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Though the problem of Hawking radiation in de Sitter space-time, in particular details
of penetration of a quantum mechanical particle through the de Sitter horizon, has been
examined intensively there is still some vagueness in this subject. The present paper aims
to clarify the situation. A known algorithm for calculation of the reflection coefficient R.;
on the background of the de Sitter space-time model is analyzed. It is shown that the
determination of R.; requires an additional constrain on quantum numbers eR/hc > j,
where R is a curvature radius. When taking into account this condition, the value of R.;
turns out to be precisely zero. It is shown that the basic instructive definition for the
calculation of the reflection coefficient in de Sitter model is grounded exclusively on the use
of zero order approximation in the expansion of a particle wave function in a series on small
parameter 1/R?, and it demonstrated that this recipe cannot be extended on accounting for
contributions of higher order terms. So the result R.; = 0 which has been obtained from
examining zero-order term persists and cannot be improved.

It is claimed that the calculation of the reflection coefficient R.; is not required at all
because there is no barrier in the effective potential curve on the background of the de Sitter
space-time.
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1. Introduction

The problem of Hawking radiation [1], and in particular the radiation in de Sitter
space-time [2] and details of penetration of quantum mechanical particles through
the de Sitter horizon were examined in the literature [3-10]. Till now remains some
vagueness in this point, and the present paper aims to clarify the situation.

In the paper, exact wave solutions for a particle with spin 0 in the static coor-
dinates of the de Sitter space-time model are examined in detail, and the procedure
for calculating of the reflection coefficient R.; is analyzed. First, for scalar particle,
two pairs of linearly independent solutions are specified explicitly: running and stand-
ing waves. A known algorithm for calculation of the reflection coefficient R.; on the
background of the de Sitter space-time model is analyzed. It is shown that the de-
termination of R.; requires an additional constrain on quantum numbers eR/hc > j,
where R is a curvature radius. When taking into account for this condition, the value
of R.; turns out to be precisely zero.

It is claimed that the calculation of the reflection coefficient R, ; is not required at
all because there is no barrier in the effective potential curve on the background of
the de Sitter space-time.

Received 27" June, 2012.

Authors are grateful to participant of seminar of Laboratory of theoretical physics, Institute of
Physics of National Academy of Sciences of Belarus for stimulating discussion.

We wish to thank the Organizers of the XLVIII All-Russia conference on problems in Particle
Physics, Plasma Physics, Condensed Matter, and Optoelectronics Russia, Moscow, 15-18 May 2012,
dedicated to the 100-th anniversary of Professor Ya.P. Terletsky, for opportunity to give a talk on
the subject.



154 Bulletin of PFUR. Series Mathematics. Information Sciences. Physics. No 4, 2012. Pp. 153-169

The same conclusion holds for arbitrary particles with higher spins, it was demon-
strated explicitly with the help of the exact solutions for electromagnetic and Dirac
fields in [11].

The structure of the paper is as follows. In Section 2 we state the problem; some
more details concerning the approach used could be found in [11].

In Section 3 we demonstrate that the basic instructive definition for the calculation
of the reflection coefficient in de Sitter model is grounded exclusively on the use of

zero order approximation ®(©(r) in the expansion of a particle wave function in a
series of the form

d(r) =2 (r) + (;) oW (r) + (1;2)2 @ (r) 4 ... (1)

What is even more important and we will demonstrate it explicitly, this recipe
cannot be extended on accounting for contributions of higher order terms. So the

result R.; = 0 which will be obtained below from examining zero-order term ®(® ()
persists and cannot be improved.

2. Reflection Coefficient

Wave equation for a spin 0 particle (M is used instead of McR/h, R is the curva-
ture radius) reads

L o maees 2\ Q(g) —
(s 0nv=a0™ 0, + 240 ) wia) 0. )

and is considered in static coordinates

d 2
ds? = odt? — % (A2 +sin?ddg?), 0<r<1, d=1-7r%  (3)

For spherical solutions ¥(x) = e~ f(r)Y},, (9, ¢), € = ER/he, the differential equa-
tion for f(r) is

d2f 2 @\ df e2 M?*+2 j§(G+1)
A (e R [ - =0. 4
dr2+(r+®>dr+<<1>2 o o2 )f 0 (4)

All solutions are constructed in terms of hypergeometric functions (let 72 = z):
regular at r = 0 standing waves are given as
f(z) =221 = 2)7F(a,b,c;2), rk=j/2, o=—ic/2, c=j+3/2,
8/24++iy/MP—1fA—ie | _3/2+j—iy/M?—1/i—ic (5)
a = = .
2 ’ 2 ’

singular at r = 0 standing waves are
g(z) = 27 UHDR(1 = 2)7*2F(a, B, 7; 2),
k=—(+1)/2, 0 =—ig/2, c=—j+1/2,

1/2 —j+i/M?2 —1/4—ie 5 1/2 —j—i/M?2—1/4—ie
a= = .

