHYIO JBYMS «BHEIIHHMW» CJIOSIMU U OIHHUM
KOHTAKTHBIM cjoeM. OOmmi BujA HAaHHON Oaliku
TIpUBEIICH Ha pHC. 2.
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[Fig. 2. Two-layer beam]

IMoacraBum k£ = 0, 1 B ypasHenus (1) u k = 1

B ypaBHeHus (3). B pesynbrare momyuum paspera-
IOIIYEO CHCTEMY IS ABYXCIIOMHOM OaiK.
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B pa6orte [1] noy4eHs! cleayromnme COOTHOIICHUS:
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Bemmuunel, npuBeneHnbIie B ypaBHeHUX (5) 1 (7):
B, — MHTeTpallbHasl )KECTKOCTb TIPU PACTSKEHUH; Fy —

mozyb FOHra BHEIIHero ciosi; N 5 — OCeBbIE CHIIBL,
CBSI3aHHBIC C BBIHYXKJICHHBIMHU AehopManusMu ¢ £k

(TemneparypHBIMH, yCaJOYHBIMU H T.1I.).
B nanpHeiimem OynemM cuMTaTh, 4TO BHIHYKICHHBIC

,He(bOpMaH,I/II/I BbI3BaHbI TeMnepaTypoi/’I. B sTtom Cliyyac
Sf,k Z(XkATk; Nf,k :Ekhka’kATk' (8)

U3 puc. 2 cnenyer cBs3b MEXIY NPOIOJIBHBIMU
YCHJIMSIMM BO BHEILIHHUX CJIOSIX U NPUIIOKEHHBIMHU

IpoOAO0JJIbHBIMU HAI'Py3KaMu.
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CxranpiBast MeXXTy co00it BeIpaxkeHus (9), HaifneM

N =F_ —-N_;
1 P 0 (10)

1
FP:E(Pl +P2+P3+P4).

B mr060om cirydac 1Jisi o0ecrneyeHus CTaTHYECKO-
T'O PaBHOBECHUA NOJIKHO BBIIIOJHATHCSA COOTHOIICHUC
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mpeoOpazyem (11):
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HUcnonb3yem nepBoe ypaBHEHHUE (6), TOTYUHM:
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C ucnosip30BaHNEM cHCTEMBI ypaBHeHUH (15)
TaKKe pelleHa 3a1a4a 0 HOpMalbHOM OTpBIBE CIIOU-
croro komnosura [3], [6].

2. CoequHeHUEe BHAXJIECTKY

[Ipu paccMoTpeHnn Nof00HON 3a1a4i MOXKHO
npeHeOpedyb BEPTHKAIbHBIMHU IEPEMEIIEHUSIMH CIIO-
eB. JlanHoe npeHeOpexeHNe ONpaBIaHHO BBUAY Ma-
JI0M THOKOCTH MCIIONB3yEMBIX 00pa31oB.

PACYET W MPOEKTUPOBAHVE CTPOUTENBHbIX KOHCTPYKLI

B pesynbrare u3 paspematomeir cuctemsl (15)
OCTaeTCsl TOJIBKO OJTHO yPaBHEHHE.
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rae q — HCU3BCCTHBLIC MHTCTPUPOBAHUSA, OIIPCACIIA-

€Mble U3 TPAaHUYHBIX YCJIOBHUIl; Y, — KOPHHU XapaKre-

PHUCTHUYECKOr0 ypaBHEHUS \414 - 20)\|12 +22 =0. Hixke
NPUBEACHE] NTaHHBIE KOPHHU:

03+(032 —7»2)1/2; v, =,/m—(m2 —7»2)1/2. (20)

VYkaxem T'paHUYHBIC YCIIOBUSA IJId ONPCACIICHUS
HCHU3BCCTHBIX KOHCTAHT MHTCTPUPOBAHUS

r3)ere Aol (B
g 2]

Obiiee pertieHne, TMOMYYSHHOE M3 JAHHBIX TPAHNY-
HBIX YCJIOBHM, BECbMa TPOMO3KO, TIOITOMY 31€Ch HE
MPUBEAEHO.

