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On the possibility of averaging the equations
of an electron motion in the intense laser radiation
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The problem of averaging of the relativistic motion equations of electron in the
intense laser radiation, caused by the decreasing of the rate of wave phase change
due to the Doppler’s effect, is considered. As a result the phase can go from the “fast”
to “slow” variables of the motion, so averaging over the phase becomes impossible.
An analysis is presented of the conditions which are necessary for averaging of the
relativistic equations of motion over the “fast” phase of the intense laser radiation
on the base of the general principles of the averaging method. Laser radiation is
considered in the paraxial approximation, where the ratio of the laser beam waist
to the Rayleigh length is accepted as a small parameter. It is supposed that the
laser pulse duration is of the order if the laser beam waist. In this case first-order
corrections to the vectors of the laser pulse field should be taken into account. The
general criterion for the possibility of the averaging of the relativistic motion equations
of electron in the intense laser radiation is obtained. It is shown that an averaged
description of the relativistic motion of an electron is possible in the case of a fairly
moderate (relativistic) intensity and relatively wide laser beams. The known in the
literature analogical criterion has been obtained earlier on the base of the numerical
results.

Key words and phrases: intense laser pulse, relativistic electron, equations of
motion, averaging of equations, criterion for averaged description of motion

1. Introduction

The nature of the motion of electrons in the field of electromagnetic waves
substantially depends on the wave intensity, which is characterized by the di-
mensionless parameter g = eE/wm_c. Here E is the electric field amplitude
of the wave, w is its angular frequency, e and m, are the electron charge and
mass, respectively, ¢ is the velocity of light in vacuum. The first papers [1], [2]
were devoted to the nonrelativistic motion of an electron in a high-frequency
electromagnetic field of low intensity (parameter g < 1). It was shown by av-
eraging over fast field oscillations, and expansions in terms of the parameter g,
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that the particle was subjected to the action of an averaged (ponderomo-
tive) force. Later, the relativistic generalization of the ponderomotive force
was considered under the condition that the parameter g was small [3], [4].
It was also noted that relativistic effects lead to various features of the av-
eraged force [4]. In the field of high-power laser radiation, the parameter
g is large (¢ > 1). So expansions in terms of the parameter g become im-
possible. In the case of electrons, the parameter ¢ = 1, when the electric
field strength E,. (V/cm) = m cw/e = 3.21 - 101°/\ (um), where A (um) is
the wavelength. Radiation with electric field strength E > E,. is called rel-
ativistically strong [5]. The parameter g is commonly represented in the
form:

g=0.855- 102 VT, (1)

where I = (cE?/87) [W/cm?] is the intensity of the laser pulse. The parameter
g is small in the case of a relatively weak field, when I « I,.. Here I, =
m2c3w? /8me? is the relativistic intensity determined by the electric field
strength E,. Intensity of modern lasers can reach I > 10'® W/cm? [6]-[8].

In the study of particle motion, an adequate description of the laser radiation
field plays an important role. When describing laser radiation, the paraxial
approximation and its modifications is often used [9]-[13] which are based on
the expansion of field vectors in terms of a small parameter

p=a/Zp=2/ka << 1. (2)

Here a is the size of the laser beam in focus (beam waist), Zp = ka?/2 is
the Rayleigh length, k = 27 /) = w/c is the wave number. We assume that
the laser field propagates in the z-direction. From the Maxwell equations,
one can find the expressions for the transverse components of the radiation
field vectors E¢, |, BY  of the zero approximation in the form of Gaussian

beams of various modes m [9]-[13]. Longitudinal components E}, , Bl also
arise, which are of the first-order quantities. The parameter (2) establishes
the relation between the wavelength of radiation and the size of the focal
spot. Powerful laser radiation also has a characteristic scale — the length (or
duration At) of the pulse. In the case of extended pulses, the corrections to
the transverse components of the radiation field are second-order quantities [9].
If the pulse length cAt and the size of the focal spot a are of the same order
cAt ~ a, then the first-order corrections to the transverse components of the
field vectors Et | B! = appear [10]-[13]. In this case, the pulsed character of
the radiation is specified by a fairly smooth pulse function f(o), where the
parameter o = (t — z/c)/At.

In the case of tightly focused laser radiation with the intensity I >
1022 W/cm?, the size of the focal spot can be equal to or smaller than
the wavelength. In this case, the parameter (2) is not small, so that the
paraxial approximation is not applicable and an exact solution of the Maxwell
equations is necessary [14].

The presence of a small parameter (2) in the equations of the electron
motion allows us to use the perturbation theory and perform averaging over
fast oscillations of radiation. When they derive the ponderomotive force of
a laser pulse, it is usually assumed that the wave amplitude varies slowly
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with respect to the wave phase (for example [15], [16]). However, the specific
conditions for the relative change of these parameters are not considered.
Meanwhile, the absence of such an analysis can lead to the misuse of averaging
of the equations of motion. The fact is that during relativistic motion, the
frequency of the radiation that the particle “sees” decreases due to the Doppler
shift: w" = w(l —wv,/c). Here v, is the component of the particle velocity
in the direction of the laser pulse propagation. Doppler frequency shift
slows down the rate of wave phase change. Therefore, at a sufficiently high
longitudinal velocity of the particle, the rate of phase change may turn out
to be comparable with the change in the wave amplitude. This problem was
partially touched upon in the paper [4]. However, the conditions under which
the averaging of the equations of motion is permissible were not discussed
in detail. It was verified in the work [10] by numerical calculations that
the domain of validity of the averaged description of the electron motion in
the ultraintense laser pulse was given by the condition 1 —v,/c > ¢, where
e = u/2. However, the meaning of this condition and its validity was not
discussed.

This paper is devoted to the detailed analysis of the conditions for averaging
the relativistic equations of the electron motion in the field of high-power
laser radiation with a sufficiently long pulse duration such that A < cAt ~ a.
In this case, the existence of a small parameter (2) is assumed as in the
work [10].

2. Basic relations

The motion of an electron is described by the following equations:

d
% - _(1 - UZ/C>€Emm o eB;mpy/meny’
dp, 1 (3)
% - _(1 - ’Uz/c)eEym + eBzmpm/frnﬁcfy’
dp,
dr —eE,, — e(pp By, + Py Eym) /mec,
dr_ ()
dt — m,y
dvy e

dt (mec)2’ypE' (5)

Here p = (p,, Py p,) is the electron momentum vector, «y is the relativistic
factor (dimensionless energy). The vectors of the laser field E,,,, B,,, of an
arbitrary mode m taking into account first-order terms are determined by the
formulas [13] (or [10]). So E,, = E2 + E! and B,, = B? + B! . Along with
the equations (3), it is necessary to use the equation for the wave phase 6:

o

o= —w(l—v,/c) = —wG/~. (6)
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Here

G=v—p./mcc. (7)
Let’s note that the phase that the particle “senses” in the laser field differs from
the phase 6 by additional small terms [9]-[13]. However, in the case under
consideration, these terms are not significant. The equations of motion (3) in
the field of high-power laser radiation are very complicated for an analytical
solution. Therefore, numerical methods of solution are often used that allow
one to study some features of an electron motion in a laser field [10], [17]-{19].
In this case, most often, laser radiation is specified in the form of a Gaussian
beam of the fundamental mode, even at g > 1, which, in general, is incorrect
due to the following reasons: Solution of the Maxwell equations in the form
of Gaussian (or Hermite—Gaussian) laser beams is the result of expansion of
the field strength over the parameter (1). In the case of the ultra-intense and
ultra-short laser pulses the size of the focal spot can be comparable with the
wavelength [14]. So, the relation (1) is violated and description of the laser
radiation in the form of the Gaussian beams becomes invalid. In this case
exact solution of the Maxwell equations should be found [14].

3. Conditions for relativistic equations of motion
averaging

A simplified description of electron interaction with a laser is achieved by
averaging the equations of motion over the wave phase. Various versions of
the averaged equations of motion have been considered in many works [20]-
[24].

To average equations (3) over the phase 6, it must be a “rapidly” changing
quantity [25]. It follows from the equation (6) that this depends on the
difference 1 —v,/c = A, where 0 < A < 1 (if the particle moves in the
direction of wave propagation). At A ~ 1 the phase changes “quickly” and
averaging over the phase is possible. The last is a general condition for
averaging the equations of motion. In the ultrarelativistic limit (A <« 1)
the phase 6 becomes a “slow” (or “semi-fast”) variable as well as the wave
amplitude. In this case, the electron motion changes significantly and becomes
more complicated [10]. In the presence of a unique small parameter (2), it is
quite natural to present the above general averaging criterion in the modified
form [10]:

An~1> . (8)

It follows from (6), that the difference A = G/~, where the quantity G,
according to equations (3), satisfies the equation:

% =e(l—uv,/c)EL /m.c+ ... (9)

One can see that the quantity G is an integral of motion only in the case of
a plane electromagnetic wave in vacuum (EL = 0). In this case, the value
G is determined by the initial conditions: G = v(0) — p,(0)/m_c. If one
considers the particles at rest at the initial instant of time, then G = 1. In
the case of laser radiation, the longitudinal field El  always exists and plays
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an essential role in the motion of electrons. So, in general, the quantity G
contains a slowly changing part as well as quickly oscillating corrections with
small amplitudes. However, it is sometimes believed that G = 1 also in the
case of laser radiation [11].

Let us further consider the averaging condition (8). In this case, the value
G can be represented as the expansion in terms of the parameter u:

G:G0+G1+---, (10)

where G, (the averaged value of the quantity G) does not depend on the
wave phase 6, while GG, are periodic functions. According to equation (9), the
quantity GG, remains constant up to the first-order terms. It follows from
the condition (8) that averaging of the equations of motion is possible if the
following inequality is fulfilled:

v K Gy ~1 (11)

or
v << 1/p=ma/A. (12)

This condition must be satisfied both during the injection of particles in
the radiation field, and during their further movement. It follows from (11),
(12) that an averaged description of motion is allowed when the energy of an
accelerating particle is limited. Typically [10] the parameter u < 6.4 - 1072.
So the energy of the particle is restricted by the condition v <« 17.

Let us consider the relativistic factor v = /1 + p?/(mc)?. With the
definition (7), it is easy to obtain the following equation:
v=[1+G*+pt/(m.c)?]/2G. (13)

Here p? = p2 + pz. It follows from the system of equations (3) that

p, ~ gm,c. Then from (13), we obtain the following estimate: v ~ 1 + g*/2.
Given the inequality (12), we conclude that the averaging of electron motion
equations in the field of relativistically intense laser radiation is possible if
a rather stringent condition is satisfied:

1+¢%/2 < ma/A. (14)

Thus, the averaging of the equations of motion is possible in the case of
fairly moderate intensity of laser radiation and a relatively wide laser beam
(a/A > 1). In the case of ultra-intense radiation (g > 1), as it was already
noted, the wavelength of the laser beam may be comparable with its size in
the focus. Then the parameter in (2) turns out to be large, and expansion
in the terms of this parameter becomes impossible. Moreover, at g > 1 the
difference 1 — v, /c = [1 + p? /(m.c)?]/27v? ~ g% < 1, and motion of an
electron becomes very complicated as it was noted in the paper [10]. That
means that the concept of the relativistic ponderomotive force has rather
restricted domain of validity.
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4. Conclusion

It is shown that the condition 1 — v,/c > pu/2, obtained by computer
calculations in the paper [10], really corresponds to the general criterion (8)
for averaging of the classical relativistic equations of electron motion in the
intense laser beam. It leads to the conclusion that averaged description of the
relativistic electron motion is possible at limited electron energy and limited
intensity of the laser radiation, as it is established by the inequalities (12),
(14). So averaging the equations of an electron motion over the wave phase
seems to be possible in the case of a fairly moderate intensity and a relatively
wide laser beam. Therefore, in general, it is impossible to consider the problem
of the ponderomotive acceleration of electrons at very high intensity of the
laser radiation. It should be particularly emphasized that for the averaging
procedure it is necessary to take into account not only intensity but also other
characteristics of the laser pulse.
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O BO3MO>KHOCTHU ycpeaHneHnusd pesIsaATUBUCTCKUX ypaBHeHMﬁ
ABU2KEHN: JJIEKTPOHAa B I10JI€ MOIITHOI'O JIa3€epHOro
n3JIydeHumuAa

B. II. MusanrneB

Poccutickuti ynusepcumem dpyotcoHvr Hapodos
ya. Mukayzro-Maxaas, 0. 6, Mockea, 117198, Poccus

PaccmoTpena mpobiiema yepeiHeHus PeJIITUBUCTCKUX YPABHEHUN JIBUYKECHUS JICK-
TPOHA B I10JI€ MOIITHOTO JIA3ePHOTO U3JTyUCHUs], BBI3BAHHAST YMEHBITEHUEM CKOPOCTH
n3Menennd $ha3bl BOIHBI u3-3a dddexta Hommrepa. Bemencrue atoro daza moxker
MEPENTH U3 YUCTIA KOBICTPBIX» B UUCJIO «MEJJICHHBIX» MEPEMEHHDBIX JIBUKEHUS, TaK
9TO yCcpeJHeHue 1Mo (a3e CTAHOBUTCS HEBO3MOXKHBIM. Ha ocHOBe OOIIMX TPUHITUIIOBR
METOJIa YCPeJHEeHNUsI TPOBEIEH aAHAJIN3 YCJIOBUM, DU KOTOPBIX JIOIYCTAMO YCPeTHEHUE
ypaBHEHHU IBMKEHUs 10 «ObICTpoity (hase nzmydenus. JlazepHoe usaydenne paccMmar-
pUBAaeTCs B ApPaKCHAIbHOM IPUOJIMKEHNN, B KOTOPOM MAJIBIM [TAPAMETPOM SIBJISETCS
OTHOIIIEHVE CyKEeHUs JIa3ePHOr0 MyJYKa K paJieeBCcKoil jymae. [Ipeanomaraercs, 94To
HpOTH}KéHHOCTB UMITYJIbCa COIIOCTaBHMa C IIOPAJKOM CYXKEHUA JIA3EPHOIr'O IIyYKa.
B srom cityuae HeoOXOAUMO yUUTHIBATH MOMPABKU MEPBOTO MOPSAIKA K BEKTOPAM IIO-
JIs J1a3epHOro uMmitysabca. [logyden obmuit Kpurepuil, ONnpenessionuii BO3MO2KHOCTD
ycpeanenua peJaadTUBUCTCKUX ypaBHeHI/H';I JABU2KCHUA TaCTHUIIBI B I10JI€ MOITHOTI'O JIa3€p-
noro uzsydenus. [lokazaHo, 9To ycpeIHEHHOE ONMCAHNE PEJISITUBUCTCKOTO JBUKEHUS
9JIEKTPOHA BO3MOXKHO B CJIydae JOCTATOYHO YMEDPEHHOM (pPesIsaiTUBUCTCKO ) UHTEH-
CHUBHOCTHU M OTHOCHUTEJIHHO IIUPOKUX JIA3EPHBIX ITy4YKOB. VI3BeCTHBIN B uTeparype
AHAJIOTUYHBIN KPUTEPUil OBbLI IMOJIyYeH paHee Ha OCHOBE UHCJIEHHBIX PACUYETOB.

