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Motion of the relativistic electron in the field of intense laser pulse of the arbitrary
shape is considered. The pulse dimension is supposed to be of the order of the
Gaussian laser beam dimension in the focal plane. It is supposed that the pulse is
propagating along the external constant magnetic field. In the paraxial approximation
the corrections of the first order to the vectors of the field of radiation as well as the
force of the radiation friction are taken into account. Averaged relativistic equations
of motion of electron are obtained with the help of averaging over the fast oscillations
of the laser radiation. It is shown that with taking into account corrections of the
first order to the field vectors an averaged force arises. This force is defined by
pulsed character of radiation and proportional to the intensity but not to gradient of
intensity. It is shown that radiation losses are of little importance in the transverse
plane but may considerably act on the longitudinal motion of electron.
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1.

Introduction

When a relativistic charged particle moves in an electromagnetic field,
radiation friction forces can play a significant role [1–3]. Various aspects of
the radiation friction forces problem, including the refinement of the classical
Lorentz–Abraham–Dirac expression, were discussed in [4–7]. The problem
of radiation losses has become particularly relevant in connection with the
creation of powerful laser radiation sources [8–10]. The charged particle
motion pattern substantially depends on the properties of electromagnetic
radiation. In the case of a sufficiently weak radiation intensity, the parameter
𝑒|𝐸|
𝑔=
, which is the ratio of the particle momentum oscillations amplitude
𝜔𝑚𝑐
in the wave field to a rest momentum, is small: 𝑔 ≪ 1. Here, |𝐸| is the
amplitude of the electric wave field, 𝜔 is the wave frequency, 𝑒 is the charge,
𝑚 — the mass of the particle, 𝑐 is the light speed in vacuum. Availability of
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a small parameter allows one to find a solution to the equations of motion for
a particle in the form of expansions over this parameter and averaging over
fast oscillations. When a particle moves in the high-power laser radiation field
which is pulsed by its nature and of high intensity, the parameter 𝑔 becomes
large. In the case of an electron, this parameter is represented as
√
𝑔 = 0.85 ⋅ 10−9 𝜆 𝐼,
(1)
where 𝐼[𝑊 /cm2 ] is the laser pulse intensity, and 𝜆 [𝜇m] is the wavelength. This
shows that the parameter 𝑔 ⩾ 1 at an intensity of 𝐼 ⩾ 1018 𝑊 /cm2 . Intensities
of such an order and even higher by their value are well achieved in modern
laser devices. In this case, a solution of the equations of motion for a particle
in the form of expansions in the parameter (1) is impossible. Therefore, they
usually use numerical methods for solving the problem. Analytical solution
turns out to be possible if propagation of laser radiation is adequately described
within the paraxial approximation in the form of Gaussian beams [11–17]. In
this approximation, there is a small parameter
𝜇=

2
𝑎
=
≪ 1,
𝑘𝑎
𝑧𝑟

(2)

where 𝑎 is the laser beam radius at focus (waist of the laser beam), 𝑧𝑟 = 𝑘𝑎2 /2
is the Rayleigh length which determines the diffraction divergence of the laser
beam, 𝑘 = 2𝜋/𝜆 is the wave number, and 𝜆 is the radiation wavelength. The
presence of such a small parameter (2) allows finding the solution of the
equations of motion for a particle in the form of expansions in this parameter
and averaging over fast oscillations of the radiation field. In the case of
sufficiently long pulses, the radiation field vectors in the zero approximation
of the expansion of Maxwell’s equations in parameter (2) are represented in
the form of Gaussian beams of different modes as a solution to the parabolic
equation [11, 14]. Upon that, the longitudinal components of the field vectors
in the form of first-order corrections, and the corrections to the transverse
components of the field vectors in the form of second-order quantities arise.
In the case of sufficiently short pulses, the length of which is of the order
of the beam waist, the corrections to the transverse components of the field
vectors are first order quantities [13, 17]. These amendments were not taken
into account in papers [8–10]. Note that in the case of highly-focused laser
radiation, paraxial approximation is inapplicable [18].
This work is devoted to the study of a relativistic electron motion in the
field of high-power pulsed laser radiation in the form of a Gaussian beam with
the circularly polarized basic mode, taking into account first-order corrections
to field vectors and radiation friction force.

