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BoabmuacTBO MOJI€I€#, ONTUCHIBAIONNX KaKHe-Tu00 KoJiebaTeIbHbIE ITPOIECCHl, UMEIOT Iap-
IaJIbHOE paCIpeieJIcHIe TOYHOCTH, T.€. 9TH MOJICJIA OIIUCHIBAIOT IBOJIIONIO HOPMAJIbHOU MO-
JbI TEM Xy2Ke, U4eM BbIle eé Homep. [1o9ToMy BOMPOC O CXOMMMOCTH Psijia, 10 HOPMAJIbHBIM
BOJIHAM, 3aHUMAIOIIUH IIEHTPAJIBHOE MECTO IPU KJIACCHYECKOM IOAXO0/e, Hen30€KHO BBIBOJIUT
3a paMKH IIPUMEHUMOCTH MOJeU. TPaJIMIMOHHO B 9TOM BUJIAT HEJIOCTATOK MOJIEJIEN — eIé
OJIHO U3 MHOT'UX 3aTpYyJHEHHEe Ha IIYTH J0KA3aTeJbCTBAa CXOAUMOCTU PdAJa U CyIIECTBOBAHUSA
KJIACCUYECKOI'0 pEeIleHUs].

B sT0it craThe mpeioKeH HOBBIN MOAXOA K OIMMCAHUIO TAKUX Mofesieil. V3moxkenue mpo-
UJTIOCTPUPOBAHO KOHKPETHBIM IPUMEPOM IIPOCTeMINeit MoAe/ i ¢ IapuuajbHBIM paclpe/ie-
JIEHUEM TOYHOCTH — 3aJla9d O KojebaHuu CTPYHBI. B Takmx 3ajadax BCerja MMeeTcs HEKO-
TOpasi HEOIPEIEJIEHHOCTh B HAYAJbHBIX YCJIOBHUSIX. Tak, 0OBIYHO MPOQUIbL HAYAJIBHBIX CKO-
pocTeil, UCMOJIB3yeMbIil JJIsi OIUCAHUS y/Iapa MOJIOTOYKOM, CIATAIOT CTYIEHYATON (DYHKIIH-
el WM <«INAIOYKOW», HO MOXKHO PacCMOTPETh U IEJIbIA KJIACC MOAXOMISINUX Mpoduiiei, a,
CJIEJIOBATEJIBHO, U IeJI0e CEMENCTBO HAYAJIbHO-KPAEBBIX 3a/1a4. DTa HEOPEIe/IEHHOCTD B Ha-
JaJIbHBIX YCJIOBUSX MMO3BOJISIET OIEHUTDH OIMUOKY It KaXKJI0fl MOJibl B oTAesabHOCTH. Kak u
CJIEJTOBAJIO OXKUJIATh, OIMMOKA PACTET MPU YBEJIWIEHWH HOMEpa TapMOHUKHU W JaXKe CTaHO-
BUTCsI OECKOHEYHO OOJIBINON B npejese. Bce pelieHus pacCMaTpUBaeMOro CEMeRCTBa 3a/1a9
MOKHO Pa3JIOKUTDH B PsiJ] 110 HOPMAJILHBIM BOJIHAM, B HEM MJIAJIIIINE MOJIBI UMEIOT OJIM3Kue
AMIUTATYAbI. DTO TMO3BOJISIET COXPAHUTD BCE KJIACCHIECKHE YTBEPXKICHUS O MJIAJIIUX MOJAX,
HO n306€KaTh TPY/JHOTO W BBIBOJSIIETIO 38 PAMKU MOJIEJN UCCJIEIOBAHUS CXOIUMOCTH PsiJia, 110
HOPMAaJIbHBIM BOJIHAM.

KiroueBbie cjoBa: MaTeMaTUYUeCKas MOJAE/b, KOJeOaHUsI, CTPYHA, HOPMAJJIbHBIE MO/IBI,
HOPMAJIbHbIE BOJIHBI.

