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The problem of averaging of the relativistic motion equations of electron in the
intense laser radiation, caused by the decreasing of the rate of wave phase change
due to the Doppler’s effect, is considered. As a result the phase can go from the “fast”
to “slow” variables of the motion, so averaging over the phase becomes impossible.
An analysis is presented of the conditions which are necessary for averaging of the
relativistic equations of motion over the “fast” phase of the intense laser radiation
on the base of the general principles of the averaging method. Laser radiation is
considered in the paraxial approximation, where the ratio of the laser beam waist
to the Rayleigh length is accepted as a small parameter. It is supposed that the
laser pulse duration is of the order if the laser beam waist. In this case first-order
corrections to the vectors of the laser pulse field should be taken into account. The
general criterion for the possibility of the averaging of the relativistic motion equations
of electron in the intense laser radiation is obtained. It is shown that an averaged
description of the relativistic motion of an electron is possible in the case of a fairly
moderate (relativistic) intensity and relatively wide laser beams. The known in the
literature analogical criterion has been obtained earlier on the base of the numerical
results.

Key words and phrases: intense laser pulse, relativistic electron, equations of
motion, averaging of equations, criterion for averaged description of motion

1. Introduction

The nature of the motion of electrons in the field of electromagnetic waves
substantially depends on the wave intensity, which is characterized by the di-
mensionless parameter g = eE/wm_c. Here E is the electric field amplitude
of the wave, w is its angular frequency, e and m, are the electron charge and
mass, respectively, ¢ is the velocity of light in vacuum. The first papers [1], [2]
were devoted to the nonrelativistic motion of an electron in a high-frequency
electromagnetic field of low intensity (parameter g < 1). It was shown by av-
eraging over fast field oscillations, and expansions in terms of the parameter g,
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that the particle was subjected to the action of an averaged (ponderomo-
tive) force. Later, the relativistic generalization of the ponderomotive force
was considered under the condition that the parameter g was small [3], [4].
It was also noted that relativistic effects lead to various features of the av-
eraged force [4]. In the field of high-power laser radiation, the parameter
g is large (¢ > 1). So expansions in terms of the parameter g become im-
possible. In the case of electrons, the parameter ¢ = 1, when the electric
field strength E,. (V/cm) = m cw/e = 3.21 - 101°/\ (um), where A (um) is
the wavelength. Radiation with electric field strength E > E,. is called rel-
ativistically strong [5]. The parameter g is commonly represented in the
form:

g=0.855- 102 VT, (1)

where I = (cE?/87) [W/cm?] is the intensity of the laser pulse. The parameter
g is small in the case of a relatively weak field, when I « I,.. Here I, =
m2c3w? /8me? is the relativistic intensity determined by the electric field
strength E,. Intensity of modern lasers can reach I > 10'® W/cm? [6]-[8].

In the study of particle motion, an adequate description of the laser radiation
field plays an important role. When describing laser radiation, the paraxial
approximation and its modifications is often used [9]-[13] which are based on
the expansion of field vectors in terms of a small parameter

p=a/Zp=2/ka << 1. (2)

Here a is the size of the laser beam in focus (beam waist), Zp = ka?/2 is
the Rayleigh length, k = 27 /) = w/c is the wave number. We assume that
the laser field propagates in the z-direction. From the Maxwell equations,
one can find the expressions for the transverse components of the radiation
field vectors E¢, |, BY  of the zero approximation in the form of Gaussian

beams of various modes m [9]-[13]. Longitudinal components E}, , Bl also
arise, which are of the first-order quantities. The parameter (2) establishes
the relation between the wavelength of radiation and the size of the focal
spot. Powerful laser radiation also has a characteristic scale — the length (or
duration At) of the pulse. In the case of extended pulses, the corrections to
the transverse components of the radiation field are second-order quantities [9].
If the pulse length cAt and the size of the focal spot a are of the same order
cAt ~ a, then the first-order corrections to the transverse components of the
field vectors Et | B! = appear [10]-[13]. In this case, the pulsed character of
the radiation is specified by a fairly smooth pulse function f(o), where the
parameter o = (t — z/c)/At.

