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Quantum systems with a finite number of states at all times have been a primary
element of many physical models in nuclear and elementary particle physics, as well
as in condensed matter physics. Today, however, due to a practical demand in the
area of developing quantum technologies, a whole set of novel tasks for improving our
understanding of the structure of finite-dimensional quantum systems has appeared.

In the present article we will concentrate on one aspect of such studies related
to the problem of explicit parameterization of state space of an N-level quantum
system. More precisely, we will discuss the problem of a practical description of the
unitary SU (N )-invariant counterpart of the N-level state space P, i.e., the unitary
orbit space Py /SU(N). It will be demonstrated that the combination of well-known
methods of the polynomial invariant theory and convex geometry provides useful
parameterization for the elements of P /SU(N). To illustrate the general situation,
a detailed description of B /SU(N) for low-level systems: qubit (N = 2), qutrit
(N = 3), quatrit (N = 4) — will be given.

Key words and phrases: density matrix parameterization, quantum system, qubit,
qutrit, quatrit, qudit, polynomial invariant theory, convex geometry

1. Introduction

Quantum mechanics is a unitary invariant probabilistic theory of finite-
dimensional systems. Both basic features, the invariance and the randomness,
strongly impose on the mathematical structure associated with the state
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space B of a quantum system. In particular, the geometrical concept of the
convexity of the state space originates from the physical assumption of an
ignorance about the quantum states. Furthermore, the convex structure of
the state space, according to the Wigner [1] and Kadison [2| theorems about
quantum symmetry realization, leads to unitary or anti-unitary invariance
of the probability measures (short exposition of the interplay between these
two theorems see e.g. in [3]). In turn of the action of unitary/anti-unitary

transformations ¢ — o’ = UpUT sets the equivalence relation p =~ o’
between the states p, o’ € B and defines the factor space 3/U. This space
is a fundamental object containing all physically relevant information about
a quantum system. An efficacious way to describe OB ] := Py/SU(N) for
an N-level quantum system is a primary motivation of the present article. The
properties of OB 5], as a semi-algebraic variety, are reflected in the structure
of the center of the enveloping algebra (su(N)). Hence, it is pertinently
to describe OB y] using the algebra of real SU(N)-invariant polynomials
defined over the state space 3. Following this observation in a series of
our previous publications [4]-[8], we develop description of OB ] using the
classical invariant theory [9].

It is worth noting that within this description of the state space the
entanglement properties of binary composite systems can be analyzed as
well. In [5], [6] qubit-qubit and qubit-qutrit pairs were studied from this
standpoint. In particular, the optimal integrity basis for the polynomial
SU(2) x SU(2) invariant ring of a two-qubit system was proposed and the
separability criterion was formulated via polynomial inequalities in three
SU(4) Casimir invariants and two determinants of the so-called correlation
and the Schlienz—Mahler entanglement matrices, which are the SU(2) x SU (2)
polynomial scalars.

On the other hand, B, /SU(N) is related to the co-adjoint orbits space
su*(N)/SU(N) and hence it is natural to describe P5/SU(N) directly in
terms of non-polynomial variables — the spectrum of density matrices. Below
we will describe a scheme which combines these points of view and provides
description of the orbit space B, /SU(N) in terms of one second order poly-
nomial invariant, the Bloch radius of a state and additional non-polynomial
invariants, the angles corresponding to the projections of a unit (N — 2)-
dimensional vector on the weight vectors of the fundamental representation
of SU(N).

The article is organised as follows. The next section is devoted to brief
statements of general results about the state space B, of N-dimensional
quantum systems, including discussion of its convexity (Section 2.1) and
semi-algebraic structure (Section 2.2). Particularly, the set of polynomial
inequalities in an (N? — 1)-dimensional Bloch vector and the equivalent set
of inequalities in N — 1 polynomial SU (N )-invariants will be presented for
arbitrary N-level quantum systems. Section 3 contains information on the
orbit space OB ] — the factor space of the state space under equivalence
relation against the unitary group adjoint action. In Section 3.3.1 we introduce
a new type of parameterization of a qubit, a qutrit and a quatrit based on the
representation of the orbit space of a qudit as a spherical polyhedron on Sy_,.
This parameterization allows us to give a simple formulation of the conception
of the hierarchy of subsystems inside one another. In Section 3.3.2 we present
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formal elements of the suggested scheme for an arbitrary final-dimensional
system. Section 4 contains a few remarks on possible applications of the
introduced version of the qudit parameterization.

2. The state space

The state space of a quantum system 3, comes in many faces. One can
discuss its mathematical structure from several points of view: as a topologi-
cal set, as a measurable space, as a convex body, as a Riemannian manifold.!
Below we concentrate mainly on a brief description of 93, as a convex body

realized as a semi-algebraic variety in RY °-1 following in general the publica-
tions [4]-[8].

2.1. The state space as a convex body

According to the Hilbert space formulation of the quantum theory, a possible
state of a quantum system is associated to a self-adjoint, positive semi-definite
“density operator” acting on a Hilbert space. Considering a non-relativistic

N-dimensional system whose Hilbert space % is C, the density operator
can be identified with the Hermitian, unit trace, positive semi-definite N x N
density matriz [14], [15].

The set of all possible density matrices forms the state space P, of an
N-dimensional quantum system. It is a subset of the space of complex N x N

matrices:
Py ={oe My(C) o= 0", 0>0, Tro=1}.
A generic non-minimal rank matrix ¢ describes the mized state, while the
singular matrices with rank (9) = 1 are associated to pure states. Since the

set of N-th order Hermitian matrices has a real dimension N2, and due to
the finite trace condition Tr (9) = 1, the dimension of the state space is

dim(PB ) = N? — 1. The semi-positivity condition g > 0 restricts it further

to a certain (N2 — 1)-dimensional convexr body. The convexity of 9, is the
fundamental property of the state space. The next propositions summarize
results on a general pattern of the state space B as a convex set with an
interior Int (P ) and a boundary 9 5 [10].