Janee Oynem paccMaTpuBaTh JBa BapHaHTa 3a-
IPYXKEHHs B COOTBETCTBUH C PHC. 3. JIOMOIHUTEIb-
HBIE BapMaHTHl HATPYKEHUS MOIETH IPEICTaBIECHEI
B [5].
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a) 6)
P P

Bwie 4
AV

Puc. 3. BapuaHT npuJio:kenusi Harpysku 1 (a),
BApHAHT NPUWJIOKEHHS] HATPY3KH 2 (§)
[Fig. 3. Load application variant 1 (a),

load application variant 2 (6)]

s aHanu3a BAUSHUSA T€OMETPHUECCKUX U (H-
3MKO-MEXaHUYCCKUX XapaKTEPUCTUK HA HAIPSIKEH-
HO-Ie(OpMHUPOBAaHHOE COCTOSTHUE MOJIeNU OyaeM
HCII0Jb30BaTh STAJIOHHBIE 3HAaYeHUs: hy = 10 mmM;

*
hy=10mm; & =1 mm; [ =100 mm; E, =2-10° MIla;
E =2.10° MIla; E* =10° MIIa; P =1 xH/mm.

Pe3ynbTaThl BRIYMCICHUS HPOJOJIBHBIX CHI M Ka-
CaTCJIbHBIX HaHpSI)KeHI/Iﬁ JUISL ODTAJIOHHBIX HapaMeTpOB
MOJICJH MTPUBEICHBI HUXKE.

N/P
1
II

0.75 N A

N A
0.5 = =

s \\
0251

S50 33 a7 0 17 33 50 xowm
Ny/P —--— Ny/P

Puc. 4. IlpogoJbHbIe yCHIUS BO BHEIIHHUX CJIOAX
(BapuaHT HarpyxxeHus 1)
[Fig. 4. Longitudinal forces in the outer layers
(loading option 1)]
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Puc. S. IIponoabHble ycH/JIHsi BO BHEIIHUX CJIOSIX
(BapuaHT HArpysKeHHus 2)
[Fig. 5. Longitudinal forces in the outer layers
(loading option 2)]

Ha pruc. 6 MoxHO yBUIETh KpaeBoit 2 deKT, Bo3-
HUKAIOIIUKA B KOHTAKTHOM CJIOE€ B Y3KOU 30HE.

[Ipu ucneiTanuu 00pa3lOB Ha CABHT aJI€3UOH-
Has TPOYHOCTh BBIYHCISIETCS KaK paspyllaroiias Ha-
rpy3Ka, JieJIeHHasl Ha TUIOIIa b CKIeHku. Benmunny, mo-
Jy4EHHYIO TaKUM 00pa3oM, MPaBIJIbHEE HA3BIBATEH CPEI-
HEH MPOYHOCTHIO (Ty,q). VICTHHHON aire3MoHHON Tpod-
HOCTBIO SIBIISIETCSI MaKCUMaJIbHAsl BEJIMYMHA KacaTeb-
HBIX HAIIPSOKCHUH Tp,x B MOMEHT paspymieHus [2].