KirroueBbie cjoBa: MOIHBIN JIA3EPHBIA UMITYJIbC, PEJIATUBUCTCKUI 3JIEKTPOH, YPaB-
HEHUS IBUYKEHWs, YCPeIHEHNE yPABHEHNN, KPUTEPUN JJsl YCPETHEHHOTO ONMMCAHUA
JBUZKEHUSA
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Surface electromagnetic waves (Dyakonov waves) propagating along a plane in-
terface between an isotropic substance with a constant dielectric constant and an
anisotropic crystal, whose dielectric tensor has a symmetry axis directed along the
interface, are considered. It is well known that the question of the existence of such
surface waves is reduced to the question of the existence of a solution to a certain
system of algebraic equations and inequalities. In the present work, this system is
investigated in the Sage computer algebra system.

The built-in technique of exceptional ideals in Sage made it possible to describe the
solution of a system of algebraic equations parametrically using a single parameter,
with all the original quantities expressed in terms of this parameter using radicals. The
remaining inequalities were only partially investigated analytically. For a complete
study of the solvability of the system of equations and inequalities, a symbolic-
numerical algorithm is proposed and implemented in Sage, and the results of computer
experiments are presented. Based on these results, conclusions were drawn that
require further theoretical substantiation.

Key words and phrases: surface waves, Dyakonov waves, electromagnetic waves,
computer algebra, Sage

1. Introduction

In the 1980s, a special class of solutions to Maxwell’s equations was theoret-
ically discovered, namely, electromagnetic waves traveling along the interface
between two dielectrics, the intensity of which rapidly decreases with distance
from the interface [1]-[6]. These waves are called Dyakonov surface waves.
Experimental observation of surface waves was carried out quite recently [7],
[8]. In theoretical works, as in the work of Dyakonov itself [2], the question of
the existence of surface waves was reduced to the question of the existence
of a solution to a certain system of algebraic equations and inequalities that
cannot be solved analytically, which hinders further research. In this paper,
it will be shown what computer algebra systems can give for these systems.

©) Kroytor O.K., 2021
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2. Surface waves

We investigate the classical problem of waves propagating along the interface
of an anisotropic medium with permittivity

e = diag(e,, €,, €,)

07 0’ ~e

and isotropic medium with constant permittivity €. For definiteness, let the
plane x = 0 serve as an interface. The field in the anisotropic medium (z < 0)
is sought in the form

E = (aOEOepom + aeEeepew) 6zkyy+zkzz—zwt,

. q o ik it
H = (aoHoepox —|—aeH€epe"3> e iyt zmIwt

Here w is the circular frequency of the wave, k, = w/c is the wave number,
k, = (0,k,,k,) is its wave vector, a,, a, are the amplitudes of two partial

waves, and positive numbers p_, p, characterize the rate of wave decay in the
anisotropic medium. Maxwell’s equations give

o = ky + k2 — €.k,
€ 1
P = I R — e (1)

o

—

and for the vectors EO, v H

., explicit expressions are obtained, which we
will not present here.

For the isotropic medium (z > 0) the field is described by similar formulas
E — (bOE(/) + beEé> efpmeik:nyrik:zzfiwt’
H — (boﬁ; + beﬁé> e—pmeikyy—kikzz—iwt’

but now the constant p, which characterizes the field decrease in the isotropic
medium, turns out to be the same:

2 k24 k2 — e, 2)

The conditions for matching electromagnetic fields at the interface lead

to a system of homogeneous linear equations for the amplitudes a,,a,.,b,,b..

The condition of zero determinant of this system gives the equatlon

(k2 — ekd)p, + (k2 — €,k5)p) (k2 — ekg)e,p, + (k2 — € k)ep) =
= (e, — €)*kykZkg. (3)

If real parameters k,, k., p,, p, and p satisfy four algebraic equations (1),
(2) and (3), then we get a solution to Maxwell’s equations in the integral
form defined in the entire space. These solutions exponentially decrease at
|z| — oo, if the solution is in the domain
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P, >0, p.,>0, p>0 (4)
of five-dimensional space k k,p,p.p.

The existence of solution to this system does not ensure that the resulting
field is not identically zero, an example will be given below. This issue requires
additional check.

3. Investigation of the system of algebraic equations

Consider in more detail the above system of four algebraic equations (1),
(2), and (3).
It is possible to eliminate k; from this system by assuming

p=koq, Do =kod,, Pe= ko

and k, = ko3, k, = ky.
Then the system of equations is written in the form

=5+ —e,

g = B* + 2—272 —€er

<q2=62+’y2—6, (5)
(7 = )40+ (7° = €)0) (V2 — o + (7 — €,)eq) =

[ = (Eo . 6)2/82’)/2.

This is a system of 4 equations for 5 unknowns, so you can exclude 3
unknowns from it and find a connection between the remaining two. Since

for applications the direction of the vector k |, that is, the ratio of g and 7,
is most interesting, it is quite natural to try to exclude the quantities g, ¢q,,
q., which characterize the rate of decay of the solution with distance from
surface x = 0. However, in this way, a very complex equation is obtained,
which then has to be investigated numerically.

However, it is easy to see that the unknowns 3 and  enter the system
only as squares, so it is convenient to exclude them. We did not do it by
hand, but used the technique of exceptional ideals [9], implemented in the
Sage computer algebra system Sage. We have eliminated the unknowns /3,
7, ¢, and obtained an equation of the form F(q,,q.) = 0, whose coefficients
depend only on permittivities. The right-hand side of this equation can be
represented as a product of three factors. Consider each of them separately.

First, system (5) has a solution with ¢, = ¢,. Then the difference of the
first two equations of system (5) yields

66_6072—(66—60) =0

)

or 7% =e,.
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Such a solution really exists, but on it k2 — e k3 = 0, so that b, = b, = 0

(the field in the isotropic medium is zero) and E, and E, become linearly
dependent. Therefore, even at nonzero a,, a, the field in the anisotropic
medium can be zero. From general considerations it is obvious that it is just
so in the case considered: the field cannot flow from the anisotropic medium.

The second factor yields
(22 — 42)€, = (€ — €5) (e — €,)-
The difference of first two equations of system (5) yields
(@2 —g5)eo = (e =€) (7" —€,)-
Therefore, 72 = e. This is the second trivial case: now a, = a, = 0 and the

field is absent in the anisotropic medium.

Ignoring trivial fields, we see that system (5) has a solution if and only if
the third factor turns into zero:

— he® —2q3q.€% — q2qie* — 2q2q7ee, — 2q,q>€e, + qoqies — qheat

+ 2q§€€e + 2nge€€e + 2QZ)Qe€o€e + 2ngg€o€e_
_22_|_ 23_2 +2 2 _22+2 2:0 (6)
gc €, qc€o o4 €€5¢€, 4o4c€6€e q,€€Ce d5€0€c .

This expression is somewhat cumbersome, however, its structure is easily
seen

Fy(qy,9.) + F5(q,,4.) = 0,

where F, F,, are homogeneous functions of the 4-th and 2-nd order ¢, = tq,,
so that we rewrite this equation as

q§F4<17t> + FQ(lat) =0.

Hence

where t can take any values.
The theory of exclusive ideals applied above yields an equation

F(q,,9.) =0

as a necessary and sufficient condition for the existence of a solution to system
(5), but this solution can be complex and infinitely large [9]. In this case
one can express the solution in terms of parameter t in radicals. Thus, the
investigation of solvability of the system of algebraic equations reduced to an
investigation of one equation solved in radicals.

Quantities g, and ¢ are rather simply expressed via t and ¢,: by definition

4. = 1q,,
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and due to the first and the third equation of system (5)
¢®=q;+e, ¢ (7)

The quantities 32, 42 can be reconstructed by solving the system of equa-
tions linear with respect to 52, v2

B2+~ =g +e,,
6062 + 66/72 = Goqg + 6066

formed by the first and the second equation of system (5). Solving it we get

(66 B EotQ)Q?)

2 _
= €, — €, ®
" (o =y~ 1)
€,(€c — €, + (7 —1)g?
v’ = p— : (9)

The issue of extracting radicals is not trivial here. From the general theory,
we know that at least one choice of the root branch should result in a solution.
Since only squares of (3, v enter system (5), the solution will be obtained for
any choice of signs before the radicals. However, ¢ enters the system in the
first power, so that the solution of system (5) can and as we will see below
will be obtained for the only choice of the branch choice for the root when
calculating the value of ¢ from (7).

4. Investigation of the system of algebraic equations
and inequalities

As was noted in [2], for the existence of surface waves the fulfillment of

condition
0<e, <e<e, (10)

is necessary. To avoid special consideration of the cases when there are
deliberately no surface waves, we present here an analysis of the issue of
fulfilment of inequalities

% >0, ¢>0, ¢>0 (11)

only for the Dyakonov case (10). If the first two inequalities are satisfied, then
t = q./q, is positive. Therefore, below we restrict ourselves by considering
only positive values of parameter ¢.

So, let ¢ have a positive value, and a solution of system (5) has been
constructed using the formulas of the previous section. In order ¢, be positive,
the fulfillment of the following inequality is necessary and sufficient:

—F,(1,¢)

mn " (12)
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This value itself can be found from

F2(1 t)
o=\ FR 0y

In this case, g, = tq, also has a positive value.
Since Fy(q,,q.) and F,(q,,q.) are terms of the second and fourth order in
expression (6), we can write the radicand explicitly:

F2(17t) = —(60t + Ee)2<6 o 60)7
and
Fy(1,8) = —(e,t> + (e —€,)t + € — 2¢,. ) (e,t +€)(t + 1).

This means that in the Dyakonov case —F}, > 0 and the sign of ratio F,/F),
is determined by the sign of factor

€2+ (e —€,)t +€— 2¢,.
The discriminant of this quadratic trinomial equals
D= e+ €%+ 2¢,(4e, — 3¢€) > 0,

therefore, its roots are real. Since e —2¢, < 0, these roots have different signs.
Let us denote the positive root as

60—€+\/5

b= 2€

o

The expression —F, /F, will be positive if and only if
0<t<ty. (13)

For the square of quantity 3, calculated from (8) to be positive, it is
necessary and sufficient that
€
t< /=

€

was valid. For the square of quantity ¢, calculated from (7) to be positive, it
is necessary and sufficient that the condition

qg>6_€o

o —Fy(1,1)
2 9

— 14
Ty T (14)

was satisfied.
In the Dyakonov case —F, > 0 and provided that the inequality (13) is
fulfilled, the expression F, > 0, therefore inequality (14) can be rewritten as

—E5(1,1) > (e —€,)Fy(1,1)
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. (egt + €)% > —(€e,t% + (e —€,)t + € —2¢.) (et +€)(t+1). (15)

For the square of the value v calculated by the formulas (9) to be positive,
it is necessary and sufficient that

(1—t*)g% >e€, —¢,
or
(1—1t2) (et + €)% > —(€,t2 + (e — €, )t +€—2¢.) (et +€)(t+1). (16)

To summarize what has been said: the solution of system (5) obtained by
the parametric formulas written out falls into the region (11) if and only if
1) the parameter ¢ belongs to the interval

0 <t < min <t1,1/2—e>; (17)

2) two inequalities (15) and (16) are satisfied, and

3) the last equation of system (5) is valid for the choice of the radical
principal value.

The fulfillment of these conditions can be checked in the Sage system.

Example. Let ¢, = 2, ¢ = 3, ¢, = 5. Figure 1 presents a plot of g,
(black line) at the values of parameter ¢, taken from the interval (17), dash
lines indicate the boundaries of the domain of ¢, g, variation, determined by
inequalities (15) and (16). The restrictions of ¢ are seen to automatically
provide the fulfillment of conditions for ¢,. There is the only point t = 1/2,
where the plot touches the lower boundary. Just at this point the expression
for g changes its sign. Figure 2 presents the plot of the right-hand side of the
last equation for the chosen sign +’: up to the point ¢ = 1/2 we get a solution,
and after this point not. Therefore, the solution satisfies the condition ¢ > 0
only at 0 <t < 1/2.

For these values § and « were calculated which appeared to be real-valued.
For clarity, figure 3 presents a plot of dependence of ¢t on the angle u, ex-
pressed as

zz—z:tanu.

Bk
It turns out that the surface wave arises only in the directions

k= (0,k,, k)7,
within a narrow range of angles 38—45°.

This example shows that 1) inequalities (15) and (16) are fulfilled in the
entire considered interval of parameter ¢ variation, and 2) upon the choice of
principal value for the radical our explicit formulae yield a solution to system
(5) only up to the point where the plot of ¢, touches the lower boundary of its
corridor. We believe that these assertions can be proved in a purely algebraic
way.
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Figure 1. Plot of g, (black line), dash lines indicate the boundaries of the domain
of t, q, variation

0.2 0.4 0.6 0.8

=
=
8]
=
+a
=
o

Figure 2. Plot of the left-hand side of the last of equations (5)

5. Results of computer experiments

We conducted a series of computer experiments, the results of which are
given in the table 1. Based on them, we can draw the following conclusions:

1) the greater the difference between e and €, and the smaller it is between
the values €, and €, the greater the half-width of the interval for changing
the angle u (see the table 1 cases numbered 12 and 13);

2) the smaller the difference between e and ¢, and the larger it is between
the values €, and €., the smaller the half-interval of the angle u (see the
table 1 cases numbered 14 and 15);
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45 4

43 1

42 4

41

40

39 4

38 o

Figure 3. Plot of u, the angle is in degrees

3) if the difference between the values €,, €, €, remains constant, and the
values themselves increase, then the half-interval of the angle u variation,
in which surface waves exist, decreases (see the table 1, cases numbered 4,
16, 17, 18);

4) if the difference between the values of €,, €, €, is increased by the same
amount, the half-interval of u variation is practically unchanged (see the
table 1, cases 19-21).

