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A high order finite difference scheme for the Schrödinger equation with the degenerate
potential 𝑈(𝑥) = 𝑥2𝑟, 𝑟 ∈ 𝑁 , which describes phase transitions in quantum systems, have
been constructed. The eigenvalues are found for some values of 𝑟.
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1. Introduction

We consider the one-dimensional Schrödinger equation

𝑢′′ + (𝜆− 𝑞(𝑥))𝑢 = 0, (1)

with the limiting conditions for eigenstates

+∞∫︁
−∞

𝑢2(𝑥)d𝑥 <∞. The aim of this paper

is the calculation of the eigenvalues 𝜆𝑛 (𝑛 = 0, 1, . . .) of the equation (1) when the
potential function 𝑞(𝑥) is of the type:

𝑞(𝑥) = 𝑥2𝑟, 𝑟 = 1, 2, . . . .

From the practical viewpoint, it is especially interesting to solve the Schrödinger equa-
tion with this potential. The reasons for the interest in the potential of this form are
the following. First, in many cases, the relativistic Dirac and Klein-Gordon-Fock equa-
tions can be presented in such a form after separating the variables. The second reason
is more significant from the viewpoint of physical applications. Potentials of the form
𝑥2𝑟 correspond to the critical situation where all coefficients in the polynomial 𝑃2𝑟(𝑥),
except the highest one, turn to zero. This situation implies degeneracy and is usually
considered when studying phase transitions in critical systems [1].

2. The Higher Order Method

We rewrite the equation (1) in the form

𝑢′′ = −𝑓(𝑥)𝑢,
𝑢(𝑥) → 0, 𝑥→ ±∞,

(2)

where 𝑓(𝑥) = 𝜆− 𝑞(𝑥).
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We will construct a 2𝑚 (𝑚 > 1) order method for the equation (2). If differenti-
ating the equation (2), we can find that

𝑢(2𝑘−1) = (−𝑓)𝑘−1𝑢′ +𝐴2𝑘−1𝑢+𝐵2𝑘−1𝑢
′, 𝑘 > 2,

𝑢(2𝑘) = (−𝑓)𝑘𝑢+𝐴2𝑘𝑢+𝐵2𝑘𝑢
′,

(3)

where coefficients 𝐴𝑛 and 𝐵𝑛 are depends from 𝑓(𝑥) and it’s derivatives. In (4) we
are present the coefficients 𝐴𝑛 and 𝐵𝑛 from 𝑛 = 3 through 8.

𝐴3 = −𝑓 ′, 𝐵3 = 0,

𝐴4 = −𝑓 ′′, 𝐵4 = −2𝑓 ′,

𝐴5 = 4𝑓𝑓 ′ − 𝑓 ′′′, 𝐵5 = −3𝑓 ′′,

𝐴6 = 7𝑓𝑓 ′′ + 4𝑓 ′2 − 𝑓 𝐼𝑉 , 𝐵6 = 6𝑓𝑓 ′ − 4𝑓 ′′′,

𝐴7 = −9𝑓2𝑓 ′ + 11𝑓𝑓 ′′′ + 15𝑓 ′𝑓 ′′ − 𝑓𝑉 , 𝐵7 = 13𝑓𝑓 ′′ + 10𝑓 ′2 − 5𝑓 𝐼𝑉 ,

𝐴8 = −22𝑓2𝑓 ′′ − 28𝑓𝑓 ′2 + 16𝑓𝑓 𝐼𝑉 + 26𝑓 ′𝑓 ′′′ + 15𝑓 ′′2 − 𝑓𝑉 𝐼 ,

𝐵8 = −12𝑓2𝑓 ′ + 24𝑓𝑓 ′′′ + 48𝑓 ′𝑓 ′′ − 6𝑓𝑉 .

