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Retrial queue under consideration is the model of call center operator switching
between input and outgoing calls. Incoming calls form a Poisson point process. Upon
arrival, an incoming call occupies the server for an exponentially distributed service
time if the server is idle. If the server if busy, an incoming call joins the orbit to
make a delay before the next attempt to take the server. The probability distribution
of the length of delay is an exponential distribution. Otherwise, the server makes
outgoing calls in its idle time. There are multiple types of outgoing calls in the system.
Outgoing call rates are different for each type of outgoing call. Durations of different
types of outgoing calls follow distinct exponential distributions. Unsteadiness is that
the server crashes after an exponentially distributed time and needs recovery. The
rates of breakdowns and restorations are different and depend on server state. Our
contribution is to obtain the probability distribution of the number of calls in the
orbit under high rate of making outgoing calls limit condition. Based on the obtained
asymptotics, we have built the approximations of the probability distribution of the
number of calls in the orbit.

Key words and phrases: retrial queue, Poisson process, unreliable server, two-
way communication, outgoing calls, incoming calls, asymptotic analysis, Gaussian
approximation

1. Introduction

Blended call centers are an efficient and productive implement in modern
companies. In addition to the usual call center features they can provide both
incoming and outgoing calls. In its idle time the server initiates an outgoing
call. Such behaviour allows to increase the effectiveness of the system. To
study the functioning of the system with likewise particularity retrial queues
are commonly used [1]-[3].

In retrial queues the customers that find the server busy repeat their
request for service after a random delay. The pool of waiting customers is
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called an orbit. The most extensive research of this type of queueing systems
is given in monographs [4], [5]. Retrial queues are usually the models of
telecommunication and random access systems and their modifications allow
to describe various real systems.

In this paper, we consider retrial queue with two-way communication and
unreliable server. Two-way communication arose as a modification of retrial
queues for modeling call centers with mixed calls. The Markovian models
with outgoing calls are researched by Artalejo and Phung-Duc [6], [7]. Two-
way communication queues have a branch of modifications to concrete the
performance such as: finite input source [8], server-orbit interaction [9], [10],
call-back option [11], etc. In our case there are multiple types of outgoing
calls in the system.

The unreliability is explained by the need to take into account possible
interruptions in the operation of the server [12], [13]. In our definition the
rates of breakdowns are different and depend on the server current state.
To study the model we use asymptotic analysis method under high rates of
making outgoing calls condition [14].

2. Model description

We consider single server retrial queue with multiple types of outgoing
calls. Input process is a stationary Poisson process with rate A. Incoming
calls occupy the server for an exponentially distributed time with rate p;.
Calls that find the server busy join the orbit and repeat their attempt to
take the server after an exponentially distributed delay with rate o. In its
idle time the server makes outgoing calls of type n with rate «,, and provides
the service for an exponentially distributed time with parameter u,,. For
convenience, we number the types of outgoing calls from 2 to N. Unsteadiness
of the system is a behaviour of the server that it crashes after an exponentially
distributed time of functioning. The rate of breakdowns and restorations are
distinguished and depend on the server state. Figure 1 depicts the structure
of the system.
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Figure 1. Single server retrial queue with unreliable server and multiple types
of outgoing calls
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Let k(t) denotes the state of the server at the time ¢ > 0,

-

0, if the server is idle,
k() = 4 1, if an incoming call is in service,
n, if an outgoing call of type n is in service, n = 2, N,
(N + 1, if the server is in recovery state.

As the server breakdowns depend on its state we denote 7, is the rate of
breakdowns in state 0, v, is the rate of breakdowns in state 1 and ~, is the
rate of restorations. We assume that when the outgoing call is in service there
is no breakdowns as the server calls the customer itself. If the customer is in
service the breakdown interrupts the service and the customer joins the orbit.

Let i(t) denotes the number of calls in the orbit at the moment ¢t > 0. It
is easy to see that two-dimensional process {i(t), k(¢)} is a continuous time
Markov chain.

Let P{i(t) = i,k(t) = k} = P,(i,t) denotes the probability distribution
of the process {i(t), k(t)}, then it is the solution of Kolmogorov’s system of
equations. We present the system in stationary regime

()\+zo—+2a +70>P0 ‘|‘Z,Ukpk +’YzPN+1() 0,

< —<A+u1+v?§P1<z'>+AP1<z—1>+APO<> +(i+1)oPy(i+1)=0, (1)
— (A4 p,)P, (i) + AP, (i — 1) + o, Py(i) =0, n=2,N,
— (A7) Pyy1(8) + APy 1 (1 — 1) + v Py (i) + 7 P (i —1) = 0.

