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In this investigation, we consider an M/G/1 queue with general retrial times
allowing balking and server subject to breakdowns and repairs. In addition, the
customer whose service is interrupted can stay at the server waiting for repair or
leave and return while the server is being repaired. The server is not allowed to begin
service on other customers until the current customer has completed service, even
if current customer is temporarily absent. This model has a potential application
in various fields, such as in the cognitive radio network and the manufacturing
systems, etc. The methodology is strongly based on the general theory of stochastic
orders. Particularly, we derive insensitive bounds for the stationary distribution of
the embedded Markov chain of the considered system.
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1. Introduction

The study on queueing models have become an indispensable area due to its
wide applicability in real life situations. Retrial queues occupy an intermediate
situation between an Erlang model with loss and classical model with wait,
which constitute their limiting models in the case of low and high retrial rates.
Retrial queueing systems are characterized by the requirement that customers
finding the service area busy must join the retrial group and retry for service
at random intervals. Queues in which customers are allowed to retry have
been extensively used to model many problems in telephone switching systems,
cognitive radio network, manufacturing systems, telecommunication networks
and computer systems for competing to gain service from a central processor
unit [1]-[3].

Retrial queueing systems with general service times and non-exponential
retrial time distributions have been received little attention because of the
complexity of the known results. Indeed, in most cases, we are faced with
systems of equations whose resolution is complex, or having solutions not
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easily interpretable. For instance, Pollaczek-Khintchine formula requires
a numerical inversion of the Laplace transform to compute the distribution of
the waiting time. In many cases, even the Laplace transform or probability
generating functions are not available in explicit forms. To overcome these
difficulties, approximation methods are often used to obtain quantitative
and/or qualitative estimates for certain performance measures. For all these
reasons, in this study, a particular interest is devoted to the stochastic
comparison method based on the general theory of stochastic orders [4], [5].

The stochastic comparison method is a mathematical tool used to study
the performance of some systems modeled by continuous or discrete time
Markov chains. The general idea of this method is to bound a complex
system with a new system that is simpler to solve providing qualitative
bounds for these performance measures. These methods represent one of the
main research activities in various scientific fields, such as economy, biology,
operation research, reliability theory, decision theory, retrial queues and
queueing networks [4]-[15].

In the present study, stochastic comparison analysis of an M /G/1 queue
with server subject to breakdowns, general service times and non-exponential
retrial time distributions by considering the both balking and reneging be-
havior of the customer is presented.

The rest of the paper is organized as follows. In the next Section, we
describe the considered queueing system. In Section 3, we introduce an
overview on stochastic orders. In Section 4, we present some lemmas that
will be used in what follows. Section 5 focusses on monotonicity properties
of the transition operator. Insensitive bounds for the stationary number of
customers in the system at a departure epochs are discussed in Section 6.

2. Mathematical model description

Primary customers arrive in a Poisson process with rate A. If an arriving
primary customer finds the server idle, it begins service immediately and
leaves the system after service completion. If the server is found to be blocked,
the arriving primary customer either enters a retrial queue (according to
a FCFS discipline) with probability p or leaves the system with probability
1—p. The service times follow a general distribution B(z) with corresponding
Laplace-Stieltjes transform B*(s) and the first two moments 3; and ;.

The customers in the orbit try to require the service later and the inter
retrial times have a general distribution A(x) with corresponding Laplace-
Stieltjes transform A*(s). The retrial customer cancels its attempt for service
if a primary customer arrives first and either returns to its position in the
retrial queue with probability q or quits the system with probability 1 — q.

We assume that the server may fail (or break down), but only when
a customer is in service. The time until failure is exponentially distributed
with mean 1/u, but failure of the server can occur only when a customer is
being served. When the server fails, the repair starts immediately and the
customer just under service waits for the server until repair completion in order
to accomplish its remaining service. The repair time is a random variable
with probability distribution function C'(x), Laplace-Stieltjes transform C*(s)
and the first two moments ~y; and ~,.
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Upon failure of the server, the customer in service either remains in the
service position with probability «. until the server is up or enters a service
retrial orbit with probability 1 —a and keeps returning at times exponentially
distributed with mean 1/6, until the server is repaired. If the customer in
service enters the service retrial orbit upon server failure, after repair the
server must wait for the customer to return. We refer to this time as the
reserved time.