2 ’ 2
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With the use of the Kummer’s relations, one can expand the standing waves into
linear combinations of the running waves

F(C)F(C —a- b) Uout(z) +

L(e)(a+b—c) i,
Ilc—a)l(c—b) ™ v

U;ﬁlr‘f(z) = Zj/2(1 - Z)_i5/2F(av bva +b—c+ L;1— Z)’

U (z) = 27/2(1 — 2)Y*2F(c —a,c —b,c —a—b+1;1 — 2), (&)
a*=(c—a), b*=(c—b), (a+b—c)"=—(a+b—c),
[Unin (2)]* = Ut (2),
R e A L CIN®)
Similarly for g(z)
g@%_Wﬂfw—a—ﬂhpm@%%ﬂwfw+ﬂ—7&m(@7 (10)

T(y—a)l(y—p) ™ L'(a)T(B) o
Ut (z) = 2221 — 2) */2F(a+1—~,B+1—v,a+B+1—y1-2),
U;En(z) = Zj/Q(l - Z)+i8/2F(1 —Q, 1- 67’}/ + l—a-— 57 1- Z)a (11)

POy == B) out,y _ gpe L@+ B8 =9) in
Ty —al(y—g) & =2 g Ol 1)

Asymptotic behavior of the running waves is given by the relations

1 ,
rit1l’ Upn(r~1) ~ (1 - 7’2)_16/23

g(z) = 2Re

Uout.(r ~ 0) ~

run | (13)
Ull’l

U;En(T ~ 0) ~ NT? run

(r~ 1)~ (L=r?)te2,

or in new radial variable 7* € [0, 00):

. R _1+r exp(2r*/R) — 1
r* = —1In , = ,
2 1-r exp(2r*/R) + 1

U (r* ~ 00) ~ (Z_iER/hC) exp(+iEr* /hc), (14)

U (r* ~ oo) ~ <2+iER/hC) exp(—iEr*/hc), €= ER/hc).

For the standing waves we have

1
fr-j+1 ’

fvmd)NzRe{Ndﬁgié)cb+m3m%mw4Eﬁﬂwﬂa (15)
L) (a+8—7) o+iER/he
I(a)l'(8)

flr~0)~17, g(r~0)~

g(r ~1) ~ 2Re { exp(—iEr* /hc)] .

On can perform the transition to the limit of the flat space-time in accordance
with the following rules:
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_ p+1—ieR+i\/RPM2—1/4

)

1—ieR '\/RQJWQQ 1/4 16)
pbriTre _22 —UA i
lim (R%2) = R?, F(a,b c~z)_1+“—bi+ ale+ Ve +1) 2 (17)
R—)OO Y P R 1' C(c+1) 2' ey
and further (R — o0)
a+n 1 [(p+1 | ) 1 n  —ie—iM
= — _ M2 _— _~
R 2<R e 4R2>+R 2
b+n 1 (p+1 . . 1 n  —te+iM
R L N .V =
R 2(3 e 4R2)+R 2
Let €2 — M? = k2, then we arrive at
. 2. (—k*R%/4)"
lim F(a,b,c;z) =T(1 _
et (a,b,¢;2) ( +P)anr(1+n+p), )
18
= (—k2R2/4)"
I%Ean(b—c+1a—c+l—c+22 r'l—p )Zn‘F1+n g
Allowing for the know expansion for Bessel functions
T\P (ix/2)*"
B = (B) S G
p(@) =35 20: nIT(1+n+p)
we get (wave amplitude A will be determined below)
lim AUSY(z) = lim A~
Rgnoo ran (Z) - R1—r>noo \/;X
I(—ieR + )T(—p)T(1 + p)(2/k)PR™P/2 (k) +
T[L(+iy/REM? —1/4 —ieR+ p+ 1)|T[4(—i\/R2M? — 1 /A —icR+p+1)] "
N I'(—ieR + 1)L (+p)T'(1 — p)(2/k) PRTPH/2 (k)
T[L(+iy/REM? —1/4 —ieR — p+ 1)|T[L(—i\/RZM? — 1 /A —icR —p+1)]
(19)
Performing limiting procedure (see the detail in [11]) we derive the relation
[2
hm AUgut(2) — ]+1 HJ+1/2 (20)

where

H(}r)l/2( )= sinz(;frp) [P Ty () = Tp(x)]

stands for Hankel spherical functions.

In connection with the limiting procedure, let us pose a question: when the relation
(20) gives us with a good approximation provided the curvature radius R is finite. This
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point is important, because when calculating the reflection coefficient in the de Sitter
space just this approximation (20) was used [3-6].