184

Ha puc. 7 u nanee npezcrapieHa cepus rpauKkoB, OT-
PaKaIOMIMX COOTHOIICHNE MEXIY UCTUHHOW U Cpe-
HeW aJire3MOHHON MTPOYHOCTHIO.
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Puc. 6. Kacarei1bHble HAaNpsiZkeHUs] B KOHTAKTHOM cJ10€
[Fig. 6. Tangential stresses in the contact layer]
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Puc. 7. CooTHOLIEeHUEe Me:KAY UCTUHHOM U cpeaHeii
a/Ire3MOHHOI MPOYHOCTBIO B 3aBUCHMOCTH OT JJIHHbI CKJICHKH
[Fig. 7. The ratio between the true and average
adhesion strength, depending on the length of the gluing]
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Puc. 8. I'paduku 3aBucumMocTeil uCTHHOT
U aATe3MOHHOI MPOYHOCTH OT AJTUHBI CKJICHKHU
[Fig. 8. Graphs of dependencies of true
and adhesive strength on the length of the gluing]
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Puc. 9. I'padpukn 3aBucUMOCTeii HCTHHHOI M aTre3HOHHOMH
NMPOYHOCTH OT MoAY.Is1 FOHra KOHTaKTHOIO CJI0s
[Fig. 9. Graphs of dependencies of the true and adhesive
strength on the Young's modulus of the contact layer]
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Puc. 10. 'padpuku 3aBucuMocTeil HCTUHHOI M aAre3UOHHOM
NMPOYHOCTH OT TOJIIHHBI KOHTAKTHOIO CJIOSI
[Fig. 10. Graphs of dependencies
of the true and adhesive strength
on the thickness of the contact layer]|
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Puc. 11. I'padpuxu 3aBucumocreit
HCTHHOM U aAre3M0HHOM NMPOYHOCTH
OT cooTHOIIeHUs Moay.ieii FOHra BHeIHHUX cJI0eB
[Fig. 11. Graphs of the dependences
of the true and adhesive strength on the ratio
of Young's modules of the “outer” layers]

Kak BumuM, ¢ yBenTUUeHHEM JUIMHBI CKIICHKH OT-
HOUIEHHE UCTHHOM aAre3MOHHON MPOYHOCTU K Cpel-
Hel yBenuuuBaeTcs. HaunHas ¢ HEKOTOPOro 3Hade-
HUS, JIaHHBIE 3aBUCUMOCTH MMEIOT JIMHEHHBINA Xapak-
Tep. ITO CBSI3aHO € TEM, UTO YBEINYECHUE AJIUHBI CKIICH-
KU IIEPECTaeT BIUATh HA MAaKCUMAalIbHOE 3HAYCHUE Ka-
caTenbHbIX HanpspkeHuil. [Ipu ManmeIx pasmepax uc-
THUHHAs MIPOYHOCTH MPAKTHYECKU COBIANAET CO CPea-
Hel IPOYHOCTBIO.

3aKkioueHne

B crathe monydeHa cucTeMa paspeliaronmx ypas-
HEHUIi U PelieHrns] MHOTOYHCIICHHBIX 33724 TEOPUH
MHOTOCIIOMHBIX Oanok. [TonyyeHHbIe YpaBHEHHUS TIPO-
THO3UPYIOT BO3HUKHOBEHHE KpaeBoro 3¢dexra. [Tomy-
YeHBI PE3YJIbTAThl PEIICHHs 3aa4d O HAIPSHKCHHO-
JeOPMHUPOBAHHOM COCTOSTHUHM COCIMHCHHUS BHAXJIECT-
Ky. [TpoaHaT3UpOBAHO BIMSHHE MEXaHUUECKMX XapaK-
TEPUCTHK HA HCTUHHYIO a/IFe3HOHHYIO IPOYHOCT.

Od4eBuHO, YTO 00BEMa CTAThbU HEIOCTATOY-
HO /ISl TTOJPOOHOr0 aHan3a MOJYYEHHBIX PE3ylib-
taroB. OHAKO MOKHO CKa3aTh, YTO MPEUIOKCHHAS
MOJICJTh AATC3HOHHOTO B3aUMOACHCTBHS C HCIIOIB30-

PACYET W MPOEKTUPOBAHVE CTPOUTENBHbIX KOHCTPYKLI

BAHUEM KOHTAKTHOI'O CJIOA OTpPAXAaC€T BJIUAHUE MHO-
Tux (1)aKTOpOB Ha MPOYHOCTb U IMO3BOJIACT Kadc-
CTBCHHO MW KOJMYCCTBCHHO AaHAJIM3HUPOBATHL OaH-
HOC BJIIMAHHUC.

© Anppees B.U., Ipioun H.1O., Typycos P.A., 2018
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