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In polarization optics, an important role play Mueller matrices — real four-dimensional
matrices which describe the effect of action of optical elements on the polarization state of the
light, described by 4-dimensional Stokes vectors. An important issue is to classify possible
classes of the Mueller matrices. In particular, of special interest are degenerate Mueller
matrices with vanishing determinants. With the use of a special technique of parameterizing
arbitrary 4-dimensional matrices in Dirac basis, a classification of degenerate 4-dimensional
real matrices of rank 1, 2, 3. is elaborated. To separate possible classes of degenerate matrices
we impose linear restrictions on 16 parameters of 4 x 4 matrices which are compatible with
the group multiplication law.
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sification.

In polarization optics, an important issue is to classify possible classes of the
Mueller matrices — an extensive list of references on the subject is given in [1]. In
particular, of special interest are degenerate Mueller matrices with vanishing determi-
nants. There is known a special technique of parameterizing arbitrary 4-dimensional
matrices with the use of four 4-dimensional vector (k,m,l,n) — see [2,3] and refer-
ences therein. To separate possible simple classes of degenerate matrices of ranks 1,
2 and 3 we impose linear restrictions on (k,m,l,n), which are compatible with the
group multiplication law. All the subsets of matrices obtained by this method, are ei-
ther sub-groups or semigroups. To obtain singular matrices of rank 3, we specify 16
independent possibilities to get the 4-dimensional matrices with zero determinant.

In spinor basis, an arbitrary 4 x4 matrix can be parameterized by four 4-dimensional
vectors (k,m,l,n)

o |t k3 no+nd K N )

The matrices G will be real, if the second components of parameters are imaginary
k;Z—kQ, m;:_m27 l;:_l27 n;:_TLQﬂ
and all remaining components are real. The law of multiplication for matrices given
according to (1) in explicit form is
ko = ki ko +k' k+n{lo+n'l,
mg =mgmo+m' m+1jng+1n,
ng =kyno+k n+nymo+n’'m,
Iy =1 ko+V k+mylo+m'l,
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K'=kyk+k ko+ik'xk+nil+n'lp+in x1,

m"=mim+m'mp+im xm+Iin+1ny+il xn,

(2)

n" =kin+k'ny+ik'xn+nim+n mo+in xm,
"=lk+1Vko+il' xk+mil+m'lyg+im’x1.

To separate possible sub-classes of matrices, we will impose linear restrictions on
(k,m,l,n), which are compatible with the multiplication law (25).
First, consider the variants with one independent vector. Variant I(k):
n=Ak, ng=aky,
m:Bka mOZ/Bk07 (3)
I1=Dk 5 l() =1 ]{70 5

Formulas for multiplying parameters take the form

ko = ko ko + k' k + at kjko + AD K’k |
my = B% kjko + B> X k +ta k) ko + DAK k

" __ k/k !/ / / (4)
ng = a koko + Ak'k+ af ky kg + ABK k,
ly =tk ko+ DX k+ pt kjko + BD kK'k ,

K'=kyk+k ko+ik xk+aD ki k+ At kK'ky +iAD k' x k ,

m” = B kik + BAK ko +iB*k' xk+tAkik + Dak' ko +iDAK xk, 5)

n"=Aklk+ak ky+iAk' xk+aBkik+ ABk' kg +iABk xk,
1" =tkik+DXko+iDk' xk+BD ki k+ Btk' kg+iBDk xk.

Twice primed parameters must obey the same restrictions (3) from that it follows

a(l+B) khko + A(1+ B) Kk = a1 + at) k{ ko + a(1 + AD) X' k ,
my = Bkl ,
(B +ta) khko + (B®> + DA) X' k = B(1 + at) kj ko + 8(1 + AD) k' k ,
b=tk
t(l+pB)kyko+ D(1+B) kK k=t (1+at) ky ko +t(1+ AD) kK k.
n":Ak”
A+aB)kyk+ (a+ AB) K ko +iA(1+ B) K x k=
0
= A(l+aD) k) k+ A(1 + At) K ko +iA(1+ AD) k' x k ,
m”:Bk”
BB +tA) kik + (BB + Da) K ko +i(B>+ AD) k' x k =
0
= B(1+aD)k)k+ B(1+ At) X ko +iB(1+ AD) k' x k,

l// — D k//
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(t+ BD) ktk + (D + Bt) K'kg +iD(1 + B) k' x k =
=D(1+aD)kyk+D(1+ At) kK ko +iD(1+ AD) k' x k.

