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In this paper, we introduce new classes of simply continuous functions as generalization
of continuous function. We obtain their characterizations, their basic properties and their
relationships with other forms of generalized continuous functions between topological spaces.
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1. Introduction

Let (X, 7) be a topological space. For a subset S of X, the closure, the interior,
and the complement of S with respect to (X, 7) is denoted by ¢l .S, int S, and S¢,
respectively. Any function is assumed to be mapping between two topological spaces.

Recently there has been some interest in the notion of a simply-opened subset of
topological space (X, 7). According to Neubrunnovia [1] a subset S of a space (X, 7)
is called simply-opened if it is S = O U N, where O is open and N is nowhere dense
(= nwd,int (cl N) = ®) subset of a space (X, 7).

In [2] Ganster, Reilly and Vamanmurthy showed that a subset S of a space (X, 7)
is simply-opened if and only if it is intersection of semi-opened and semi-closed subsets
of a space (X, 7).

A set B of a topological space (X, 7) is simply-closed if and only if B¢ is simply-
opened.

The class of all simply-opened subsets of the space (X,7) will be denoted by
SMO(X).

Semi-opened subsets of a topological space were defined by Levine [3]. Recall
that S is called semi-opened [3] if S C cl(intS). A semi-closed set is a set, whose
complement is semi-opened.

A subset S of a topological space (X, 7) is called § — set(see [4]) if int(clS) C
cl(int S).

Intersection of all semi-closed sets containing A is called the semi-closed of A
(see [5]) and is denoted by scl(A). By a semi-clopen set we mean the set, which is
semi-opened and semi-closed at the same time. Recall that a subset A of a space
(X, ) is called regular open if A = intcl A.

The concept of semi-reopening was introduced by D. Andrijevic (see [6] and [7]).
These sets were called § — open sets. A subset S of a space X is called semi-preopen
if S C cl(int(cl(S))).

A subset A of a space X is said to be regular open (respectively regular closed)if
A = int(cl(A)) (respectively A = cl(int(A))) (see [7]).

In [8] the definition of semi-g-regular topological space was introduced. A topolog-
ical space (X, 7) is said to be semi-g-regular if for each sg-closed set A and each point
x ¢ A, there exist disjoint semi-opened sets U,V C X such that A C U and x € V.

A subset A of a topological space (X, 7) is called semi-generalized closed (see [9]),
briefly sg-closed, if scl(A) C U whenever A C U and U is a semi-opened.

A function f : (X,7) — (Y, 0) is said to be semi-continuous [3] (resp. irres-
olute [10], perfectly contra-irresolute [11], semi-precontinuous [12], almost continu-
ous [13] (written as a.c. S), contra-irresolute [11]) if the inverse image of every open
subset (resp. semi-opened, semi-opened, open, regular open, semi-opened) subset
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of (Y, o) is semi-opened (resp. semi-opened, semi-clopen, semi-preopen, open, semi-
closed) in (X, 7).

A function f : (X,7) — (Y, 0) between two topological spaces is said to be
pre-semi-opened [10] if and only if, the image of every semi-opened set in (X, 7) is
semi-opened in (Y, o).

A function f : (X,7) — (Y,0) between two topological spaces is said to be
semi-homeomorphism [10] if and only if f is one-to-one, onto, irresolute, and pre-
semi-opened.

Def 1. Let f : (X,7) — (Y,0) be a function. We say that f is a simply-
continuous(resp. ws-continuous, ss-continuous if the inverse image of every open(resp.
simply-opened, simply-opened) set in Y is simply-opened(resp. open, simply-opened)
set in X.

We give now an example to show that the simply-continuous function appears to
be not necessary continuous function.

Example 1. Let f: ® — R where R is the real line with the usual topology and
f(x) =1 when (0 < X < 1) and f(x) = 0 otherwise. It is very easy to see that f is
simply-continuous but not continuous function.

2. Properties of simply-continuous, ss- continuous, ws-
continuous functions

Lemma 1 (see [14]). Every semi-opened subset of a space (X,T) is a simply-
opened set.

Theorem 1. FEvery perfectly contra-irresolute function is a simply-continuous func-
tion.