In the case of tightly focused laser radiation with the intensity I >
1022 W/cm?, the size of the focal spot can be equal to or smaller than
the wavelength. In this case, the parameter (2) is not small, so that the
paraxial approximation is not applicable and an exact solution of the Maxwell
equations is necessary [14].

The presence of a small parameter (2) in the equations of the electron
motion allows us to use the perturbation theory and perform averaging over
fast oscillations of radiation. When they derive the ponderomotive force of
a laser pulse, it is usually assumed that the wave amplitude varies slowly
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with respect to the wave phase (for example [15], [16]). However, the specific
conditions for the relative change of these parameters are not considered.
Meanwhile, the absence of such an analysis can lead to the misuse of averaging
of the equations of motion. The fact is that during relativistic motion, the
frequency of the radiation that the particle “sees” decreases due to the Doppler
shift: w" = w(l —wv,/c). Here v, is the component of the particle velocity
in the direction of the laser pulse propagation. Doppler frequency shift
slows down the rate of wave phase change. Therefore, at a sufficiently high
longitudinal velocity of the particle, the rate of phase change may turn out
to be comparable with the change in the wave amplitude. This problem was
partially touched upon in the paper [4]. However, the conditions under which
the averaging of the equations of motion is permissible were not discussed
in detail. It was verified in the work [10] by numerical calculations that
the domain of validity of the averaged description of the electron motion in
the ultraintense laser pulse was given by the condition 1 —v,/c > ¢, where
e = u/2. However, the meaning of this condition and its validity was not
discussed.

This paper is devoted to the detailed analysis of the conditions for averaging
the relativistic equations of the electron motion in the field of high-power
laser radiation with a sufficiently long pulse duration such that A < cAt ~ a.
In this case, the existence of a small parameter (2) is assumed as in the
work [10].

2. Basic relations

The motion of an electron is described by the following equations:

d
% - _(1 - UZ/C>€Emm o eB;mpy/meny’
dp, 1 (3)
% - _(1 - ’Uz/c)eEym + eBzmpm/frnﬁcfy’
dp,
dr —eE,, — e(pp By, + Py Eym) /mec,
dr_ ()
dt — m,y
dvy e

dt (mec)2’ypE' (5)

Here p = (p,, Py p,) is the electron momentum vector, «y is the relativistic
factor (dimensionless energy). The vectors of the laser field E,,,, B,,, of an
arbitrary mode m taking into account first-order terms are determined by the
formulas [13] (or [10]). So E,, = E2 + E! and B,, = B? + B! . Along with
the equations (3), it is necessary to use the equation for the wave phase 6:

o

o= —w(l—v,/c) = —wG/~. (6)
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Here

G=v—p./mcc. (7)
Let’s note that the phase that the particle “senses” in the laser field differs from
the phase 6 by additional small terms [9]-[13]. However, in the case under
consideration, these terms are not significant. The equations of motion (3) in
the field of high-power laser radiation are very complicated for an analytical
solution. Therefore, numerical methods of solution are often used that allow
one to study some features of an electron motion in a laser field [10], [17]-{19].
In this case, most often, laser radiation is specified in the form of a Gaussian
beam of the fundamental mode, even at g > 1, which, in general, is incorrect
due to the following reasons: Solution of the Maxwell equations in the form
of Gaussian (or Hermite—Gaussian) laser beams is the result of expansion of
the field strength over the parameter (1). In the case of the ultra-intense and
ultra-short laser pulses the size of the focal spot can be comparable with the
wavelength [14]. So, the relation (1) is violated and description of the laser
radiation in the form of the Gaussian beams becomes invalid. In this case
exact solution of the Maxwell equations should be found [14].