2.

Initial equations and problem statement

In case of laser radiation with the circularly polarized basic mode, as
a zero approximation of expansions in a small parameter, the field vectors
are described by the formulas [17]:
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𝑓𝐸 (0) −𝜌22
𝐸𝑥0 = √ 𝑥
𝑒 1+𝑍 cos(𝜑 + 𝜃) = 𝐴 cos(𝜑 + 𝜃),
1 + 𝑍2
𝑓𝐸 (0) −𝜌22
𝐸𝑦0 = − √ 𝑥
𝑒 1+𝑍 sin(𝜑 + 𝜃) = −𝐴 sin(𝜑 + 𝜃).
1 + 𝑍2
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(3)

𝑧
In the formulas written out: 𝜃 = 𝜔 ( − 𝑡) is the “fast” wave phase,
𝑐
𝜌2 𝑍
𝜑(𝜌, 𝑍) =
− arctan(𝑍) is the slow phase, 𝑓(𝜎) is the function which
1 + 𝑍2
takes into account the pulsed nature of the radiation, and where the parameter
(𝑡 − 𝑧𝑐 )
𝜎=
, and Δ𝑡 is pulse duration. Dimensionless quantities are used for
Δ𝑡
𝑧
the longitudinal coordinate 𝑍 = , the distance from the Gaussian beam
𝑧𝑟
𝑟
axis in the transverse plane is 𝜌 = , where 𝑟 = √𝑥2 + 𝑦2 . In the first
𝑎
approximation for expansions of the field vectors with respect to the small
parameter 𝜇, not only the longitudinal field components, but also corrections
to the transverse components arise in the case of sufficiently short pulses [17]:
−𝜌2
𝜆𝑍
𝐸𝑥 (0)𝑓 ′
√(1 − 𝜌2 )2 + 𝑍 2 𝑒 1+𝑍2 ×
=−
2𝜋𝑐Δ𝑡 (1 + 𝑍 2 )3/2
𝑍
𝜌2 𝑍
× cos (arctan
+
− 3 arctan(𝑍) + 𝜃) ≡ −𝐴1 cos(𝜑1 + 𝜃),
1 − 𝜌2 1 + 𝑍 2
−𝜌2
𝜆𝑍
𝐸𝑥 (0)𝑓 ′
√(1 − 𝜌2 )2 + 𝑍 2 𝑒 1+𝑍2 ×
𝐸𝑦1 =
2𝜋𝑐Δ𝑡 (1 + 𝑍 2 )3/2
𝑍
𝜌2 𝑍
× sin (arctan
+
− 3 arctan(𝑍) + 𝜃) ≡ 𝐴1 sin(𝜑1 + 𝜃),
1 − 𝜌2 1 + 𝑍 2
2𝑓𝜌𝐸𝑥 (0) −𝜌22
𝑍𝜌2
𝑦
1+𝑍 sin (
𝐸𝑧1 =
𝑒
− arctan − 3 arctan(𝑍) + 𝜃) .
2
2
𝑘𝑎(1 + 𝑍 )
1+𝑍
𝑥
(4)

𝐸𝑥1

Here 𝑓 ′ (𝜎) ≡

𝜕𝑓
.
𝜕𝜎

The relationship between the transverse components of the electric and
magnetic vectors is determined by the relations:
𝐻𝑥 = −𝐸𝑦 ,

𝐻𝑦 = 𝐸𝑥 .

(5)

There is also a longitudinal component of the magnetic field of laser radiation:
𝐻𝑧1 =

2𝑓𝜌𝐸𝑥 (0) −𝜌22
𝑍𝜌2
𝑦
1+𝑍 sin (
𝑒
− arctan − 3 arctan(𝑍) + 𝜃) .
2
2
𝑘𝑎(1 + 𝑍 )
1+𝑍
𝑥