To clarify this point, let us compare the radial equation in Minkowski model

d? 2d

@2 iG+1)
dr2 * rdr

b2z SUED } 7 =0, (21)

and the appropriate equation in de Sitter model

a4 2(1-2r%/R?) d g2  MP42 G+ o0 (2)
dr2 ~ r(1—7r2/R%) dr  (1—7%2/R%)? 1-1r2/R? 72 R

At the region far from the horizon r < R, the last equation reduces to

2 2
g TRapTE M TR R

j(j+1)+2_j(j+1>}f€j:[), (23)

So, we immediately conclude that eq. (21) coincides with (23) only for solutions with
quantum numbers obeying the following restriction

Ji+1)+2
2 —M?*> T (24)
In usual units, this inequality reads
h A2 A2
E=pme*, A=—, = ~107% p2—1> [i(G+1)+2. 25
pme, 2 ;W > 7zl +1) +2] (25)
Instead, in massless case we have

2w2 o R247T2 o

2 > U0+ +2] o —5=>[i(j+1)+2]. (26)

So we can state that the above relation (20) is a good approximation at a finite R
only for quantum numbers obeying (25)—(26).

One additional point should be emphasized, the radial equation in de Sitter space
can be transformed to the form of the Schrodinger like equation with an effective
barrierless potential. Indeed, in the variable r* eq. (22) reduces to

[di; +e2 — U(r*)} G(r*) =0,

N 1 —72
U(T ): R2

(27)

J : 1)} _

[4(17")+T+m2R2+
147
It is easily verified that this potential corresponds to attractive force in all space

d 1—r? i(j+1

Cdr* R2 r2 147
AL =)+ (1= 12) (2](37;1) +4—(1+1r)2)] > 0.

At the horizon, r* — oo, the potential function U(r*) tends to zero, so G(r*) ~
exp(Lier®).
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The form of the effective Shcrédinger equation modeling a particle in the de Sitter
space indicates that the problem of calculation of the reflection coefficient in the system
should not be even stated. However, in a number of publications such a problem
has been treated and solved. So we should reconsider these calculations and results
obtained. Significant steps of our approach are given below:

The existing in literature calculations of non-zero reflection coefficients R.; were
based on the usage of the approximate formula for USS(R) for the region far from
horizon (19). However, as noted above, the formula used is a good approximation only

for solutions specified by (24), that is when j < eR.

It can be shown that the formula existing in the literature gives a trivial result
when taking into account this restriction. The scheme of calculation (more detail see
in [11]) is described below.

The first step consists in the use of the asymptotic formula for the Bessel functions:
when x> v? we have

L2 4 1)2-2-1/2 1
T@) ~ e v 172) 2 -

X [exp (—H’(x - g(u + ;») +exp <—i(3: - g(y + 2)))] :

so when j < j2 < eR we derive

+ieR
€ e L LI
Uz ) ~ | (Crempl(-i5 0+ ) + Coexpl-i5 (-p+ 5)) +
e ek T 1 T 1
+ R Clexp(+z§(p+§))+Cgexp(+15(—p—|—§)) , (28)

where C; and Cs are given by

O = Tla+b+1—-c)'(1—c) 2777 (2p+ 1)
YT Th—c+D)I(a—c+1) (eR)T(p+1/2)’

_Tla4+b+1—-c)l(c—1)(eR)TT(—2p+1)

B ['(a)L'(b) 2=l (p+1/2)

(29)
Ch

The reflection coefficient R.; is determined by the coefficients at e~ /e R and e /e R.
It is the matter of simple calculation to verify that when eR > j, the coefficient R.;
is precisely zero

eR>j, R.;=0.

This conclusion is consistent with the analysis performed above.

3. Series Expansion on a Parameter R~2 of the Exact
Solutions and Calculation of the Reflection Coefficient

In Section 3 we demonstrate that the basic instructive definition for the calculation
of the reflection coefficient in de Sitter model, being grounded exclusively on the use
of zero order approximation ®(®) (r) in the expansion of a particle wave function in a
series of the form (1), cannot be extended on accounting for contributions of higher
order terms.

Let us start with the solution, the wave running to the horizon
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UOUt(Z) :I‘(a+b—c—|— )[OéF(Z)"‘ﬁG( )]7
D(e-1) (30)

_ I'(l-¢ _
IOt Dia—ct )’ T TNaT)
where
F(z) =2~ Y2/2(1 - )7%/2F(a,b,¢;2), c¢=j+3/2=1+p,
_ldp—ietiy/m 1A l4p—ie—iym—1/4 (31)
2 ’ 2 ’
and

G(z) = 2P VD21 — )T 2R(a—c+ 1,b—c+1,2—¢;2), 2—c=1—p,

L—p—ictiym? 14, l-pic—iy/m* /4 (32)

_ 1=
a—c+ 5 , 5

For the following we need the expressions for all quantities in usual units. It is
convenient to change slightly the designation: now R stands for the curvature radius