These conclusions are awaiting theoretical substantiation.

We failed to find a simple relationship between the position of the mean
angle u and the values of €,, €, €., while the position of the mean angle u
itself changes quite noticeably.

To test our approach, we looked at several non-Dyakonov cases where one
of the (10) inequalities is violated. As expected, no solutions were found in
these cases.

6. Conclusion

Investigation of the region of existence of the Dyakonov surface wave at the
isotropic-anisotropic interface is reduced to a system of algebraic equations
and inequalities. We managed to solve this system of equations in radicals in
the Sage computer algebra system. At the same time, the inequalities were
only partially investigated analytically. On this basis, it was possible to carry
out a series of computer experiments clarifying further directions of research.
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Table 1
Results of computer experiments
No. €, € €. | Mean angle u, deg. | Half-interval of
angle w varia-
tion, deg.
1 1 2 3 27 - 34 3.5
2 2 3 5 38 — 45 3.5
3 2.5 3.5 5.5 | 40.5 —47 3.25
4 3 4 6 42.4 — 48.5 3.05
5 3 4 10 | 45.6 — 53.8 4.1
6 | 3.0001 | 3.001 | 3.01 | 72.426 — 72.455 0.0145
7 3 3.01 | 3.02 | 44.911 - 45 0.0445
8 3 4 4.001 | 1.57 - 1.76 0.095
9 3.9 4 4.1 | 44.299 - 44.96 0.3305
10 3.9 4 4.001 | 5.649 - 5.71 0.0305
11 | 3.99 4 4.001 | 17.522 — 17.548 0.013
12 2 7 55 | 13.2-19.2 3
13 2 2.1 80 | 45.47 - 56 5.265
14 2 54 55 | 1.5 —2.22 0.36
15 2 79.9 80 | 0.3275 — 0.4825 0.155
16 13 14 16 | 51.5 - 53.58 1.04
17 33 34 36 | 53.59 — 54.46 0.435
18 133 134 | 136 | 54.446 — 54.78 0.167
19 20 40 60 |27 34 3.5
20 20 50 80 |23-30 3.5
21 20 60 100 | 20.2 - 27.2 3.5
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HNccnenoBanue obJsiacTu CymnieCTBOBaHUSI MOBEPXHOCTHBIX
BOJIH /IbsIKOHOBa B cuUcTeMe KOMIbIOTEPHOI aJireopbl Sage

0. K. Kpoiitop

Poccutickuti ynusepcumem dpyorcbv, Hapodos
ya. Muxayzo-Maxaas, 0. 6, Mockea, 117198, Poccus

PaccMoTpenbl TOBEPXHOCTHBIE 3JIEKTPOMATHUTHBIE BOJIHBI (BOTHBI JIbsikoHOBA),
PACIIPOCTPAHSIIONIUECS] BIIOJIh IJIOCKON I'PAHUIIBI Pa3/esia H30TPOITHOTO BEIIEeCTBA ¢ TO-
CTOSTHHOW JTU3JIEKTPUIECKON ITPOHUIIAEMOCTBIO, U aHU30TPOITHOIO KPUCTAJLIA, TEH30D
JRJIEKTPUIECKON MPOHUIIAEMOCTA KOTOPOrO UMeeT OCh CUMMETPHHM, HAIIPABJIEHHYO
BJIOJIb T'PAHUIIBI Pa3iesa. XOpOoIlo U3BECTHO, YTO BOIPOC O CYIIECTBOBAHUM TAKUX
ITOBEPXHOCTHBIX BOJIH CBOAUTCA K BOIIPOCY O CyHI€CTBOBAHUU DEIICHUA HeKOTOpOfI Ccu-
cTeMbl ajredpanvecKux ypaBHEHUI W HepaBeHCTB. B HacToseil padore sTa cucrema
HCCJIEIOBAHA B CUCTEME KOMITBLIOTEPHO! aJiredpbl Sage.

TexHuKa UCKIIOIUTENBHBIX UJI€AJI0B, BCTDOEHHAs] B Sage, MO3BOJIMIA OMKUCATH pe-
IIMeHne CuCTeMbL aﬂre6paI/I‘IeCKHX ypaBHeHI/Iﬁ ImapaMeTpuvIeCKH IIpu IIOMOIIN OJHOI'O
mapaMeTpa, NpUIéM BCe UCXOQHBIE BEJUIUHBI BHIPAXKAIOTCS Y€Pe3 3TOT IMapaMeTp Ipu
omoru pajukajos. Ocrasiimecss HEPABEHCTBA YIAJI0Ch UCCIIEI0BATh AHAJUTHIECKU
JINITHh 9aCTUYHO. ILHH IIOJTHOT'O UCCJIeJOBaAHMUA PASPEIINMOCTU CUCTEMBbI ypa.BHeHI/Iﬁ
1 HEPABEHCTB IPEJIOKEH U Peaii30BaH B Sage CUMBOJIBHO-YUCIEHHBINH aJrOPUTM,
[IPEJICTaBJIEHbI PE3YJIbTAaThl KOMIIbIOTEPHBIX dKcIiepuMeHTOB. Ha ocHOBe pesysbraroB
9KCIIEPUMEHTOB OBLIU CIEJIAHBI BBIBOJIBI, KOTOPHIE TPEOYIOT JTAJTHLHEHINIEIO TeopeTuye-
CKOTO ODOCHOBAHWSI.

KuaroueBble coBa: IOBEPXHOCTHBIE BOJIHBI, BOJHBI JIbSIKOHOBA, 3JIEKTPOMATHUTHBIE

BOJIHBI, KOMITbIOTEpHAS ajredpa, Sage
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The asymptotic method is a very attractive area of applied mathematics. There
are many modern research directions which use a small parameter such as statistical
mechanics, chemical reaction theory and so on. The application of the Fokker—Planck
equation (FPE) with a small parameter is the most popular because this equation
is the parabolic partial differential equations and the solutions of FPE give the
probability density function.

In this paper we investigate the singularly perturbed Cauchy problem for symmet-
ric linear system of parabolic partial differential equations with a small parameter.
We assume that this system is the Tikhonov non-homogeneous system with constant
coefficients. The paper aims to consider this Cauchy problem, apply the asymptotic
method and construct expansions of the solutions in the form of two-type decom-
position. This decomposition has regular and border-layer parts. The main result
of this paper is a justification of an asymptotic expansion for the solutions of this
Cauchy problem. Our method can be applied in a wide variety of cases for singularly
perturbed Cauchy problems of Fokker—Planck equations.
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1. Introduction

It is well known that the differential operator, which is applied in the theory
of measure, has such form:

L= aiﬂ‘aggiaxj +b'9,, 1<i,j<d, deN.

The solution of the equation L*u = 0 is Borel measures on an open set
Q € R and there is the relation

/Lfd,u =0, VfeCrQ).
Q
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If the measure p has a density p, then p is conjugate solution of the equation
8mi8zjaijp(x) =0, b'p(x) =0, ze.
Similarly, we can consider parabolic operators in the form
P=0,— ﬁxiﬁxjaij + E)Tibi,

and there are appropriate parabolic equations P*u = 0 for finding measures
pon R™ x [0,7]. The equations for the study of density have the form of
Fokker—Planck equation (FPE)

Oyp(a,t) — D, 0, ali(z,t)pl(x, ) + 0, bi(x, p(x,1) = 0.

FPE equation uses for analysis a macroscopic process but for a small subsys-
tem.

We can formulate the singularly perturbed Cauchy problem for FPE in the
form:

ed,p(x,t,e) — 8$i8$jaij(x, t)p(x,t,e) + 0, b (z,t)p(x,t,e) = 0,

p(x,0,e) = po(z), x€Q, Vpy(x)€ C5(Q),
where € > 0 is a small parameter.

If we assume € = 0, we can get a degenerate Cauchy problem in the following
form:

amiaxjaiﬂ'(x, t)p(x,t) — 9, b*(x,t)p(x,t) = 0,
p_((ﬁ,O) = Po(x>7 x € Q’ Vp()({lf) = CSO(Q>=

where solutions p(zx,t) are solutions of the degenerate problem and p may
differ from solutions p(z,t) significantly.

A large number of methods have been developed for the analytical
and numerical study of FPE solutions [1]-[8]. Hyung Ju Hwang and
Jinoh Kim [9], [10] study the initial-boundary value problem for the
Vlasov—Poisson—Fokker—Planck equations in an interval with absorbing
boundary conditions. They introduce the Deep Neural Network (DNN)
approximated solutions to the kinetic Fokker—Planck equation in a bounded
interval and study the large-time asymptotic behavior of the solutions and
other physically relevant macroscopic quantities. Shu-Nan Li and Bing-Yang
Cao [11] obtained solutions based on the fractional Fokker—Planck equation
(FFPE) with a generic time- and length-dependence of an “effective thermal
conductivity” (k.g), namely, k.gLa with L being the system length. They
formulate the effective thermal conductivity in terms of entropy generation,
which does not rely on the local-equilibrium hypothesis. Hrishikesh Patel
and Bernie D. Shizgal [12] compare the Kappa distribution of space plas-
mas modelled with a particular Fokker—Planck equation for a two component
system with the linear Fokker—Planck equation that has been used to study
the Student t-distribution. Lucas Philip and Bernie D. Shizgal [13]| consider
the one-dimensional bistable Fokker—Planck equation with specific drift and
diffusion coefficients so as to model protein folding. Yunfei Su and Lei Yao
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[14] study the hydrodynamic limit for the inhomogeneous incompressible
Fokker—Planck equations.

The development of the asymptotic analysis of singularly perturbed
differential equations and systems of differential equations was made by
A.N. Tikhonov [15], M. I. Vishik and L. A. Lyusternik [16], A. B. Vasil’eva [17],
S.A. Lomov [18], V. A. Trenogin [19], J. L. Lions [20] and other researchers
during the second half of the 20th century. There is a large number of recent
works. O. Hawamdeh and A. Perjan [21]| study an asymptotic expansions
for linear symmetric hyperbolic systems with small parameter. Using the
boundary layer functions method of Lyusternik—Vishik, A. Perjan [22] ob-
tains the asymptotic expansions of the solutions to the Cauchy problem
for the linear symmetric hyperbolic system as the small parameter ¢ — 0.
A.N. Gorban [23] investigates a model reduction in chemical dynamics with
slow invariant manifolds and singular perturbations. Bor-Yann Chen, Liy-
ing Wu and Junming Hong [24] consider singular limits of reaction diffusion
equations and geometric flows with discontinuous velocity.

In this paper we apply the results of the paper [21] and investigate the
Cauchy problem for the singularly perturbed Tikhonov-type symmetric system
of non-homogeneous constant coefficients linear parabolic partial differential
equations (LPPDE system) with a small parameter. We use the asymptotic
method for this Cauchy problem and construct expansions of solutions in
the form of decomposition, which has regular and border-layer parts. The
main result of this paper is a proof of a justification theorem of an asymptotic
expansion for this Cauchy problem. Our method can be applied in a wide
variety of cases for singularly perturbed Cauchy problems of Fokker—Planck
equations.

2. Singularly perturbed Cauchy problem for LPPDE
system

We consider the following singularly perturbed Cauchy problem (P.),

Pu(z,t,e) = f(x,t), z€RI >0, (1)
u(r,0,e) = uy(z), x€RY, (2)

where € > 0 is a small parameter.

Thus, P. = P,+¢P, is a parabolic operator, where P, = A,0,+ B;(9,)+ D;,
1=0,1,

d d
Bz(ax) = Z Bipa:cp - Z Czpqa a
p=1 p,q=1
Bip = (bg)?,t:p Cipq = (ng)?t 1 D = (d;t)?,tzl are real constants of
symmetric n x n matrices and % > 0, ¢4 > 0, di, > 0 (Vs,t = 1,...,n),

d>1, u(x,0,e) : RY x [0,00) x (0,00) — R"™, f(x,t) : R x [0,00) — R,
f(x,t) € C,
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0 0 0 I .

where I, is an identity matrix and
A=Ay+ed,, B(9,)=DBy0,)+eB(9,), D=Dy+eDy,
L;9,)=B;0,)+D;, i=0,1, 9,=(9/0,,..,0/0,).

(2 x

The special forms of matrices A, and A; determine the natural representa-
tions of matrices B;, D; by blocks in the forms:

B.(5,) — (Bm 2,) B, @)) D, — (D D) o
B;k2< :c) Bz (630) D:(2 DiS
where B;;(9,), Dzl € me (R), Bj(9,), Dy € M™""™(R), By3(9,),
D;3 € M—m)*(n=m)(R) and * means transposition, and

d d
= ZB;;%?ng - Y Crydy O, s i=10,1,57=1,2,3,
=1

P,q=1
BOl (b0p> 00— (com)
,t=1,m> pq st /s,t=1,m>
0 0
B02 (b p>57m,t:m+l,n’ C]?t? = (Cstpq)s:l,m,t:m—&-l n?

0 0
B03 (b p)s,t:m-i-l,n’ ng = <Cstpq)s,t:m+l,n'

The aim of our work is to construct the asymptotic solution u(e, x,t) for
(P.) with a small parameter ¢ — 0.

Thus, the investigation of the solution u(e, x,t) depends on the structure

of the operator P.. The norm, which determines the convergence of the

perturbed system solution, is also very important.