(6)
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The relativistic electron motion in an electromagnetic field is described by
the equations:
d𝑝 ⃗
1
⃗ + 𝑓𝑟⃗ ,
= −𝑒 (𝐸⃗ +
[𝑝⃗𝐻])
(7)
d𝑡
𝑚𝑐𝛾
𝑝2
where 𝑝 is a particle momentum vector, 𝑚 is its mass; 𝛾 = √1 + 2 2 is
𝑚 𝑐
⃗
a relativistic factor (dimensionless particle energy), 𝑓𝑟 is a radiation friction
force.
The laser radiation field is given by formulas (3–6). The constant magnetic
field is directed along the 𝑧 axis: 𝐻0⃗ = (0, 0, 𝐻0 ).
The system of equations (7) must be supplemented by an equation for the
wave phase 𝜃 which is considered as a “fast” variable:
d𝜃
𝑣
𝜔
= −𝜔 (1 − 𝑧 ) ≡ − 𝐺.
d𝑡
𝑐
𝛾

(8)

Here 𝑣𝑧 is the longitudinal velocity of the particle; and the quantity 𝐺 has
the following meaning
𝑝
𝐺≡𝛾− 𝑧.
(9)
𝑚𝑐
It follows from equation (8) that the phase 𝜃 becomes a “slow” variable
𝑣
𝑣
with 1 − 𝑧 ≈ 0. If 1 − 𝑧 ≫ 𝜇, then the phase 𝜃 can be considered as a “fast”
𝑐
𝑐
variable over which it is possible to carry out averaging. This is assumed to
perform in the future. According to the equations of motion (7), the value 𝐺
is described by the equation:
d𝐺
𝑒
𝑣
=−
(1 − 𝑧 ) 𝐸𝑍 .
d𝑡
𝑚𝑐
𝑐

(10)

This shows that in the first approximation, the quantity 𝐺 is on average
preserved and is determined by the initial conditions. It is usually assumed
that 𝐺 = 1 [1]. From the equation (10) it follows that the quantity 𝐺 can be
represented as an expansion:
𝐺 = 𝐺0 + 𝜇𝐺1 + … .

(11)

Here 𝐺0 ≊ 1 is the value averaged over the fast phase, and 𝐺𝑖 are quickly
oscillating components of the quantity 𝐺.
It follows directly from the equations of motion for a particle that the
relativistic factor satisfies the equation:
d𝛾
1
=
𝑝(−𝑒
⃗
𝐸⃗ + 𝑓𝑟⃗ ).
d𝑡
𝛾(𝑚𝑐)2

(12)

The main task of this work is to obtain averaged equations for electron
motion using the Bogolyubov’s method [19], by averaging over the fast
oscillations of laser radiation, taking into account the averaged radiation
friction force. In their sense, the radiation friction forces are small compared
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with the effects of laser radiation. Therefore, we first consider the motion of
a particle without taking radiation losses into account.

3.

Averaged equations of motion for a charged particle

The initial equations of motion for a particle (7) contain members oscillating with the laser frequency, the amplitude of which is determined by
parameter (1). In the conditions under consideration, this parameter is
large. Therefore, it is impossible to carry out averaging according to the Bogolyubov’s method [19] using expansions in the parameter 𝑔. However, the
equations of motion also contain parameter (2) which is small. In principle,
this allows to seek a solution in the form of expansions in the parameter 𝜇.
However, it is necessary that the quickly oscillating members have small amplitude in order to apply the averaging method. This can be achieved if we
firstly exclude in the equations of motion the quickly oscillating members with
large amplitudes [20, 21]. In this regard, we will make the replacement of the
transverse components of the particle momentum vector, which is convenient
to use in the complex form:
𝑝 = 𝜋 + 𝐶𝑒𝑖(𝜑+𝜃) .

(13)