72 ER R McR R h
T €T L T hY E=pMc*, m= Pt )\:m. (33)

Now, the relations (30)—(32) read

z =

D 2\ —tuR/2X 2
F(Z):R_p—i_l/QL <1—T> F(aabvc;%)v C:1+p7

r R?
v (34)
1 14 R+ R2 1 b— 1 14 R Rz 1
a=— —1 - — —q R
2 Pyt ) 2 Py =W e )
and
_ +ipR/2) 5
_ 12T " r o
G(Z)—Rp /\/77<1__R2) F(Q—C+1,b—c+1,2—c,ﬁ),
1 . R /RZ 1
rreslion “—C+1:2<l—p‘wa*” A2_4>’ (35)

1 R /R 1
b—c+1—2<1—p—z,u)\—z )\2—4>.

The task consists in obtaining the approximate expressions for F(r) and G(r) in
the region far from horizon, r < R; first let us preserve the leading and next to leading
terms (we have a natural small parameter A\/R).

First, let us consider the exponential factors

+ipR/2X 2
r? uR T

pR r? .. |uR r2
= cos [2)\ In(1 — RQ)] + isin [2)\ In(1 — RQ)] .

Using the expansion for the logarithmic function
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2 3 r? r? 17t 176
IH(I*LL‘):*(Q?+?+§+...), 1n(1R2)2<R2+2]%4+3R6+>7

we get (assuming that 72 < AR)
1 p2 0\ T2 uR [ r? n 17 n 176 n
- — =cos— —=+=-—+=
R? o\ \R2 ' 2R1 " 3RS i

uR r? 1r 16 - ,u27“4 ,,uR r2 174
:Fzsm<R2+2R4+3R6+... A 1_8)\2R2 Fig ﬁ+§ﬁ . (36)

Terms in eq. (36) can be written in descending order

2 +55 72 Iu2 rd 4 A\ 2
TR = Xgmg X =5 <1, 53 <1 (37
( RQ) Figsr 2 v e YT RS g < G

Now we turn to the hypergeometric function F'(a,b, ¢; 2) from (34). Because R ~

039, X\ ~ 107 '2, one can use the approximation of a leading and two next order terms
in the expressions for the following parameters

1 R R 22 1 ~1R A
a:2<1+p—iu+i 1—) _tp e R A

A A 4R? 2 2 A 16R’
(38)
1 R R A2 1+p pu+1R A
L4p—ip— —i—q/1— = - A
b= 2( HEA W 4R2> 2 "2 x"'I6R
Then, the hypergeometric function is given as
r? 1 ab 1 1 ala+1)b(b+1)
F(a,b =1 -
(a,6,¢; ) TR R? ¢ 2! R4 cle+1) (")
1 1a(a+1)(a+2)b(b+1)(b+2)( S
31 RS clc+1)(c+2)
11 1 2). —Dbb+1)(b+2)..(b -1
n! R?" (c+1)(c+2) (c+n—-1)

It is convenient to introduce a shortening notation for small quantity X = \/R),
then a typical term is represented as

— ~ X
R2  (c+n) p+1l4+n  2X uw—1 +8(,u—1)

X—z’(,u—&-l) 4 1+p—|—2nX X2
2 gt 1 8(u+1)

1 (@a+n)btn) 1  —i(u—1) (1+ 1+p+2n X? >><

~

1 ur—1 2ip 1+p+2n)2—1/4 _,
~ — 1 1 2n)X — X2|.
p+1+n< 4>\2>[+u2—1( o+ n) 12— 1

Below we will use the notation k2 =

-1
5—, then
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1 (a+n)(b+n) _ 1 K y
R2  (c+n)  pt+l+n 4

2i 1 2n)? —1/4
x[1+lﬂzfl(1+p+2n)X—( +p:2f)1 /XQ].

Thus, we have the following approximate expressions for the first few terms in the

series
r? ab 1 k2r? 2ip (1+p)?—1/4
—— R~ — |- 1 1 X2 1 x?

R? ¢ p—|—1< 4 )[+u2—1( +p) ur—1 ]’

e+ )0+1) 1 k2r? "
R2  (c+1) "~ p+2 4
200

p?—1

x[l—i— (1—|—p+2><1)X—(1+p+2X1)2_1/4X2],

p? =1

r? (a+2)(b+2) 1 k2r?
R (c+2) Np+3<_ 4 )X
2ip
p?—1

x[1+ (1+p+2><2)X—(1+p+2X2)2_1/4X2]

p?—1

r?a+3)(b+3) 1 [ k¥? y
R2  (c+3) T p+4 4
2ip

p?—1

(1+p+2x3)X

2 _
x[l+ _(I+p+2x3) 1/4X2]7

p?—1

R? (c+4) T p+5 4
200

p? =1

r? (a+4)(b+4) 1 (_km)x

x[1+ (1+p+2><4)X—(1+p+22><?2_1/4X2],
02—

r? (a+n)(b+mn) 1 kA y
R?  (c+n) Tp+14n 4

291
p?—1

x[1+ (1+p+2n)X—(1+p+2n)2_1/4X2].