Proposition 1. Given two states o0;,0, € Int(By) and a “probability”
p € [0, 1], consider the convex combination

0, = (1 —p)oy + po,,
then o, € Int(Py).

Proposition 2. The boundary 0 5 consists of non-invertible matrices of
all possible non-maximal ranks:

OBy = {o € Pyl det(e) =0}.

!Here is a short and extremely subjective list of publications on these issues [10]-[13].
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The subset of pure states Fny C 0Py, Sy = {0 € IPy |rank(o) = 1},
contains N extreme boundary points Z;(p) which generate the whole B by
taking the convex combination:

N N
Q:Zrz’@z<g>a Zrzzla 7”220 (1)
i=0 =0

In (1) every extreme component Z;(p) can be related to the standard
rank-one projector by a common unitary transformation U € SU(N) and
transposition P interchanging the first and ¢-th position:

2,(0) = U Py, diag(1,0, ...,0) Py, UT.

For any dimension of the quantum system the subset of extreme states
provides important information about the properties of all possible states,
even the pure states comprise a manifold of a real dimension dim(§,) =
2N — 2, smaller than that dimension of the whole state space boundary
dim(OBy) = N? —2.

2.2. The state space as a semi-algebraic variety

According to the decomposition (1), the neighbourhood of a generic point
of PN (RV*~1) is locally homeomorphic to (U(N)/U(1)N) x DN=1, where the
component DV~1 is an (N — 1)-dimensional disc (cf. [10], [13]). Following
this result, below we will describe how the state space ‘B can be realized
as a convex body in RV~ defined via a finite set of polynomial inequalities
involving the Bloch vector of a state. In order to formalize the description
of the state space, we consider the universal enveloping algebra 4 (su(N)) of
the Lie algebra su(N). Choosing the orthonormal basis A;, Ay, ..., Ay2_; for
su(N),

N2—1

su(N) = Z §iMiy (2)
=1

the density matrix will be identified with the element from (su(N)) of the

form: .
1 N —1
o(N) = ]_VHN+ \ o Z; §iNi (3)

The analysis (see e.g. consideration in [4], [6]) shows the possibility of
description of the state space via polynomial constraints on the Bloch vector
of an N-level quantum system.

Proposition 3. If a real (N2 —1)-dimensional vector £ = (£;,&, ..., En2_1)
in (3) satisfies the following set of polynomial inequalities:
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where Sk(g) are coefficients of the characteristic equation of the density
matrix o:

det |2 — o = 2™ — SN 4 SoxN T — o 4 (= 1)V Sy =0, (5)

then the equation (3) defines the states o € P .

The inequalities (4), which guarantee the semi-positivity of the density
matrix, remain unaffected by unitary changes of the basis of the Lie algebra
and thus the semi-algebraic set (4) can be equivalently rewritten in terms
of the elements of the SU(N)-invariant polynomial ring R[P5]5V™. This
ring can be equivalently represented by the integrity basis in the form of
homogeneous polynomials P = (t;,ts,...,t5),

SU(N
IR[517£2""7£N271] ® :IR[tl,tQ,...,tN].

The useful, from a computational point of view, polynomial basis 7 is given
by the trace invariants of the density matrix:

ty, == Tr(o"). (6)

The coefficients S}, being SU(N)-invariant polynomial functions of the
density matrix elements, are expressible in terms of the trace invariants via
the well-known determinant formulae:

1 0 0
. t, t, 2 1
Sy = i det | t, t, t,
: k—1
by lpo1 theo = 4

Aiming at more economic description of 3, we pass from N? — 1 Bloch
variables to N —1 independent trace variables ¢,. Pay for such a simplification
is necessity to take into account additional constraints on ¢; which reflect the
Hermicity of the density matrix. Below we give the explicit form of these
constraints in terms of P = (ty,ty, ..., tx)-

In accordance with the classical results, the Bézoutian, the matrix B = ATA,
constructed from the Vandermonde matrix A, accommodates information
on the number of distinct roots (via its rank), numbers of real roots (via
its signature), as well as the Hermicity condition. A real characteristic
polynomial has all its roots real and distinct if and only if the Bézoutian is
positive definite. For generic invertible density matrices — matrices with all
eigenvalues different, the positivity of the Bézoutian reduces to the requirement

det | B| > 0. (7)
Noting that the entries of the Bézoutian are simply the trace invariants:

BZ] - t’i+j72’ (8)
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one can get convinced that the determinant of the Bézoutian is nothing else
than the discriminant of the characteristic equation of the density matrix,

. 2 . . .
Disc = HDJ_ (ri — rj> , rewritten in terms of the trace polynomials?

Disc(tq,ty, ..., ty) := det |B]|. (9)

Hence, we arrive at the following result.

Proposition 4. The following set of inequalities in terms of the trace
SU(N )-invariants,

Disc (t17t27 7tN) > 07 Sk (t17t27 7tN) = 07 tl = 17 (10)

define the same semi-algebraic variety as the inequalities (4) in N2 — 1 Bloch
coordinates do.

3. Orbit space B5/SU(N)

3.1. Parameterizing B,/SU(N) via polynomial invariants

Proposition 4 is a useful starting point for establishing a stratification of
the P under the adjoint action of the SU(N) group. It turns out that, due
to the unitary invariant character of the inequalities (10), they accommodate
all nontrivial information on possible strata of unitary orbits on the state
space Py. Indeed, it is easy to find the link between the description of
P given in the previous section and the well-known method developed by
Abud-Sartori-Procesi-Schwarz (ASPS) for construction of the orbit space of
compact Lie group [16]-[18]. The basic ingredients of this approach can be
very shortly formulated as follows.