The performance characteristics of our queueing system are available in Wu
et al. [16]. Under the stability condition pAS; (1+u(15%+7,)) < 1—g-+qA*(N),
the one-step transition probabilities are given as:

r, it i=0, j>0,
po_ (1—q+qA*(N\))rg, if i>0, j=i—1,
g q(1— A*()\))rj_l +(1—q+ qA*(N)rj_i1,if i >0, j>i—1,

0, otherwise,

(1)

where
+oo

)\ m
rm:/(pnf') exp{—pAz}dB*(z), m=0,1,2,..

0

is the distribution of the number of primary customers which arrive during the
generalized service time of the (n + 1)th customer. We define the generalised
service time as the length of time from when a customer begins service
until service completion (that includes: some eventual repair times (X)) and
reserved times (Y;)) with common distribution

B'(2) =YY" / (J) 01— ) I om0 y)any)
0

i=0 j=0

3. Overview on stochastic orders and ageing notions

Stochastic ordering is useful for studying internal changes of performance
due to parameter variations, to compare distinct systems, to approximate
a system by a simpler one, and to obtain upper and lower bounds for the
main performance measures of systems. For a comprehensive discussion on
these stochastic orders, see [4], [5].

Let X and Y be two random variables non-negative with distribution

functions F and G, respectively.
+00 +0o0

Laplace order (<;): X <, Y & / e TdF (x) > / e **dG(x),Vs > 0.
0 0
Stochastic order (<,;): X <, Y < F(x) > G(x),Vx € R.

Convex order (<,): X <, Y & /(1 — F(t))dt < /(1 —G(t))dt,Vz > 0.

x
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Proposition 1. Let X be a random variable with distribution function F
and finite mean m.
(a) F'is New Better than Used in Expectation (NBUE) iff F' <, F*,
(b) F'is New Worse than Used in Expectation (NWUE) iff F* <, F,
(¢) Fis of class £ iff F >; F*, where F* is the exponential distribution
function with the same mean as F.

4. Comparison bounds for the probability r,,

This subsection presents several useful lemmas which will be used later in
establishing the main results. For this, we consider two M /G/1 queue with
general retrial times allowing balking and server subject to breakdowns and

repairs with parameters A\¥), g9, o® p@ C® B for i = 1,2 respectively.
Lemma 1. AN < A®), g1 < 4@, a0 > o@ 40 < 4@ 00 <, @),
B <, B?, then {r% <ot {rn' )

Lemma 2. IFAY <A@, ¢ < ¢@), o) > o, 40 < 4@, ¢ <, 0O,
BW <, B, then (M} <, {7«5?}.

Proof. To show both lemmas, we have to establish the usual numerical
inequalities

7_05711) _ Z r%l) < 77721) (for <,=<),

By definition, we have

j=m j=m

A ) o .
Z / ' :I:) e-p(”A(”(L‘dB.(") (x)’ 'L — 17 2

jzm j=zm l>j

The rest of the proof is known in the more general setting of a random
summation. O

5. Monotonicity properties of the transition operator

Let T be the transition operator which associates to every distribution

= {w;} ;50 a distribution Tw = {v,} 5, such that v; = ng
2

i

Theorem 1. The transition operator T is monotone with respect to the
orders stochastic (<) and convex (<,).
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Proof. It is well known that an operator is monotone with respect to <,
if and only if P ~ P, ; 2 0, and is monotone with respect to <, if and only

’L

it Py + Py — 2P..>0 i, j.
In our case, P;; Z ., and TDZ-J- =Dy 0
=3

Now, we consider two M /G /1 queue with general retrial times allowing
balking and server subject to breakdowns and repairs with parameters \(%),
¢?, a®, p® cW AW BW_ for i = 1,2 respectively. In the followmg
theore;n, we give comparabﬂlty condltlons of two transition operators T!
and T~.

Theorem 2. [f)\ )\( )7 q(l) < q(2)} @(1) > 04(2), /’L(l) < /'6(2)7 C(l) <S
c®, BY £, B? and A D < AR then T <, T2, where <, is one of the
symbols < or <,. Le. for any distribution w, we have T'w <, Tw.

2

Proof. It is well known that to prove T! <, T2, we have to show the

following numerical inequalities for the one-step transition probabilities PZ(J >,

=1) =2
Psz) (see Stoyan [5]): P<1 Pij , Vi, j, (for <;=<), and P;; < P, Vi,j,
(fOI‘ <s_gv)'

After algebraic manipulations, we obtain the result searched. 0

6. Bounds for the stationary distribution

Now, we add the the corresponding stationary distributions of the number

of customers in the system 777(11) and 7T1(¢2) .