1. Mogenu c napruajJibHBIM pacipeiejeHueM TOYHOCTU

IIpu MomemmpoBanum KoOJIEOATETBHBIX MTPOIECCOB B CAMBIX PasHOOOpAa3HBIX 00J1a-
CTSIX (PUBHKH, OT MEXaHMKHU JI0 JIEKTPOINHAMUKY, PEIlleHNe UIYyT B BHUJE Pa3jIoiKe-
HUsI 110 HOPMaJIbHBIM BosiHaM [1-3]. OnepupoBaHue ¢ TAKMMU DsIAME Y2Ke JIBAKJIbI
MOTPebOBAIO PACIIMPUTEL CaMO TOHSITHE perteHns. Tak, B X0o[ae 3HAMEHUTOTO <«CIIOpa
O CTPYHE» IPUIIJIOCH CHAYAJA TPU3HATL (DYHKITUSAME PsiJIbl, BO3HUKAIOIIUE IIPU MOJIe-
JIMPOBAHWUU KOJIEOAHUI CTPYHBI, HO He JIOCTABJISIONIIE aHamTHIecKre byHKmn [4], a
3aTeM [PU3HATH PelleHusiMU 3j1eMeHThl u3 npocrpancrsa Cobosesa [5]. IIpu sTom Ha
KayKJIOM dTale B IIEHTPe BHUMAHUsI OBL BOIIPOC O CXOAMMOCTH B TOM WJIA WHOM CMBICJIE
psizia 1Mo HOpMAaJIbHBIM BostHaM. OIHAKO MPaKTUKAM XOPOIIO M3BECTHO, UTO YeM CTap-
e MOJIa, TeM Xy2Ke HCIOJIb3yeMas MOJIe/Ib ONMUCHIBAET €€ IBOJIIONMIO. TaKue MOJe
MBI IIPEIJIATaeM HA3BIBATD MOOJCAAMU C NAPUUGADHOM DACTPEIEAECHUEM TMOYHOCTNU.
Bompoc o cxopumocTu psjia o HOPMAaJbHBIM BOJIHAM, TO €CTh 00 aMILIATYJIaX CTap-
MIAX MOJ, HEM30EKHO BBIBOJIUT 38 PAMKHU NPUMEHUMOCTH MATEMATHIECKON MOJIEIIH.
TpaaunnoHHO B 3TOM BUJILAT HEJIOCTATOK MOJEJIE, eIMlé OJHO U3 MHOTUX 3aTPY/IHEHUE
Ha IIyTH JOKa3aTeJbCTBA CXOAUMOCTU PANA M CYIIECTBOBAHUSA KJIACCHYECKOI'O pellle-
Husi. B 910l crarbe Ha KOHKPETHOM IIPUMEpPE IPOCTEMIneil MOAEIN ¢ IapIuaJIbHBIM
pacrpe/ieJieHueM TOYHOCTH — 3aJ1a491 O KOJEeOAHUSIX CTPYHBI — OyJIeT MOKA3aHO, KaK
MOYKHO HCIIOJIb30BATh TAKOE pacIpeJieJIeHre TOYHOCTH BO 0JIaro.
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2. Ilpumep: 3a/1a4a 0 KOJIEOAHUSAX CTPYHBI

IIpocreiimmas MOme/b, OMUCHIBAIONIAS YAAP MOJOTOYKOM TOJIIAHBI 2§ IO CTPYHE B
TOYKE T = ¢, IPUBOJUT K HAYAJIbLHO-KPaeBoii 3a1a4e [2]:
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[Tpu masbix ¢ B MecTe yaapa ObICTPO BOSHUKAET TOPO, KOTOPBIi IBUKETCS Ie€pe3 IEHTP
CTPYHBI K IIPOTUBOIIOJIOZKHOMY €€ KOHILy CO CKOPOCTBIO @, OT HEI'O OTPaXKaeTcs, OIIpo-
KHJIBIBAETCS, BO3BPAITIAeTCs Ha3a/ M CHOBa OIPOKHUIbIBaeTcs. II0CKOIbKY MI'HOBEHHBIN
podm/ib HAYAIBHBIX CKOPOCTEH M3HAYAIBLHO BHIODAH Pa3pBIBHBIM, 3a7a4da HE NMEEeT
KJIACCUYECKOI'0 PeIIeHusl: TopO MMeeT TPEYTOIbHYIO (hOpMY.