Consider a compact Lie group G acting linearly on a real d-dimensional
vector space V. Let R[V]% be the corresponding ring of the G-invariant poly-
nomials on V. Assume P = (tl, ty, ... ,tq) is a set of homogeneous polynomials
that form the integrity basis, R[&;, &y, ..., &4]% = R[t;, Lo, ... ;t,)- Elements of
the integrity basis define the polynomial mapping;:

l: V_>|Rq7 (517621-..75(1) - <t17t27"'7tq>- (11)

Since the map t is constant on the orbits of G, it induces a homeomorphism
of the orbit space V' /G and the image X of t-mapping; V /G ~ X [19]. In
order to describe X in terms of P uniquely, it is necessary to take into account
the syzygy ideal of P, i.e.,

I, = {h €R [yl,yQ,...,yq] i h (pl,pz,... ,pq) =0, in IR[V]}.

Let Z C R? denote the locus of common zeros of all elements of I, then Z
is an algebraic subset of R? such that X C Z. Denoting by R[Z] the restriction

2The dependence of the discriminant on trace invariants only up to order N pointed in
the left side of (9) assumes that all higher trace invariants ¢;, with k > N in (9) are expressed
via polynomials in ;, ty, ..., t 5 (the Cayley—Hamilton Theorem).
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of R[y1,Ya; -+, Y,] to Z, one can easily verify that R[Z] is isomorphic to the
quotient R[yy,ys, .., y,]/Ip and thus R[Z] ~ R[V]S. Therefore, the subset Z
essentially is determined by R[V]“, but to describe X the further steps are
required. According to [17], [18], the necessary information on X is encoded

in the structure of the ¢ X ¢ matrix with elements given by the inner products
of gradients, grad(t;) :

|Grad|;; = (grad (¢;) , grad (t;)) . (12)

Hence, applying the ASPS method to the construction of the orbit space
Br/SU(N), one can prove the following proposition.

Proposition 5. The orbit space P5/SU(N) can be identified with the
semi-algebraic variety, defined as points satisfying two conditions:

a) The integrity basis for SU (N )-invariant ring contains only N independent
polynomials, i.e., the syzygy ideal is trivial and the integrity basis elements
of RIB x]3UN) are subject to only semi-positivity inequalities

Sk: (t17t27 7tN) > 07

b) ASPS inequality Grad(z) > 0 is equivalent to the semi-positivity of the
Bézoutian, provided by existence of the d-tuple where x = (1,2,...,d) :

Grad(t17t27---7td) :XB (t17t27'--7td>xT' (13)

3.2. Py/SU(N) — as a Ay_;-simplex of eigenvalues

The decomposition of the density matrix (1) over the extreme states ex-
plicitly displays the equivalence relation between states,

SU(N)
o ~ o ifo =UpUT, UecSU(N).

Matrices with the same spectrum are unitary equivalent. Furthermore,
since the eigenvalues of the density matrix r = (ry,ry,...,75) in (1) can be
always disposed in a decreasing order, the orbit space B5/SU(N) can be
identified with the following ordered (N — 1)-simplex:

N

Zri:1,1>7“127“2>"'>7”]v>0}~ (14)
=1

AN—I — {I‘ G [RN

3.3. Py/SU(N) — as a spherical polyhedron on Sy _,

We are now ready to combine the above stated methods of the description
of the state space P, the polynomial invariant theory and convex geometry
for writing down certain parameterization of density matrices. Based on the
extreme decomposition of states (1), the parameterization of the elements
of Py reduces to fixing the coordinates on the flag manifolds of SU(N)
and the simplex A, of eigenvalues of density matrices. In the remaining
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part of the article, we will describe B ;/SU(N) in terms of the second order
polynomial invariant, which is determined uniquely by the Euclidean length
r of the Bloch vector, and N — 2 angles on the sphere Sy _5, whose radius in

. . . N-—-1
its turn 1s given as 4/ ~x— -

3.3.1. Qubit, qutrit and quatrit

In order to demonstrate the main idea of the parameterization, we start
with its exemplification by considering three the lowest-level systems, qubit,
qutrit and quatrit and afterwards the general case of an N-level system will
be briefly outlined.

Qubit. A two-level system, the qubit, is described by a three-dimensional
Bloch vector £ = {&;,&5,&5}:

1

92) = =
0(2) =5 (
The qubit state with the spectrum r = {r,,7,} € A; is characterized by the
only one independent second order SU(2)-invariant polynomial t, = r? + r3.

Introducing the length of the qubit Bloch vector, r = /&% + £3 + &3, we see
that? L1

t2:§+§T2.

Hence, the eigenvalues of the qubit density matrix (15) can be parameter-
ized as

Iy +&0,) - (15)

1
i T g + Ty (16)

It will be explained later that the coincidence of the constants p; = 1/2
and p, = —1/2 in (16) with the standard weights of the fundamental SU(2)
representation, when the diagonal Pauli matrix o4 is used for the Cartan
element of su(2) algebra, is not accidental. Below we will give a generalization
of (16) for the qudit, an arbitrary N-level system. With this aim it is sapiential
to start with considering the N = 3 and N = 4 cases.