Here, 𝑝 = 𝑝𝑥 + 𝑖𝑝𝑦 is the complex transverse momentum of a particle, and
𝜋 is the complex generalized momentum. Substituting (13) into system (7),
we obtain the equation:
d𝜋 d𝐶 𝑖(𝜑+𝜃)
d𝜃
d𝜑
+
𝑒
+ 𝑖𝐶 𝑒𝑖(𝜑+𝜃) + 𝑖𝐶 𝑒𝑖(𝜑+𝜃) =
d𝑡
d𝑡
d𝑡
d𝑡
𝑣𝑧
𝑖𝜔
𝐻
− 𝑒 (1 − ) 𝐴𝑒𝑖(𝜑+𝜃) + 𝑐𝑜 (𝜋 + 𝐶𝑒𝑖(𝜑+𝜃) ) (1 + 𝑧 ) . (14)
𝑐
𝛾
𝐻0
In the equation (14) the first member on the right is quickly oscillating
with large amplitude. It can be eliminated by appropriate selection of the
amplitude 𝐶 in the transformation (13). In its meaning, the amplitude 𝐶 must
be determined by the amplitude of the radiation field in zero approximation.
Then, equating the members of zero approximation in the equation (14)
considering equation (8) and expansion (11), we get:
𝐶=

−𝑖𝑒𝐴
.
𝜔 + 𝜔𝐺𝑐𝑜

(15)

0

𝑒𝐻0
is a classic cyclotron frequency. Thus, for the found value
𝑚𝑐
of 𝐶, equation (14) for the variable 𝜋 contains only members of the first
order in the parameter 𝜇. We can obtain the following expression from the
definition of the relativistic factor, taking into account (9)
Here 𝜔𝑐𝑜 =

1 + 𝐺2 +
𝛾=
2𝐺

𝑝2⊥
𝑚2 𝑐 2

,

(16)
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2
where 𝑝⊥
= 𝑝𝑥2 + 𝑝𝑦2 . Given the replacement (13), we get
2
2
𝑝⊥
= 𝜋⊥
+ 𝐶 2̄ − 2𝐶𝜋̄ ⊥ sin(𝜑 + 𝜃 − 𝛽).

(17)

2
Here: 𝜋⊥
= 𝜋𝑥2 + 𝜋𝑦2 , 𝜋𝑥 = 𝜋⊥ cos 𝛽, 𝜋𝑦 = 𝜋⊥ sin 𝛽.

−𝑒𝐴
represents the amplitude of electron mo𝜔 + 𝜔𝑐𝑜 /𝐺0
mentum oscillations in a field of laser radiation propagating along a constant
magnetic field. Amplitude 𝐴 is determined by formulas (3). After a series of
transformations, formula (16) takes the form:
The value of 𝐶 ̄ =

𝛾=

1
𝐺
𝐶 2̄
𝐺1 𝐶𝜋̄ ⊥ sin(𝜑 + 𝜃 − 𝛽)
𝐶 2̄ 𝐺1
+ 0+
+
−
−
. (18)
2𝐺0
2
2𝐺0 𝑚2 𝑐2
2
𝐺0 𝑚 2 𝑐 2
2𝐺20 𝑚2 𝑐2

1
1
𝐺
≈
(1 − 1 ) is taken into account. It is
𝐺0 + 𝐺1
𝐺0
𝐺0
also assumed that 𝜋⊥ ≪ 𝐶.̄ This is a natural limitation in particle acceleration
problems. From the formula (18) it follows that the relativistic factor contains
“constant” and fast oscillating parts:
Here the expansion

𝛾 = Γ + 𝛾1 ,

(19)

where
1 + 𝐺20 +
Γ=
2𝐺0

𝐶 2̄
𝑚2 𝑐2

,

𝛾1 =

𝐺1
𝐶 2̄ 𝐺1
𝐶𝜋̄ ⊥ sin(𝜑 + 𝜃 − 𝛽)
−
−
.
2
𝐺0 𝑚2 𝑐2
2𝐺20 𝑚2 𝑐2

(20)