Further we get the system of algebraic equations

a(l+p)=a(l+at), A(l1+B)=a(l+ AD),
(B% +ta) = B(1 + at) (B> + DA) = B(1+ AD) ,
t(1+8)=t(1+at), D(1+ B)=t(1+ AD),
(A+aB)=A(l+aD), (a+ ApB) = A(1+ At)
(BB+tA)=B(1+aD), (BB + Da) = B(1 + At) ,
(t+B8D)=D(1+aD), (D + Bt) = D(1+ At)

A(l1+B)=A(1+AD),
(B?>+ AD) = B(1+ AD) ,
D(1+B)=D(1+ AD).
We are to find all solutions of Egs. (25); each of them will represent a sub-group
or semi-group.

First, we note a trivial case, solution (K — 1):

K 0
A=a=0, B=p=0, D=t=0, G—‘ 0 0 ; (6)

all such matrices are degenerate; their determinant equals to zero; The rank of the
matrices equals to 2; if det K = 0 then the rank equals to 1.

Let us consider possibilities at two vanishing blocks — there are three different

cases. First, let it be
A=a=0, D=t=0;
Egs. (25) give
62:57 B2:6a pB =B, BQZB; (7)

from whence we get one new solution (in addition to yet found trivial one (6) at
B=p=0)

solution (K —2),

ko + ko 0

A=a=0, D=t=0, D=p=+4+1, G= 0 ko + k& ;o (8)
which determines a set with group structure.
Now, let us suppose
A=a=0, B=p3=0; (9)
then Egs. (25) lead
0=0, A=0,
0=0, 0=0,
t=t, D=t,
0=0, 0=0, 0=0,
0=0, 0=0, 0=0,

t=D, D=D, D=D;
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so we obtain one new solution (K — 3):

K 0
A=a=0, B=p=0, D=t, G:’DK O)’ (10)
with simple multiplication law
oG K 0 K 0| | K'K 0
| DK’ 0 DK 0| | DK'K 0|

It is a set of degenerate matrices with semi-group structure (with a free parameter
D).

Now let us suppose

the system (25) gives

a=a, A=a,
0=0, 0=0,
0=0, 0=0,
A=A, a=A, A=A,
0=0, 0=0, 0=0,
0=0, 0=0, 0=0,

so we arrive at a new solution (K —4),

K AK
A=a, B=pf=0, D=t=0, G—‘ o o |’ (11)
with simple multiplication law
oG K AK' K AK | | K'K AK'K
10 0 0o o0 | 0 0 ’

It is a set of degenerate matrices with semi-group structure (with a free parameter
A).

Now, we are do consider variants wit one vanishing block. First possibility is

A=a=0;
the system (25) leads to
0=0, 0=0,
52=8, B*=3,
t1+p)=t, DI+B)=t,
0=0, 0=0, 0=0,
BB =B, BB =B, B*=DB,

(t+BD)=D, (D+Bt)=D, D(1+B)=D;

it provides us with two yet known solutions
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ko + ko 0
(K-2), A=a=0, B=p=+1, D=t=0, G= 0 ko + k& |
The second possibility with one vanishing block is
D=t=0;
Egs. (25) give
ap =0, A(1+B):Oé,
82=5, B*=4,
0=0, 0=0,
(A+aB)=A, (a+Ap)=A, AB =0,
6B =B, BB =B, B?’=RB,
0=0, 0=0, =0.
which leads us to yet known solutions:
ko + k& 0
(K-2), A=a=0, B=+4+1, =41, D=t=0, G—‘ 0 ko + k&
K 0
(K-1),A=a, B=p=0, dD=t=0, G:‘ 0 0

Consider the third possibility wit hone vanishing block

Egs. (25) give
0=a’t, A=a(l+AD),
ta =0, DA=0,
0=at?, D =t(1+ AD),
0= AaD a=A(l+ At), 0=A%D,
tA=0, Da =0, AD =0,
t=D(1+aD), 0= DAt, 0= AD?.