Qutrit. We assume that a generic qutrit state (N = 3) has the spectrum
r = {ry,ry,r3} from the simplex A, and thus is an eight-dimensional object.
According to the normalization chosen in (3), it is characterized by the

8-dimensional Bloch vector £ = (£,&,, ..., &),

Z (17)

0(3) =

SI

3The semi-positivity of state (15) dictates the constraint, So = 1/2(1 — t,) > 0, which
restricts the value of the Bloch vector length: 0 < r < 1.
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A qutrit has two independent SU(3) trace invariant polynomials, the first
one, ty, = r? + 13 + r2, is expressible via the Euclidean length of the Bloch

8
vector, r? = > €2,
i=1
1 2
ty = = + =12, 18
and the third order polynomial invariant, t; = r$ + r3 + r3, which rewritten

in terms of eight components of the Bloch vectors reads:

1 2 2

ty = 9T §T2 + ﬁgl (€486 + &567) +
2 1

+ ﬁ& (€586 — €a&7) + ﬁfs (EF+&&-&-&)+

P& OE+8+8) 3@ +E+E+8)-23). (19)

Now we want to rewrite (19) in terms of the Bloch vector of a length r and
an additional SU(3) invariant. Having this in mind, it is convenient to pass
to new coordinates linked to the structure of the Cartan subalgebra of su(3).
Choosing the latter as the span of the diagonal SU(3) Gell-Mann matrices
and noting that the state (17) is SU(3)-equivalent to the diagonal state:

3) 2 L e L+ 70 (20)
e T o3BT 3 818 )

one can consider two coordinates (75, Jg) in the Cartan subalgebra of su(3)
as independent coordinates in B5/SU(3). Taking into account that for the
given values of the second trace invariant (18) the coefficients obey relation
J% + J2 = r?, we pass to the polar coordinates on the (75, 7g)-plane,

J5 =1 cos (g), Jszrsin<§). (21)

In terms of new variables (7, ) the expression (19) for the SU (3)-polynomial
invariant ¢5 simplifies,
1 2

2 4.
ty = 9 + 3 r? + 57’3 sin ¢, (22)

and the image of the ordered simplex A, in (75, Jg)-plane under the mapping
(21) is given by the triangle AABC:

V31 1}

Ayis L0<T, < X2 —
2 { 3 2 \/g

depicted in the figure 1.
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Figure 1. The image of the ordered simplex A, in (J3, Jg)-plane under the mapping (21)

In the figure 1 the A,-simplex of the qutrit eigenvalues is mapped to
the triangle AABC inscribed in a unit-radius circle J% + J2 = 1. Its inner
part AABC comprises the points of the maximal rank-3 states P; ; with
1> 1, >ry>rs > 0. All these points generate the regular SU(3) orbits 045
of dimension dim((@,43) = 6. The points on the line AB also generate regular
orbits 0,43, however the corresponding states have rank(p) = 2. In contrast
to the above case, the line AC'/{A} and line BC/{B} correspond to the
subspace of ‘B3 5, but now the eigenvalues of the states are degenerate, either

Ty =Ty > Ty, Or 'y > Ty = T3, hence representing the degenerate orbits O;o5
and O3, respectively. The dimensions of both types of orbits are the same,
dim(0Oy)p3) = dim(0,93) = 4. Finally, the single point C(0,0) represents
a maximally mixed state which belongs also to the set of rank-3 states.

The polar form of the invariants (21) prompts us to introduce a unit 2-vector
n = (cos (¢/3),sin (¢/3)) and represent the qutrit eigenvalues as

1 2
ro= g i (23)

3 V3

with the aid of the weights of the fundamental SU(3) representation:

e (ate) me () me (o) oo

Gathering all together, we convinced that the representation (23) is nothing
else than the well-known trigonometric form of the roots of the 3-rd order
characteristic equation of the qutrit density matrix:

1 2 (g0+47r> 1 2 <g0—|—27r>
) Ty = )

7’1:§—§T8in
1 2
r3:§—§rsin<£).
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It is in order to present a 3-dimensional geometric picture associated to
the parameterization (23). The three drawings in the figure 2 with different
values of r show that (23) are parametric form of the arc of the red circle

which is the intersection A, N'S;(1/2/37).

The picture in the figure 2 illustrates a geometrical meaning of the pa-
rameterization of qutrit eigenvalues (25) in terms of the Bloch radius r and
the angle ¢ € [0, 7]. Consider an intersection of a qutrit simplex A, with
2-sphere 72 +r2 +1r2 = 1/3 + (2/3)r%. The intersection depends on a value
of a qutrit Bloch vector. For r = 0 the sphere and the simplex A, intersect
at point C' = (1/3,1/3,1/3), while for 0 < r < 1 the intersection is an arc
C, of a circle on the plane r; + 74 + 75 = 1 of the radius y/2/3r centered at
the point C'(1/3,1/3,1/3). The intersection for = 1 takes place at B(1,0,0).
The ordering of eigenvalues 1 > r; > ry > r3 > 0 determines the length of
the arc C,.. For any r, the arc C, is described by (25), the depicted curve in
the figure corresponds to the fixed value r = 1/4. Furthermore, varying r

within the interval r € [0, 1], provides the slices covering the whole simplex
AQ — [07 7T] X C)r.

Figure 2. The geometrical meaning of the parameterization of qutrit eigenvalues (25)
in terms of the Bloch radius r and the angle ¢ € [0, 7]

Qutrit Boundary. The introduced parameterization is very useful for
analyzing the structure of a qutrit boundary states. The qutrit space L,
admits decomposition

5]33 = f']33,3 U mg,z U ‘133,1 (26)

into 8d-component of maximal rank-3, 7d-component of rank-2 and extreme
pure states. Every component of (26) can be associated with the corresponding
domains in the orbit space 00[B;]. Particularly, the boundary 0O[B5] consists
of two components and is described as follows:

— Qubit inside Qutrit. For a chosen decreasing order of the qutrit
eigenvalues, r; > ry > 73, the rank-2 states belong to the edge Aj, given
by equation r; = 0, which in the parameterization (25) reads:
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1
rank-2 states : {7“ = ——F
2 sin

for p € [0,71')}. (27)

(/3)
Considering (27) as a polar equation for a plane curve, we find that the
rank-2 states ;3 o can be associated to the part of a 3-order plane curve.