p?—1

Now we are ready to write down the expressions for the coefficients of the hyper-
geometric series preserving only leading and two next order terms

1 7% ab 1 k2r? 2ip (1+p)?—1/4
———~—— - 1 14+p)X — —F X2
1R ¢ p—|—1< 4){+u2—1( +7) 12— 1 ]
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1 (?)?abla+1)(b+1)
2! (R?)? c(c+1) -

o (B 2ip_ B
N( 4 ) 2!(p+1)(p_,_2){1+M2_1[(1+p)+(1+p+2 )X

—X {w;litl)z(1+p)(1+p+2x1)+(1+£)_11/4+<1+p+u22><11) —1/4”7
1 () abla+ D(b+1)(a+2)(b+2) (_k:) ! x
31 (R?)? cle+1)(c+2) - 4 ) 3lp+1)(p+2)(p+3)
><{1+Xﬂ32f1[(1+p)+(1+p+2x1)+(1+p+2><2)]—
—X2[(Mfﬁi)z[(l—kp)—k(l—i—p—i-Qx1)](1+p+2><2)+
+(1+p)21/4+(1+p+2><1)21/4+(1+p+2><2)21/4}}7
p? =1 p?—1 p? =1
1 () abla+ )b+ 1)(a+2)(b+2)(a+3)(b+3) _
4! (R2)4 cle+1)(c+2)(c+3) -
N(_k%?)‘* 1 y
T\ 4 ) A+ D+ +3)(p+4)
><{1+Xﬂfzfl[(1+p)+(1+p+2x1)+(1+p+2><2)+(1+p+2><3)]—
—XQ[M;Lﬁgw[(l+p)+(1+p+2x1)+(1+p+2><2)](1+p+2><3)+
(1+p)?—-1/4 (A+p+2x1)2-1/4 (1+p+2x2)2-1/4
-1 p*—1 " p?—1 "
(1+p+2x3)2-1/4
" p? =1 H

1 ()" ablat Db +1).fatn—1(b+n—1)
n! (R?)" clc+1)...(c+n)

N (_k2r2>n 1 y

T\ 4 ) np+Dp+2).(p+n)
240

p? =1

x{1+X [(1+p)+(14+p+2x1)+(1+p+2x2)+..
4y
(n? = 1)
+(1+p+2xn-2)]1+p+2x(n—1))+
+(1+p)2—1/4+ (1+p—|—2><1)2—1/4+m+ (1—|—p+2x(n—1))2—1/4}}'
p?—1 p?—1 p?—1

—|—(1+p+2x(n—1))]—X2[ (T+p)+A+p+2x1)+..
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Thus, initial exact hypergeometric function can be approximated by the sum of

three series )

F = F(a,b,c; %) = Fo(r) + XFy(r) + X2Fy(r). (40)

The leading series Fy(r), in fact, reduces to the Bessel function

- (ikr/2)? (ikr/2)4 (ikr/2)*" _
PO =1 0 T 2+ e+ T T R Do ) T
—ro+ )Y A ) () . @
where
T\P (2P /4"
5@ = (3) 2impriiay ST
The second series is given by
7 _ 2ip k22 p+1 k22 2[(1+p)+(1+p+2x1)]
XFl(T)_Xm—l{( g /4)p+1+( K4 2p+1)(p+2)

1+p)+(1+p+2x 1)+(1+p—|—2x2)]+
Bp+1)(p+2)(p+3)
IL+p)+ 1 +p+2x1)+(1+p+2x2)+ (1 +p+2x3)]
Ap+1)(p+2)(p+3)(p+4)
1+p)+(1+p+2><1)+...+(1+p+2><(n1))]}_ (42)
nlp+1)(p+2)...(p +n) ’

+ (—]{727"2/4)3 [

4 (—k27’2/4)4 [(

(—k2T2/4)n [(

that is

XB(r) — x 2 (-k%«?) {1+ (—k%z) [(A+p) +A+p+2xD)]

p2—1\ 4 4 2p+1)(p+2)
22\ [ 4+p)+ A +p+2x 1)+ (1+p+2x2)
+< 4> 3+ )(p + 20+ 3) *
(—k2r2>3 (4P +(Qtpt2x D+ (A+p+r2x2)+A+p+2x3)]
4 Ap+1)(p+2)(p+3)(p+4)
N (—k2r2>" [(1+p)—|—(1—|—p+2><1)+...—|—(1—|—p+2><n)]}
) 4 (n+DIp+1)(p+2)..(p+n+1)

?

or shorter

_ 24 —k2r?