We denote the usual Sobolev spaces by H?® with the scalar product in the
form:

(u,0), = / A+ URE) de

where s € R, 4(¢) = Flu] (¢ € R?) and F~![u] are the direct and the inverse
Fourier transforms of the function u in S”. Let Hj = (H®)¢ be a notation of
the Hilbert space, which is associated with the scalar product

d
f17f2 Zfl]?fQj i:(fipm: id)? i1=1,2,
1

,]:

and with the norm | - || ;, which is generated by this scalar product.
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Let D’((a,b), X) be a space of vectorial distributions on (a,b) with values
in Banach space X. We can set

WHP(a,b; X) = {u € D'((a,b); X); u) € LP(a,b; X), j =0,1,..., k},

for k € N* and 1 < p < oo, where 1) is the distributional derivative of order
j and WOP(a,b; X) = LP(a,b; X) for k = 0.
We denote operator L,;(3d,.) in the form:

L;;(9,) = B;;(0,) + Dy,

and
F:COI(f7g>a UO :COI(U’07U‘1>1

where f,u, € M™*(R), g,u, € M™*L(R).
We assume that
H1: B,,, C;,,, D;; 1 =0,1,p,q= 1, d are real symmetric matrices;
H2: (D, Orr > (Do, gn-m = qoln|?, with gy > 0 for all ¢ € R™ and
neR"™.

Thus, the operator (P.) is a symmetric parabolic system (H1) and the

g
operator (F,) is an elliptic-parabolic system in case: det Bys # 0 and B, = 0.

3. Formal asymptotic expansions of the singularly
perturbed Cauchy problem (P.)

€

We construct the formal asymptotic expansions of the solutions u(e, z,t)
for the Cauchy problem (P.) on the positive powers of the small parameter &
in this section.

We can use the following asymptotic expansion of the solution u(e, z,t) for
the problem (P.) according to the method of Lyusternik—Vishik [16]:

N
U(E,l',t) = V(:L’,t,S)—FZ(Z’,T) = ZSk(Vk(l',t>—|—Zk(l‘,T))+RN(6,$,t), (3)
k=0

where 7 = t/e, and Z(z,7) = Zy(z,7) + - + eNZy(x,T) is the boundary
layer function, which describes the singular behavior of the solution u(e, z,t)
within a neighborhood of the set {(z,0), x € R%}, which is the boundary
layer.

The function V(z,t) = Vy(z,t) + - + eNVy(x,t) is the regular part of
expansion (3).

We assume that the function Z(z,7) is small for large 7, i.e. Z — 0 as
T — 00. There is the solutions behavior u(e, z,t)-Au(0, z,t) of the singularly
perturbed Cauchy problem (P.), when € — 0 within the boundary layer, then
the function Z(z, 7) has to be reduced for the discrepancy elimination of the
solutions u(e, x,0) and u(0,z,0).

We can substitute expansion (3) into (1) formally and identify the coeffi-
cients of the same powers of €, which contain the same variables.
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Then we can get the following equations:
POVk:Fk<$7t)7 xERd, t>07 (4)

where
FO:f(x7t)7 Fk:_Plvk—17 k‘zl,...,N,

Ay0,.7, = Fy(z,7), k=0,1,...,N, (5)
A(LoZy+ L1 Zyn 1 +0,Zy) =0, z€RY 7>0,
F,=0, F,=—LyZ,—A,0.%,,
Fo=—LyZy | — L Z »—A0.Z, 1, k=2,..,N,
(Py+eP))Ry = F(x,t,e), xR t>0, (6)
F=—eN"N (P Vy+ L Zy) —eNAy(LoZy + L1 Zy_y)-

We can substitute (3) into initial condition (2)

Ry(g,2,0) =0, x¢&RY, (7)
Vo(,0) + Zy(x,0) = Uy(z), x € R, (8)
Vi(2,0) + Z,(2,0) =0,z € RY, k=1,...,N. (9)

We can use the following notation for convenience

_ [ Xk — | Yk _ Ik _ [ Fia

Where Xk,'Uk.,fk,Fkl - mel(R)’ Yk,wk,gk,FkQ € M(n_m)X1<R)

We can use (5), (8), and (9) for X, and Y}, so that

0, X, =F,, X,—0, 71— 400, (11)
and
0.Y, + Ly3Y), = Fio(z,7), x€RY 7>0,
Yy(2,0) = uy(z) —wy(z,0), x€R4, (12)
Y, (2,0) = —w,(z,0), k=1,..,N, z&R%
where

F01 =0, F11 = _L01X0 - L02Yo7
Fiy = —Loy X1 — LooYy 1 — L1 Xjo — L1pYy o, k=2..,N,
L;l‘j(f) :B;‘j(ﬁ’)—l—D’!‘ 1=0,1, 7=1,2,3.

17
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Similarly, we can obtain the problems for v, and w;, from (4) and (8), (9).

atvk+L01Uk+L02wk:fk('rat)? k:()?l?"'aNa

) Liovy, + Loswy, = gp(x,t), x € R =0,1,...,N, t>0,
vg(2,0) = yy(z) — Xo(x,0),

(v, (2,0) = =X, (2,0), k=1,...,N, z¢cR?

(13)

Thus, we have the problems for determining the functions X, Y, vy, wy

and Ry.

4. Justifying asymptotic expansions of the singularly
perturbed Cauchy problem (P,)

€

We investigate the validity of the expansion (3) in the following sections.
We can consider the problem (13) in the next form

Oyv + Loyv + Logw = f(x, 1),
Lisv+ Lgsw = g(x,t), x€R >0, (14)
v(z,0) = h(z), = €RY

d
Ly; = By;(0,) + Dy; = ZBOJa > Cpqdy 0, + Dyji j=1,2,3.
p,q=1

We use the following problem for the solvability and regularity justifications
of the problem (14)

0,0(§) + (Dyy + i|f|301(5>>27<§) + (Do + Z'|5|B02< §))w(€) = f<57t),
(Dy + 1€ B (£))5(€) + (Dgg + il€] Bos (€))D(€) = §(&, 1),
9(€,0) = h(&),
(15)
ZBOJ (&p/1€]) —il¢] Z Coa(&,€,/1€1%),

P,q=1
where i = 0,1, j = 1,2,3, £ e R
We prove the following lemmas.

Lemma 1. The matriz Dys + i|¢|Bys(€) is invertible for ¢ € R% under the

assumptions (H1), (H2) and the function € — (Dyg +1|€|Bys(€)) ! is bounded
on RY.

Proof. We can use the method of the simultaneous reduction of two ma-
trices to the diagonal form for proving this lemma and we assume that
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D3 = Dyg and Dy3 = (dgt)s,t=m7
orthogonal matrix 7 € M" ™ (R), TyT, = I

n—m?

dY, >0 (s,t = —m,n). There is an
which

TfDong = A(z) — diag(Al, ceey An—m)’

where A\, >0, k= 1,...,n —m are the eigenvalues of matrix D;.
We can use the transformation of the matrix By;(&) in the form:

C(€) = Ag ' Ty Bys (6)T1 Ag .

As the matrix C(£) is a real symmetric, then there exists an orthogonal
matrix 7,(£) € M(R™ ), such that

T3C(&)Ty = A(§) = diag(py (§); -+ s b (£)),

where 11 (§), ..., fhy_m (&) are real eigenvalues of matrix C'(£). Thus, we have
the transformations of this type:
T*()DosT(€) = Ly T7(6)Boa(©)T(€) = A©), (16)

where T'(€) = Ty Ay 1T, (€). We can use (16) so that

1

Dy +il€|Bys (&) = T* (&) (L + 1|EIA)T ().

It means that the matrix Dy; + i|€|Bys(€) is invertible and we have

(Dos + il€|Bos (€)™ = T() A1 () (L, — il T (), (17)

where
Ay (§) = diag((1+ [§2p5) ™ o, (L €707 ) 7).
The orthogonality of the matrix 7,(£) implies the boundedness of the
function ¢ — T(£) on R4,

The boundedness of the matrix (Dys 4 i|¢|Bys(€))~* follows from (17).
Lemma 1 is proved. O

We can obtain the solution of the problem (15) from Lemma 1

d . ~
{w(g,w + K(€)o(6,t) = H(E 1), (18)

B(&,0) = h(€),
where

@(&,t) = (Dos + il€] Bos (€)1 (g(&, 1) — (Dpz + 1€ By (£))3(&, 1)), (19)

K(f) = D01 + i|§|301<§) - (Doz + i|§|302(€>>(D03+
+il€ Bos (€)1 ( Dy + 161 Bia (€)), - (20)
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H(&,1) = f(&,1) — (Dya + i€ Bya(€)) (Dos + ilé| Bz (€)1 §(&,1).
Lemma 2. The matriz K (&) can be represented in the form

K () = Ko(&) +il¢] K1 (§) + [€PK,(6), € € R, (21)

under the assumptions (H1), (H2), where the functions § — K;(§), j =0,1,2
are bounded on R% and K, K, are real symmetric for K, > 0.

Proof. Let us substitute (17) into (20). We can obtain the representation
(21), where

Ko(f) = G01 - GOQT*AlT*Gaz - |§|2<G02TA1AT*b32 + b02TA1AT*G62)a

K1 (&) = by + GoaT A AT Gy — GooTA T by —
— b TA TGy — |€|Pbo T AL AT b5,

KQ (5) = b02TA1T*b62-

Accordingly, K;(§), j = 0,1,2 are bounded on Re and K} = K, K3 = K,.
It remains to prove that K, > 0. Let us denote the eigenvalues of the real
symmetric matrix A as A\;(A), j=1,...,m, where \; <Ay <+ < A,

We can use Ostrowski’s theorem so that

)‘j(K2(f)) = )‘j(bo2TA1T*bE§2) = gj)‘j(A1> > 0,

where 0 < A (b TT7b}5) < 6
Therefore, Lemma 2 is proved.

i < Ap (b TT"bg,). It means that K, > 0.
We can prove the following proposition.

Proposition 1. Let the assumptions (H1), (H2) be fulfilled and [ € N*. If
the conditions h € H: L F = col(f, g) € WHH(0,T; H2) are true, then

there exists a unique strong solution V = col(v,w) € Wh°(0,T; H?) of the
problem (14) and

IViweo,z:m5) < CT) (Illsszisrm + IFlwirormg ) - (22)
Proof. Consider the Cauchy problem
ds () —
{dtvu) +E(©i() =0 23)
0(0)=h, 0<t<T,

in the Hilbert space H = {f = (f;,....fn); (1 + |£P)3f.(&) €
L?(R%), k=1,...,m}, equipped with the scalar product (f,g)y = fR

&

—~
—_
+
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1€1%)%(f, §)gm dE. We can use the representation (21) and demonstrate that
the operator —K (§) : H — H satisfies the conditions

Re(—=Kf, f)g <w(f, fu Re(_K*f,f)ng(f»f)m f€eH,

where w = sup, _pq | Ko (&)|lgm_gm + 0 With a positive parameter § > 0. This
means that the operator —(K + wl) is maximal dissipative on H.

The Cauchy problem (23) generates a C|, semigroup of operators {T (t), t >
0} on H [21]. Thus, we have the next estimation |[0(-,¢)|y < e“*|h| 4 for any

heH, ie |T(t)] < e, where

d, . - ~ - - ~
— 00, O < —(Kod(-,1),0(- 1) g — (0(,1), Ko0(+, 1) i < 2w[0(-, )3
Using Parseval’s equality, we can get that the Cauchy problem (F[Kv] =

K(&)v) .
{Ev(t) + Ku(t) =0, (24)
v(0) =v,, 0<t<T,

where the operators {T'(t),t > 0} on H;, generates the semigroup C, where
v(-,t) = T(t)vy, |T(t)] < e*t. Thus, we can solve the Cauchy problem

d ~ wt
{%z(t) + (K +wl)z(t) = f(t)ev", (25)
2(0) =y, 0<t<T,

where the semigroup Cj, has the representation in the form T, (t) = T'(t)e “*.

Hence, there exists a unique mild solution of this problem z € C([0,T]; H,)
for every y, € HS,, f € L'(0,T; H?,) [21], and

A0 =Tyl + [ Tolt = s)5(s)e=ds,
0

”Z”C([O,T};an) < ”yo”s,m + HfHLl(O,T;an)ewT

Moreover, if the next y, € H:2 f € WHH(0,T; HS,) and | € N* are true,
then z is a strong solution of the problem (25), 2 € W-°(0,T; H$,) and

Hz”leOO(O,T;an) < C(T)(”youswz,m + ”f”lel(O,T;an))'

We can note that the solution y of the Cauchy problem

{%m + Ky(t) = f, 26)
y(0)=1y,, 0<t<T,
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and the solution z of the problem (25) are connected with the equality

y(t) = e “t2(t).
Consequently, we have the same for y,, f and [ € N* so that

[yllwr.oo 0,715, < O (N0l s, + 1 lwrerio,mirs,))-

Using (18), the last estimation and the boundedness of the matrix (Gy3 +
i|€|b(€))!, we can obtain the next estimation

HUHWLOC(O,T;H?SW) <
S C() Pl ss20,m + 1 fllwrrormsy + lglwraorms ). (27)

m n—m

We can get the estimation from (19) and (27) in the form:

HwHWl’OO(O,T;an) <
< C(T) (||h“s+21+1,m + 1 flwrro, 1 mrsm) + ||9||Wla1(0,T;H;t%n)> . (28)

Thus, the estimations (27) and (28) imply the estimation (23). Proposition 1
is proved. 0

Let us consider the next Cauchy problem

_ d
{8TY—|—L03Y—F(1:,T)790€R, >0, (29)

Y(2,0) = yo(z), =€ R™L

Proposition 2. Let the assumptions (H1), (H2) be fulfilled and [ € N*. If
the conditions y, € HtL | F e W}'(0,00; HS_, ) are true, then there exists

n—m> loc
a unique strong solution Y € W">°(0, 00; HS _, ) of the problem (29) and the

loc
inequality is satisfied for this solution

Ha7l—Y<7 T)”s,n—m < Ceiqu(”yO”s-ﬁ—l,n—m—’—
-1 .
S IO F )t + / OO |OLE(-, 0], 1 dB). (30)
v=0 0

Proof. The operator —L3(0,,) is a dissipative under the assumptions (H1),
(H2) and it generates the C,, semigroup of the contractions S(7) on HS_ .
Thus, there exists a unique mild solution Y € C([0,00); H:_,,) of the Cauchy
problem (29). Hence, we can obtain the estimation |S(7)| < e %7, 7 > 0,
which with the next equality

Y(-,7)=S(1)y, + /T SO)F(-,7—0)do
0

gives the estimation (30) in the case [ = 0. We can obtain the estimation (30)
by differentiating to 7 the equation (29) in the case [ > 1. Proposition 2 is
proved. O
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Using these propositions, we can determine the functions V), and Z,. Hence,
it follows from (11) for £ = 0 that X, = 0. We can find the main regular term
Vy = col(vgy, wy) of the expansion (3) from (13) and Proposition 1. Instantly,
we have the following:

wy(@,0) = FH(Gog + il€|bo3 (§)) TH(9(8, 0) — (G +il&]b52(£)) 0 (£))]-

Lemma 1 and the Parseval equality permit us to obtain the next estimation

lwo (-5 0) s n—m < C(llg(-0)

s,n—m + Hu0||s+1,m> <
< C(Uolss1m +1FC 05 5). (31)

Proposition 2 permits us to define the function Y}, as a solution of Cauchy
problem (12). Moreover, we can obtain the next inequality from (30) and (31)

107Y5 (5 )l nm < Ce ([0 lsyig1,m + 1ECL0)yin)- (32)

Thus, we can find the main singular term Z; = col(0,Y],) of the expan-
sion (3).