Indeed, rewriting (27) in Cartesian coordinates = rcos ¢, y = rsin g,
(22 +y?)(y — 3a) + 4a® = 0,

we identify this curve with the famous Maclaurin trisectrix with a special
choice of a = 1/2.
For the boundary states (27), the equations (25) reduce to

1 * 1 *
ry = 5(1 +75c3); To = 5(1 —T3c3); (28)

2 1

These expressions for non-vanishing eigenvalues of a qutrit indicate the
existence of a “qubit inside qutrit” whose effective radius is r3-5. Since
the radius of the Bloch vector of rank-2 states associated to a qubit in
qutrit lies in the interval 1/2 < r < 1, the length of its Bloch vector,
r5-3, takes the same values as a single isolated qubit, 0 < r5-5 < 1.

— Orbit space of pure states of qutrit. The boundary 00[%; ;] corre-
sponding to all pure states 3 ; is attainable by SU(3) transformation
from the point, r =1 for ¢ = 7.

where

Quatrit. Now, following the qutrit case, consider a 4-level system, the qua-
trit, whose mixed state is described by the Bloch vector £ = {&;,&,, ..., &5},
1 3 I

The integrity basis for a quatrit ring of SU(4)-invariant polynomials
R[E,, ..., &5]5"@ consists of three polynomials R[t,,ts,t,]. Using the com-
pact notations (see details in Appendix 5.1), they can be represented in terms
of the Casimir invariants of su(4) algebra in the following form:

1 3 1 9 3. .
b= 22 o= 224 D ELEy
2 =3T3 BTl s tve (30)
1 9 3. . - 9 I
ty=—+ =12+ - EVE+ —rt4+ — ¢V Vv
1=t gt Vet g g tvedve

From the expressions (30) one can see that apart from the length r of the
Bloch vector, there are two independent parameters required to unambiguously
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characterize the quatrit eigenvalues. To find them, let us proceed as in
the qutrit case. Consider the diagonal form corresponding to a quatrit state:

@ R 3 4T+ T ) (31)
o Ty 276 313 818 157\15) -

The coefficients J4,7g and J,5 in (31) are invariants under the adjoint
SU(4) transformations of p. By equivalence relation (31), the quatrit state
space is projected to the following convex body:

2 7 N 1
0<T3< /5, =< Te< =, 22<T,,< . 32

The 2-dimensional slice 7,5 = 1/3 of this body corresponds to rank-3
states, see the figure 3. In terms of new invariants, all states with a given
length of Bloch vector r belong to a 2-sphere: J2 + J2 + 73, = r?. Hence, the
corresponding spherical angles ¢ and 6 of these invariants,

73:rsin6’cos§, ngT‘SiHQSing, J15 = rcosb, (33)
can be used as two additional parameters needed for the parameterization of

a quatrit eigenvalues.

o T5=1/3

Figure 3. Slice of the convex body (32) as a result of cutting by the plane 7,5 = 1/3

Let us now, in accordance with (33), introduce the unit 3-vector 7 =
(sin @ cos(y/3),sinfsin(p/3), cosf) and parameterize 4-tuple of the eigenval-
ues of the density matrix r = (r,r,,73,7,) via the following projections:

1 3
L= — f— ‘)-‘)A 4
r; 4+\/;7“n i (34)
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where 3-vectors [ij, fio, fi; and i, denote the weights of the fundamental
SU(4). Explicitly the weights read:

n-Gasmn) a-CGasm)
1 1
e (0-Zag) m(00ag)

Note that the weights [i; are normalised in a way leading to a unit norm of
the simple roots of algebra su(4) and obey relations:

4
> fi; =0, and Zuz pi = 5a5- (36)
=1

Using these expressions, we arrive at the following parameterization of
a quatrit eigenvalues:

1 1 .. ptdm 1
rl:Z_E sin 6 sin 3 —2\/§ cosf |,
1 1 ( g P21 9>
— — —=7T | S1Invsin — COS )
1 2 3 2v/2

11 ( i @ 1 9>
Tq =———=T S o sin — — COS s
T4 2 3 2v2
1

3
Te= g Zrcos&.

T2:

To ensure the chosen ordering of the eigenvalues r; € Aj, the Bloch radius
should vary in the interval r € [0,1] and angles ¢, 0 be defined over the

domains:

T ¢ 7 L .y
TPl otz —osin(2). 38
6<3<2 co \/ﬁsm 3 (38)

A geometric interpretation of (37), in full analogy with the qutrit case, is
described in figure 4.

In the figure 4 the 3-sphere Zj r? = 1/4+(3/4)r? intersects the hyperplane
Z? r, = 1 in the positive quadrant. The intersection occurs iff 1/4 <

1/4+ (3/4)r? < 1, and represents the 2-sphere S (i r) centered at the point

= (1/4, 1/4 1/4 1/4). The intersection with the ordered simplex A, is
given by a spherical polyhedron with 3 or 4 vertices, depending on the Bloch
radius 7.

The boundary of a quatrit orbit space 00[J3,] can be decomposed into 2d-
component of rank-3, 1d-component of rank-2 and extreme zero-dimensional
component of rank-1, corresponding to pure states:

80[%4] - 80[%4,3] U 8(9[‘,]3472] U 30[‘434,1]-
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L]

Figure 4. A geometric illustration of (37)

Qutrit inside Quatrit. The boundary component OB, 3] of rank-3 states
is determined by the intersection of 3D simplex A, with the hyperplane:

r, = 0. (39)

Parameterizing quatrit eigenvalues in terms of angles, the solution to the
equation (39) is
1 1
cos = —, if re [—,1] . 40
3r 3 (40)

Hence, the parametric form of the 2-dimensional surface O[B, 3] is given in
terms of the remaining three non-vanishing eigenvalues:

B R L WA U U R s

=g ﬁf@sm( ) =g ﬁﬂr)sm( ). "
1 1 A,
r3—§——2f(7“)s1n(§>,

where f(r) = /72 — §.