(4)

Using Taylor expansion and (3), we obtain

𝑢𝑖+1 + 𝑢𝑖−1 = 2𝑎1𝑢𝑖 + 2𝑏1𝑢
′
𝑖 +𝑂(ℎ2𝑚+2),

𝑢𝑖+1 − 𝑢𝑖−1 = 2𝑎2𝑢𝑖 + 2𝑏2𝑢
′
𝑖 +𝑂(ℎ2𝑚−1),

(5)

where,

𝑎1 = cs(𝑓𝑖, ℎ) +

𝑚∑︁
𝑘=2

𝐴2𝑘
ℎ2𝑘

(2𝑘)!
, 𝑏1 =

𝑚∑︁
𝑘=2

𝐵2𝑘
ℎ2𝑘

(2𝑘)!
,

𝑎2 =

𝑚−1∑︁
𝑘=2

𝐴2𝑘−1
ℎ2𝑘−1

(2𝑘 − 1)!
, 𝑏2 = sn(𝑓𝑖, ℎ) +

𝑚−1∑︁
𝑘=2

𝐵2𝑘−1
ℎ2𝑘−1

(2𝑘 − 1)!
,

cs(𝑓, ℎ) =

{︃
cos
√︀
𝑓ℎ, 𝑓 > 0,

cosh
√︀
|𝑓 |ℎ, 𝑓 < 0,

sn(𝑓, ℎ) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

sin
√
𝑓ℎ√
𝑓

, 𝑓 > 0,

ℎ, 𝑓 = 0,

sinh
√︀

|𝑓 |ℎ√︀
|𝑓 |

, 𝑓 < 0.

(6)

If to eliminate 𝑢′𝑖 from (5), then we obtain 2𝑚-th order integration formula

(𝑏2 − 𝑏1)𝑢𝑖+1 − 2(𝑎1𝑏2 − 𝑎2𝑏1)𝑢𝑖 + (𝑏2 + 𝑏1)𝑢𝑖−1 = 0,

𝑢0 = 𝑢𝑁 = 0, 𝑖 = 1, . . . , 𝑁 − 1.

The main disadvantage of the method is that we have used the derivatives of
the potential function 𝑞(𝑥). If the potential function is more complicated, we can
approximate derivatives of the potential without decreasing the order of the method.
For example, if 𝑚 = 4, we will use optimal cubic spline [2].

Def. The cubic spline interpolation 𝑆(𝑥), with boundary conditions

82𝑀0 + 339𝑀1 = −5𝑓 ′′0 +
6381𝑓𝑥𝑥,1 − 1522𝑓𝑥𝑥,2 + 281𝑓𝑥𝑥,3 − 28𝑓𝑥𝑥,4

12
,
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339𝑀𝑁−1 + 82𝑀𝑁 = −5𝑓 ′′𝑁 +
6381𝑓𝑥𝑥,𝑁−1 −1522𝑓𝑥𝑥,𝑁−2