Let us obtain the next terms of this expansion. Let us suppose that the
terms Vj,..., V,_; and Z,,...,Z,_, are already found. We can obtain the
terms V), and Z;, and show that the next estimations

IVillwr.oe0,7;m5) < CD) (100 54214 3141,0F
+ ”F('?O>Hs+2l+3k72,n + ”FHWZJ(O,T;HTSL””“*Z))? (33)

and
”6‘er]€(’ T)”s,n < Ceiqoﬁr(l + Tk) (”U0||s+l+k:+1,” + ”F(’ 0>||8+l+k’n) (34)

are true, if we suppose that such estimations are true for previous terms. We
can note that the estimations (33), (34) for V|, and Z,, follow from (22) and
(32).

At first, if we solve the problem (11), we can get

Xty == [ Bat.0)d,

where the integral exists due to the estimation (34) for Z,_,. Using (34) for
Z,_, and for Z,_,, we obtain the next estimation:
1055 (o )l = 1057 Fpy ()l <
< CU07 21 () s + 107 25 (5 s0,0) <
< Cem®T(L+ 7D (Wollstarnm + I1FC0sriik-1,0)s (35)
for I > 1. Similarly, we can get the estimation (35) in the case | = 0.

Using Proposition 1 and v, (+,0) = —X(+,0), we can solve the problem (13)
and find the functions V..
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Using the next estimation
IVillwoso,m5) < CUXRC0)lsr2041,m + IViallwros 0,1 m509)s

and also (22), (33) for V,,_; and (35) for X}, we can find the estimation (33)
for V.
Instantly, we can obtain the next equality

wi(,0) = FY[(Dys + i[€| Bys (€)1 (3k(&,0) — (Djsy + i|€| Bgn () X4 (€, 0))]

and establish the estimation

”wk<7 O)HS,n—m < C(”gk(?0> s,n—m + ”Xk(? 0)||s+1,m) <
S COUX-1 G0 sg1m + 11Xk GO g1 m + lwi1 (5 0) g1 mm) <
S CUUlssrs1m +1FC O gipn)- (36)

Using (34) for Z,_; and (35) for X,,, we can obtain the next unequality

Hag—Fk2('7T)”s,n—m < C(”8”erk(7 T)”s-i—l,m + Hag—Zk—l('7T>”s+l,n) <
< Ce 0T (L+ 7" N (|0 lssrinsrn + 1FC O sqiznn)- (37)

We can find the next estimation from (30), (36) and (37)
[07Y5 (s )l snm < Cem 0w, 0) 1t

-1 -
+ Z HaﬂlfFlﬁ(? O)Hs-ﬁ-l—u—l,n—m + / e‘loeHag_Fk2(., e)Hs,n—m de) <
v=0 0
< Cem7(1 + Tk)<||Uo ||s+l+k:+1,n + [ F(, 0)”s+l+k,n>' (38)

The estimations (35) and (38) imply the estimation (34) for Z,.
We can prove the main result of our work.

Theorem 1. Let us suppose that B and G satisfy conditions (H1), (H2)
and 0 < | < N + 1. If the conditions U, € HfﬁQlH(NH), F €
WL, T; H,i””s(NH)) are true, then there exists a unique strong solu-
tion U € Who(0,T; HS) of the problem (P.). The expansion (3) is true for
this solution, where V. and Z,, are determined by problems (13), (11), (12)
respectively and they satisfy the estimations (33), (34). The estimation

HRN1H%V1,O<>(O,T;H;,L) + 51/2”RN2 ”%/VLOO(O,T;H;*L_m) < C<T)5N+1il (39)

is true with C(T') depending on T, |Uy| s o143(N+1),n- ||F||WH1’1(07T;HZ+21+3<N+1>>

and qq for the remainder term Ry = col(Ryq, Ryo). In particular, if we
assume N = 0, then there is the next estimation

U=V, — ZOHC([O,T];H;) < C(T)51/4-
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Proof. Using the properties of the C|, semigroup of operators, we can
obtain the solvability of the problem (P.). Indeed, the operator —(B(9,)+ D)
is closed and dissipative on H, . This operator generates the C, semigroup of
contractions on H;, which solves the problem (P.). Moreover, the conditions
Uy, € H: F e WHL(0,T; H), OVF(-,0) € H3 vt v =0,..,1—1,1>1
imply the regularity of the solution U € W>(0,T; H?). Using the method
from [21], we can prove the estimation (39). Furthermore, all constants depend
on the norms, which are indicated in the Theorem 1, and they are represented

by C(T). Let us denote the next relations R, = 9! RN, R, =0'Ry;,i=1,2.
We can find that (BR;, R)), ,, is a pure imaginary value from the condition

(H1). Consequently, we can get the next equation

d

dt<ARl< )7 Rl<'7t>)s,n + Q(GRl<'a t)? Rl('a t))s,n = QRG((?%F(',t), Rl('7t>)s,n

Using the assumption (H2), we can get the next inequality

d

dt (ARZ( )’ Rl('? t))s,n + QqO(RZZ('ﬂ t)? Rl2('7 t))s,n—m <

<2/ F (1), Ry(,1)) 5 |- (40)
The estimations (33) and (34) yield the next estimation
(OLF (1), Ry (1)) gl < M HH(PL(OFVN (1)) + 67 Ly (072 (+ 7)), (41)
Ri(+1)) sl + eV Lo(OLZN (- 7)) + Ly (0L Zy 1 (-, 7)),
Ao Ry(,1))s,n] <
S OM)EN T BWOIRL () m + (X + KO DIR(8)]0),

where 0 <t < T,7 = t/e and k(t) = e"9/%(1 + (t/e)N). Integrating (40) by
t and using (41), we can get the next inequality

| Ry (-, 1)) do <

snm

g,m—f—g”RlQ(" ) s,n— m+2q0/ ”RlQ
<Ry (5 0)Z o + €l Ria (4 0) 3 o + C(T) (N l/ R(O) [ Ry (-5 0) 5 1 dO+
0
t
+/ (e + w(0) N IR (L 0)]n dO), 0<EST, (42)
0

We can note that

~—
|
_

Ry(-,0) =) (=A"Y(B(9,)+ D))" 1Ay F(-,0), 1>1,

N
Il
o
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and according to (7), Ry(-,0) = 0.
Therefore, using the equality A™1 A, = A, and (34), (35), we can find the
next estimation
[ATL Oy F (-, 0)]s, <
< €N+1 ”(A_lplallijN)(? O)Hs,n + €N+1_V||(A_1L185ZN)('7 0)||s,n+
+ eV AG(Ly0Y Zy 4 L10¥ Z 1) (-, 0)], <
< C(T)(eN +eNv) < O(T)eN 7,

where 0 <e < 1,0 < v < N.
Thus, we can obtain the next inequalities

-1
IR, 05, <D 1ATH(B(3,) + D))" AT O F (-, 0)]5,, <
v=0
-1
SC(T))Y et Ny < O(T)eN 11 (43)
v=0

If the conditions [ < N + 1,0 <t < T, ¢ < 0 are true, we can obtain the
estimations

t t t
/ KO Ry (-, 0)] . d6 < / k(0) d6 + / K(O)|[ Ry (-, 0)|2.m d6 <
0 0 0

t

<O+ [ RO)IRy (OLE, d0. (40
0
and
t
(1) / (N 4 /(O)N TRy (-,0)]., d6 <
0
t
< O(T)N11 4 g, / IRy (20|21 A6+
0
t
Lo / (N 4 ()N Ry (- 0|20 dO. (45)
0

Using the next inequality

t
IRy (o )2+ €l Rin s D + 0 / IRy (0|2 1 d <
0
t
< C(T) (N1 4 / (N4 1 k()N | Ryy (-, 0)|2,, dO), 0 <t < T,
0

and the estimations (43), (44), (45), we can find the inequality (42).
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Using Gronwall’s lemma and the last inequality, we can get the estimations
R (012, <CT)eN M 0<t<T, (46)

and

df < C(T)eN=H1 0<t < T. (47)

s,n—m

t
AR (O 0 [ 1Bl
0
Using (43) and (47), we can obtain the estimation
HRl2<'7 t)”?,nfm <

t
<R 0) 2,0 0+ 2 / IR (-, )
0

N

s,n—m ||R(l+1)2<'? 9>||5,n7m do

t 1/2

<o@ w2 ([ Ry OE 0 ndd)
0

t 1/2
( / ||R<l+1>2<-,e>||z,nmd9) <OV 0<t<T. (48)
0

The estimates (46) and (48) imply the estimate (39). Therefore, Theorem 1
is proved. 0

Thus, we justify asymptotic expansions of the singularly perturbed Cauchy
problem (P,)

el

5. Conclusions

In this paper we investigate the Cauchy problem for the singularly per-
turbed Tikhonov-type symmetric system of Fokker—Planck equations. This
system consists of non-homogeneous constant coefficients linear parabolic
partial differential equations with a small parameter. For these singularly
perturbed Cauchy problems a method for constructing asymptotic solutions
is proposed. We use the asymptotic method for this Cauchy problem and
construct expansions of solutions in the form of decomposition, which has
regular and border-layer parts. The asymptotic solutions in the form of reg-
ular and boundary-layer parts are obtained and the question of asymptotic
solutions behavior when € — 0 is investigated. The main result of our work is
a justification of an asymptotic expansion for this Cauchy problem. We prove
the justification theorem for the asymptotic solutions. Our method can be
applied in a wide variety of cases for singularly perturbed Cauchy problems
of Fokker—Planck equations. The Fokker—Planck equation is connected with
the Chapman—Kolmogorov equation for the transition probability function of
a Markov process.

Our results give the approach to investigate the fast-changing processes
in liquids and gases, plasma, solid state theory, magnetic, hydrodynamics,
radiophysics, telecommunication technology, chemistry, biology, finance and
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so on. An extension of Fokker—Planck equations with a small parameter to
model non-Markovian processes is also possible.
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AcuMmniToTuyeckoe perneHnue CUHTYJISITPHO BO3MYUIEHHOU
zagauu Komm gns ypaBHeHuss @okkepa—llianka

M. A. Byarra!, C. A. Bacuawes', C. 1. Bununkuii':?

L Poccutickuti yrueepcumem opysc6v. napodos
ya. Muxayzo-Maxaas, 0. 6, Mockea, 117198, Poccus
2 O6Bedunénmvits unemumym A0epHILE UCCAO08aHU
ya. 2Koauo-Kropu, 0. 6, yorna, Mockosckan obaacms, 141980, Poccus

AcvMmToTHYIeCKTE METO/BI — OYeHb BaykKHas O0JIACTD MPUKJIATIHON MaTeMaTH-
ku. CylnecTByeT MHOXKECTBO COBPEMEHHBIX HAIIPABJIEHUN UCCJIEIOBAHUI, B KOTOPHIX
HCIIOJIB3yEeTCA MaJlblil IIapaMeTp, HaIlpUMep CTaTUCTUYeCKad MEXaHUKa, TeOpUd XU-
MuUIecKux peaknuit u ap. cnonb3oBanue ypapuenus Poxkkepa—lLmanka ¢ maabim
mapaMeTpoM OY€Hb BOCTPEOOBAHO, ITOCKOJIBKY 9TO YpPABHEHUE SIBJISIETCS Iapabosmde-
cKuUM T PepeHITnabHBIM yPABHEHNEM B YACTHBIX ITPOU3BOMHBIX, & PEIIEHNsS ITOTO
ypaBHEHUs JAI0T (PYHKIIUIO MJIOTHOCTA BEPOSTHOCTH.

B pabore ucciemyerca cuHryisipHO BO3MyIEHHaS 3amada Komm mia cuMmmerpud-
HO¥ JIMHEHHOW CUCTEMBI TTapabondeckux muddepeHnaabHbIX YPABHEHUN B 9aCTHBIX
IIPOU3BOJAHBIX C MaJIbIM ITapaMeE€TPOM. MbI opeariojgaraeM, 9To 9Ta CUCTeMa ABJIACT-
CsI HEOJIHOPO/IHO# CUCTEMOI TMXOHOBCKOT'O THUIIA C TOCTOAHHBIMU KOI(PDUIMEeHTAMY.
Hesb ucciemoBanuss — paccMOTPeTh 3Ty 33149y Kolu, IpuMeHnTh aCUMITOTHIECKU i
METOJI ¥ TOCTPOUTH ACUMITOTUIECKUE PA3JIOXKEHUS PEIeHUil B BAJIE 1By XKOMIIOHEHT-
HOTO psifa. Takum 06pasoM, 3TO pas3/ioKeHUe UMeeT PEryJIsPHYIO U MOrPAHCJIONHYTO
qactu. OCHOBHBIM PE3yJIbTATOM JAHHON PabOTHI SBJIAETCH 0DOCHOBAHUE ACUMIITOTH-
YeCKOTO PAa3JI0XKEeHUsl JiJisd perrennii 3toil 3amaun Komu. Hamr meTom moxker ObITh
IPUMEHEH IIJTdd IITUPOKOT0 KPYyTa, CHHTY/ISIPHO BO3MYIIEHHBIX 3a1a4 Koru 1j1s ypas-
Hennit Pokkepa—Ilianka.