3a0bIB O IIPOUCXOKIECHUN MOJIEJN, MOXKHO JIETKO U3DABUTHCS OT ITOrO 3aTPYIIHE-
HUSI, UHTEPIPETUPOBAB BBINUCAHHBIA psii Kak 0600menHoe perenne (5], . IV, §3.
IIpobiema, omHako, B TOM, YTO B pPaMKaxX HCIOJB3YeMOI MOJENH CTPYHA, TO €CTh
«rubKast HUTb», COBEPIIEHHO HE CONPOTHUBJISETCS U3THOAHUIO, €M U OTJINIACTCS OT
PeaJIbHBIN CTPYHBI, MTCHOBEHHBIN MPOMUIb KOTOpoit MuOrO TiiaxKe. [lomyunts Gostee
IVIaJIKO€e PeIlleHre MOXKHO, 3aMeTHB, UYTO Ha CaMOM Jiejle TpoUIb HaYaIbHBIX CKOPO-
cTell HaM B TOYHOCTU HE M3BECTEH U MOITOMY €r0 MOXKHO CIVIQIUThL. 1'yT BO3HUKAIOT
JBa BOIIpoca:

1. Kak zaBucur penieHnue oT crioco0a, CriraskKuBaHns HadyaIbHBIX ,ILaHHbIX?
2. CyI]_[eCTByeT JIN KJIaCCUYE€CKOe pelleHure IIpu CIlaKeHHBIX HaYdaJIbHBIX ,ZLELHHI)IX?

Tpa‘ILI/IIlI/IOHHO BTOpOfI BOIIPOC CYHUTAIOT I'JIaBHBIM, a HepBbeI CBOJAT K HCCJICIOBAHUIO
yCTOfI‘II/IBOCTI/I 3a1a9U 110 HaYaJIbHBIM JaHHBIM B HOpME L2.

TTorpobyem, oHaKo, HAYATH ¢ TIEPBOrO Bompoca. IIpo MrHOBeHHBIH TTPOMDUIL CKO-

pocreii
ut|t:0 = ¢($)»

[IPUIaBAEMbBIX CTPYHE YJIapOM B TOYKE & = ¢ MOJIOTOYKOM MaJIOil MUPUHBI 20, C yBe-
PEHHOCTBHIO MO2KHO CKa3aTb CJie/iyroniee: CKOPOCTb paBHa HYJIIO BHE MOJIOTOYKa, TO
ecTb IpHU |z — ¢| > 0, UMeeT eIMHCTBEHHBI OJIOXKUTENbHBI MAKCUMYM DU T = ¢ U
pacipeaejieHa CUMMETPUYIHO OTHOCUTEJIBHO I = C. ByﬂeM cCHuTaThb eLHé, qTO q)yHKHI/IH
1) UMeeT Pa3pbIBBI Pa3Be JIMIIb B TOYKaX T = ¢ + §, a cuiia yJapa, XapaKTepusyeMmast
UMITYJIbCOM
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[epeJIaHHbIM CTPYHE, mocTosiaHa. Cpa3y 6Gpocaercs B rj1a3a, 9TO ONUCAHHBIN KJIACC HE
coBnasiaeT ¢ KaaccoM ynkimit, 6iuskux B Hopme L2(0,1) x

v, |x—c]<d
0, |[z—¢|>9¢

Yo(x) = {

CpaBauM Ko3(hduimeHTsl Pypbe IpU MPOU3BOJBHOM MPOQUIe HAYATBHBIX CKO-
pocTeit U3 OMMCAHHOTO KJACCa C BBIYUCJAEHHBIME BbIlle Koddduimentam Pypoe. [lo
TeopeMe o cpemHeM Koadpurment Oypobe
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MaJIO OTJINYAIOTCH OT CPEJIHHUX 3HAYEHUil 1), TO ecThb cjabo 3aBUCAT OT BbIOOpA Ha-
9aabpHOro podmis. B gacTHOCTH, TOITOMY MOXKHO TIOJIB30BATHCS BBIYUCICHHBIMU BbI-
Ie aMILITUTYIaMU TapMOHUK I KYCOYHO-TIOCTOSHHOM 1. UeM cTapiiie rapMOHHUKA, TO
eCTh 9eM OOJIBbITIE 71, TEM IUpPEe WHTEPBaAJ, B KOTOPBI MOTAIaeT aMILTATYaa ¥,. Tak
7 JOJIZKHO OBITH: Jyis Tyaakux QyHKIUi ¢ koaddunuentsl Pypbe yObiBaioT ObICTpEE
J000i# crerenn 1/n u, ciie0BATEIbHO, XapAKTep UX 3aBHUCHUMOCTH OT 7 IIPUHIUIINAI b
HO OTJIMYAETCs OT CJIydas C Pa3PBHIBHBIMU HAYAJIHHBIMU JAHHLIMU.

