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This paper considers a model of dynamic pricing in the telecommunications market incomplete
competition and taking into account overloads in multiservice networks. The model consists in
the use of mathematical modeling methods, game theory and queueing theory. It is assumed that
telecommunication companies agree on the rules of incoming and outgoing traffic charging in
pairs, and this charging is built as a function of the tariffs that companies offer their subscribers
for service. Companies are limited the agreement on mutual rules of reciprocal proportional
charging for access traffic at first, which subsequently determine the tariffs for the multiservice
network users. The reciprocity of the rules means that companies are subject to the same
rules for the entire time interval during which the agreement is in force. Taking into account
imperfect competition in the telecommunications market and using profit optimization method
for each company the equilibrium tariffs and the volume of services are found with subject to
congestion in multi-service networks.

Key words and phrases: queueing theory, game theory, optimization methods, proba-
bility theory, industrial market theory, economic and mathematical modeling

Introduction

Methods of mathematical modeling in the economy of telecommunications are being ac-
tively developed [1-7]. Jean Tirole considers the impact of telecommunication technologies
on competition in services and goods markets [8-12]. In 2014 he was awarded the Nobel
Memorial Prize in Economic Sciences for his analysis of market power and regulation.

In paper [13], Se-Hak Chuna considered optimal access charges for the provision of
telecommunication network, mobile commerce, and cloud services. Using theoretical
analysis, Se-Hak Chuna investigated, when a regulator can set rational access pricing,
considering the characteristics of access demand. Se-Hak Chuna demonstrated that
optimal access prices depend on whether the final products or services are independent
strategies or substitute strategies. The results have applications for policy makers setting
optimal access charges that maximize social welfare.

In this article a mathematical model of pricing for telecommunications services with
overloads in networks is built. It generalizes the model that was built earlier [14,15].

It is assumed that telecommunications companies agree in pairs on the rules of charging
for access traffic to the network of the other company, and it is considered as a function
of the tariffs that companies offer their consumers (subscribers) for services. Thus, these
companies have contracts at the first stage by agreements on reciprocal proportional access
charge rules (RPACR), which subsequently allow them to determine the subscription
rates. The ambiguity of the rules means that companies are subject to the same rules
for the entire time interval during which the agreement is valid.

RPACR may be seen as analogous to the regulatory policy of the state of the telecom-
munications industry. If telecommunication services, provided by different companies,
are close substitutes, the use of RPACR by companies leads to competitive prices in
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industry. However, if it is assumed that competing companies follow the policy of ser-
vices differentiation, then intervention of the state is required to preclude the use by
companies of monopoly power.

It is also assumed that the utility function of subscribers consists of deterministic and
stochastic parts. The deterministic part allows to find a linear function of subscribers
demand for telecommunications services, which has a constant price elasticity. It allows
to avoid unlimited growth of consumption of telecommunication services by subscribers at
aspiration the corresponding tariffs to zero and ensures the existence of a saturation point,
i.e., for example, there are time limits that the subscriber uses for using telecommunication
services. The Weibull distribution is used for the stochastic component of the utility
function, which is convenient for further analysis. It is possible to find equilibrium tariffs
and equilibrium demand for telecommunication services. This equilibrium is equilibrium
in pure strategies and it always exists, and the subscription rates are calculated explicitly.

1. The Model of the Telecommunications Industry in the Case
of Multiservice Network

n
Let’s consider a network NW (NW = |J NW;) consisting of n equivalent multiservice
=1

1=

m
network (numbered in a certain order multiservice network SR = |J SR; ) belonging to
s=1
different telecommunication companies T; (i = 1,n), and it is assumed that in between
all the networking companies there are switching nodes.
Let t € {1,2,...,Timax} be time intervals (for example, the time period equals a week,
a month or a year) equal to the length of time periods during which companies T;
independently decide on pricing for their services, and .y is the maximum planning
horizon.