) i (_kzﬁ)" (L+p)+.. +(Q+p+2xn)] (43)

4 (n+1)IT(p+2+n)

Using known sums

[(T+p)+..+(Q+p+2xn)=1+p)n+1)+2(1+2+3+..n) =



164 Bulletin of PFUR. Series Mathematics. Information Sciences. Physics. No 4, 2012. Pp. 153-169

=0 m 25 1)

we derive

_ 2ip —k2r?\ & 2 9,0n M+1)(n+14p)
XFl(T)_X,ﬂ—f(pH)( 4 >n§0(_kr/4) (n+1DIT(p+2+n)
) S LRy

4 —nll(p+1+n)

—k2r? 20 Er\ P
= r | —
() et ()

—k2r? 2t =
Jp(kT) - X ( 4 > mF@(T‘)

2ip
=X T 1
1 (p+ )(

Thus, the approximation (40) can be presented as follows

_ _ _ _ _ 2 —k‘2 2
F:Fo(r)+XF1(r)+X2F2(r):Fo(r)—kXﬂQZfl( -

) F()(T‘) +X2F2(T). (44)

Similar relations can be derived for the hypergeometric series G(r):
_ r2
G=Fla—c+1,b—c+1,2—g¢ i

The leading term again reduces to the Bessel function

) = Go(r) + XG1(r) + X?Go(r). (45)

~ kr\ P
Gotr) =11 -p) (% ) Il (16)
Next order term is given by
- —k2r? 2 =

So, the approximation (45) is presented as

G = Go(r)+ X G (r)+ X2G (r) = Go(r)—leuz%fl (‘?2) Go(r)+ X2 (r). (48)

Now let us consider the whole function

2\ —inR/2X 2
_ pepr12 r LA T
F(Z)—R p /\/’F<1—R2> F<a,b,c,R2>—

) 7,2 /1‘2 7,,4 7,4
—rH120 X —L
sl TR T 2 mere T ege |

_ 24 —k2r?
F ikl
2ip
p*—1

) XFo(r) + XQFQ(T)} _

_prr2” | E
=R \/; Fo(T)+

<‘k42’"2> XFo(r) + X2Fy(r)+
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+z,u—2Fo(7’)+z',u 2 (_km) X Fo(r )+w—2X Fo(r)
2AR AR —1\ 4 2AR
N /;24A24R2F°(T) - /;24)\7;4}22 ,ﬂQ = <_k42 TQ) XEo(r) - 22 4>\24R?X Fafr)+
+ipX /\24RQ Fo(r) +inX A’jRQ Mf’f <k42’"2>XF0( ) +inX A24RQX2FQ(7«) -
= R Fe) — il Fule) 4 X R+

r2 r2 2 r2 )
F —— X“F: —
Fing g o)+ (g5 ) Folr) +ings g XPR0)

M2 r2 B W3 r2 3F‘ M2 r2 2X2F
— 5 ) o)+ 5 (2>\R> O(T>_2(2/\R> 2(r)+
2 r2

. (27:\R>2F0( )+ 1) o) + i <2>\2R) XOR(r)

Preserving only first two terms we have

Cpr12T P [ - 1, 72r? A2
F(z) =R 7 Fo(r) + g1” g Fo(r) + 73 2(r)| - (49)
Similarly, for G(r) we obtain
r P | 1 ,r%r? A2
G(z) = R+p+1/2W [Go(r) + §M2 V3T Go(r) + RQGQ(T):| . (50)

One should emphasize one feature of the expansions (49) and (50): these approxima-
tions are real valued as we must expect remembering on relations (9) and (12).

In the known method of determining and calculating the reflection coefficients in
de Sitter model [3-6], authors used the only leading terms in approximations (49) and
(50), because only these terms allows to separate elementary solutions of the form
e see (28).

Let us perform some additional calculations to clarify the problem. The functions
F(z) and F(z) enter the expression for (to horizon) running wave

U (2) =T(a+b—c+1)[aF(z) + BG(2)],
D(e-1) (&1)

B I'(l—c) B
= et Da—ct1) P @)
where (introducing a very large parameter Y = R/2)\)
o~ ['(=p)
I[=i(p = 1Y + (1= p)/2)T[=i(p+ 1)Y + (1 = p)/2)]’
B~ L'(+p) (52)

Pl=i(p = 1Y + (1+p)/2)] T[=i(p+ DY + (1 +p)/2)]

For all physically reasonable values of quantum numbers j (not very high ones)
and values of p (different from the critical value ¢ = 1 and not too high ones — they
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correspond in fact to energies of a particle in units of the rest energy) the argument
of T'-functions in (52) are complex-valued with very large imaginary parts.

Let us multiply the given solution (51) by a special factor A which permits us to
distinguish small and large parts in this expansion:

I'(a—p/24+1/4)T(b—p/2+ 1/4).