From whence we arrive at two known solutions:

(K—4), A=a, B=B=0, D=t=0,

0
(K—3), A=a=0, B=8=0, D:t,G:’DK ow

It remains to consider equations (25) if all blocks are non-vanishing.

A, a#0, B, p#0, D, t#0;

K AK
o=l
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Egs. (25) lead to

B=+at, A(1+ B)=a(l+ AD),
(B*+ta)=pB(1+at), (B>+DA)=p(1+AD),
B=+at, D(1+ B)=t(1+ AD) ,
B=AD, (a+ AB) = A(1 + At) , B=AD,
(BB+tA)=B(1+aD), (BB+Da)=DB(1+At), (B*+AD)=B(1+AD),
(t+ BD) = D(1 4 aD) , B=AD, B=AD

Excluding the variables B and 5, B = AD, 8 = at; remaining independent equa-
tions are

(A—a)(1+AD) =0,
(AD—at)(l—i—AD) =0,
(D-t)(1+AD) =0, (12)
(A—a)(1+At) =0,
(D—t)(1+aD)=0.

First, let us consider the case A = «a; Eqgs. (12) take the form
A=a, (D-t)(14+AD)=0;

from whence we get two new solutions.

Solution (K —5),

K AK

A=a, B=B=AD, D=t, G—’

it is a set of degenerate matrices (with two additional free parameters, A and D) of
the rank 2 with simple multiplication law

'K AK _‘ (K'K + ADK'K)  A(K'K + ADK'K)

K’ AK'
DK' ADK'

DK ADK D(K'K + ADK'K) AD(K'K + ADK'K) ‘ ;

Solution (K —6),

A=«a, B=-1, B=—-At, D=-A"",
ko + k¢ Akg + Ak& (13)
tho — A~YkG  Atko — k& |

it is a set of degenerate matrices of rank 2 (with two free parameters A and t).

Now, turning back to (12) let us consider the case

A#a, 1+AD=0; (14)
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the system (12) leads to a single solution

le 1
= D=t=—_—
A’ t A

k‘o + E& Oék‘o + AE&
—A Y (ko + k?) —Alaky — k&

(K-7), Aa B=-1, B=-

(15)

Y

they all are degenerate matrices with rank 2. Let us verify the multiplication law:

ki + k' ak) 4+ ARG
—ATY Ky + K'F) —Atak) — k'

oG- ' ko + k& ako+ Akg |

— A (ko + k&) —Alaky — k&

result is better to present by blocks

() =(1- %) Roko + (1 - %)%E&,

(12) = a (1 - %) kjko + A (1 - %)k(’)/}f

(21) = A~ (1 - %) kiko — A”1 (1 -

(22) = A" la (1 - %) Kl ko — (1 - %)kgE 7,

the multiplication law in this semi-group looks as follows
]

G =a'a, kg’:(l—%)k{)ko, E”:( A)k{,E.

Let us collect results together (there exist only 7 solutions):

K 0 ko + k& 0
G—‘ 0 ol G—‘ 0 ko + k& |’
K 0 K AK
G_‘DKO’ G_’0 0 '
G_‘ K AK | ke+kF Ak + ARE (16)
DK ADK | thy — A~'ke  Atko — ke |
o ko + k& aky + AkS

—A ko + k&) —Alaky — k&

Here there are only 7 types of solutions, among 7 types of solutions, 6 cases lead
to the structure of semigroup (matrices with rank 2).

For all other variants we will write down only final results.