Sj
Let’s assume that the network NW consists of a set of nodes J* = |J J! and a set
=1

1=

of channels L! = '
In the time perizod t each network NW; of the company T; (i = 1,n) is represented

by the set of nodes Jf]- (j =1,...,s/) and channel set L;fj (j =1,...,sF), numbered

J L

in a certain way, where J! = ‘Sil Ji, Ly = kiijl Lt and NW,; = J!' U L, and the total

51
U L, and NW = Jt U
=1

<

-

number of nodes is S}{,W(t) =

for network NW.

Let Hj; be a capacity (bits/sec) of j-node (j = 1, J,s), and S}, a throughput (bits/sec)
k-link (k =1, L,) T; of network NW,; company T; in the time period ¢.

Two-point connections can be established to transmit information flows between the
network nodes of network NW. Each connection is characterized by a route, i.e. a set
of network links NW, through which connections are established.

Let s = {1,...,m} be a set of services that offer companies for potential consumers
(subscribers) during the period ¢ € {1,2,..., Tiax}- Let b (b€ (1,2,...,B")) be a set of
consumers, who want to use the telecommunications services in the market.

Let’s assume that the individual consumer demand function for the service s =
{1,...,m} has the form:

n
s/, and the total number of channels is S,/ (t) = > s&
i=1

=1

i t t
Tp, — P r 1
t t\ __ 'bs s _ t t t t bs t
Dbs(ps) - 94t = Qps — bbsp57 Aps = 24t bbs - 24t 7 (1)
bs bs bs
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D! (pt) is a linear function of the price p, and rf, > 0 and s}, > 0 is positive coefficients,
which are determined from the market research services SR in the period ¢.

A consumer b generates the traffic loading or the load using the service s in the period
t. Let Y}, be an individual traffic volume of a consumer b, and let Y}, = X! _h!_ be the
average value of Y)!, where the parameter 5\58 is the average intensity of the flow of
requests and the parameter h} is the average duration of service in the period t.

We assume that the average load is generated by the consumer b when using the service
s in the period ¢, linearly depends on the corresponding demand function for this service s

X/bts = S‘Zsh;;s = HSDIt)s(pZ) = 98 (alt)s - blt)spg) ) (2)
where 0, is the proportionality factor for the s service. It links the consumer demand

for telecommunication services and the amount of traffic generated by this consumer
in the network.

The total network traffic volume that is created by a consumer in the period ¢ during
using the service s, is the sum of consumers network traffic volumes

By
- Z vas Z 0 a’bs bbsps) = At Bsps’
b=1
= Ztesa'isv Bz = Ztesbis’
b=1 b=1

where a’, B! are parameters of the function Y.

(3)

The total consumers demand for the service s during the time ¢ is the sum of all
demand functions for the service s of all:

Bt

Dbs ps E‘D ps) - Z (ais - b;Jspg) ’
o (4)
Dbs(ps) = (CL _bsps ) a’z :Zaisﬂ bi :ZBthw
b=1 b=1

where the parameters a’ > 0 and b’ > 0 are determined from market research of services
in the period t.

We can get a link between the network traffic volume Y!(p%) and the demand function
Di (pt) of the service s during the period ¢:

YE(PL) = Qbs (D)0 Dy (p) = 0s (ag — beps) = AL — Bepg, (5)

where Y!(pl) is linear price functions and A% = 6al, BL = 6% are coefficients.

We can get the network traffic volume that is associated with the consumer b (b = 1, BY)
m m

=D Y= Z 0s (ab, — h,pt) < Ay — By
s=1 =

m m m (6)
AZ - ZHS ais? Bb Z bbs? pt = Zpga Blt;ﬁt < ZeSbispi
s=1 s=1 s=1
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where Al > 0, B! > 0 are parameters load functions Y}’ associated with the consumer b,
and a parameter pt is a tariff for services SR (service package) during the time period t.