S . .
Let H, (u) denotes the partial characteristic functions H, (u) = > e’ P (i),
i=0

k =0,N + 1, where j = vV/—1. Multiplying equations of systemi(l) by el%
and taking the sum over ¢ yields

(A+70+Za ) o(w) + joHY(u)+

n=2

+Zﬂka ) + Yoy i1 (u) =0,

q A€ —=1) = py — 7)) Hy (u) + AHy (u) — joe 7 Hy(u) =0, (2)
(A& —1) = pi, ) Hy (u) + 0, Hy(u) =0, n=2,N,

(A€ —1) = vo) Hy oy (1) + o Ho(u) + v, €7 Hy (u) = 0,
N+1
joe " Hy(u) + (X + ) Hy (u +>\ZH
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where the last equation is an additional equation that we obtained by summing
up the equations of the system.

The characteristic function H (u) of the studied process can be expressed
through the partial characteristic functions as follows

N+1

H(u) =Y Hy(u).
k=0

The main contribution of this research is the solution of the system (2) by
using an asymptotic analysis method under high rate of outgoing calls limit
condition.

3. Asymptotic Analysis of the Model under the High
Rate of Making Outgoing Calls

In this section, we will investigate system (2) by asymptotic analysis method
under the high rate of making outgoing calls limit condition. In particular,
we prove that asymptotic characteristic function of the number of incoming
calls in the system corresponds to Gaussian distribution.

To match the asymptotic condition we denote «,, = av,, in system (2)

-

N
- (A‘f’% +O‘Z’/n> Hy(u) + joHg(u)+
n=2

N
+ Z e (w) + 7o Hy 1 (u) = 0,
k=1

q M = 1) =y = 71 Hy (u) + AHy (w) — joe ™ H(u) =0, (3)
(A —1) — p, ) H, (u) + av, Hy(u) =0, n=2,N,

(A€ —1) = vo) Hy oy (u) + yo Ho(u) + vy, €7 Hy (u) = 0,
N+1

joe T Hy(u) + (A + 7)) Hy (u) + XY H,,(u) =0,
n=2

\

then the limit condition takes the form a — oo.

3.1. First Order Asymptotic

We denote o = 1/¢ in the system (3), and introduce the following notations
u=-cw, Hy(u)=ceFy(w,e), Hi(u)=F,(we), k=1,N+1,

in order to get the following system
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( N . OF,(w,e)
— | Ae + v+ Z v, | Fyw,e) + jOT-i‘

n=2

+ Zﬂka@U»g) + V2N (w,€) =0,
k=1

(A7 —1) — py — 7)) Fy(w, €) + XeFy(w, e)—

9 e OF,(w,¢) o, (4)
ow o

(A7 —1) — p, ) F,(w,e) + v, Fy(w,e) =0, n =2, N,

(A€W —1) —g) Fy oy (w, €) + voe Fy(w, €) + 7,67 F) (w, e) = 0,

OF,(w, 5) =
joe Iwe %w + (A + 1) Fy(w, ) +>‘ZF (w,e) = 0.
n=2

Theorem 1. Suppose i(t) is the number of incoming calls in the aforemen-
tioned system of the stationary M/M/1 retrial queue with several types of
outgoing calls, then the (5) holds

i(t)

lim Felv e = elwr (5)
a— 00
where N
A
,{1 _ - 72 :ul +71 Vn (6)

o p1ye — A1 +72) o Mn

Proof. Considering the limit as € — 0 in the system (4), then we will get

N
_ZVnFo(w)+j0Fo ‘i‘ZMka )+ Y2 F i (w) =0,

— (1 + ) Fy (w) - gaF'<w>
9 _MnFn<w>+VnF0( ):
— Y2 Fny1(w) + 9 Fi(w) =

N+1

JoF(w) + A+, Fy (w +)\ZF

0, n=2,N, (7)

We propose to seek the solution of the system (7) in the following form
F(w) =r.®(w), k=0,N+1, (8)

where ;. is the stationary probability distribution of the system states, then,
dividing the equations by ®(w), we obtain the system in the following form