Variant I(m)
n=Am, nyg=amg,
k=Bm, ko=pBmo, (17)
I=Dm, Ilp=tmg;
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there exist only 7 solutions:

0 0 M 0
¢= ’ o M| ©F ‘ 0 M|
0 0 0 AM
¢= ’ pm M| 7 ‘ 0 M
o= (Atmg —ma)  (Amg + Amid)
(tmo — A™'ma)  (mo + ma)
G- (—aA tmg —mF) (amg + AMa)
(Ailmo + Ailﬂ_ﬁ,o_") (mo + 7716’)
o_ | ADM AM
| DM M

Here again 6 cases describe semigroups of the rank 2.
Variant I(n)

k=An, ky=ang,
m:Bn7 mozﬂn())
IZDII, l[):tno;

there exist only 4 solutions:

AN N AN N
G:‘O 0" “T|aen av |
ang + Ané ng + né

G =
—aAng — A’né  —Ang — And
G =

Ang + And ng + nd
BAny — A’nd  fBng — And

All four solutions describe semigroup of the rank 2.
Variant I(1):
k=Al N ko = lo s
m = B1 , Mo = B lO )
n=D1 5 ng =t lo ]

there exist only 4 solutions:

AL 0
L 0

alg + Ald  —aAly — A?1
lo+ 10 —Alg — Ald

G= , G=

I

AL AL
L AL

lo+16
All four solutions describe semigroup of rank 2.

We now consider the cases of two independent vectors.

Alg + AlG BAly — A1

(18)

(19)

(20)

(21)

(22)
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Variant II(k, m)
n=Ak+ Bm, ng= aky+ Bmg, 93
1=Ck+Dm, Iy=sky+tmg; (23)
there exist only 5 solutions:
K 0 K 0 K BM
G=lo M| G:'D(M—K) M | G:‘BlK M | (24)
G K AK-M) G K AK — M)
10 M ’ | C(K - M) M '
All solutions except for the (KM — 1) describe semigroups of rank 2.
Variant II(1, n)
k= (Al + Bl’l) , ko = (Ozlg + ﬁno) , (25)
m= (Dl+Cn), mg=(tlp+ sng) ;
there exist only 2 solutions:
o= AL N o= BN N 06
| L ATIN |’ | L BL (26)
The two solutions describe semigroups of rank 2.
Variant II(k, n)
1= (Ak + Bl’l) y lg = (ako + ,8710) 5 (27)
m = (Dn—l—Ck) R moz(tno—l—sko) ;
solutions: K N N
G=lag an|> “|o K| (28)
The first Solution describes a semigroup of rank 2, the second describe a group.
Variant II(m, 1)
n=Am-+ Bl, Ily=amg+ By, 99
k=Dl+Cm, kyg=tly+ smg; (29)
there exist only 2 solutions:
AL AM M 0
co] AL AN | "
The first solution describes the semigroup of rank 2, the second — the group.
Variant II(k, 1)
n = Ak + Bl, no = akg + Blg , a1
m=Dl+Ck, mg=tly+ skop; (31)
there exist only 2 solutions:
K AK K L
G= ’ G = ‘ . (32)

L AL |’ L K+ L
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Variant II(n, m)

l=Am+ Bn, ng=amg+ Bng,

k=Dn+Cm, ky=1tng+ smg; (33)
there exist only 2 solutions:
AN N M+N N
G_‘AM Ml G= N M‘ (34)
Now consider the case 3 independent vectors.
Variant I(k, m, n):
l1=Ak+Bm+Cn, Ily=aky+ Bmg-+ sng; (35)
there exist only 2 solutions:
K N K N
“=lo M| G:‘—K+M+N M" (36)
The first solution describes the group, the second — the semigroup of rank 2.
There are similar solutions for
variant I(k, m, 1):
K K -M+K+L
oo| B | an| MEE| -
Variant I(n, 1, k)
m=An+ Bl+ Ck, mgy = ang+ Bly+ sko ; (38)
there exists only 1 solution:
G = K N 39
| L (K+AN-A7'L) (39)
it describes a semigroup of rank 2.
There is a similar solution for variant I(n, 1, m)
| (M+AL—-AT'N) N |
- ' : E (10)

it describes a semigroup of rank 2.

In all cases above, from the semigroups of the rank 2 one can easily to obtain semi-
groups of the rank 1, for this it suffices to add a requirement that the determinant of
the basic 2 x 2-matrices be equal to zero.