A consumer’s b (b = 1, Bt) demand for SR-services in the considered time period
t has the form:

b= Diwl) =) (ap, — bpl) < (af —bip")
s=1 s=1

m (7)
= ZaZm bi = Z bs» t_t besps
s=1

Aggregating the network traffic volume Y!(p%) from (5) for all services s = {1,...,m},
we can get the total network traffic volume Y (¢) for the period ¢ in the form:

m m

Y(t) =) Y@ =) (as—bpi) =D 0s (as —bipi) = A' = B'p

s=1 s=1 . (8)

Ze at, B'pt > Za bipl, B'=)_6.bl,
s=1

where A* > 0 and B* > 0 are aggregated parameters of function Y (¢), and where function
of aggregated demand for services SR (service package) has the form:

m

Z (Z - bsps - btpta
. s=1 . (9)
=3 al B Y bsl B =30
s=1 s=1 s=1

where the parameters a’ > 0 and b* > 0 are aggregated parameters of the demand
function D(t).

We can assume that for each company T; (i = 1,n) there exists a function of consumer
demand for services SR (service package) during the time period t. Let Dg;; (i €
m

{1,...,n}) be a demand function of services SR = |J SRs provided by the company T;
s=1
using its NW; network resource only, and let D!.. (i,5 € {1,...,n}, i # j) be a demand

81j
function of services provided together with a network NW; of a company T; and a network
NW; of a company T (i,7 € {1,...,n}, i # j). Thus, there is a question of access of

one company to resources of a network of the other company.

We assume that the companies T; and T; (i,j € {1,...,n},i # j) agree on the
charges af; and al;, where af; is a charge, which company T pays the company T
(1,7 € {1,...,n}, i # j) for the use of its network resources in connection with the service
of s € {1,...,m} (traffic from the network NW; to the network NW or outgoing traffic
for the company 7; and incoming traffic for the company T;), and a a - is a corresponding
charge at which the company T} pays the company 7T; (4, € {1,. n} , # j) for the use
of network resources in connection with the provision of a similar service s € {1,...,m}
(traffic from the network NW; to the network NW; or outgoing traffic for the company
T; and incoming traffic for the company T;) during the time period t.
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Suppose that any two companies T; and Tj (i,j € {1,...,n}, i # j) charges a}; and
a%; depend on tariffs p} and p, and aj; = af(p}, p}) for any (Z,] e{l,...,n}, i # ]) and
s € {l,...,m} at any time ¢t € {1,2,..., Tax}-

We assume that there is the proportlonal dependence between a a - and p, then a aw

atpt, where the proportionality factor is 0 < a! < 1 for i € {1, ... ,n} and s € {1,...,m}.

2. Multiservice Demand Function

Suppose that each consumer can use telecommunication multiservice network of com-

panies T; (i € {1,...,n}) at any time period ¢ . Let’s assume that each consumer has
individual tastes and preferences in relation to these services SR. We assume that the con-
sumer b (b € {1,..., B'}), which is ready to choose one service from the set s € {1,...,m}

of the company T; (i € {1,...,n}), has the following utility function:
t t
Usps = Uitbsensews = Ulgs(QZs (pgs%pis)enseibsv (10)
Uzbs = [7‘25 - SZSQZS (pi)] Qlt)s (pg) - ptsQZs (pZ)v

where the random parameter elbs characterizes individual tastes and preferences of the
consumer. Let’s consider that e}, has a Weibull distribution. The value of 7 gives the
characteristic measures of the dispersion of tastes and preferences of the consumers, that
is, 15 allows us to estimate the substitutability telecommunication services s € {1,...,m}
that provide companies T; and T} (4,5 € {1,...,n}, i # j). The services s € {1,...,m}
of companies become total substitutes with 7, — 0, and it is total complementary with
Ns — 00.

Let’s assume that each consumer b (b € {1,..., B'}) chooses the company T; and
rejects the company T} (4,5 € {1,...,t}, i # j) at the period ¢ then there is inequality

t s€ibs t s€ibs
Uibsenl ibs 2 Ujbsenq 3b .