KuaroueBbie ciioBa: acUMNOTOTHUYECKUIT aHaAW3, CHUHTYJISAPHO BO3MYIIEHHOE
nuddepenrmaabHoe ypaBHenne, 3amada Komm, ypasaenune Poxkepa—Ilnamka
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To apply the incomplete Galerkin method to the problem of the scattering of
electromagnetic waves by lenses, it is necessary to study the differential equations for
the field amplitudes. These equations belong to the class of linear ordinary differential
equations with Fuchsian singularities and, in the case of the Liineburg lens, are
integrated in special functions of mathematical physics, namely, the Whittaker and
Heun functions.

The Maple computer algebra system has tools for working with Whittaker and Heun
functions, but in some cases this system gives very large values for these functions,
and their plots contain various kinds of artifacts. Therefore, the results of calculations
in the Maple’11 and Maple’2019 systems of special functions related to the problem
of scattering by a Liineburg lens need additional verification. For this purpose, an
algorithm for finding solutions to linear ordinary differential equations with Fuchsian
singular points by the method of Frobenius series was implemented, designed as
a software package Fucsh for Sage. The problem of scattering by a Liineburg lens
is used as a test case. The calculation results are compared with similar results
obtained in different versions of CAS Maple.

Fuchs for Sage allows computing solutions to other linear differential equations
that cannot be expressed in terms of known special functions.

Key words and phrases: linear differential equations, Whittaker functions, Heun
functions

1. Introduction

The problem of diffraction of a plane electromagnetic wave by a ball with
an arbitrary radially symmetric filling allows the construction of an analytical
solution by the incomplete Galerkin method [1]. Let us make use of a spherical
coordinate system and assume that the dielectric constant of the ball € depends
only on r, and the permeability u is constant. Let us expand the Borgnis

(© Malyshev K. Yu., 2021
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potentials u, v for electric- and magnetic-type fields in terms of the system of
spherical functions:

u = i U, (7")P7g1> (0)sing, v= i v, (T)Pél) (0) sin ¢.
n=1

n=1

Functions u,, (1), v, (r) satisfy linear differential equations of the second
order: for TE-polarized wave

d 1du n(n+1)

Bl I % P — 1

dr dr+{ ‘ pr? ]u” 0 L)
and for TM-polarized wave

d 1dv, 5 n(n+1)

dredr T [’“ S } vn =0 .

Not only in the classical case of a ball with constant filling, but also in the
case of a Liineburg lens, when

{2 —r? r<l,

€ =

1, r>1,

these equations are integrated in special functions of mathematical physics.
In the classical case, the cylindrical functions are obtained [2]-[4]. For
a Liineburg lens, (1) was integrated in the paper by Lock [5] in terms of
Whittaker functions. In the Maple system [6] both equations (1) and (2) for

a Liineburg lens are integrable: the solution to Eq. (1) is expressed in terms
of Whittaker functions and the solution to Eq. (2) in terms of Heun functions.

When working with these functions in the Maple system, we faced the fact
that they take on huge values that grow indefinitely with an increase in n, and
all sorts of artifacts (gaps and ripples) appear in the plots. This observation
raised doubts about the adequacy of the algorithms used in Maple.

However, it is easy to see that both equations (1) and (2) are linear
differential equations of the 2nd order that have a Fuchsian singular point [7]
at r = 0. Therefore, their solutions upon the analytic dependence of € on r can
be expanded in the Frobenius series [7]. The coefficients of the equations (1)
and (2) have finite nonzero singular points only where the functions € and 1/¢
have them, respectively. In particular, if € is a polynomial, then the Frobenius
series for the solution to Eq. (1) converges for all r, and the Frobenius series
for the solution of Eq. (2) converges in a circle, on the boundary of which
the complex zero with the least modulus lies [7]. For example, in the case of
the Liineburg lens, the Frobenius series for the solution to Eq. (1) converges
for all r, and for the solution of Eq. (2), the radius of convergence is v/2.
Therefore, to find the field in the lens, it is quite sufficient to calculate the
coefficients of the Frobenius series for the solutions of Egs. (1) and (2).
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2. Fuchs for Sage package

In general, the problem of finding Frobenius series can be formulated as
follows: for a linear differential equation

z2y” + zpy’ + qy =0, (3)

with meromorphic functions p, ¢, construct a solution in the form of a series
y=2"(1+uz+uyz? +...),

where 7 is a root of characteristic equation
r(r—1) +p(0)r+¢(0) = 0. (4)

Usually, both roots of this equation correspond to solutions, but in some
cases, when choosing a root with a smaller real part, a solution in the
form of a series does not exist. In this case, there is one solution in the
form of a Frobenius series, and the second solution is obtained from the
Liouville formulas connecting two solutions of a second-order linear differential
equation |7]. The solution to this problem was implemented in CAS Sage [§],
as the Fuchs for Sage software package.

Given symbolic expressions p and ¢, the function fuchs_order (p,q) returns
the roots of Eq. (4) as elements of the algebraic number field.

sage: load('fuchs.sage')

None
sage: fuchs_order(1,x~2-3"2)
[-3, 3]

sage: fuchs_order(1,x~2-8)
[-2.8284271247461907, 2.8284271247461907]

Function fuchs_order(p,q,r,N) returns symbolic expression
y=a"(1+uz + uyz? + - + upyzl),

given symbolic expressions p and ¢, order r, and number N of the sought
series terms.
This function supports operation with non-rational roots:

sage: R=fuchs_order(1,x"2-8)

sage: fuchs_series(1,x~2-8,R[1],10)
(-(1.413013038055007e-9)*x~10 + (2.2123339189459477e-7)*x"8
- 0.000024170817505802477*xx"6 + 0.0016905341805373107*x"4

- 0.065300968740935367*xx~2 + 1)*x~2.8284271247461907

Let us give an example of calculating the solution of Eq. (1) for the case of
a Liineburg lens with numerical values of the parameters k, n:

sage: k=4
sage: n=3
sage: p=0

sage: q=k~2*x"2x(2-x"2) -n*x(n+1)
sage: fuchs_order(p,q)

[_3; 4]

sage: expand(fuchs_series(p,q,4,10))
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-3712/19305%x"~14 + 1928/3861*x~12 - 448/429%*x~10
+ 164/99*%x~8 - 16/9*x"6 + x~4

The terms of this series do not form a monotonic sequence (see figure 1),
therefore, when summing the series, it is important to take a sufficient number
of terms.

unx" +r

n

6el4 - o
4el4 A

2el4 A

“e50 100 150 200 250 300

-2e14 .
-4e14

-6e14 A

Figure 1. Solution for the Liineburg lens: distribution of the values of the terms of the series
over n — the summand number of the Frobenius series. Calculations are performed
for the point x = 4

3. Calculation of special functions in the Liineburg case

Fuchs for Sage allows describing the partial solutions of Egs. (1) and (2),
bounded at zero, in the form of the first IV terms of the Frobenius series. In
our experiments, a moment was revealed after which a further increase in
the number of terms did not lead to a noticeable change in the sum at the
reference points. Of course, it would be very convenient to get not greatly
overstated theoretical estimates for the number of terms that must be kept in
the series in order to preserve the chosen accuracy.

In order to exclude the influence of round-off errors, calculations are carried
out in the field of rational numbers, the summation of the series was carried out
at rational points of the real axis. For visibility, the rational values obtained
without round-off errors are presented in the plots below in logarithmic scale.

Let us compare the results of computer experiments in Sage and Maple
for the case of a Liineburg lens. As noted above, in this case, solutions in
the form of a series can be compared with solutions in special functions of
mathematical physics that are used in the Maple system.
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3.1. TE field

In the case of the Liineburg lens, the coefficients of Eq. (1) have only two
singular points (r = 0 and r = oo) and therefore this series can be expressed
in terms of the degenerate hypergeometric function or the Whittaker function
[9, §13.14] [10]. The Maple system uses the expression

1 k 2 1
u, = — WhittakerM (-, nt ,kr2> .
NG 27 4
This solution to Eq. (1) differs from those obtained using the Frobenius

method by the multiplicative constant, which can be found in symbolic form
using the Taylor series expansion.

04 06 08 10 12 14

,24.

0.4 0.6 0.8 1 12 1.4
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-26
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28
~-28-

294

304

_29.

314

Figure 2. Function In |u,, (z)| in case 3, k = 40, n = 25, plotted in Sage (left)
and Maple’2019 (right). In Fuchs for Sage we took 400 terms and the calculations were
performed at 221 points

We compared the results of calculating the solution by the Frobenius method
and by means of Maple’2019 for 3 representative cases: 1) k =4, n = 3, 2)
k=10, n =3, 3) k = 40, n = 25. Despite some difficulties associated with
the difference in the automatic selection of proportions of the plots, in all
cases the calculation using our package leads to the same results as using
Maple, at least with graphic accuracy, see, e.g., figure 2. For a more accurate
analysis, we calculated the values at the reference points, see Table 1. It is
clearly seen that the values found in Sage and Maple match up to a round-off
error. Thus, the numbers to which the Frobenius series converge coincide
with the results of the built-in Maple algorithms with high accuracy. Thus,
both the algorithm for calculating the Frobenius series and the high orders
of magnitude of the sought functions observed in numerical experiments are
verified.
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3.2. TM field

Equation (2) has 4 singular points in the complex plane: r =0, r = +v2,
and r = co. Therefore, its solutions are expressed in terms of the Heun
confluent function [9, §31.12] [11]. In Maple the expression

v, = " 2HeunC(2k, n + 1/2, —2, k2, —k? + 3/4,r2/2)r"+1 (5)
is used. To find the multiplicative constant, by analogy with above, we tried
to find the first non-vanishing term of the Taylor series of this function in
the vicinity of the point » = 0. Unfortunately, the standard function taylor
cannot be applied to the v, function for expansion in Taylor series.

Remark. An attempt of using taylor to find the first three partial
sums of the Taylor series at the point 7 = 0 leads to the result O(r*). An
attempt to find the fourth partial sum at the point r = 0 leads to an
error Error, (in series/function) unable to compute series. We
observed this kind of failure in all test examples without exception. When
choosing a point other than zero as the center of the expansion, the function
taylor works without errors.

Nevertheless, computer experiments show that the function (5), calculated
in Maple, coincides with a high accuracy with the sum of the Frobenius series,
see Table 2. This makes us to assume that the desired constant is 1.

1,?5 1,?0 1_?,5 1,40 1.25 1.3 135 1.4

-6.5

104 7.5

-114
-124
-8.5 4

-134

-14 97

Figure 3. Plot of function In |v,,(z)| at k = 18, n = 1; on the right — Frobenius series with
N = 200 terms, calculated at 41 points, on the left — plot from Maple’2019

Unlike Eq. (1), Eq. (2) has a finite singular point, namely x = v/2. We will
now show that for x > /2 the Maple system produces incorrect results for
representing the function v,, ().

The Frobenius exponents in the vicinity of the Fuchsian singular point
x = /2 of Eq. (2) are equal to 0 and 2, and do not depend on the parameters
n and k. In the first case, the application of our function leads to division by
zero, which indicates the presence of a logarithmic singularity in the expression
of the desired function [7], [11]. In this case, the solution corresponding to the

Frobenius exponent equal to 0 is bounded at the singular point = /2. In
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the second case, according to Fuchs theorem [7] we obtain a Frobenius series
with a nonzero radius of convergence. Therefore, the function v,,(z) continues

analytically beyond the point & = v/2, having a removable singularity at this
point for real values of x. The plot of the Frobenius series sum (figure 3) fully

confirms that v,, has a finite limit at the point x = V/2; it cannot give more,
since it diverges at x > V2.

A numerical experiment in Fuchs for Sage indicates the convergence of the

Frobenius series for the function v, (x) at the point # = v/2 in the field of real
numbers, see Table 3. However, this convergence is noticeably slower than at

rational points z < V2.

The situation in Maple looks much less clear. Substitution

of the value z = /2 in the Maple system yields the result
Float (infinity)+Float (infinity)*I for all the values of k,n we checked.
In this case, the plot of v,,(z), obtained by means of Maple’2019, is cut off at

this point. Substitution of values z > /2 results in complex numbers of astro-
nomical orders of magnitude, for example evalf (eval(V, r = 3/2)) yields
-5.630587096*10~12 + (1.389900117%10~15)*I, for the parameter values
k=10,n = 3.

Moreover, when calculating the Heun function in Maple, problems appear
that are characteristic of the accumulation of round-off errors when summing
a power series. In older versions of Maple, these problems were encountered
for all considered parameters, and their first appearance took place already at
k = 10, see figure 4. In new versions, the same shortcomings in the display of
plots appear in a different range of parameters: the highest harmonic n =1
is displayed incorrectly at k > 18 (see figure 3, left, and 5). At the same
time, even a relatively small number of terms of the Frobenius series makes it
possible to obtain a smooth curve without artifacts, see figure 3, right.
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Figure 4. Heun functions v,, for values Figure 5. Calculation of functions

k=10,n=1,2,3 in Maple’ll In|v,, (x)|. Case 3, k=40, n =25
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Figure 6. Plot of function In|v,, (z)| at k = 40, n = 25, left — plot from Maple’2019,
right — Frobenius series with 250 terms and 82 values of x used

4. Conclusion

In this paper, we present the Fuchs for Sage package , which allows calcu-
lating the solutions of second-order equations having the Fuchsian singularity
with high accuracy and, in particular, looking for the potentials of the fields
scattered by a ball with a wide class of dielectric constant radial dependences.
This is confirmed by a comparison with the case of a Liineburg lens, when
the solution is expressed in terms of the known functions of mathematical
physics.

At the same time, we made sure in an independent way that the solutions
of the equations (1) and (2) in the case of a Liineburg lens can change by
many orders, as it happened in Maple.

The results of our research can be useful for analyzing the electromagnetic
field in the vicinity of the focus of the Liineburg lens [5].