Let us consider singular Mueller matrices of the rank 3. Given the explicit form
of the matrix G, it is easy to understand that there are 16 simple ways to get the
semigroups of rank 3. It is enough to have vanishing any i-line and any j-column in
the original 4-dimensional matrix. Compatibility of the law of multiplication with this
constrain is obvious. All 16 possibilities are listed below.
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Variant (00)

0 0 0 0
G — 0 2]{,’0 2n1 2’[1,0
10 2y mg+ms myp—imsg |’
0 2l0 mi + im2 mgo — Mms
k1 =0, ky=0, ko=—ks,
ng = -—ns3, log=—l3, +ing=mny, —ilo=11.
Variant (01)
0 0 0 0
G - 2k‘1 0 2711 27’L0
S 2 0 mo+ms mp—img |’
2[1 0 ma + img mo — ms
k0:07 k3:07 klzik27
Iy =ily, lp=1I3, mnog=-—-n3z, ni=iny.
Variant (02)
0 0 0 0
G — 2k1 2k0 0 QTLO
T o+l =il 0 2mq |’
ll —+ ’ng lo — lg 0 27”0
ny =0, ng=0, no=-—ng,
mo = —mg, my=—ima, ko= —ks, ki=rika.
Variant (03)
0 0 0 0
a— 2]{}1 2]430 2711 0
o lo + 13 ll - Zlg 2m0 01’
ll + ’ng lo - lg 2m1 0
TZ():O, n3:07 nlzin27
mo =m3, my=1img, ko=—k3, ki=1ksy.
Variant (10)
0 2]€1 2ng 2ny
a— 0 0 0 0
o 0 2[1 mo + ms mi — Z"I’)’LQ ’

0 2[0 ma + ’img mo — ms
kO = 07 k3 = 07 kl = _ZkQ ’

lg = *lg, l1 = *iZQ, ny = 72'712, o =ng .
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Variant (11)

2k0 0 2710 277,1
G 0 O 0 0
T 2 0 mg+ms myp—imsg |’
2l 0 mi+imy mo—ms
k1 =0, ka=0, ko=ks,
lo =13, 1 =ily, ny=—ing, mnog=ng.
Variant (12)
2k0 2k1 0 2n1
G 0 0 0 0
o lo+1l3 11 —1ls 0 2my |’
ll + ilg l() - l3 0 2m0
no = Oa ns = Oa ny = _inQ )
mo = —mg, mi=—ima, ki =—iks, ko=kFks.
Variant (13)
2]430 2k31 2”0 0
0 0 0 0
G = . ,
lo + l3 ll — ’le 27710 0
l1 + ilg lo — 13 2m1 0
nlzoa n2:05 ng =ns,
mo =m3, my=1img, k1= —iks, ko=Fs.
Variant (20)
0 2]{}1 no + n3 ny — ing
a_ 0 2ky ny1+ing ng—ng
10 0 0 0 ’
0 2l 2mq 2mo
=0, l2=0, ly=-lI3,
mo = —mg3, mi=1ima, k1 =—iky, ko= —ks.
Variant (21)
2ko O ng+mng ny—ing
G — 2]451 0 ny + in2 nNg — N3
0 0 0 0 ’
2l 0O 2my 2myg

lo=0, Il3=0, lh=ily,

mgoy = —mgs, my = img, k‘l = ikg, k‘o = k‘g .
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Variant (22)

ko + ks ki — ko 0 2ny
= k1 +iks ko — k3 0 2ng
- 0 0 0o 0 |’
214 21y 0 2myg
my =0, my=0, mg=—-mg,
ng = —ns, ny = —Z"l’Lg, ll = ilz, lo = —l3 .
Variant (23)
kO + ]413 kl — ikQ 2TL0 0
G — kl + ’LkQ ]{0 - ]€3 27’Ll 0
a 0 0 0 0
2[1 2l0 2m1 0
mo =0, m3=0, my=1img,
ng = ns, ny = in2, ll = ilQ, lo = —lg .
Variant (30)
0 2k ng+ng N1 —ing
G — 0 2]-{70 ny + iTLQ Ng — N3
o 0 211 2m0 2m1 ’
0 0 0 0
lO = 07 13 = 07 ll = 77112 )
ko = —ks, ki = —tky, my = —ima, mo=ms3.
Variant (31)
2]4)0 0 no + n3 ny — ing
Q- 2](51 0 ny + ing ng — N3
o 2[0 0 2m0 2m1 ’
0 0 0 0
lh=0, la=0, lp=I3,
ko = ks, ki =tks, mi=—img, mo=ms.
Variant (32)
ko + ks ki — ko 0 2ny
G- ki1 +iky ko — k3 0 2ng
o 2[0 2[1 0 2my ’
0 0 0 0
mo = 07 m3 = 07 mi = _imQ )