Let us further consider the equation of longitudinal motion from system (7):
d𝑝𝑧
𝑒
𝑓𝐸 (0) −𝜌22
= 𝑒𝐸𝑧1 +
𝑒 1+𝑍 cos(𝜑 + 𝜃) + 𝐻𝑦1 ] −
{𝑝𝑥 [ √ 𝑥
2
d𝑡
𝑚𝑐𝛾
1+𝑍
𝑓𝐸 (0) −𝜌22
− [√ 𝑥
𝑒 1+𝑍 sin(𝜑 + 𝜃) + 𝐻𝑥1 ] 𝑝𝑦 } .
1 + 𝑍2
After a series of transformations we get:
d𝑝𝑥
2𝑓𝜌𝐸𝑥 (0) −𝜌22
𝑦
=𝑒
𝑒 1+𝑍 sin (𝜑 − arctan(𝑍) − arctan + 𝜃) +
2
d𝑡
𝑘𝑎(1 + 𝑍 )
𝑥
2
2 2
2̄
2𝑒
𝐺0 𝐺1 𝑚 𝑐 − 𝐶 𝐺1 − 2𝐺0 𝐶𝜋̄ ⊥ sin(𝜑 + 𝜃 − 𝛽)
+ 2 2
[𝐺
−
]×
0
𝑚 𝑐 + 𝐺20 𝑚2 𝑐2 + 𝐶 2̄
𝑚2 𝑐2 + 𝐺20 𝑚2 𝑐2 + 𝐶 2̄
× [𝐴𝜋⊥ cos(𝜑 + 𝜃 + 𝛽) − 𝐴1 𝜋⊥ cos(𝜑1 + 𝜃 + 𝛽)−
− 𝐴𝐶 ̄ sin 2(𝜑 + 𝜃) + 𝐴1 𝐶 ̄ sin (arctan

𝑍
− 2 arctan(𝑍)) +
1 − 𝜌2
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2𝜌2 𝑍
𝑍
+ 𝐴1 𝐶 ̄ sin (
− 4 arctan(𝑍) + arctan
+ 2𝜃)]. (21)
2
1+𝑍
1 − 𝜌2
We omit the members containing 𝜋⊥ , and select the members that are
independent on the fast phase 𝜃. As a result, we obtain the averaged equation
of the longitudinal motion:
−2𝜌2
d𝑝𝑧̄
𝑒2 𝜆0 𝑍 𝐸𝑥2 (0)𝑓𝑓 ′
1
2 )2 + 𝑍 2 𝑒 1+𝑍2 ×
√
=
(1
−
𝜌
d𝑡
2𝑚𝜋𝑐2 Δ𝑡Γ (1 + 𝑍 2 )2 𝜔 + 𝜔𝑐𝑜 /𝐺0
𝑍
× sin (arctan
− 2 arctan(𝑍)) . (22)
1 − 𝜌2

Here 𝑝𝑧̄ is the average value for the longitudinal momentum of the particle.
The right side of this equation, which has the first order of smallness in the
parameter 𝜇, describes the averaged force with which high-power pulsed laser
radiation acts on an electron in the direction of the magnetic field. A similar
expression was obtained in [15] without taking into account the external
magnetic field. However, due to the large difference between the cyclotron
frequency and the laser radiation frequency, the influence of an external
magnetic field is insignificant. As can be seen from (22), the averaged force is
𝜕𝑓
due to the pulsed nature of the radiation: 𝑓 ′ ≡
≠ 0.
𝜕𝜎

4.

Radiation friction force

The radiation friction force problem is one of the frequently discussed in
the literature [3–10]. In [6, 7], some shortcomings were noted and refinements
of the classical expression for the radiation friction force were made [1, 2]. In
the present work, the classical Lorenz–Abraham–Dirac formula is used for
the radiation friction force [1–3]:
2

2𝑒4
2𝑒4 𝛾
1
1
⃗ 𝐻]⃗ + 1 [𝐻[⃗ 𝐻⃗ 𝑣]]}
{[
𝐸
⃗
−
𝑣{(
⃗ 𝐸⃗ + [𝑣𝐻])
⃗ ⃗
− 2 (𝐸⃗ 𝑣)⃗ 2 }.
2
4
3
3𝑚 𝑐
𝑐
3𝑚𝑐
𝑐
𝑐
(23)
For the longitudinal motion, the radiation friction force when electron is
moving in the laser field (3), taking into account the transformation (13), is
represented as;
𝑓𝑓𝑟⃗ =