3. Conditions for relativistic equations of motion
averaging

A simplified description of electron interaction with a laser is achieved by
averaging the equations of motion over the wave phase. Various versions of
the averaged equations of motion have been considered in many works [20]-
[24].

To average equations (3) over the phase 6, it must be a “rapidly” changing
quantity [25]. It follows from the equation (6) that this depends on the
difference 1 —v,/c = A, where 0 < A < 1 (if the particle moves in the
direction of wave propagation). At A ~ 1 the phase changes “quickly” and
averaging over the phase is possible. The last is a general condition for
averaging the equations of motion. In the ultrarelativistic limit (A <« 1)
the phase 6 becomes a “slow” (or “semi-fast”) variable as well as the wave
amplitude. In this case, the electron motion changes significantly and becomes
more complicated [10]. In the presence of a unique small parameter (2), it is
quite natural to present the above general averaging criterion in the modified
form [10]:

An~1> . (8)

It follows from (6), that the difference A = G/~, where the quantity G,
according to equations (3), satisfies the equation:

% =e(l—uv,/c)EL /m.c+ ... (9)

One can see that the quantity G is an integral of motion only in the case of
a plane electromagnetic wave in vacuum (EL = 0). In this case, the value
G is determined by the initial conditions: G = v(0) — p,(0)/m_c. If one
considers the particles at rest at the initial instant of time, then G = 1. In
the case of laser radiation, the longitudinal field El  always exists and plays
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an essential role in the motion of electrons. So, in general, the quantity G
contains a slowly changing part as well as quickly oscillating corrections with
small amplitudes. However, it is sometimes believed that G = 1 also in the
case of laser radiation [11].

Let us further consider the averaging condition (8). In this case, the value
G can be represented as the expansion in terms of the parameter u:

G:G0+G1+---, (10)

where G, (the averaged value of the quantity G) does not depend on the
wave phase 6, while GG, are periodic functions. According to equation (9), the
quantity GG, remains constant up to the first-order terms. It follows from
the condition (8) that averaging of the equations of motion is possible if the
following inequality is fulfilled:

v K Gy ~1 (11)

or
v << 1/p=ma/A. (12)

This condition must be satisfied both during the injection of particles in
the radiation field, and during their further movement. It follows from (11),
(12) that an averaged description of motion is allowed when the energy of an
accelerating particle is limited. Typically [10] the parameter u < 6.4 - 1072.
So the energy of the particle is restricted by the condition v <« 17.

Let us consider the relativistic factor v = /1 + p?/(mc)?. With the
definition (7), it is easy to obtain the following equation:
v=[1+G*+pt/(m.c)?]/2G. (13)

Here p? = p2 + pz. It follows from the system of equations (3) that

p, ~ gm,c. Then from (13), we obtain the following estimate: v ~ 1 + g*/2.
Given the inequality (12), we conclude that the averaging of electron motion
equations in the field of relativistically intense laser radiation is possible if
a rather stringent condition is satisfied:

1+¢%/2 < ma/A. (14)

Thus, the averaging of the equations of motion is possible in the case of
fairly moderate intensity of laser radiation and a relatively wide laser beam
(a/A > 1). In the case of ultra-intense radiation (g > 1), as it was already
noted, the wavelength of the laser beam may be comparable with its size in
the focus. Then the parameter in (2) turns out to be large, and expansion
in the terms of this parameter becomes impossible. Moreover, at g > 1 the
difference 1 — v, /c = [1 + p? /(m.c)?]/27v? ~ g% < 1, and motion of an
electron becomes very complicated as it was noted in the paper [10]. That
means that the concept of the relativistic ponderomotive force has rather
restricted domain of validity.
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4. Conclusion