Consequences of the above derived formulae deserve few comments.

1. According to the formula (41) for the eigenvalues of boundary rank-3
states, their expressions are similar to the qutrit eigenvalues given in
(25). This observation prompts us to introduce the conception of the
“effective qutrit inside quatrit”, whose Bloch radius value is determined by
the Bloch radius of a quatrit:

3 [, 1

Tacq = —=A\[T% — —.
3c4 2\/§ 9

Note that since the admissible range of the Bloch radius of rank-3
quatrit states is r € [1/3, 1], then the effective radius 75, takes values
in the interval 0 < r5-, < 1.
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2. The idea to identify qutrit inside quatrit is based on the establishing
correspondence on the level of orbit spaces ‘By,s and Pj; 3. The generic
qutrit state in (26) is 8-dimensional, while dim(*B, ;) = 14. Thus, one
can speak about the correspondence between quatrit rank-3 states and
qutrit states only modulo unitary transformations.

3. In favour of the idea considering “effective qutrit inside quatrit” is a rela-
tion between the polynomial invariants for states on bulk and boundary.
Particularly, using expressions for trace polynomials given in Appen-
dix 5.2, we get:

4.3 3,3 %
55V () = 157 (r50,) -

Qubit inside Qutrit inside Quatrit. In A, the rank-2 boundary compo-
nent 0[P, ,] is comprised from points on a line given by its intersection with

two hypersurfaces:
7“4 - 0, TS - 0.

Following in complete analogy with the rank-3 states, we arrive at “ma-
tryoshka” structure with “effective qubit inside qutrit which in turn is inside
quatrit”. The Bloch radius of this effective qubit is given by the Bloch radius
of a quatrit:

3 [, 1

Toc3ca = N AL
Note that for rank-2 states r € [1/v/3,1] and hence 0 < r5_5-, < 1.

Finally, the rank-1 boundary component O[B, ;] is generated by one point
r = (1,0,0,0) which represents all pure states in As.

3.3.2. Generalization to N-level system

Now after examining main features of the introduced parameterization for
a qutrit and quatrit, we are ready to give a straightforward generalization to
the case of an arbitrary N-level system. With this aim, we will use the Cartan
subalgebra of SU(N) as span of the following diagonal N x N Gell-Mann
matrices:

H, =diag(1,—1,0,...,0),

1
H2 = ﬁ dlag (1, 1, —2, ceey 0) 5
k times
2 e e
H,=—" diag | 1,1,..,1,-%,0,..,0 |,
2k — 1)

9 (N—1) times
D
Hy ) = ————diag | 1,1,..,1,—(N=1)|.
N 2N(N 1) g( ( >>
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The corresponding weights of the fundamental SU(N) representation are

(11 ! :

(-
w0l

tl
l\.')l»—t

1 1 1
"2v3 2k(k;+1)""’ 2IN(N—-1))’

0, —

1
k(k+1) \/QNN—l)’

i = ( = F \/T ﬁ)

(N—2) times
iy ={ 0,0,...,0 N-1
fy = ,0,...,0, ..., v |-

It is easy to verify that the following relations are true:
N N s 1
= o _ — sap
;_1 f; =0, and ;_1 i Hy = 9 0.

Taking into account these observations, one can write down the following
parameterization for the roots r of the Hermitian N x N matrix:

1 2(N —1
=Nt : N )rﬁi'ﬁﬂ (42)
where 12 € Syy_5(1) and parameter r provides the fulfillment of the correspon-
dence with a value of the second order invariant,

t_1 N —1
27N N

Writing the traceless part of the density matrix as the expansion over the
Cartan subalgebra H of su(N),

1 SU(N)
o(N)— Sy = w/ N ZJA

AeH

r2,

we see that N — 2 angles of the unit norm vector 7. (42) are related to
the invariants J32, 72, ..., 7 ?\/2 1> whose values are constrained by the Bloch

radius r:
ZJSQ = (43)
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Finally, it is worth to give the geometric arguments which are emphasizing
the introduced parameterization (42) of qudit eigenvalues. With this goal
consider the intersection S Sw- 1(R) N XyN_q of (N — 1)-sphere of radius R

and hyperplane ¥ _; Z r; = 1 in RY. Let us describe the hyperplane in
parametric form, with parameters 81,89, -+, SN_1"

r:d—i—e(l)sl+e(2)82+---+e(N_1)sN,1, (44)

where N-vector d fixes the point P € ¥_; and the basis vectors (Darboux
frame) obey conditions:

d.e(‘)‘):o7 e(O‘).e(ﬁ):éaﬁ, a,=1,2,...,N — 1.

Using this parameterization, the equation for (N — 1)-sphere reduces to
the constraint
d? + s+ 85+ + s%_; = R?

for all points of intersection Sy_;(R) N X5_;. Hence, the intersection is

nothing else as the (N — 2)-sphere of radius Ry_, = VR? —d? centered
at a point associated to the vector d € X _;. Now if we fix the point P
such that d = (1/N,...,1/N), express the parameters in (44) in terms of
the Bloch radius and the components of the unit vector by relation s, =

V/2(N —1)/Nrn,, and define the frame vectors e(®, so that*

=v2u¥ i=1,2,..,N, while a=1,2 . 6N—1,

we arrive at the representation (42) with the radius of intersection sphere
Ry_5=+/(N—1)/Nr.

