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We present derivation of modified Newtonian force from quantum mechanics with Coulomb
potential. We show, that MOND-like theory arises in classical limit of quantum dynamics if
nontrivial correlations of canonical variables are taken into account.
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1. Introduction

Modified Newtonian Dynamic (MOND) was proposed by Milgrom in 1981 [1,2].
The most successful relativistic version of MOND, known as ‘TeVeS’, was introduced
by Bekenstein in [3-5]. Although MOND provides impressive experimentally verified
predictions [6, 7], there is still lack of fundamental origin of this theory. In this paper
we show that nontrivial correlations leads to MOND-like modification of Newtonian
force at classical limit of the standard quantum theory. These correlations include
dispersions of coordinates, i.e. we propose the nonlocal origin for MOND. Similar
approach for relativistic scenario will be considered in forthcoming publication.

2. Classical Theory with Nontrivial Correlations

Let us consider non-relativistic quantum system with one-component wave function
U = W(t, 2¥), where z* (k = 1,2,3) — coordinates of the three-dimensional space.
We use exponential parametrization ¥ = exp (iS/h), where the complex phase S is
represented in terms of the real functions S; and Sy as

S =05+ %SQ (1)

In [8] it was shown, that the matrix quantities A1x = S1, 242, a0nd Aok = 52,01,
define correlations between canonical variables of the theory in the classical limit of
h — 0. There it is established, that all these correlations vanish if A5 ' — 0, where
Ay is the matrix with the coefficients Ay ;.

Now let us study the system of Kepler type with (for example) planet and Sun,
with the masses m and M, respectively (where m < M). Then its Hamiltonian reads:

A2
P GMm
H = —_ = 2
zk: 2m T 2)
where pr = ih0,,, and G — Newton’s gravity constant. In the classical limit one

obtains the following modified Hamilton’s equations [8]:

Dk _ dpg GMm xy _
= E - (Az l)klr,x” g = - ) 7 - (A1A2 l)klr,mm (3)

da
dt
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where the function I' is defined as
1
I'=—A65, (4)
m

and A = >,(9;)? is the Laplace operator. We use these dynamical equations to
calculate the physical force according the Second Newton’s law:

d?z; d dxy,
Fo=mgm =5 (”%u) ’ (5)
the result reads:

GMm x d[(A7HmAS Lz 1 -
Fr=-—173 Tk_ = (;lf = _E(AlAzl)klASL:m- (6)

Here the first term coincides with the conventional gravitational force, whereas the
second and third ones maintain its dispersion corrections. By introduction of the
normalized function g
n="0 7
2 7)
one modifies the correctional terms to make them proportional to the inertial mass m.
Thus, the full force is proportional to the inertial mass — this fact proves the equiva-
lence principle in this theory.
Actually, using of the function ¥ makes the Hamilton—-Jacoby equation S; +FE =0
free of the mass parameter m:

l—w, GM
RS PILEE ®)

r

where we mean the classical limit of the theory [8]. Thus, any solution X(¢, z) of this
equation does not depend on m. Then, the function Sy satisfies the relation

S2,t+zz,mk‘s’2,mk :AZ7 (9)
k

which is also independent on the inertial mass. From this it follows that the whole
theory under consideration yields the equivalence principle.

3. Modified Newtonian force

To study the total force (6) in the theory, let us represent it in the following form:

Fi = Fo, — m®y. (10)
Here Fy, = —GmMuy,/ r3, whereas the normalized correlation term ®;, reads:
O, = (iAgl)kl AY i + Oy, (11)
where d
_a —1
O = KA2 )kl Az,wl} , (12)

and 3 means the matrix with the components ¥ .. Taking into account, that the
total t-derivative is given by the relation

% — 0+ ddi;azn =0+ D — (437) AT L]0, (13)
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and performing the calculations, one obtains the following result:

0= (43),8(s%)  +
[(A;li +2471) - (Az—l)kkl (A51)1k2 (A% oy, — nyksm,ﬂ%)} AS 4+
B - (a57),, 850
x [ (A3Y) AY 4., — (AT AZY) S ey aen AS | -
(437),, (42),,,, (427),,, ]

In the infinitesimal correlation regime, where A5 L 0, for the dispersion term one
obtains:

_|_
+

Lo 2
w5 (431), 8 (5h)
+(4'2+284;1) AD L +5., (477) AT, (14)
Note, that Eq. (14) does not include nonlinear correlation terms.
Now let us study one concrete solution of the dynamical system under consid-
eration, which corresponds to the spherically-symmetric potential 3. Thus, let us

consider the anzats with ¥ = X(¢, ), where r means the radial coordinate (i.e., the
distance between planet and Sun). In the classical case with separated variables,

t
S= -5 +10), (15)
where o = const, one deals with

f’—{a+2ciM}1/2. (16)

For the isotropic matrix A5 " (which describes the correlations between the Cartesian
coordinates zj, of the planet, see [8])

1 .
(45"), = edu (17)
where € — 0 in the infinitesimal limit under our study, one obtains:
P = 2e (ZyzkfﬂzAz,Iz - E,zkfﬂzmnzﬂtlﬂﬁn) . (18)

Note, that Eq. (17) means localization of the planet in the sphere of the ~ /e radius
with the center in its classical position. Using the identity

Y epz = NTET; + EOpls (19)

where £ = f'/r and n = £’ /r, and also the relation

/

Y remian = %kazxn + 1 (k01 + Tn k1 + T10nk) , (20)

it is possible to calculate the final form of the correlation potential and for the total
force as well. This term (and the force) is radial, i.e. @ = ® x/r, where the defining

magnitude ® reads:
3GM\?
e a+ —
@ —

=3 9gM (21)
o
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Note, that € > 0 for the well-localized position of the planet (see [8]), whereas the
constant « is of the arbitrary sign. It is seen, that ® ~ r=3 for r — 400, so F ~ r—2
for the large distances. Then, the small distances case (r — 0, for the case of a > 0)
corr[esp(])nds to F' ~ r~%. This type of force behavior is actually natural to MOND,
see |1,2].

4. Conclusion

In this article we have derived corrections to the standard gravitational (or
Coulomb) force, which can be used for the MOND approach verification. These are
given by Eq. (21), which follows from the standard quantum mechanics in the clas-
sical limit with nontrivial correlations of the canonical variables. This result can be
generalized to the temperature-dependent case, which can be interested in the cosmo-
logical framework. In [8] it was shown, that the corresponding consideration needs in
introducing of the complex parameter of evolution to the theory.
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Koppeasnuu B KBaAaHTOBOI MeXaHUKe KaK OCHOBa
MOAU(PUIMPOBAHHON HBIOTOHOBCKOM JMHAMUKU
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Haércst BbIBOM, MOAUMUIIMPOBAHHON HBIOTOHOBCKOM CHJIBI U3 MOJAUMUIIMPOBAHHON KBaH-
TOBON MeXaHUKM C KYJOHOBCKHM IOTeHImaaoM. llokaspiBaercs, uro teopust tuna MOHJI
MMOSIBJISIETCST B KJIACCHYECKOM IIpeiesie KBAHTOBOM JTUHAMUKHU IIPUA yUYETE HETPUBUAJBHBIX KOP-
pesIuii KAHOHUYECKUX ITePEMEHHBIX TEOPHUU.

KiroyeBble cJioBa: KBAaHTOBBIE U KJIACCHYECKHE KOppessimn, 3(pdeKTuBHas cuia,

MOH/IL.