54 DCM&ACS. 2020, 28 (1) 49-61

-

—rOZVn+jar0q) +Z,uk7’k+’y2rN+1:O,
n=2 (w) k=1

.9 (w)
— (pq +71)r1 — Jorg D

=0,
OB (9)

) —pp,ry, +v,70 =0, n=2,N,

—YoTny1 + 711 =0,
/( ) N+1

. O (w
\JUTOW+<)\+71)T1 +)\;rn = 0.

w)

o’ (w)
P (w)
®(w) can be expressed as ®(w) = exp{jwk, }, which coincides with (5). Thus,
we rewrite the system

As the relation doesn’t depend on w, the characteristic function

. N N
— ( un—i—cml) ro—i—Zukrk—i—erNH =0,
n=2 k=1
— (g + 1)1y + 0k =0,
§ — ,UJnTn + VnTO = 07 (10)
—Yorni1 1 =0, n=2,N,
N+1
—0kyTg+ (A +7)ry + A Z r, = 0.
~ n=2

To obtain the values of r,, we use second, third and fourth equations of the
system with normalization condition

(T . 0'/11
T

% -
_ n _
r, = —7rg, n=2,N,
n

o,

11
<TN+1:ﬁr1=&m (11)
Y2 Yoty +71)
N+1 N

K 1% K
Dok =gy g+ Iy = 1

[ =~ f =, Yo(p1 +71)

From the last equality we obtain the value of r

ry = (U’fl('yl +72)+i1/n>_ : (12)

Yolty +m) A= by,
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using which we can write the values r; as follows

( N -1
,o— M ok (71 +72) +ZV_n
o \ el ) e )
N -1
. oky (11 +72)+Z£ n—9N (13)
Ty \ el ) =
N 1
S OK171 ok (71 + %) Z_n
L e ) el ) S,

The explicit value of x; we obtain from the last equation of the system
(10) using the equations (11)

N+1
A+ ry + A T, N
oo — (A +n nZZ:Q _A Yoty + 1) VUn (14)
' a7 o H1Y2 = M1 +72) =
which coincides with (6). 0

3.2. Second Order Asymptotic
We introduce the following notations in the system (3)
Hy(u) = et i (u), (15)
to obtain the system of equations (16)

- dH(Z)
()\—I-’}/O—I—UOélil—f—OéZV) (2)( )+‘70?Z—u(u>+

n=2
+Z%H +72H](V-)i-1< ) =0,

(A" — 1) — iy — 1) HY ’<u> + (A + oak, ) H (u)—

dHP (u)
_ ige—iuto _
4 jJoe du 0, (16)

(e = 1) = ) Hi () + av, ™ () =0, n =
(Me? = 1) = o) Hyghy () + 70y (u) + 7 eﬂuﬂi (u > 0,
(
0

— oarye T HEY (u) + (A + 7, Hy
N+1

+AY HY (u) =
n=2
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Denoting o = 1/¢2, and introducing the following notations in the system
(16)

B 17
HY (u) = 2F (wye), HP (w) = FP(w,e), k=T,N+1, (a7)
we obtain
- N (2)
OFy" (w,¢)
2 . )
— ()\52 + 0% + ok + 7; I/n> Fé )(w,s) + jae%T+
. (2) (2)
+ ZMka (w, &) + 7o F Ny (w,€) =0,
k=1
(A&7 —1) — py — s (w,e) + (A\e? + ok )F(z) (w,e)—
1 T 1 ) 1 0 )
(2)
, F,
—jde_JwEga 08(w7€) — 0,
3 v (18)

(A€ — 1) — p, VFN2 (w, &) + v, F\? (w,e) =0, n=2,N,
(A3 — 1) — 3 P}y (w, €) + e Fy (w, )+
+ vleijl(Q) (w,e) =0,

OF? (w, ¢)
6—
ow

joe Iwe — aﬁle*jweFSQ) (w,€) + (A +v,)F? (w, e)+

N+1
+A Z Fy(f)(w, e) =0.
n=2

\

Theorem 2. In the context of Theorem 1 the following equation is true

sl ()’
ali_{{)loEexp jw"‘T :exp{TmQ}, (19)
where
0 7e(py )
Ko =
H1Y2 — A2 — A
+y+ ) A1) A AR
% 51‘1‘)\"31%(% 722 f1)( 2’72) 72 + 4 _g . (20)
72 (1 +71) o f= b