Thus, the probability P}, that the consumer b gives preference to the company T; and
rejects the company T; (4,5 € {1,...,n}, i # j) equals to

Pbs - P{Ufbsensews > U;bsensejbs}‘ (11)

K2

Since the values €;,; are independent and have a Weibull distribution we have that

1 t \T
|- - (Tbspzs) (12)
1+ ( ibs ) ns (Tbspzs) + (Tbs - pjs)

ibs —
_7b9

where 7, = 2/n,. Similarly for the company T; we have the same

t ot \T
P ¢ = 1 _ (Tbsp]s) ) (13)

! 1+ ( >nlg (rbsp]s) + (Tbs pfs);—

zbs

Thus, each consumer chooses one service s in the company 7T; with probability p;ps
and in the company 7T; with probability pjps.

We can generalize this approach for the case when the consumer chooses one company
T; from the set of companies {77,...,T,} to obtain the service s, and we can get the
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probability in case the consumer gives preference to the company 7;:

t _ ot T
Pitbs — n(rbs pzs)s ) (14)
> (rhs — Pj)3

The probability that the consumer chooses one company 7; from a set of companies
{Th,...,T,} to receive service package SR has the form:

3 (rf, — k)
Pitb = S_n : (15)
Z (Tbs - p]s)

Jj=1

it

The expected value of consumers b;(t) who chooses a company T; is determined by
the probability P »,» which can be considered as the market share m! of a company T,
and has the form

m " -
i ,rbb p'Z:S)s n

=L ;> mi=1. (16)
Z Z (7’28 _pzs): =1

s=1j=1

t __ t S
m; = Py, =

The demand of consumers for services s € {1,...,m} of the company 7; (i € {1,...,n})
has the form:
B'P! Bm!
ngs(pzz?s) = 25251) (rZs - pfs) = 25};3 (rbs pzs) . (17)

Demand function of the consumers D!,; who have plan to use the service SR of a

company T;, which may be implemented within network NW;, and demand function of
the consumer Df; who has plan to use the service SR implemented with resources of
the networks NW; and NWj}, have the form:

Btmt2 Btmtmt
Dén = + - (Tbs pzs) Df]s - # (TZS _pzs) ) (18)
28y, 25y,

where the aggregated s-service demand DY, has the form:

" Bimim!
S’Lz + ZDSZ] - (Tf)s _pfs) + Z 2372 I (Tis —pfs> s (19)
j=lizj s
and the total network traffic volume demand D! for company T; has the form:

m

" | Btm!? - im;
szz su+ZDszg :Z Ttl(rgs_pzs)_’_ Z 27 Tbs

t
—1 — s=1 bs j=13i#j bs
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where
Z Dszz’ Z Dszg’

and the total network traffic volume for a company T; has the form:

m m n
Bt mt2 Bt mtmt
}/it = QDf = E QSD;’ES = § :95 QSt : (rés _pgs) + § 28; : (’I"és - pfs) ) (20)
s=1 s=1 bs j=1; bs
i#£]

where 6 is an “average” linking parameter for function Y;' and D!.
Revenue function TR! of companies T; (i € {l,...,n}) at the period ¢t (t =
1,2,...,Tmax) has the form:

n
TR = 3 [BDL () + (5 - 045 Dy () + LA DL )] )
i,j=1;
]
where 5fj € [0, 1] is a parameter to be defined during negotiations between companies T;
and T);. We assume that the cost of an access service to the competitor’s network is a value
proportional to the cost of servicing by this company of its consumers. Profit function IT¢
of companies T; (i € {1,...,n}) at the period t (t = 1,2, ..., Tinax) has the form:

t t t t t t t
=TR; - TC (wv]ikaikvaikvcik’F ) )

L
Si Si (22)
Z wrg H + Z wricq | + FY,
k=1 k=1
where T'C? is a total costs function and F* is a fix cost.
3. Profit Company Control Problem and Overloads in
Networks
We can formulate an optimization problem for each company T; (i € {1,...,n}) at
any time t € {1,2,..., Tiax}:
OIIt /opt =0;
A (23
O°Ilt Jop* < 0.