Proof. Let f: (X,7) — (Y,0) be a perfectly contra-irresolute function and let
O be an open subset of Y. Then by lemma 1 we have that O is simply-opened and
since f is perfectly contra -irresolute function, f~! (O) is semi-clopen subset of X
(f71(0) = f~YO) N f71(0)) as intersection of semi-opened and semi-closed and so,
f~1 (O) is simply-opened by the definition of simply-opened in [2]. O

Theorem 2. FEvery ws-continuous is a semi-precontinuous function.

Proof. Let f: (X,7) — (Y, 0) be a ws-continuous function and letA be an open
and so semi-opened subset of Y. By lemma 1 A is simply-opened subset of Y, so
f71(A) is open subset of X and so semi-opened, but it is very easy to see that, every
semi-opened set is semi-preopen, so f~!(A) is semi-preopen. 0

The converse of above theorem need not be true by the following example:

Example 2. Let X = {a,b,c}, 1 = {®,a,b,a,0,X}, Y = {1,2,3,4}, 7o =
{9,1,1,2,1,2,3,Y}. A function f : (X,71) — (Y,72) is defined by f(a) = 1,
f(b) =3, f(C) = 2. Here SPO(X) = {(I)a {a}a{b}v{azb}7{av C}v{bv C}vX}' Then f
is semi-precontinuous. But f is not ws-continuous since f~1({1,2}) = {a,c}, which
is not open in 7.

Theorem 3. Fvery ws-continuous function is an almost continuous function.

Proof. Let f : (X,7) — (Y, 0) be a ws-continuous function and let A be a regular
open subset of Y. Since every regular open set is open set, and so semi-opened subset
of Y, by lemma 1, A is simply-opened subset of Y, so f~1(A) is an open subset of X.
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Proposition 1 (see [15]). If X is a topological space and Y is a dense subspace
of X, then for any A C Y, A is nowhere dense in Y if and only if A is nowhere dense

in X.
Theorem 4. Let (X, 7) be a topological space, (Xo,T0) be a subspace of (X, 1),
AC Xy C X and Xo € SMO(X). If A€ SMO(X) then A € SMO(X,).

Proof. Since A is simply-opened in (X, 7) then A = O U N, where O is open and
N is nowhere dense subsets of X, s0 A = XgNA = XoN(OUN) = (XoNO)U(XoNN).
But (XoNO) and (XN N) are open and nowhere dense subsets of the space (Xo, 7o)
respectively. Thus A is simply-opened in (X, 7p). O

Lemma 2 (see [14]). Let S and O be subsets of a space (X, T) such that S is a
simply-opened set and O is an open set. Then SN O is a simply-opened set.

Theorem 5. If f : (X,7) — (Y, 0) is a simply-continuous function and Xy is an
open set in X, then the restriction f/Xo: Xog — Y is simply-continuous.

Proof. Since f is simply-continuous, for any open set V in Y, f~1(V) is a simply-
opened set in X. Hence by lemma 2, we have that f~1(V) N X, is a simply-opened
set in X. Since X, is an open set, by theorem 8, (f/Xo)"}(V) = f~} (V)N Xy is a
simply-opened set in X, which implies that f/Xy is simply-continuous. 0

Theorem 6. Let f : (X,7) — (Y, 0) be a function between two topological spaces.
Then the following statements are equivalent:
(1) f is strongly simply-continuous;
(2) if v € X and V is simply-opened in'Y containing f(x), then there exists U simply-
opened in X containing x such that f(U) C V.

Proof ((1) = (2)). Let V be simply-opened in Y and f(x) € V. Since f is
ss-continuous, f~(V) is simply-opened in X and z € f~1(V). Put U = f~1(V).
Then z € U and f(U) = f(f~4(V)) C V.

((2) = (1)). Let V be simply-opened in Y and z € f~*(V). Then f(z) € V
therefore, there exists a U, simply-opened in X such that z € U, and f(U,) C V,
therefore x € U, C f~1(V). This implies that f~(V) is union of simply-opened sets,
hence f~1(V) is simply-opened in X so f is strongly simply-continuous. O

Theorem 7. Let (X,7) and (Y,0) be two topological spaces. The function f :
(X,7) — (Y, 0) is simply-continuous function if and only if, for every closed subset
B of Y, f~Y(B) is simply-closed in X.