Proof. To solve the system of equations (18) we present the functions
¥ (w, e) in the form
k )

Fi? (w,e) = ®y(w){ry + juwef,} +o(e2), k=0,N +1, (21)

here 7, is the probability distribution of the server state obtained in Theorem 1.
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Substituting (21) into (18), making some simple conversions and taking
(10) into account in the limit by € — 0, we obtain the system (22)

( Byw) v v
O‘wé(w)ro - (O’Kzl +7;2Vn> f0+;ukfk+72fN+1 :O’

2} (w)
) - Umro + Ay — (g +7) f1 ok fy =0,
Ay — [+ fo =0, n=2N,
Yy AN — VoSN T i =0,
@/
o 2(w)
\ QU@Z(“O

(22)

N-+1
ro+okirg — ok fo+ A+ ) fL +A D [, =0
n=2

0 (w)
w®y (w)
the function ®,(w) is given in the following form

B, (w) = exp{(jw)Q@},

which coincides with (19).

These equations imply that the relation doesn’t depend on w, thus

®5(w) :
We have ———~ = —k, and then we obtain the system
wd, (w)
r N N
— (‘7"01 + Z%) fo+ Zﬂkfk + Yo N1 = 0KaT,
n=2 k=1
— (11 + M) f1 + ok fo = —0okgrg — Ary,
\ _/’Lnfn+ynf0:_)‘rn7 n:27N7 (23)
—Yefvp tnfi =N — Arnga,
N+1
—ok fo+ A+7)fi +A Z fn = OKaTy — 0K Ty
n=2

\

The system of equations (23) is heterogeneous form of the system (10),
thus we represent the values f;, in the form of

fe(ka) = Cry + gj(Ka), (24)

and substitute (24) into (23). According to the (10) obtained in Theorem 1,
the terms containing the constant C'are destroyed. We get system of equations
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-

N N
- (‘7/{1 + Z Vn> 9o + Zﬂkgk + Yodni1 = OKaTo, G = Gi(Ka),
n=2

k=1
— (py +M1)91 + 0K1gg = —OKaTg — ATy,
Yy — M Gn + Vn9o0 = _)‘rn’ n= 27N7 (25)
—Y29N+1 T V191 =~ — >‘TN+17
N+1

\

—ok190+ (A +71)91 + A Z Gn = OKglg — 0K Tq,
n=2

From the second, third and fourth equations of the system (25) we have
the following equalities

ORq OKgy A v, A —
g1 = g+ ro + 1, 9y, = — 4 +—T’, n:27N7
A O T Y o,

Y1 TN

g = —7r +—g —|——r —
N+1 Yo 1 Yo 1 Yo N+1

o+

- OK1M g OKaoM1 71 <1+
= 0
Yo (1 + 1) Yoty + 1) V2

A
ry +—r .
M1+’71> ! Y2 Nt

Substituting these equalities into the last equation of the system (25) we get

N
ok, + ok (A+71) +/\ZV_n n ATK1M o+
p + M =, Yoy + 1)

Oko (A + AOK
+< o( 71)+ OKoM
fy +m Yo (1 +71)

A+ A A NOoA 22
_|_< ( 71)+ N <1+ ))r1+)\ —7, + —7rye1 = 0.
M1+ 71 Y2 M1+ 71 — V2

— 0Ky + 0'/<;1> ro+

As the coeflicient at g, is zero we can rewrite this equation to obtain the
explicit expression of ko, which coincides with (20):

o — Yo (pty +71) «
5 =
P12 — Ay — AM
+ ) A+7) A3 AN
% /{1_‘_)\%1’71(71 722 1) ( 2’)’2) 'Y2+_ _;L 7
Y3 (1 + 1) 0 = Uy

To express the characteristic function H(u) of the number of customers in
the orbit we use the notations (15) and (17)

H(u) = exp {juar, + ((ju)?/2) ars} .
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Thus, in Theorem 2 we have obtained the variance kK, of a number of
calls in the orbit in prelimit situation of & — co. The asymptotic probability
distribution of the process i(t) is Gaussian.