The following theorem holds true.

Theorem 1. Provided that the parameters 6, > 0, a* > 0, b > 0, of; € 0,1], wyi; >0,
waj > 0, F' > 0, there is a unique solution of the problem (23) in the form of the

equilibrium value of the tariff for the use of services SR of company i € {1,...,n} during
the period t:

p§:m+26 aT.

J=1ii#g
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Proof. Let’s write out the profit function of ¢ company in the form of:

n

1= 3 [plm (@' — a'pl) + o (5~ 8,5%) (o' — 0'50) +
1,75
i#£j

S’i Si
t t t=t (=t 7t =t t t t t t
+ 0ymimip; (@' —b'p)] — § w i HY + E wrigCiy | — F,

We can calculate the derivatives of p! and equal them to zero, thus we obtain a system
of algebraic equations of the form:

mb (@ =2+ D0 [ (2"~ 285+ o) + ol (&'~ Bp)] =0
and the equilibrium value of the tariff has the form:
* t - A
o= mit Y om; o

=Ty

We can obtain for 911%/9pt?,

o°11! 7 b b
F= N [mfP26 - mimb2bt — 6Lmimibpt] < 0.

2
o i,j3i#]
The theorem is proved. O
We can formulate an optimization problem for each company T; (i € {1,...,n}) at

any time ¢t € {1,2,...,Thax} for the tariff value p; :

oL (5., 31;) /D5, = 0
OPI1L (57, 31;) /9512 < 0

which allows maximizing the profit of each company of T; using the parameter 6;‘?]».

After substituting the corresponding equilibrium tariffs p; in the profit function, we
obtain the following equation

" a?m} [mh 4+ m i

M= — m—i—Z(S A 1-05|ml+ Y atml | ] -
i.j; i=L
i#] o i

S Si
t t t t t
- E wypHi, + E wriCix | — F
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and differentiating by 5fj and equaling to zero, we have a system of algebraic equations,
by solving which, we obtain an equilibrium value of §; = 0.5.

The equilibrium tariff p; for the services of company 7;, taking into account the optimal
value 6 = 0.5 during the period ¢, has the form:

C_Lt

% t
= .+ 1 —,
pi = (mi+1) g
The equilibrium demand function for the company 7; (i € {1,...,n}) services SR at
any t can be represented as follows:

Dj, (p7) = miDy (p;) = 0.25 - mjay (3 —my),

and the total network traffic volume for a company T; with the equilibrium tariff has
the form:

Y} = 0D} = 0.25 - Omla, (3 — m!) .

The total equilibrium market demand function D} and the total equilibrium traffic
volume Y,* for services SR at any t has the form:

D; =a (3 - Zm’?) A <3 — Zm?)
=1 i=1

and we can show that with a uniform distribution of customers between all companies T;
(i € {1,...,n}) the total equilibrium traffic volume for services SR reaches maximum.

If the network bandwidth of companies is less than the traffic volume that subscribers
generate, then companies can manage the overload by creating such tariffs that reduce
the overload on the network.

Conclusions

In this paper a mathematical model of the telecommunications market is constructed
taking into account overloads in networks. The analysis of equilibrium tariffs for telecom-
munications services for this type of market is carried out.