A= T(a+b—ct1) (53)
So, instead of (51), we get
AU (2) = o'F(2) + B'G(2),
(- )F(a—p/Q—l—1/4)F(b—p/2+1/4)
“= T -ct Dl (a—ct+1) (54)
; I(a—p/24+1/4)T(b—p/+1/4)
#=Tle=1) (@) |
Instead of (52), the expressions for o and " are
W T (D) T[—i(u — 1)Y +1/4] T[—i(u+1)Y +1/4]
Pl—=i(p—1)Y + (1= p)/2)] P[=i(p+ 1Y + (1 = p)/2)]’ (55)
,3/%1—‘(-1-]?) D—i(p—1)Y 4+ 1/4] D—i(p+1)Y + 1/4]
[l=i(p = 1)Y + (1+p)/2)] P[=i(p+ 1Y + (1 +p)/2)]
Allowing for identities
D(p) =, )= 4o (56)
p)= sinpr T'(1 +p)’ p)= sinpr T'(1 —p)’
o/ and [’ (55) are transformed into
o ~ us 1 I—i(p—1)Y 4+ 1/4] D—i(p+1)Y + 1/4]
sinpm [(1+ p) U[=i(p — 1Y + (1 = p)/2)] T[=i(p + 1)Y + (1 = p)/2)]" (57)
5T 1 T[—i(n— 1)Y +1/4] T[—i(u+1)Y +1/4]

sinpr (L= p) T=i(u — )Y + (1 + p)/2)] T—i(u + DY + (1 + p)/2)]
Now we have to take into account the asymptotic formula for I'-function

T(z4+4) 4 1(A—B)(A+B+1)
F(z+B)_ZA <1+z 2

+ > , |argz |<m, |z |— oc0; (58)

then (remembering that Y = R/2\)
T[—i(p— 1Y +1/4]
Tl=i(u =Y + (1 =p)/2)] ~
. [im - %} v [1 2 S SV ( 2p>]

)

2\ —i(p— DR 32

Pl—i(p+ DY +1/4]
Pl=i(p+1)Y + (1 —p)/2)]

[ o )

, (59)
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and
Cl—i(p—1)Y +1/4] N
Pl—i(p— DY +(1+p)/2)]

- {‘i(’}} D R] e [1 . _iﬁ - (2= DT 2p>] |

T—i(p+ 1Y +1/4]
Pl—i(u+1)Y +(1+p)/2)] ~

T )y A 2X  (=2p—1)(T+2p)
< [l e T [ B CR ]

Substituting (59) and (60) into (57), we obtain

2-1/4
o ~ — W — 1R2 vt (_1);0/271/4 4 1 %
42 sinpr T'(1 + p)

2\ (2p — 1)(7 — 2p) 2 (2p — 1)(7 — 2p)
8 {1 Ly Y 32 ] {1 T )R 32 ] !
I Nz -1 5 R —p/2—1/4 T 1
()
2\ (—2p — 1)(7 + 2p) 2\ (—2p—1)(7+ 2p)
8 [1 TSR 32 } [1 “i(u+ DR 32 ] - (6)

Preserving the only terms of first two orders we have
, T 1 A
o ———— | = X
sinpr I'(1 +p) \ 2

_ _ Cp—=1)(7T-2p) pn A
+p—1/2(_1\p/2-1/4 (1 (2p A
xR (—1) (—i—z 3 2-1R)’

—p—1/2
' T 1 k P
P N+sinp7rf(1—p) (2) %

12 vep2—1ja (4 (2= D(T+2p) p A
« RP12(1) (1 i 2 e B

Substituting expressions (62) into the following expansion
AU (2) = o'F(2) + B'G(2),

F(r) = R7PTY20(1 4 p) (g) . \};Jp(kr),

G(r) = RPTY/210(1 — p) <§) \};Jp(kr),

(63)
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we arrive at the following zero-order approximation

1 k' +p—1/2
A out — ,out — _ 4 —
Uz 0 () sinpr I'(1 + p) (2) 8

AR
x RTP=Y2(_1)P/2=VAR=PHI/2D(1 4 p) <2> \TJP(’W)jL
T

T ! AT 1/2 /2—1/4 pp+1/2 E\" 1
- - - —p— _ —p/2— D _ r B
mpr T(1 = p) <2> R (=1) RPTI2T(1 p)(2> ﬁj,p(kr),

that is

AUout(Z) — 8Ut(r) =
__T 2k [_(_1)?/2—1/4Jp(kr) + (_1)—p/2_1/4J_p(kr)] =

sinpr V r

— —(eayr R ey = (k)]s (6)

sin pm

which coincides with a spherical wave propagating in Minkowski space from the origin,
expressed through the Hankel functions of the first kind

ip

HO —
sin pm

p

[(=1)PTp(kr) = Jp(kr)] - (65)