lo=13, I1=—ila, n1=—inyg, ng=—-n3.
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Variant (33)

ko + ks k1 —iko 2ng 0
G — kl + ik‘g k‘() — k‘3 2711 0
2[0 2[1 2m0 0’
0 0 0 0
m1:0, ’I’YLQ:O, mo = ms,
lo = l3, ll = —ilg, ny = Z"l’LQ, Ng = ns3 .

Conclusion

Let us summarize results. Matrices of the form

ko+ ko ng+ néa
G: )
lp+16 myg+ mga

are described by their determinant [4]

det G = (kk) (mm) + (nn) (Il) — 2 (kn) (ml) —
—2(—kon—|—nok—|—ik><n)(—m01+l0m—|—imxl); (41)

classification of degenerate 4-dimensional matrices, det G = 0, of the rank 1, 2, 3 is
elaborated:
(n)—7, (m)—7, (n)—4, (I)—4,
(km) —5, (I,n)—2, (k,n)—2,
(k,)) —2, (n,m)—2, (myl)—2,
(k,m,n) — 2, (k,m,l) —2,
(n,l,k) — 2, (n,d,m)— 2.
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VK 512.64, 535.1, 535-4
BreipokneHHbIe 4-MepHbIE MaTPUIIbl CO CTPYKTY PO IOy TPYIIIT
U TI0JIIPU3AIMOHHAsA ONTUKA

E. M. Oscuiok*, B. M. Peankos'

* Moswpcxuti 2ocydapemeennviii nedazozuneckuti ynusepcumem um. M. I1. [lamaxuna
ya. Cmydenueckasn, 28, 2. Moswvpv, Tomeavckasn oba., 247760, Pecnybauxa Beaapyco
Y THY «Hnemumym gusuru um. B.1M Cmenanosa Hayuonarvhotl akademus nayk
Beaapycus
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B nonsipuszanmnonHoit onTrKe BayKHYIO POJIb UTPAIOT MATPUILI Miojiepa — BeleCTBEeHHbIE
4-MepHBIEe MAaTPHUIIbI, OIIMCHIBAIOIINE BO3/IEMCTBUE OITHYECKUX JJIEMEHTOB HA COCTOSIHUE ITOJISI-
pusanuu cera B 4-mepHoM opmanusme BekTopoB Crokca. Hacyrnoit npobiemoil siBiisiercst
KJaccuUKaIms BCeX BO3MOXKHBIX KJjiaccoB marpul; Mrosuiepa. B wacrHocTH, crenuaabHOTO
WHTEPEeCa 3aCJIy>KHUBAIOT BBIPOXKJIeHHbIe MaTpuIlbl Miosepa ¢ HyseBbIM olpeenuTesneM. B
9TOM KOHTEKCTe, B pabOTe C HCIOJIb30BaAHUEM IIapaMeTPHU3aIUN 4-MEePHBIX MATPHUI] Ha OCHOBE
6asuca marpur /lupaka momydeHa KiacCuUKAINS MPOCTBIX BO3MOXKHBIX KJIACCOB BBIPOXK-
JIeHHBIX MaTpul] Miosaepa co cTpyKTypoit noayrpynn panros 1, 2, 3. Meros ucciaegoBanus
OCHOBaH Ha HAJIO?KEHHWU JIMHEHHBIX OrpaHUYeHUil Ha 16 TUPAKOBCKUX ITapaMeTpPOB 4-MepHBIX
MaTPWHI], TP ITOM TPEOYETCS COBMECTUMOCTH TAKUX OTPAHUYIEHUI C TPYMIIOBBIM 3aKOHOM
MaTPUIHOTO YMHOXKEHUSI.
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