Passing from hyperplane ¥,,_; to its subset, the simplex A,_;, we note
that Sy_;(R) N Ap_; will be determined uniquely for every chosen order of
the eigenvalues and the value of r. For an arbitrary NN, a special analysis is
required to write down explicitly Sy_;(R) N Ay_;. Here we only note that
the intersection is given by one out of all possible tillings of Sy_, by the
spherical polyhedra. For N = 3 such polyhedron degenerates to an arc of
a circle, whereas for N = 4 the intersection will be given by two types of
polyhedra, either a spherical triangle, or a spherical quadrilateral, depending
on the value of the Bloch radius r.

4. Concluding remarks

Since the introduction of the concept of mixed quantum states, the problem
of an efficient parameterization of density matrices in terms of independent
variables became one of the important tasks of numerous studies. Starting
with the famous Bloch vector parameterization [20], several alternative types
of “coordinates” for points of quantum states have been suggested [21]-[30].
According to the generalization of Bloch vector parameterization, initially
introduced for a 2-level system, the Bloch vector for an N-level system is a real

4Here o component of i-th weights fi(*) determines i-th component of basis vector e(®),
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(N? — 1)-dimensional vector. However, owing to the unitary symmetry of an
isolated quantum system, those N? — 1 parameters can be divided into two
special subsets. The first subset is given by N —1 unitary invariant parameters,
and the second one is compiled from the coordinates on a certain flag manifold
constructed from the SU(N) group. Introduction of the coordinates on both
subsets has a long history. A description of the former set of SU (N )-invariant
parameters is related to the classical problem of determination of roots of
a polynomial equation, while the latter corresponds to a description of the
homogeneous spaces of SU(N) group °.

In the present article we have discussed the first part of the problem of
parameterization of N x N density matrices and proposed a general form of
parameterization of N-tuple of its eigenvalues in terms of a length r of the

Bloch vector and N — 2 angles on sphere Sy_5(y/(N —1)/Nr). We expect

that this parameterization will be useful from a computational point of view
in many physical applications including the models of elementary particles.
Particularly, in forthcoming publications it will be used for the evaluation of
very recently introduced indicators of quantumness/classicality of quantum
states which are based on the potential of the Wigner quasidistributions to
attain negative values [35]-[37].

5. Appendix
5.1. Constructing Casimir invariants for su(/N) algebra

In this Appendix we collect few notions and formulae explaining the con-
struction of the polynomial Casimir invariants on the Lie algebra g = su(V)
of the group G = SU(N).

Consider algebra g = 2?2_1 &;\;, spanned by the orthonormal basis {\,}
with the multiplication rule

2
Aidj = ]T[(Sz'j + (diji + ofiji) Ans (45)

defined via the symmetric d,j;, and anti-symmetric f;;, structure constants.
Let {w'} be the dual basis in g*, i.e., w'()\;) = 0%, and introduce the G-
invariant symmetric tensor S of order r:

S—=5. .

110g...0,

wil ® wiQ vee ® wir' (46)

The G-invariance of tensor S means that

Z f’r;lzs Si1i2"'isflmis+l'“ir - 0 (47)
s=1

5 Among the important contributions to the problem of parameterizing SU (N ), we would
like to mention the following publications that influenced the present work: [31]-[34].



380 DCM&ACS. 2021, 29 (4) 361-386

Using the tensor S, one can construct the elements of the enveloping algebra

U(g):
(48)

which turns to belong to the center of U(g), i.e., [C,,\;] = 0, for all gener-
ators \,. Having in mind the solution to the invariance equations (47), one

can build the polynomials in N? — 1 real variables E = (&,&9, ... En2_1) "

Q:r@) = Z Silz'z...z',_ filfi2 §i,.7

CT':S' ; ; )\11)\22)\

11%9...0, B0

which are invariant under the adjoint SU (N )-transformations:

p(Ad,(€)) = p(&).

It can be proved that the symmetric tensors k(") defined in the given basis
(:) - =Tr (A{il/\z’Q /\ir}>’ satisfy invariance equation (47)

B1%q...7

of algebra as k

and form the basis for the polynomial ring of G-invariants. The tensors k(")
admit decomposition with the aid of the lowest symmetric invariants tensors,

d;; and d, ;.. Particularly, the following combinations are valid candidates for

the basis:
i1iotsiy d{ilig}sd{i3i4}s,

i1inigigiy d{iliz}sdsiBtd{i4i5}t7
...... = d{iliQ}sd d

111003940506 tai4:1L(i{i5i6}1L'

As an example, for N-level system the G-invariant polynomials up to order
six read:

sigt

63:(N—1)§-

€ =(N-1)EVE-EVE, (49)
EVEV

C=(N—1)(§VEVE?

In the equation (49) the Casimir invariants are represented in a dense
vectorial notation using the auxiliary (N? — 1)-dimensional vector defined via
the symmetrical structure constants d,, of the algebra su(N):

N(N —1)

(gV@k‘: 5

;i §i&-

5.2. Polynomial SU(N)-invariants on Ly

In this section the explicit formulae for polynomial invariants for quatrit
will be given in terms of the suggested parameterization of density matrices.
(N-1)

Since the traceless part of the density matrices, o — ]%I N = 5N

g, belongs
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to the algebra su(N), all trace polynomials ¢, can be expanded over the
su(N) Casimir invariants. The corresponding decomposition of independent
polynomials for the quatrit (N = 4) read:

1
ty = Z(l +3¢,),

1
t3 = 4—2(1 + 3¢, + &5),

t, = 4%(1+6€2+4€3+€§+¢4).