4. Conclusion

The last but not the least mathematical remark should be given. All known quan-
tum mechanical problems with potentials containing one barrier reduce to a second
order differential equation with four singular points, the equation of Heun class. In
particular, the most popular cosmological problem of that type is a particle in the
Schwarzschild space-time background and it reduces to the Heun differential equa-
tion. Quantum mechanical problems of tunneling type are never linked to differential
equation of hypergeometric type, equation with three singular points; but in the case
of de Sitter model the wave equations for different fields, of spin 0, 1/2, and 1, af-
ter separation of variables are reduced to the second order differential equation with
three singular points, and there exists no ground to search in these systems problems
of tunneling class.
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XOKMHI'OBCKOE u3JiydeHune B npocrpaHcTBe ge Currepa:
BbIUnc/eHne KO3 dPUIMeHTa OTPaXKEHUd AJisd KBAaHTOBBIX
YacTHIl

B. M. Peabskos*, E. M. Oscutok', I'. I. KpbLioB?

*THY «Hnemumym gusurku um. 5. Cmenanosa Hayuonarvrol axademuy HaYK
Benapycu»
np. Hezasucumocmu, 68, 2. Munck, 220072 Bearapyco
¥ Moswiperuti zocydapemeernoii nedazozueckud ynusepcumem um. H.I1. Hlamaxura
ya. Cmydenueckasn, 28, 2. Moswipv, Tomeavcran oba., 247760, Pecnybaura Beaapycy
i Benopyceruti 2ocydapcmeertvili YHUBEPCUMEM,
np. Hesasucumocmu 4, . Munck, 220030 Pecnybauxa Beaapyco

Hecmorpst Ha TO, 9TO MpoGIEMa XOKMHTOBCKOT'O M3JIy4YEHUs B IIPOCTPAHCTBE—BPEMEHU JI&
Currepa ¥ B YACTHOCTHU JIETAJINA TTPOXOXKAEHUsI KBAHTOBOMEXAHUYECKUX YACTHUIL 9epes3 e CUT-
TEPOBCKUI TOPU3OHT yKEe MHOTOKPATHO UCCJIEIOBAINCH B TUTEPATYPE, O HACTOSIIETO BPEMe-
HU OCTalOTCsl HEKOTOPBIE HESICHOCTH B MCCJIEIOBAHUY ITOrO siBjieHus. 1lesb HacTosmel pabo-
TBI — MPOSICHUTE ITH HESICHOCTH. J[JIsT 9TOr0 aHAIU3UPYETCsT U3BECTHBIN aJITOPUTM, TPUMEHSI-
IOIUiics NI BBIYUCIeHUsT Kodd dunmenrta orparkenust R.; Ha (QOHE IPOCTPAHCTBA—BPEMEHHI
ne Currepa. [lokaszpiBaercst, 9T0O OIpejiesieHre JJIs BeJIMYUHBL R.;j IIpe/onaraer uCrioiab30-
BaHME JIONOJIHUTEIHLHOIO OrPAHUYEHMsI Ha KBAHTOBbIe umcia eR/hc > j, rme R — pajauyc
KPUBU3HBI IIPOCTPAHCTBA. FC/IM y4ecTb 3TO OrpaHUYeHHe, TO BejandnHa Kodddummenra R,
OKa3bIBAETCS PABHOII TOYHO HyI0. [loKa3bIBaeTCsI, YTO MPOIEIypa BBIYUCTECHUsT KOIDDUIIM-
€HTa OTParKeHUs B /e CUTTEPOBCKON MOJIe/in 6a3MPyeTCst Ha, UCIOIb30BAHUN UCKJIIOTUTETHHO
TOJIBKO TIPUOJIMKEHHS HYJIEBOIO MTOPSAIKA B PA3JI0KEHUN TOTHON BOJTHOBOM (DYHKITUA IaCTUIIbI
B DfJ 10 MasoMy mapamerpy 1/R?, IpH 9TOM MOKA3BIBACTCA TAKKe, 9TO ITOT DPENENT Bbi-
YUCJTEHUST HE MOYKET OBITh 0H606IIEH C yIEeTOM TOMPaBOK 6oJiee BBICOKOTO mopsiaka. CiaemoBa-
TesIbHO, pe3yabTaT R.; = 0, KOTOpBIil ObLI HAfIIEH U3 UCCIeIOBAHUS IPUOINKEHNS HYJIEBOTO
MOPSAJIKA, OCTAETCSI HEM3MEHHBIM HE MOXKET ObITh yiydineH. Tak»Ke yTBEpP:KIAETCs, YTO 3a1a-
9a O BBIYNCJIEHNH KO3 uImenTa orpaykenuss R.; He JTOJ2KHA CTABUTHCS BOOOIIE, IOCKOJIBKY
B caydae mpocrpancTsa jie Currepa 3dhdeKTUBHAST MOTEHITNAIbHAST KPUBas B PaIHATLHOM
ypaBHEHUN sIBJISIETCS KPUBOH 6€30apbepHOro THIIA.

KuroueBble cjioBa: m3iydeHne XOKUHTa, MTpOocTpaHcTBo e Currepa, KoopUIUEHT OT-
paKeHUs.