2𝑒4
𝐻
{𝐴2 cos2 (𝜑 + 𝜃) + 𝐴2 sin2 (𝜑 + 𝜃) + 0 [−𝐴𝐶 ̄ sin2 (𝜑 + 𝜃)+
2
4
3𝑚 𝑐
𝑐𝑚𝛾
𝑝
+ 𝐴𝐶 ̄ cos2 (𝜑 + 𝜃)] − 𝑧 [𝐴2 cos2 (𝜑 + 𝜃) + 𝐴2 sin2 (𝜑 + 𝜃)]}−
𝑚𝑐𝛾
4
2𝑒 𝛾
2
2
2
2
2
̄ sin2 (𝜑 + 𝜃)−
−
𝑝
{𝐴
cos
(𝜑
+
𝜃)
+
𝐴
sin
(𝜑
+
𝜃)
−
[𝐴𝐶𝐻
𝑧
0
3𝑚2 𝑐3
𝑚𝑐𝛾
̄ cos2 (𝜑 + 𝜃) + 𝑝 (𝐴2 cos2 (𝜑 + 𝜃) + 𝐴2 sin2 (𝜑 + 𝜃))]−
− 𝐴𝐶𝐻

𝑓𝑧 =

0

𝑧
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1
𝑐2 𝑚2 𝛾 2

̄ 𝑝 sin2 (𝜑 + 𝜃)+
[𝐴2 𝐶 2̄ sin4 (𝜑 + 𝜃) + 𝐴2 𝐶 2̄ cos4 (𝜑 + 𝜃) − 2𝐴𝐶𝐻
0 𝑧
̄ 𝑝 cos2 (𝜑 + 𝜃) + 2𝐴2 𝐶 2̄ sin2 (𝜑 + 𝜃) cos2 (𝜑 + 𝜃)]}.
+ 2𝐴𝐶𝐻
0 𝑧

Averaging over the fast oscillations of the radiation field and holding only
the main members, we obtain the expression for the radiation friction force
in the direction of the laser pulse propagation:
𝑓𝑎𝑣𝑧 = 2𝑒4

−2𝜌2
𝑓 2 𝐸𝑥2 (0)
𝑝𝑍
̄
𝑓 2 𝐸𝑥2 (0)𝑒4 Γ −2𝜌22
1+𝑍2 {1 −
𝑒
}
−
2
𝑒 1+𝑍 𝑝𝑍
̄ ×
3𝑚2 𝑐4 (1 + 𝑍 2 )
𝑚𝑐Γ
3𝑚2 𝑐3 (1 + 𝑍 2 )
−2𝜌2
2𝑝𝑍
̄
𝑒2 𝑓 2 𝐸𝑥2 (0)
1+𝑍2 }.
× {1 −
− 2 2 2
𝑒
(24)
𝜔
𝑚𝑐Γ 𝑚 𝑐 Γ (1 + 𝑍 2 )(𝜔 − 𝐺𝑐𝑜 )2
0

Expression (24) is still quite complicated. For a rough estimate, we will
assume that the particle velocity is close enough to the velocity of light. Then
2𝐴2 𝑒4 Γ
the main member of this expression is −
𝑝̄ . From here, it can be
3𝑚2 𝑐3 𝑍
concluded that the radiation reaction force can be sufficiently large in the field
of high-intensity laser radiation. The calculations showed that the averaged
transverse components of the radiation friction force are absent:
𝑓𝑎𝑣𝑥 = 0,

𝑓𝑎𝑣𝑦 = 0.

This means that when a particle is moving in the transverse plane, the
radiation losses on average play no role. When a particle is moving in the
direction of radiation propagation, they can be significant in the field of
super-intense laser radiation.

5.

Conclusion

An expression for the averaged force acting on a relativistic electron in the
field of an intense short laser pulse propagating along an external constant
magnetic field is obtained. This force is due to the pulsed nature of the
radiation, the description of which requires the inclusion of first-order members
in expansions with respect to a small parameter of the paraxial approximation.
It was taken into account that in the case of high-power laser radiation, the
ratio of the amplitude of the particle oscillatory velocity in a wave field to the
velocity of light can be large. To use the averaging over the fast oscillations
of laser radiation, the transverse components of the particle momentum
vector have been transformed. Thus, in the equations of motion, quickly
oscillating members with large amplitude determined by the radiation field
were eliminated. An expression was obtained for the averaged radiation
friction force determined by the classical Lorentz–Abraham–Dirac formula. It
was shown that this force in the transverse plane is zero and can be significant
in the direction of laser pulse propagation.
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