Theorem 3. If AV < A2, ¢V < ¢@, oV > a®, pV) <@, CW

C®, B L, B® and AV <; AP, then {ngl)} < {77,%2)}, where <, is one
of the symbols < or <,.

Proof. Using Theorems 1 and 2 which state that T? are monotone with
respect to the order <, and T! <, T?, we have by induction T!"w <, T?"w
for any distribution w. Taking the limit, we obtain the stated result. 0

Theorem 4. We consider an M /G /1 queue with general retrial times allow-
ing balking and server subject to breakdowns and repairs. If we have, the service
time distribution B(x) and the repair time distribution C(x) are NBUE and the
retrial time distribution is of class £, then {m,} <, {7}, where {n}} is the
stationary distribution in the Markoman retrial queue with the same parameters.

Proof. Consider an auxiliary Markovian M /M /1 retrial queue allowing
balking and server subject to breakdowns and repairs, having the same
parameters as the model considered in our study , but with exponentially
distributed retrial time A*(x), service time B*(x) and repair time C*(x). We
have also, if B(z) and C'(z) are NBUE and A(z) is £, then B(x) <, B*(z),
C(z) <, C*(z) and A(x) < A*(x). Therefore, by using Theorem 3, we
deduce the statement of this theorem. 0
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7. Conclusions

In this work, we investigated the monotonicity of the transition operator of
the embedded Markov chain with respect to stochastic and convex orderings.
In addition, we done comparability conditions of the transition operators
of the considered systems, associated with two Markov chains. Further, we
obtained comparability conditions for which the stationary distribution in the
considered model is bounded by the stationary distribution of the Markovian
retrial queue, if the service time and the repair time distributions are NBUE
and the retrial time distribution is of class £.
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CroxacTuiecKuil aHaJIN3 CUCTEMbI THUIIA
«KJIMEHT—CEPBEP» C HEHAJAEXKHOUN OYepeIbIO
c OJIOKMPOBKOI M OOIIMM BpeMeHeM OOHOBJIEHUS

Moxamen Byanem

Hccaedosamenvcroe nodpasdeserue LaMOS
Daxysvmem mexnorozutl, YHusepcumem Bedocas, Anrocup

B crarbe paccMarpmBaeTCs CHCTEMa MacCOBOro obciyzkupanus tuma M /G/1
¢ ODOOIIIEHHBIM BpeMeHeM ODHOBJIEHUS, JTOIYCKAIOIasd OJOKUPOBKY, BBIXOI M3 CTPOS
u Bo300OHOBJIeHHE paboThI cepBepa. Kpome Toro, KianeHT, 00C/IyKUBAHUE KOTOPOTO
IPepPBaHO, MOXKET OCTABATbCsl HA CEPBepe B OXKUJIAHUU BOCCTAHOBJIEHUsI €r0 pado-
ThI, a MOZKET IMOKUHYTHb CUCTEMY W BEPHYTHCA B IMEPUO BOCCTaAHOBJICHUA pa6OTBI
cepBepa. CepBepy He pa3peniaeTcs HaUYNHATH OOC/IY?KUBaHUE JIPYTUX KJIUEHTOB JI0
TeX TOp, MOKa TEKYITUi KJIMEHT He 3aBepIIuT OOCIyKUBAHWE, JaXKe €CJIU OH Bpe-
MEHHO OTCYTCTBYET. STa MOJEJIb UMeeT ITOTEeHIINAJIbHOE IIPDUMEHCHNE B PA3JIMIHBIX
00JTACTSAX, TAKUX KAaK CeTh KOTHUTHBHOTO PAJINO, TIPOU3BOJICTBEHHDBIE CUCTEMBI U T.
1. MeromoJiorust cTporo basmpyercss Ha, OOIEil TEOPUU CTOXACTUIECKUX TTOPSIJIKOB.
B wacTHOCTH, TTOJIyYeHBI OIMEHKH CTAIIMOHAPHOTO PACIpPEIeIeHNS BJIOYKEHHON IIeTn
MapkoBa paccMaTpUBAEMOM CHCTEMBI.

KiroueBsbie cioBa: odepelib ¢ 00HOBJIeHUEM, TIenb MapkoBa, 6JIOKMPOBKA, BHIXOJT
U3 CTPOA M BOCCTAHOBJIEHVE, CTOXACTUYCCKUN ITOPAIOK, I'PAHUIIBLI, KJIACCHI CTApECHUA