It is shown that the condition 1 — v,/c > pu/2, obtained by computer
calculations in the paper [10], really corresponds to the general criterion (8)
for averaging of the classical relativistic equations of electron motion in the
intense laser beam. It leads to the conclusion that averaged description of the
relativistic electron motion is possible at limited electron energy and limited
intensity of the laser radiation, as it is established by the inequalities (12),
(14). So averaging the equations of an electron motion over the wave phase
seems to be possible in the case of a fairly moderate intensity and a relatively
wide laser beam. Therefore, in general, it is impossible to consider the problem
of the ponderomotive acceleration of electrons at very high intensity of the
laser radiation. It should be particularly emphasized that for the averaging
procedure it is necessary to take into account not only intensity but also other
characteristics of the laser pulse.
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O BO3MO>KHOCTHU ycpeaHneHnusd pesIsaATUBUCTCKUX ypaBHeHMﬁ
ABU2KEHN: JJIEKTPOHAa B I10JI€ MOIITHOI'O JIa3€epHOro
n3JIydeHumuAa

B. II. MusanrneB

Poccutickuti ynusepcumem dpyotcoHvr Hapodos
ya. Mukayzro-Maxaas, 0. 6, Mockea, 117198, Poccus

PaccmoTpena mpobiiema yepeiHeHus PeJIITUBUCTCKUX YPABHEHUN JIBUYKECHUS JICK-
TPOHA B I10JI€ MOIITHOTO JIA3ePHOTO U3JTyUCHUs], BBI3BAHHAST YMEHBITEHUEM CKOPOCTH
n3Menennd $ha3bl BOIHBI u3-3a dddexta Hommrepa. Bemencrue atoro daza moxker
MEPENTH U3 YUCTIA KOBICTPBIX» B UUCJIO «MEJJICHHBIX» MEPEMEHHDBIX JIBUKEHUS, TaK
9TO yCcpeJHeHue 1Mo (a3e CTAHOBUTCS HEBO3MOXKHBIM. Ha ocHOBe OOIIMX TPUHITUIIOBR
METOJIa YCPeJHEeHNUsI TPOBEIEH aAHAJIN3 YCJIOBUM, DU KOTOPBIX JIOIYCTAMO YCPeTHEHUE
ypaBHEHHU IBMKEHUs 10 «ObICTpoity (hase nzmydenus. JlazepHoe usaydenne paccMmar-
pUBAaeTCs B ApPaKCHAIbHOM IPUOJIMKEHNN, B KOTOPOM MAJIBIM [TAPAMETPOM SIBJISETCS
OTHOIIIEHVE CyKEeHUs JIa3ePHOr0 MyJYKa K paJieeBCcKoil jymae. [Ipeanomaraercs, 94To
HpOTH}KéHHOCTB UMITYJIbCa COIIOCTaBHMa C IIOPAJKOM CYXKEHUA JIA3EPHOIr'O IIyYKa.
B srom cityuae HeoOXOAUMO yUUTHIBATH MOMPABKU MEPBOTO MOPSAIKA K BEKTOPAM IIO-
JIs J1a3epHOro uMmitysabca. [logyden obmuit Kpurepuil, ONnpenessionuii BO3MO2KHOCTD
ycpeanenua peJaadTUBUCTCKUX ypaBHeHI/H';I JABU2KCHUA TaCTHUIIBI B I10JI€ MOITHOTI'O JIa3€p-
noro uzsydenus. [lokazaHo, 9To ycpeIHEHHOE ONMCAHNE PEJISITUBUCTCKOTO JBUKEHUS
9JIEKTPOHA BO3MOXKHO B CJIydae JOCTATOYHO YMEDPEHHOM (pPesIsaiTUBUCTCKO ) UHTEH-
CHUBHOCTHU M OTHOCHUTEJIHHO IIUPOKUX JIA3EPHBIX ITy4YKOB. VI3BeCTHBIN B uTeparype
AHAJIOTUYHBIN KPUTEPUil OBbLI IMOJIyYeH paHee Ha OCHOBE UHCJIEHHBIX PACUYETOB.
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