Proof. Necessity. If f: (X,7) — (Y, 0) is simply-continuous function, then for
every open subset O of Y, f~1(0) is simply-opened in X. If B is any closed subset
of Y, then B¢ is open. Thus f~1(B¢) is simply-opened, but f~1(B¢) = (f~1(B))¢ so
that f~1(B) is simply-closed.

Sufficiency. If for all closed subset B of Y, f~1(B) is simply-closed in X, and if O is
any open subset of Y, then O¢ is closed. Also, f~1(0¢) = (f~1(0))¢ is simply-closed.
Thus f~1(O) is simply-opened. O

Theorem 8. Let f : (X,7) — (Y,0) be two topological spaces. The one-to-one
and onto function f : (X,7) — (Y,0) is ws-continuous (resp. ss-continuous) if and
only if, for every simply-closed subset B of Y, f~1(B) is closed(resp. simply-closed)
mn X.

Proof. In the same way of proving theorem 7 we can proof this theorem. O

Lemma 3 (see [8]). For a topological space (X,T) the following statements are
equivalent:
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(1) (X, 1) is semi-g-reqular;
(2) every sg-closed set A is an intersection of semi-clopen sets.

By the upper Lemma we have the following proposition:

Proposition 2. A subset B of a semi-g-regular topological space is simply-opened
if and only if it is sg-closed set.

Theorem 9. Let f : (X,7) — (Y,0) be a simply-continuous (resp. ws-simply
continuous, ss-continuous) function between two semi-g-reqular topological spaces. Then
the inverse image of every sg-closed set is sg-closed set.

Proof. Let f: (X,7) — (Y, 0) be a simply-continuous (resp. ws-simply continu-
ous, ss-continuous) function between two semi-g-regular topological spaces and let A
be a sg-closed subset of Y and Y a semi-g-regular topological space, then, by Propo-
sition 2, A is simply-opened subset of Y, so f~(A) is simply-opened subset of X
whatever f be. But X is semi-g-regular topological space, so f~1(A) is sg-closed set.

Lemma 4 (see [11]). Let f : (X,7) — (Y,0) be a map. Then the following
conditions are equivalent:
(i) f is contra-irresolute;
(ii) the inverse image of each semi-closed set in'Y is semi-open in X.

Theorem 10. Every contra-irresolute function is simply-continuous.

Proof. Let A be open in (Y,0) where f : (X,7) — (Y, 0) is contra-irresolute
function, so A€ is closed and so semi-closed and by the contra-irresoluteness, lemma 4,
of the function we have, f~1(A¢) to be semi-open and so, by lemma 1 is simply-closed
in (X,7), so we have that (f~1(A¢))¢ = f~1(A) is simply-opened. o
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VIIK 513.831
HexkoTopbie pe3ysbTaThl O IPOCTO-HEIIPEPBIBHBIX (DYHKIIMAX

Anb Basgtu Hxeman Xarem Xycceitn

Kagedpo, svicuetsi mamemamury
Poccutickuti ynusepcumem dpyotcovl Hapodos
117198, ya. Muxayxro-Maxnsasn, 0.6, Mockea, Poccus

B sT0i1 cTaTbe BBeIeHBI TpH Kilacca PYHKINI, HA3bIBAEMBIX COOTBETCTBEHHO IIPOCTO-HEIIPe-
PBIBHBIMH, CHJIBHO IIPOCTO-HEMPEPHIBHBIMU U CJIAO0 IMPOCTO-HEMIPEPBIBHBIMEU KaK OOOOIIEHMsT
HenpepbIBHBIX pyHKnmit. [lomyuens nx xapakTepUCTUKN, OCHOBHBIE CBOMCTBA U OIMCAHBI UX
CBSI3U C JPYTUMU OOOOIIEHUSAMHU HEIIPEPBIBHBIX OTOOPAaYKEHUIM TOIIOJIOTUIECKUX ITPOCTPAHCTB.

KurogeBrblie cIoBa: IIPOCTOOTKPBITHIE MHOYKECTBA, IIPOCTO3aMKHY Thle MHOXKECTBA, TI0JIY-
g-peryJisipHOe MPOCTPAHCTBO, IMOYTH HeNpepbIBHAA (DYHKITHS.