12
+

+
281𝑓𝑥𝑥,𝑁−3 − 28𝑓𝑥𝑥,𝑁−4

12
,

are called optimal cubic spline for 𝑓(𝑥), where 𝑀𝑖 = 𝑆′′(𝑥𝑖), 𝑚𝑖 = 𝑆′(𝑥𝑖),

Theorem 1. Let 𝑆 be an optimal cubic spline interpolation for 𝑓(𝑥). Then

𝑓 ′𝑖 = 𝑚𝑖 +
𝛿4𝑚𝑖

180
+𝑂(ℎ6), 𝑖 = 0(1)𝑁,

𝑓 ′′𝑖 =𝑀𝑖 +
𝛿2𝑀𝑖

12
− 𝛿4𝑀𝑖

360
+𝑂(ℎ6), 𝑖 = 1(1)𝑁 − 1,

𝑓 ′′0 =𝑀0 +
𝛿2𝑀0

12
+

57𝛿4𝑀2 − 28𝛿4𝑀3

360
+𝑂(ℎ6),

𝑓 ′′𝑁 =𝑀𝑁 +
𝛿2𝑀𝑁

12
+

57𝛿4𝑀𝑁−2 − 28𝛿4𝑀𝑁−3

360
+𝑂(ℎ6),

𝑓 ′′′𝑖 = 𝑚𝑥𝑥,𝑖 −
𝛿4𝑚𝑖

12ℎ2
+𝑂(ℎ4), 𝑖 = 1(1)𝑁 − 1,

𝑓 ′′′0 = 𝑚𝑥𝑥,0 +
10𝛿4𝑚1 + 𝛿4𝑚2

12ℎ2
+𝑂(ℎ4),

𝑓 ′′′𝑁 = 𝑚𝑥𝑥,𝑁 +
10𝛿4𝑚𝑁−1 + 𝛿4𝑚𝑁−2

12ℎ2
+𝑂(ℎ4),

𝑓 𝐼𝑉𝑖 =𝑀𝑥𝑥,𝑖 +𝑂(ℎ4), 𝑖 = 1(1)𝑁 − 1,

𝑓 𝐼𝑉0 =𝑀𝑥𝑥,0 +
𝛿4𝑀1

ℎ2
+𝑂(ℎ4), 𝑓 𝐼𝑉𝑁 =𝑀𝑥𝑥,𝑁 +

𝛿4𝑀𝑁−1

ℎ2
+𝑂(ℎ4),

𝑓𝑉𝑖 =
𝛿4𝑚𝑖

ℎ4
+𝑂(ℎ2), 𝑖 = 0(1)𝑁, 𝑓𝑉 𝐼

𝑖 =
𝛿4𝑀𝑖

ℎ4
+𝑂(ℎ2), 𝑖 = 0(1)𝑁,

where the difference operators 𝛿2𝑓𝑖 and 𝛿
4𝑓𝑖 are defined by

𝛿2𝑓𝑖 = 𝑓𝑖+1 − 2𝑓𝑖 + 𝑓𝑖−1, 𝑖 = 1(1)𝑁 − 1,

𝛿2𝑓0 = 2𝛿2𝑓1 − 𝛿2𝑓2, 𝛿2𝑓𝑁 = 2𝛿2𝑓𝑁−1 − 𝛿2𝑓𝑁−2,

𝛿4𝑓𝑖 = 𝑓𝑖+2 − 4𝑓𝑖+1 + 6𝑓𝑖 − 4𝑓𝑖−1 + 𝑓𝑖−2, 𝑖 = 2(1)𝑁 − 2,

𝛿4𝑓0 = 3𝛿4𝑓2 − 2𝛿4𝑓3, 𝛿4𝑓1 = 2𝛿4𝑓2 − 𝛿4𝑓3,

𝛿4𝑓𝑁 = 3𝛿4𝑓𝑁−2 − 2𝛿4𝑓𝑁−3, 𝛿4𝑓𝑁−1 = 2𝛿4𝑓𝑁−2 − 𝛿4𝑓𝑁−3, 𝑓𝑥𝑥,𝑖 =
𝛿2𝑓𝑖
ℎ2

.

3. Numerical Results

For the purpose of numerical computation, we take the domain of integration to be
[−𝐿,𝐿]. The value of 𝐿 depends from 𝑟 and decreasing, while the power 𝑟 increasing.

𝑟 2 3 4 5 6 7

𝐿 4.17 3.65 2.50 2.25 2.11 1.89
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To calculate the eigenvalues, we have used 8 order formula (𝑚 = 4) and shooting
method. We need to know the value of 𝑢1.

Taking advantage of the fact that the problem has explicit symmetry with respect
to the transformation 𝑥 ↦→ −𝑥, we first seek all even solutions of Eq.(1) that satisfy

𝑢(0) = 1, 𝑢′(0) = 0.

We can calculate 𝑢1 by using the formula

𝑢1 = cs(𝜆, ℎ) +

𝑚∑︁
𝑘=𝑟+1

𝐴2𝑘
ℎ2𝑘

(2𝑘)!
.

For the odd solutions satisfying the conditions

𝑢(0) = 0, 𝑢′(0) = 1,

we have calculated 𝑢1 by the formula

𝑢1 = sn(𝜆, ℎ) +

𝑚∑︁
𝑘=𝑟+2

𝐵2𝑘−1
ℎ2𝑘−1

(2𝑘 − 1)!
.

Table 1 shows first 30 calculated eigenvalues. The results coincide with [3].
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Построена конечно-разностная схема высокого порядка для уравнения Шрёдингера с
вырожденным потенциалом 𝑈(𝑥) = 𝑥2𝑟, 𝑟 ∈ 𝑁 , которая описывает фазовые переходы в
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