It should be especially noted that the symbolic expression for TM fields in
terms of Heun confluent functions found in Maple is dangerous for use, since
it gives results that are not completely correct from a theoretical point of
view. At the same time, even a small number of terms of the Frobenius series
allows good approximations to the values of the sought functions, see figure 6.
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O BBIYHUCJIEHUU CIIEMUAIBHBIX (DYHKITUM, BO3SHUKAIOMIAX
OpU UCCJEJOBAHUN 331a49U NP PAKITAN
Ha JIN3JIEKTPUYECKOM IHIape

K. FO. MaJsIimes

Hayuno-uceaedosamenveruti uncmumym adeproti gusury umeny . B. Crobeaviyvina
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JLst npuMeHeHns HETOJIHOTO MeToa ['alépkuHa K 3a/1a4e O pacCessHUN JIEKTPOMAr-
HUATHBIX BOJIH HA JIMH3aX HEOOXO/IMMO MCCJIEIOBATh AuddepeHnraibHbie YPaBHEHUsT
JIJIsI aMILIATY/T TToJiefi. DTU ypaBHEHUs TPUHAJJIEXKAT K KJIACCY JIMHEHHBIX OOBIKHO-
BeHHBIX nuddepeHnraabHbIX YPaBHEHUH ¢ (PYKCOBBIMU OCOOEHHOCTSIME U, B CJIydae
JsimH3bI JI1oHebepra, MHTErpuUpPyIOTCHA B CIHEIUAJIBHBIX (PYHKIUIX MATEeMATUIECKON
duszuku — pyHKIugax Yurrekepa u loitna.

B cucreme komubioTepnoit anrebpsr Maple uMeroTcs nHCTPYMEHTBI 1715t PabOThI
¢ dyuknusamu Yurrekepa u loiiHa, 0JHAKO B psijie CIIy9aeB 9Ta CUCTEMA BBIIAET
O4€eHb DOOJIbIINE 3HAYEHUS /It 9TUX (DYHKIINN, & UX rpaUKy COIEPKAT PA3HOTO POja
apredaxTol. [losToMy pe3ynbrarsl Beruuciaenuit B cuctemax Maple’ll u Maple’2019
CIIEIUAIBHBIX (DYHKIINN, CBI3aHHBIX C 3a/1a49ell paccednns Ha juH3e JItonebepra, HyxK-
JAIOTCA B JIONOJHUTEIbHON mpoBepke. C 3To# 11eJ1bI0 ObLI PEAIM30BaH AJITOPUTM
HAXOXKJICHUs PEIIeHUH JTUHEHHBIX OOBIKHOBEHHBIX Tu(MdEPEHIINAILHBIX YPaBHEHUN
¢ PYKCOBBIMU OCOOBIMU TOUYKAMEU MeTOA0M panoB Ppoberunyca, opOpMICHHBIH B BUIE
makera nporpamm Fuchs for Sage. 3amaua paccesnus ma jsmnse Jlonebepra wuc-
MOJIL3YEeTCs B KAUYeCTBE TECTOBOTO IMpuMepa. Pe3ybTaThl pacuéToB COMOCTABIISIIOTCS
¢ aHAJIOTUYHBIMU pe3yabratamu paborsl B CAS Maple pa3ubix Bepcuii.

ITaker Fucsh for Sage mospoJisier BBIYUCIATD PEIIEHUs U APYyTUX JAHEHHBIX Tu-
depeHInaIbHBIX YPABHEHUN, PEIIEHUs KOTOPBIX HE BBIPAXKAIOTCS YePe3 U3BECTHBIE
crienuasibHbie (PyHKITUN.

KunaroueBbie ciaoBa: juHelnbie nuddepennuaibibie ypaBHeHus, (GYHKIUU Y UTTEKe-
pa, pyskiuu [oitHa
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The concept of cloud computing was created to better preserve user privacy and
data storage security. However, the resources allocated for processing this data must
be optimally allocated. The problem of optimal resource management in the loud
computing environment is described in many scientific publications. To solve the
problems of optimality of the distribution of resources of systems, you can use the
construction and analysis of QS. We conduct an analysis of two-buffer queuing system
with cross-type service and additional penalties, based on the literature reviewed in
the article. This allows us to assess how suitable the model presented in the article is
for application to cloud computing. For a given system different options for selecting
applications from queues are possible, queue numbers, therefore, the intensities of
transitions between the states of the system will change. For this, the system has
a choice policy that allows the system to decide how to behave depending on its
state. There are four components of such selection management models, which is
a stationary policy for selecting a queue number to service a ticket on a vacated
virtual machine each time immediately before service ends. A simulation model
was built for numerical analysis. The results obtained indicate that requests are
practically not delayed in the queue of the presented QS, and therefore the policy
for a given model can be considered optimal. Although Poisson flow is the simplest
for simulation, it is quite acceptable for performance evaluation. In the future, it is
planned to conduct several more experiments for different values of the intensity of
requests and various types of incoming flows.
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1. Introduction

In order to preserve and protect the users confidential data of computing
resources, the concept of Cloud Computing was developed as a way to provide
secure storage and processing of data for companies and individuals. Cloud
Computing includes not only programs and applications delivered as services
over the Internet, but also the hardware and system software in the data
centers that provide those services. This technology has five main charac-
teristics [1]: on-demand self-service, broad network access, resource pooling,
rapid elasticity and measured service. In addition, Cloud Computing includes
three main types of services: Infrastructure as a Service, Platform as a Ser-
vices, and Software as a Service [2|. There are four different ways to use this
technology: Public Cloud, Private Cloud, Community Cloud, and Hybrid
Cloud.

Nowadays the Cloud Computing model has taken on an increasingly promi-
nent role in a variety of I'T-environments, where service providers seek to meet
the needs of their customers and improve their competitive position. The in-
crease in the number of users and the expansion of the services provided has
led to the need for more storage space. As a result, service providers must
work to increase the bandwidth of online data centers. Cloud Computing has
become an integral part of maintaining high performance to improve com-
petitiveness [3]. It is the fastest growing technology, and therefore, there are
some challenges for developers and for those who use them. Let’s consider
some tasks:

— tasks of distribution and use of resources;

— model of calculations MapReduce (model of parallel computing over very
large amounts of data) [4];

— protection of cloud infrastructure [5[;

— ensuring the reliability of the work of many servers [6];

— homomorphic codes (a form of encryption);

— identification of spam pages [7];

— organization of information search.

The problem of optimal resource management in the Cloud Computing
environment is described in many scientific publications. As known, one of
the approaches to solving this problem is the construction of Queuing Systems
(QS). To analyze the distribution of resources and develop an optimal method
of performance management, in [8] a multiservice QS of a Cloud Computing
model with the same type of tasks and identical servers is investigated. The
optimization criterion is the minimization of the ratio of the average queue
length to the number of lost tasks. It should be noted that the efficient
operation of such a network presupposes the ability to flexibly respond to
changes in the demand for computing power by turning on/off machines.
Therefore, for a heterogeneous environment of Cloud Computing virtual
machines the open Jackson queue network model was proposed in [9], which
allows solving the problem of scaling the number of virtual machines. To
solve this problem the architecture of an elastic system of dynamic resource
management with several queues is presented in [10]. The model of an
open system with message queues is presented in [11]|, where reliability is
guaranteed due to the mechanism for optimizing the timeout duration, which
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does not allow the loss of a single message. The cloud architecture on e-
health platforms in medical centers was studied in [12]|, where a model of two
sequential M /M /s queues is proposed: the first assumes receiving services for
registration, data verification and consultation, and the second is for accessing
the cloud database if the serving server is free. Here, it is possible for tasks to
go into orbit, i.e. repeated calls if the service server is busy, and to leave the
system due to impatience. The proposed model reduces the overall waiting
time by 25% compared to the existing model, and also increases resource
efficiency.

We will analyze a two-buffer queuing system with cross-type service and
additional penalties. System model describing the trajectory of movement
of customers is described in Section 2. Part 3 presents a multidimensional
Markov chain. Experimental evaluation of the model is presented in Section 4.

2. System model
2.1. Overview

Let us consider the case presented in Figure 1.

(oor ]

class 1 [ ]
— OXEl server 1

. ——

class 2 =
> CXEm server 2

— . —

oxmm virtual machine groups

Figure 1. The architecture of two-class multi-server queuing system with a controllable
cross-connectivity

In this scenario, two web applications (web apps), classes 1 and 2 in figure,
are deployed over the cloud and parallelized on two different services. Each
server hosts groups of virtual machines (VM) and each group is assigned to
its own class. If the server is not able to provide access to the web apps, the
cloud can adapt to network load conditions and another server will provide
the necessary resources on demand. In other words, in the system of applied
cross-type service, when customers can connect both to the virtual machines
of selected server type and to an alternative if there are free virtual machines.
If the cloud is not able to provide services, i.e. all virtual machines are busy,
the customer will wait for answer. Note that the duration of a service is not
related to the type of web apps (class), but is related to a number of server.
This scenario of service imposes additional penalties, when customer service
on the server assigned to this class of application is cheaper than providing
additional resources on an alternative server. It would be logical to assume
that it would be more profitable for the cloud provider to leave the customer
to wait for the release of resources on his group of virtual machines. But
customer waiting also imposes cost losses, downtime of resources, as well as
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long processing of a request on a low-performance server will be unprofitable
factors. As a result, the main idea is to optimally distribute customers
between the two servers by calculating the optimal scheme for queue selecting.

2.2. Admission control

In this and the next section consider in more detail how access to virtual
machines is performed. With this configuration (as mentioned earlier), the
following processes are possible in the operation of the system: receipt of
a request from a customer to connect to the cloud, providing access to the
first server and providing access to the second server. For the case of receipt
of the request:

1. If there are no waiting customers and virtual machines corresponding to
this type of request are free, then access to the service can be initiated.

2. If there are no waiting customers, virtual machines corresponding to this
type of request are busy, but the alternatives are free, then access to the
service can be initiated on alternative server.

3. If all servers are busy, the customer will wait for cloud access in its queue.

2.3. Selection control

The considered system takes into account the cost of providing access to
a particular server, therefore it is important to describe the processes that
occur when providing a web app on both servers. For the case of providing
access to the first server:

1. If there are no waiting customers, then the virtual machines of first server
will be idle.

2. If there are first-class waiting customers and there are no second-class
waiting customers, then first-class waiting customer will be given access
to the first server.

3. If there are no first-class waiting customers and there are second-class
waiting customers, then second-class waiting customer will be given
access to the first server.

4. If there are all-classes waiting customers, it is necessary to select who
will be given access to the first server.

And for the case of providing access to the second server:

1. If there are no waiting customers, then the virtual machines of second
server will be idle.

2. If there are second-class waiting customers and there are no first-class
waiting customers, then second-class waiting customer will be given
access to the second server.

3. If there are no second-class waiting customers and there are first-class
waiting customers, then first-class waiting customer will be given access
to the second server.

4. If there are all-classes waiting customers, it is necessary to select who
will be given access to the first server.

Item 3 reflects the condition of queuing only when all virtual machines are
busy. To make the functioning of the system clearer, let’s limit the number of
virtual machines on each server to one. An example of such system is shown
in the Figure 5. In the figure groups of virtual machines (in our case, one
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VM on each server) are shown with circles, the different classes are indicated
by a filled circle and a shaded circle. A circle within a rectangle represents
a waiting customer.

The first-clazs The first-class The second-clazs The first-clazs Release Releaze
request came requestcame reguestcame request came Serverl Server 2 t

IR W S S —

TT0! IIIOIIII“'J_!; JJ!@I!@E. Sover

Al

] }

Free
system.
. The first-clazs request

@ The second-clasz request

Releaze Releaze Releaze Releaze Releaze Releaze
Server 1 Server 1 Server 1 Server 1 Server 1 Server 1 t

$ 3 L ! ! !
EBe TEe [Beillle e [l
ZEOﬂOJJOJ_!O [T]® TT]OTT]O sener

Servers are

busy, there are

re-qllests in

queues . The first-clazs request

0 Serverl

@ The second-clazs request

Figure 2. Example of system behavior with one virtual machine on each server

2.4. Problem of finding a routing policy

The step of describing how to access the servers is led to the problem of
selection the class of customers when both servers are busy and the system
has both types of waiting customers (items 4 in cases of providing access to
the servers in previous section are just responsible for this problem). Hence,
the question arises - how to define customers who will serviced when the
virtual machine is released, i.e. what type of request will be granted access to
the cloud. This customer’s choice will call a routing policy.

There are several methods for organizing and processing queues. We can
use the fixed principle or, for example, exhaustive, when we take requests from
one queue until it becomes empty then from another until this one becomes
empty then we go back to the first, etc. Also we can choose a random principle:
from the first, then from the second. Hence, how to choose the routing policy
with maximum efficiency?

Therefore, the first thing is to understand the criterion by which to choose
the best, i.e. optimal routing policy. The most common problem for models
with additional penalties, i.e. which take into account the costs of waiting
in queues and servicing on "own” or “alternative” virtual machines, is the
problem of minimizing average losses per unit of time. This problem covers
special cases of minimizing the average number of requests or the average
time in the system. Let’s choose the first option as a criterion for routing
policy for our study.

And the second thing is how to find this optimal policy: either by brute
force, or using a controlled queuing system, the analysis of which allows to
find for a given criterion this optimal policy. This algorithm is dynamic and
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will depend on the state of the system. Those, for each state its own optimal
routing policy (some control matrix) can be chosen. This approach allows for
a more narrowly configure the system.

3. Queuing model
3.1. Description
The queuing network depicted in Figure 3 models the application of Figure 1.

N = N;+N, 0<p, =p; <o

—=_ [ [ | |

Figure 3. Model in the form of a queuing system

The main parameters of the system are reflected in Table 1. It is composed
of two buffers and cross-type service. The system has N; and Ny (N;+N, = N,
Ny, k € {1,2}) groups of devices, as well as storage units with infinite capacity
for the first and second class of customers.Two classes of arrivals are assumed
to be generated according a Poisson process with parameters A\; and \,. The
service time is distributed exponentially with intensities p; and p,, in such
a way that 0 < py < p; < o0o. It is also taken into account that one group
of devices is more powerful than another. If all groups of devices are busy,
the customers arrive in the infinite buffer of its type. The service cost we
denote by ¢ ;, where k € {1,2} is the class of customers and j € {1,2} is the
indicator of our and alternative devices, (¢ > ¢;;): 1 — servicing on our
devices, 2 — servicing on an alternative. In other words, ¢;;/cy; — cost of
servicing on our first /second group devices; ¢;5/co5 — cost of servicing on
an alternative first/second group devices; ¢y (¢, > 0) — cost of waiting for

service in the k-buffer, k € {1,2}.