4. Conclusions

In this paper, we have considered the Markovian retrial queue with multiple
types of outgoing calls and unreliable server. Using the asymptotic analysis
method we have shown that the asymptotic behaviour of the number of
customers in the orbit coincides with Gaussian distribution and in the limit
condition o« — oo, which means high rates of making outgoing calls, we have
the mean k;a and variance k.
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RQ-cucrema ¢ HeHAAEXKHBIM MIPUOOPOM U PA3HOTUNHBIMU
BbI3bIBAEMBIMU 3asiBKaMU

A. A. Hazapos, C. B. IIayas, O. . JIusopa

Kagedpa meopuu sepoammocmets u MAMEMAMUYECKOT CMAMUCTIUKY
Hauuonanronwii uceaedosamenvcruti Tomerxut 2ocydapemeentnitl yrusepcumen
ya. Jewuna, 0. 36, Tomck, 634050, Poccus

B crarbe RQ-cucrema ¢ pa3HOTUITHBIMY BBI3BIBAEMBIMU 3aBKAMEU PACCMATPUBAETCS
KaK MOJesib oreparopa call-menrpa. Bxozsimmue 3BoaKr 06pa3yioT mIpoCTelnmii OTOK.
B MomenT nocTyruieHus 3asiBKa U3 MOTOKA 3aHUMAET IIPUOOD J1JIsd 00CIIy XKUBAHUS, €CITU
oH cBODOOJIeH. Pacripeiesienne BeposiTHOCTEl JIIUTEIFHOCTEN 00C/TYKUBAHUS SBJISETCS
AKCIIOHCHIINAJIbHBIM. EC.HI/I HpI/I60p 3aHAT, TOCTYIUBIIAA 3adBKa OTIPABJIACTCA Ha
opouUTY, TIie OCYIIECTBIIAET 3AAEPKKY CIIYIANHON [IINTETHLHOCTH, PACIPEICIEHHOI
10 SKCHOHEHITUAJIBHOMY 3aKOHY, TIOCJIE Yer0 CHOBA IBITAETCHA 3aHATH ITPUOOD It
obcirykuBanng. C Ipyroi CTOpoHbI, KOTa Ipubop cBOOOIEH, OH BHI3LIBAET 3asiBKU
N3BHE. B cucreMe e€CThb HECKOJIBKO THUIIOB BBISBIBA€MbIX 3adBOK. I/IHTeHCI/IBHOCTH
BBI3bIBAHUS PA3JINYHBI JIJI PA3HBIX TUIIOB BBI3BIBAEMBIX 3adBOK. JlmuTesbHOCTH
00CJTyKNBAHUS BBI3BIBAEMbBIX 3adBOK PA3HBIX THUIOB SBJISIIOTCA SKCIIOHEHIIMAIbHBIMU
CJIyYIaHBIMU BEJIMYMHAMU C PA3JIUIHBIMEU HapamerpamMu. Henanéxuocts npubdbopa
XapaKTePU3yeTCsl BHIXOJIOM U3 CTPOsi HA MEPUOJ, BPEMEHU, JJINTEIbHOCTH KOTOPOT'O
pacipeiesieHa SKCIIOHEHITUAJBHO. VIHTEHCUBHOCTH BBIXO/IA U3 CTPOsi U BOCCTAHOBJICHUSI
nprbOpa pa3IUIHbI U 3aBUCAT OT COCTOSHUS 1pubopa. 1lebio ncciemoBanus aBIgeTCs
[IOJIy YeHIe CTAIMOHAPHOI'O PACIIPEJIEJIEHNS BEPOATHOCTEN YUCTIa 3asBOK HA opbuTe
METOJIOM aCUMIITOTHIECKOTO aHAJIN3A, B IIPEJICIHHOM YCJIOBUY BBICOKON MHTEHCUBHOCTH
BBLI3bIBAHUS 3a9BOK. Ha OCHOBE IOJIyYEeHHOT'O aCUMIITOTUYECKOTO PaCIpeIesIeHus
IIOCTPOEHA, AIMTPOKCUMAIINS JIONPEIETHHOIO PACIPEICICHN BEPOSTHOCTEH YnCIa
3asBOK Ha opbute B paccmarpuBaemoit RQ-cucreme.

Kimrouesbie ciioBa: RQ-cucrema, mpocTelnuii MOTOK, HEHAIEXKHBII TPUOOP, BBHI3BI-
BaeMble 3aBKM, METOJ AaCUMITOTHYECKOIO aHAJIN3A, IAyCCOBCKAs AIITPOKCUMAITHIS