The most important result of this paper is the following: when the companies follow the
reciprocal proportional access charge rules (PACR) then there always exist equilibrium
tariffs for services. The applied value of the model is that the use of PACR telecommuni-
cation companies does not require detailed information market telecommunications, as
the number of parameters of the model is minimized. This model proved to be effective
in analysing the dynamics of the telecommunications market, as it allows companies to re-
spond flexibly to external changes, which allows to change the strategy at every moment
of time. The proposed model can serve as a tool for analyzing the existence of collusion
between companies in the telecommunications industry market.
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ITocTpoenne maTremaTu4deckoii Mo/1eJii IEHOOOpa30BaHUS HA
TeJIEKOMMYHUKAITMOHHBIE YCJIIYTU C YUYETOM MEPErpPy30K B CETAX

C. A. BacunbeB, Xapyn Xacan CaJiex

Kagedpa npukaradnotl un@opmamury u meopuy, 6epoammocmet
Poccutickutl ynusepcumem dpyotcovr 1apodos
ya. Muxayxo-Maxaan, 0. 6, Mockea, Poccus, 117198

B pabore cTponTcs MOIEIb IMHAMUYECKOTO [IEHOOOPA30BaHNsT HA PBHIHKE TEJIEKOMMYHUKAIAI
IIPU YCJIOBUU OTPAHUYEHHON KOHKYPEHIIMH U C YIETOM MEPErpy30K B MYJIbTUCEPBUCHBIX CETSIX.
L1l IOCTpOeHUs ¥ UCCIIEIOBAHMS MOJIEIN ObIT IPUMEHEH KOMIIJIEKCHBIHN ITOIX0J, 3aK/II0OIaIONHii-
CsI B UCIIOJIb30BAHUN METOJI0B SKOHOMUKO-MATEMATHIECKOTO MOJETMPOBAHNS M TEOPUH MAaCCOBOTO
obcirykKuBaHUsl. B npesiaraemMoit MOJEIN MIPEJIIIOIaraeTcsi, 9T0 TETIEKOMMYHUKAIMOHHBIE KOMITa-
HUU MTONIAPHO JOTOBAPUBAIOTCS O MPABUIaX TapU(MUKAIMH BXOISIIETO U UCXOJSIIEr0 TpaduKa,
MpUIEM 3Ta TapUMOUKAIUS CTPOUTCH KaK (DYHKIIUS OT TapUQPOB, KOTOPHIE KOMITAHIY MPEIAral0T
cBoUM abOHEHTaM 33 obcyKuBaHue. TakuM 00pa30M, 3TH KOMIAHUYM OTPAHUYINBAIOTCS HA TEPBOM
mare JOrOBOPEHHOCTSIMU MO OGOIOTHBIM MTPABUJIAM MPOTIOPIIMOHAILHON TapudUKAIMK 38 JOCTYII
rpacduxa (OIIIITIAT), KoTopble BIOCIEACTBAN HO3BOJISIOT OIPEIEIATh TapudBbl JJIs HOIb30-
BaTeJedl yCIIyT MYJbTUCEPBUCHBIX CeTel, KOTOPBIMH BJiaiefoT KoMnaHuu. OOOIIHOCTD ITPaBUIT
O3HAYAET, YTO KOMITAHUY TIOIMHSIOTCS OJHUM W TEM K€ TTPaBUIaM Ha BCEM WHTEpBaJie BpEMEHH, B
TedeHne KOTOPOro JIeHCTBYeT JOrOBOPEHHOCTh. C yI€TOM HECOBEPINEHHOM KOHKYPEHITNN Ha PBIHKE
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TEJIEKOMMYHUKAIUN U IIPU YCJIOBUU MAKCAMUIAINY IPHOBLIN KazKJJ0W KOMIAHUEH, KOTOPas sSBJIA-
€TCsl TIOCTABIIIUKOM YCJIYT, B paMKaX IIOCTPOEHHOM MOe/n ObLIN HAlIeHbI PABHOBECHBIE TAPUMBI
Ha 3TU YCIYTH C yIETOM IEePEerpy30K B MYJIbLTHCEPBUCHBIX CETAX, & TaKKe O0DBEMBI THUX YCJIYT.

KuroueBbie cjoBa: TEOpHUsi MACCOBOTO OOC/IYKUBAHUSI, TEOPUS UTD, METOIALI OIITUMHU3AIIN,
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