3.2. Stochastic process

According the above system description, denote as Q)4 (¢) — number of
customers in the k-buffer at time ¢ and D, ;(t) — number of j-customers on

k-server at time t. In other words, at some arbitrary time: d;; — number of
customers of the 1st type on virtual machines of the 1st server, d;, — number
of customers of the 2nd type on virtual machines of the 1st server, dy; —
number of customers of the 1st type on virtual machines of the 2nd server,
dyy — number of customers of the 2nd type on virtual machines of the 2nd
server.
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So, this system may be modeled by a multidimensional Markov chain with

continuous time X(t) = {Q1(t),Qx(t), D1y (t), D15(t), Dgy (t), Dog(t)} — the
number of customers in the system at t, t > 0 on a state space X:

X ={(Z = (q1,42,d11,d13,do1,d33)) : dkj >0,q, 20,k,j=1,2; (1)

(0,0,dy1,d19,dyy,doy) + diy + djg < Ny3 (2)
¢ +az >0, dyy +dpy = Ny, k=1,2} (3)
Table 1
System parameters
Parame- Description
ters
Server

k server, k = {1;2}

N, number of devices (virtual machines) of k-server

9 service intensity of k-server virtual machines (expo-
nential distribution)

Customer and queue

J type of arrivals (class of customer), j = {1;2}

k-th incoming flow rate

Cost
Cro cost of waiting in k-customer queue
Cr1 cost of k-customer servicing on our devices
Cho cost of k-customer servicing on alternative devices

3.3. Policy

It is clear that if there are different options for selecting customers from
queues then the transition intensity between the states of the system will
change. Transition rate matrix can be described in accordance with the
rules from in 2.2,2.3 when ¢; + ¢, = 0. And if two queues are occupied,
dy; > 0,q; + gy > 1 (p.4 of 2.3), then in accordance with the queue selection

function in a fixed state ¥ when servicing j-type customers on k-service:

fk](i:)e{l?2}7 TeX: q1+Q2>0 (4)

Those the elements are the numbers of the queue from which the customer
for the freed device will be taken. Based on the given rules if ¢, > 1,¢; =0
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then f,;(Z) =2,if ¢, > 1,9, =0 then f;;(Z) =1. At q; 2 1,¢5, 2 1 f;,;(Z) is
not defined. Besides, this function will depend not only on the current state of
the system, but also on the server on which the customer was served. Denote
as f(Z) = (fi1 (@), f1o (B), for (), fay (Z)) — vector of politics at different
values of k, 7. We will call the routing policy a vector

f=Ff=(f(Z),2€X:q +qy>0) (5)

of the four components of such selection management models, which is a sta-
tionary policy for selecting a queue number to service a customer on a vacated
device each time immediately before service ends. It will depend on the server
on which the customer was served and what class of customer it is.

Thus, if define a fixed strategy f we can write out the corresponding
equilibrium equations system and find the probability distribution. This
probability distribution will be denoted as:

nl(Z) =P/ (t) = 2]. (6)

3.4. Minimizing cost as optimal policy

Now based on reduction of delays as the selected optimization criterion, it
is necessary to compute the service cost for our and alternative devices taking
into account waiting in the queue. In some state z it can be represented by:

2
c(Z) = Z (Ckor + Cr1 i FCradys)- (7)
k=1
Then the average cost of operating the system for a fixed policy can be
described as:
g/ =) c@nf (). (8)
zeX

Finally, we will consider the optimal routing policy f* to be the one that
minimizes these values:

g = m}n g7 9)

There is an iterative routing policy algorithm [13| that allows, based on
the initial, fixed policy, to construct a sequence of improved policies until
the optimal average cost is reached. As a result of performing the described
steps, we get matrix of queue selection for each state of the system taking
into account the minimization of costs.

4. Simulation model and numerical analysis
4.1. Performance measures

We have studied the properties of a two-buffer queuing system with cross-
type service and additional penalties. Performance parameters of this system
can be easily found. The average number of customers of each type in the
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queue, which is obtained by summing the number of customers in the queue
for a fixed routing policy over all system states:

Z Z Z Z qkﬂ'f(QDQQadllade;d217d22>- (10)

1=0 ¢2=0 dy;+d;15=N; dy;+dy=N,

The average number of devices servicing 1 and 2 classes of customers, which
is calculated by summing the number of customers serviced over all system
states:

C;= Z (dyy + dyg + dyy + dop) ! (Z)=

reX

Z Z Z Z (diy + dio) ™ (a1, Gy, dyy, dyg, doy, doy) +

q1+92=0d;;+d;5=0 dg; +dpp=0 k=

+ Z Z Z <N1 + No)ml (g1, @, dyys gy doyy dog) - (11)
q1+92>0dy1+d13=Ny dyy+daa=

_ 2 _ _
And the average number of customers in the system: N = (Q] +C;).
j=1

4.2. Simulation model

It has already been shown that the considered routing policy depends on the
states of the system. Therefore, it is dynamic, which means that the question
arises how this policy (i.e. transition rate matrix) is sensitive to changes in
input data. Another issue is the study of the behavior of the model in other
distribution laws. If the first question can be solved by a mathematical model,
then the second cannot. Therefore, to analyze the studied model we build
a simulation model in the Anylogic environment.

To simulate the proposed model, we settled on the AnyLogic software tool.
AnyLogic system is based on the use of the object-oriented Java language. This
determines the principles for creating, debugging, and deploying simulation
models. One of the features of this tool is the ability to flexibly integrate
with external programs, in our case, it is msSQL.

Since the selection policy is a fairly large array of data, we load it into an
external Database Management System (DBMS) and each time, according
to the degree of fullness of the queues, AnyLogic sends a request to msSQL.
Table 2 lists the elements and their values of the simulator.

Formulated the table of rules is as follows:
(q1, G5 d11, 1oy doy, Aoy, f11, f12, f215 f22) where ¢ and ¢, is current
queue status. d;; is number of order from their queue d;, is number of
orders from someone else’s queue. dy; and dy, are similarly. Indicators
(f11, f12s fo1, fao) reflect which queue the request is taken from, where it is
denoted by binary values 0 and 1. SQL requests s are written on selectOutput
elements of the AnyLogic simulator.
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Figure 4. Basic architecture of the simulator

Table 2

Simulation components

Elements Value
sourcel input flow
sourcel input flow

TS1,TS2, TS, TS3

elements for marking orders with
a temporary labels

queuel ,queue2

two classes of queues

TE1,TE2

elements for reading labels

selectOutputl,selectOut-
put2

elements that distribute to instrument
groups according to SQL requests

dalayl,delay2

Group of devices

aux

iliary variables

delA busy state of the first device group
delS busy state of the second device group
qul current state of first queue size

qu2

current state of second queue size
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4.3. Numerical example

We start considering requests arriving at rate system with Ny = Ny, =5
virtual machines on each server. Assume that the incoming flow rates of the
1st and 2nd classes are identical and equal A\; = Ay = 30. Since the first server
is faster then the service intensity in the devices of the first server is p; = 20
and in the second server is p, = 5. The system also has two buffers of infinite
capacity. The results of simulation (under exponential assumptions) in the
Anylogic environment (Figure 5) are presented in the Table 3. Because the
input data for this model is a fixed routing policy then only a fixed case is
considered here. Also, the behavior of the system was studied under normal
distribution assumptions.

[CED
(;)' datadell @_I gdell 0 = {) sum1 { Tint1 ) deis e D1 ) del’s
1T ) 502
@' datadel d_l gdel Q) sum2 ) Tint ) delr e D () del1A
sink3
VI
sourcel T51 @ TE selectOutput? o1y delayl mE VEY
> 0 »+®
@ N - oA

queuel selecfOutput3 sink

sink2 "'—'8
source? rg TE hold2 delayd T;/ sink1

TS
i) >
il FRERRS %4 e © & o
(P' queue? selectOutput2
O qu O au2
() dataint d_l gint G T
-e' dataint] d_l gint1 Q tchekd d! Tgist

Figure 5. Model schema in Anylogic

The results obtained indicate that requests are practically not delayed
in the queue, and therefore the policy for a given model can be considered
optimal. Although Poisson flow is the simplest for simulation, it is quite
acceptable for performance evaluation.

5. Conclusions

In this paper we analyze the queuing system with two parallel buffers
supplied with two groups of servers. A queuing system and a simulation
model have been constructed. Initial data were set and the results of the
simulation model were obtained. The results obtained indicate that requests
are practically not delayed in the queue of the presented QS, and therefore the
policy for a given model can be considered optimal. Although Poisson flow is
the simplest for simulation, it is quite acceptable for performance evaluation.
In the future, it is planned to conduct several more experiments for different
values of the intensity of requests and various types of incoming flows.
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Table 3
Simulation results

Key Performance Indicators Exp Norm Norm

(30) | (30, | (30,
0.001) | 0.01)

Average 1-queue length 0.206 0.289 0.163

Average 2-queue length 0.153 | 0.168 0.121

Average number of customers ser- | 3.85 3.87 3.32

viced on the 1st group of virtual

machines

Average number of customers ser- | 3.91 3.94 3.41

viced on the 2nd group of virtual

machines

Average number of 1-class customers | 4.11 4.18 3.68

in the system

Average number of 2-class customers | 04.08 | 4.10 3.531
in the system

Average time of 1-class of waiting | 0.007 | 0.008 0.005
customers

Average time of 2-class of waiting | 0.005 0.004 0.004
customers

Average time in the system of cus-| 0.0503 | 0.0503 0.0402
tomers serviced on the 1st group of
virtual machines

Average time in the system of cus-| 0.199 | 0.199 0.169
tomers serviced on the 2nd group of
virtual machines

Average time in the system of 1-class | 0.068 0.070 0.059
customers

Average time in the system of 2-class | 0.133 0.135 0.124
customers
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K anammu3y nByx0ydepHOii cucTeMbl MacCOBOI'O
00CJIy>KMBaHMUsI C KPOCC-TUIIOM OOCJIY>KMBAHUSA
¥ JIOIIOJTHUTEJIbHBIMU INTpadaMu

. A. Kouerkosa''?, A. C. Banackuna', [I. B. Edbpocunun' 3,
A. A. Xakumos'!, C. A. Bypnesa'

! Kagpedpa npuraadnoti ungopmamuru u meopuu 6eposmmuocmet
Poccutickuti ynusepcumem dpyorcoor Hapodos
ya. Muxayzro-Maxaas, 0. 6, Mockea, 117198, Poccus
2 Inemumym npobaem undopmamury
Dedeparvhviti uccaedosamenverut yenmp «HUndopmamura u ynpasaenuey PAH
ya. Basunosa, 0. 44, xopn. 2, Mockea, 119333, Poccus
3 Junyckuts ynusepcumem
Aavmenbepeepwmpacce, d. 69, Jluny, Ascmpus, 4040

Komrentust obragubIX BBIYUCIEHUN ObLTa CO3IaHa I YIyUIleHnd KOH(MUICH-
[IMAJIBHOCTH II0JIb30BaTe el 1 6e30IMacHOCTH XpaHeHus JaHHbIX. OIHAKO PecypcChl,
BblJIeJIIEMbIE JIJI 00PabOTKM 3TUX JAHHBIX, JOJKHBI ObITh IPABUILHO PACIIPEIEJICHDI.
IIpobsiema onTUMAIBLHOTO yIIPaBJIEHUS PECYPCAMU B Cpele OOJIATHBIX BBITUC/ICHUN
OIlCaHa BO MHOTMX HAYYHBIX IyOsmkarusax. [jis perrerust 3a1a9 ONTUMAJILHOCTH
pacipee/leHis PecypPcoB CUCTEM MOXKHO MCIIOJIbL30BATH ITOCTPOCHKME U AHAJIU3 XapaK-
repuctuk CMO. ABTopaMu IPOBEIEH aHAJIU3 CHCTEMBI MACCOBOTO OOCITY X KUBAHUSI
¢ IBYMs OYEPENsIMU C KPOCC-TUIIOM OOC/IY2KUBAHUS U JIOIOJHATEILHBIMUA IITpadaMu,
KOTOPBIii OCHOBBIBAETCS Ha JIATEPATYPHBIX UCTOYHUKAX, PACCMOTPEHHBIX B CTATHE.
DTO0 HO3BOJIAET HAM OLEHUTH, HACKOJILKO MOJIENb, IPEACTABIEHHAs B CTATHE, HOIXO0-
JUT JJIs IPUMEHeHUs B OOJIAUHBIX BbIYHUCIeHUsX. JlaHHAsT cucTeMa mpemnoaraer
pa3Hble BAPUAHTHI BHIOOpA 3asIBOK M3 OYepeeil, HOMEPOB O4Yepeieii, CJIeI0BaTe/IbHO,
MHTEHCUBHOCTH II€PEXOJIOB MEXKJIy COCTOSIHUSIMU CUCTEMBbI OYIyT MeHsThcdA. st aro-
ro IpeJIaraeTcs MOJUTUKA BbIOOpa, KOTOpas MO3BOJIAET CUCTEME pellaTh, KaK cebst
BECTH B 3aBHCHMOCTH OT CBOEIO COCTOSHUS. VICIOJIb3yIOTCS YeThipe KOMIOHEHTHI MO-
JIeJIA YIIPABJIEHUS BHIOOPOM, KOTOPBIE IIPEICTABIIAIOT CODOM CTAIMOHAPHYIO IIOJIUTHKY
JUTSL OTIPEJIeJIEHUsT HOMEpa OdYepein, U3 KOTOPoil Oy/IeT B3ATa 3asBKa HA 00CTyKUBa-
Hue. JlaHHBIH BBHIOOD IMPOMCXOOUT KaXKIblii pa3 HEIOCPEJICTBEHHO Iepe] OKOHIaHUEM
obcirykuBaHus. JIjs 9uCIEHHOr0 aHAIN3a ITOCTPOEHa MMUTAIIMOHHAS MOJEb.

KirmodeBble cJjioBa: cucreMa MacCOBOIO O6C.Hy}KI/IBaHI/IH, 00JIaYHbIE BBLIYHCJIE-
HUA, HyaCCOHOBCKI/Iﬁ IIOTOK, IIapaJijIeJIbHBbIC O4Yepeau, OIITUMaJIbHad IIOJIMTHUKA