In order to derive the explicit form of polynomials €, and €5, the knowledge
of components of the symmetric structure tensor d is needed. It is convenient
at first to express the invariants for diagonal states, characterized by 7, Jg
and 7,5, and afterwards rewrite them for generic states using parameterization
(33). With this aim, we collect (up to permutations) in the table 1 all non-zero
coefficients d,;, for the Cartan subalgebra of su(3) and su(4).

Table 1
Symmetric structure constants for the Cartan subalgebra of su(3) and su(4)

ijk [3.3.83.3.15| 88.8 | 88.15 | 15.15.15
guw| L1 11 2
AR IRV T RV V3| 6 3
Sve | L L

Taking into account the values for structure constant d from the table 1,
the Casimir invariants of the third and fourth order of a quatrit read:

1
€3 =975 (93 +I2) +9V2 7, (7%—575) —677s, (50)

1
€, =9 (I3 +72)2+36V27475 <7§ —3 J§> + 12 74;. (51)

Finally, plugging expressions (33) into (50) and (51), we arrive at the
representation of the su(4) Casimir invariants in terms of quatrit Bloch radius
r and two angles (6, ¢):

¢, = 27"3 [4\/§sin3(9) sin(y) — 3 cos(f) — 5 COS<39)} ,

¢, = 27“4 [32\/§sin3 (0) cos(0) sin(p) + 4 cos(20) + 7 cos(460) + 21] ,

as well as directly for the trace polynomial invariants,
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L_L.3,
=—+-r
2 4 4 Y
ty = 1 + 27“2 + 37“3 (4\/5 sin® @sin p — 3cosf — 5 COS(39)>
5716 16 64 ’
t, = 1 + 37"2 + 37‘3 (4\/5 sin® @sin p — 3cosf — 5 cos(30)) +
Y64 32 64
3
+ 537‘4 (32\/5 sin® 0 cos Osin o + 4 cos(26) + 7 cos(46) + 45) .
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ITapameTrpu3anus COCTOSHUI KYIUTA

A. XBenesmnze' 23, JI. Muaanenos®, A. Topocsan®

I Mamemamuweckuti uncmumym um. A. Pazmadze
Tounruccrutl 2ocydapemeennviti yrusepcumem um. U. Jocasaxuwsuiu
npocnexm Havu Yasuasadse, d. 1, Touarucu, 0179, I'pysus
2 Mnemumym k6ammosoti (Pusuky U UHHCEHREPHBIT MeTHON02UT
I'pysunckuti mernuveckuts YHUSEPCUmem
ya. Kocmasa, 0. 77, Tounucu, 0175, I'pyaus
3 JlaGopamopus ungopmayuonmox mexnoroeut um. M. . Mewepsakosa
06BedunénnbLl uncmumym AdepHbT uccaedo8anull
ya. 2Koauo-Kropu, 0. 6, Jlyora, Mockosckasn obaacmo, 141980, Poccus
4 Daryavmem Pusuru
Cogputickuti ynusepcumem um. ce. Kaumenma Oxpudcrozo
ya. «Lapo-Ocsobodumenvs, d. 15, Copusa, 1164, Boreapus

KBaHTOBBIE CHCTEMBI ¢ KOHEUHBIM UHCJIOM COCTOSIHUN BCerya ObLIN OCHOBHBIM
9JIEMEHTOM MHOTHUX (DU3MUIECKUX MOjIe/el B sijepHoil pusmke, (pU3NKe JIeMEHTAPHBIX
YaCTHII, 8 TaK»Ke B (PU3MKE KOHIECHCUPOBAHHOTO cocTostiust. OIHAKO CEroHsl, B CBA3U
¢ MPAKTUIECKON TTOTPEOHOCTHIO B 0OJTACTH PA3BUTHS KBAHTOBBIX TEXHOJIOTHIA, BOZHUK
MEJIBIA P/ HOBBIX 33184, PEIeHne KOTOPBIX OYIET CIIOCOOCTBOBATD YIIYUIEHUIO
HAIIIEro MOHUMAHUS CTPYKTYPhl KOHETHOMEPHBIX KBAHTOBBIX CHCTEM.

B crarpe Mbr chokycupyemMcst Ha OTHOM M3 aCIIEKTOB MCCJIEIOBAHUN, CBA3AHHBIX
¢ IpobJIeMOil IBHOM MapaMeTpU3aIuu IPOCTPAHCTBA COCTOTHUN N-ypOBHEBOI KBaH-
TOBOI cucrembl. ['0BOpst TOUHEE, MBI OOCY/IMM BOIIPOC MPAKTUIECKOTO OIUCAHUS
yHUTapHOrO IpoctpancTsa opout — SU (N )-uHBapranTHOro aHajaora N-ypOBHEBOTO
IIPOCTPAHCTBA cocTosgHui P . B pabore Oyner mokasaHo, 9TO codeTaHUe XOPOIIO U3-
BECTHBIX METOJIOB TEOPUHU TOJUHOMUAIBHBIX MHBAPUAHTOB U BBITYKJIOW T€OMETPUN
HO3BOJISIET MOJIYYUTh yJI00HYIO mapaMeTpusaluio st 31eMenTos P/ SU(N). O6-
mas cxema napamerpusanun B/ SU(N) Gyner nerajbHO TPOMJIIIOCTPUPOBAHA HA
nprMepe HU3KOYPOBHEBBLIX cucreM: Kybura (N = 2), kyrpura (N = 3), Kyarpura
(N =4).

KiroueBble cjoBa: mapaMeTpU3alids MATPUIHI TIJIOTHOCTH, KBAHTOBasI CUCTEMA,
KyOuT, KyTPUT, KYaTPUT, KYIUT, TEOPUs MOJTMHOMUAJIBHBIX WHBAPUAHTOB, BBITYKJIas
reoMeTpust