Takum obpa3om, oTBedas Ha MEPBBI BOIPOC, MBI YTBEPXKIAEM, 9TO aMILTUTYIHI
TapMOHUK MOXKHO BBIUUC/IUTD JIMIIH TPUOINKEHHO:

2
ol I

npuiéM OmudKa PacTéT ¢ POCTOM HOMEpa TapMOHHUKH. B Tex 3amadax, B KOTOPBIX
BasKeH HE MTHOBEHHBIN MPOMUIL CTPYHBI, & CIEKTPAJIbHBIN COCTaB €€ KojebaHuii, Bce
paBHO, KaK UMEHHO paclipejesisdeTcss HadaJlbHas CKOPOCTh OT TOYKH yJapa K KpasM
MOJIOTOYKA, U MOYKHO JIOBOJIBCTBOBATHCA STUMU (DOPMYIAMU.

3amedaTebHO, UTO MY3bIKAJbHAs aKyCTHKa KAaK pa3 OTHOCUTCS K TAKOTO POjIa
3astauaM. Hampumep, mpocreiinias MOJIe/Ib ITO3BOJIIeT 00bsICHUTD IIPABUJIO OOPHOBI CO
CTapIIuMKu 00EPTOHAMU: JJIsT TOT'O, YTOOBI 7-s1 TAPMOHUKA He OBbLIa CJBIITHA, YIAPSIOT
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B KpaliHUil y3eJs 7-ii TapMOHUKHU, TO €CTh C = %, IIOCKOJIBKY TOLJIa

. Tne L™
sin— =sin— =0

l 7

u w7 =0.

Pa3yMeeTcs1, CYIIECTBYIOT JAPYyTHe 3a/1a91, B KOTOPbIX MI'HOBECHHBII HpO(bI/IJH) CTpYy-
HBI BaK€H W BazKHO JIOKa3aTh CYIIECTBOBaAHUE KJIACCUYIECKOI'O PEIICHMA. C (bOpMaJIL-
HOI TOYKHU 3peHUd JJId UX PaCCMOTPEHUs JIOCTATOYHO CYy3UTh KJIaCC, KOTOPpOMY IIPDHU-
Ha/a/iexKaT HavaJIbHbIEC JaHHbBbIE, HOTpe6OBaB CyIIIECTBOBAHNE BTOPOU ITPOU3BOAHOI OT
’(/J. O,ILHaKO 9Ta IIPOU3BO/IHAA XapaKTEPU3yeT n3rud CTPYHBI, a CaMa MOJEJ/Ib CTPYHBI
KakK I'MOKOil HUTH TeM U IIJI0Xa, 9YTO HE€ YIUTBhIBACT COIIPOTUBJICHUEC m3rubanunio. IlosTo-
MYy Ha CaMOM JeJie 3/1eCb Hy>KHO CTPOUTH HOBYIO MOJEC/Ib.

3. Oo6obIIIEeHne

Cdopmyimpyem Tenepb B 00IIEM BUIE MPEIIAraeMblii IOAX0, K aHAJIM3Y MOJesei
C HapHI/IaJ'H)HbIl\/I pacnpeﬂeﬂeHI/IeM TOYHOCTH. HyCTb nMeeTCd MaTeMaTHudYeCKad MO,D;e.HI),
OTIMCHIBAIOIIAS KaKne-Tn0ho KojaebaTe/IbHbIE TTPOIECCHI.

- BBIHCHSIGM, KaKHne HadaJIbHbIEC UJIN FpaHHquIe YCHOBI/IH IIJIOXO U3BECTHBI 1 BMECTO
OJIHOI1 KpaeBoil 3a1a49u BBOJAMM B PACCMOTPEHHE LEJIbIi KIace 3a1a4.

— Jloka3bIBaeM, 9TO HEKOTOPBIE 33a9l U3 3TOI0 KJIaCCa UMEIOT XOTsd ObI 0000IEH-
HOE peH_IeHI/Ie nu paaﬂaraeM ero 110 HOpMaJ'H)HbIM MOZJaM.

— PacnpocTtpanseMm dopMysIbl 718 aMILTUTYI, HOPMaJbHBIX MO/ Ha BCE 33/Ia9H Pac-
CMATPUBAEMOr0 KJIACCa U BBISICHSIEM, KAK CHJILHO MEHSIOTCH 3TH aMILIUTYIbI IIPI
N3MEHEHUUN YCJ'IOBI/Iﬁ 3aJa4.

Ecnu omubka, ¢ KoTopoit ymaércs BBIYUCIUTH aMIIUTYABI MO, PACTET C POCTOM
HOMepa I‘a.pMOHI/IKI/I7 TO MBbI CLII/ITaeM7 9TO B paMKa.X ,Ha.HHOﬁ MOZJeJI MOZKHO BBIYHC-
JINTh aMILIATYABI MJIAJIIAX MOZ, 8 BOIPOC O CXOAUMOCTH PsIZa IO HOPMAJBLHBIM MO-
JIaM BBIXOJIUT 3a PAMKU PAaCCMaTpPUBAEMOM Mojesn. TaKoil 1moaxo CyIeCTBEHHO TPOo-
e CTaHIAPTHOrO, a JAET OOJIBINE MPAKTUIECKN 3HAUNMON WHQMOPMAIIUM: BMECTE C
aMILIATYZ0N MOIBI OH yKa3blBaeT u omubky. KoHeYHO, IOMUMO yUTEHHON Heolpeze-
JIéHHOCTI/I C HaYaJIbHbBIMN rZ(a,HHI)IMI/I, HNMEIOTCAd " ,ﬂ;pyPHe Hey'—ITéHHbIe B 9TOU OH_[I/I6K€
He,ZLOCTaTKI/I MOﬂeJII/I. STEL BeJIMYUHA yKa3bIBaeT HOpOI‘, TOYHEE KOTOpOI‘O HeE Hy)KHO BbI-
YUCUTDH MOJBI, UTO MO3BOJIUT CYIIECTBEHHO COKOHOMUTH BBIUNCIUTEIbHBIE MOITHOCTI
B TeX 3a;[a‘{ax, JJIA KOTOpI)IX MOZABI HE BBIYHUCJ/IAIOTCA aHAJIUTHUYICCKH.
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The majority of the models for describing any oscillatory processes have partial distribution
of accuracy, i.e. the number of normal mode is higher, the model describes its evolution worse.
Therefore the question about convergence of the normal waves series, taking the central place
at classical approach, inevitably take out of applicability of model. At such approach this is
a lack of models, one of many difficulty in the proof of series convergence and existence of
the classical solution.

In this article we discuss new approach to the description of such models which is simpler
classical: here the proof of convergence of series is replaced with research of uncertainty of
normal waves amplitudes. The statement was illustrated with a concrete example of the
elementary model with partial distribution of accuracy, i.e. problem about string osculations.
In such problems there is some uncertainty in initial conditions. So usually the profile of initial
velocity, used for the description of blow by a hammer, we consider as step function or “hat”,
but we can consider the whole class of suitable profiles, therefore the whole family of initial-
boundary value problems. This uncertainty in initial values gives the chance to estimate an
error for each mode separately. As one would expect, the error grows to infinity as number
of a mode tend to infinity. All solutions of considered family of problems are expanded in
normal waves series and younger modes have close amplitudes. It allows to keep all classical
statements about younger modes and to avoid a investigation of convergence of normal waves
series, which is technically difficult and take out of applicability of model.

Key words and phrases: mathematical model, string, oscillations, normal waves, nor-
mal modes.





